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A multiphysics computational model of focused ultrasound-enhanced drug delivery using temperature-sensitive liposomes
1.	Description of the mathematical model
Kinematic principles underlying tumor growth
Equations (S1-S3) and (S20-S28) establish the comprehensive framework for the biomechanical model of tumor growth, which is solved to simulate the progression of the tumor within normal/host tissue. The solutions to these equations facilitate the computation of interstitial fluid pressure, fluid velocity, and the stresses generated through mechanical interactions between the tumor and the host tissue. Interstitial fluid pressure and fluid velocity are incorporated into the drug transport equations (Equations 1-4, in the main text), while the mechanical interactions between the tumor and the host tissue influence the tumor's growth rate. Equations (S4-S17) serve to clarify the balance law concerning the various cell types within the tumor to measure the growth stretch ratio, λg, which determines the rate of tumor proliferation. This growth stretch ratio is utilized within the general framework via Equations (S2, S3, and S25). All parameter values of this mathematical model are detailed in Tables S1 and S2. This mathematical framework employs a robust systems-biology approach, which is meticulously designed to incorporate the intricate cellular and subcellular phenomena that occur within biological systems, specifically utilizing a continuum mechanics and finite elements model to thoroughly analyze the multifaceted dynamics of tumor growth. Also, Table S5 illustrates the initial values of the variables used in the mathematical model at time t=0 day.



In order to describe the kinematic behavior of the tumor, the multiplicative decomposition of the deformation gradient tensor is utilized. The tensor  is divided into two distinct components: the tumor's growth, denoted as , and the elastic mechanical interaction, represented as  (Rodriguez, Hoger et al. 1994, Skalak, Zargaryan et al. 1996, Ambrosi and Mollica 2002, Mpekris, Angeli et al. 2015):
	

	 (S1)



Henceforth, all tensor representations will be rendered in boldface to facilitate their distinction from other terms. It is important to recognize that, given the assumptions inherent in the model and the specific problem under investigation, the deformation gradient tensor can be expressed as a combination of more than two independent components, which separately encompass growth, residual stress formation, or extracellular matrix (ECM) remodeling (Skalak, Zargaryan et al. 1996, Stylianopoulos and Jain 2013, Mascheroni, Carfagna et al. 2018). The growth component, denoted as , has been characterized as isotropic (its properties are the same in all directions) and homogeneous (it is uniform in composition and structure throughout the entire volume), representing a non-stress inducing deformation gradient tensor that represents the proliferation of cancer cells (Roose, Netti et al. 2003, Kim, Stolarska et al. 2011, Stylianopoulos, Martin et al. 2013, Pirentis, Polydorou et al. 2015).
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where λg is the growth stretch ratio, which assesses the proliferation of cancer cells, while I represents the second-order identity tensor, indicating that the proliferation associated with tumor growth occurs uniformly and isotropically. The elastic component, , accounts for the stress-inducing elastic interactions both within the tumor and with the surrounding host tissue. The elastic component of  was derived directly from Equation (S1) as:
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 Calculation of the growth stretch ratio 
The rate of tumor growth is measured by taking into account both the concentration of oxygen and the proliferation of cancer cells (Roose, Netti et al. 2003, Kim, Stolarska et al. 2011, MacLaurin, Chapman et al. 2012, Voutouri and Stylianopoulos 2014, Mpekris, Voutouri et al. 2018). The equation utilized is:
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where  represents the population of non-stem-like cancer cells (CCs), denotes the stem-like cancer cells (SCCs) population, signifies the treatment-induced cancer cells (ICCs) population, constitutes the total density of tumor cells as determined by the summation of the aforementioned three populations. The , and are the respective rates of proliferation and degradation for the CCs, SCCs and ICCs, as specified subsequently in Equations (S9-S11).





Components of the tumor microenvironment
As outlined in the current mathematical framework, we incorporate the interactions that occur among cancer cells, immune system cells, and tumor-associated macrophages, which will be elaborated upon subsequently.
Cancer cells
The dynamics of the populations of non-stem-like cancer cells (CCs), stem-like cancer cells (SCCs), and treatment-induced cancer cells (ICCs) are delineated by Equations (S5-S7). SCCs exhibit resistance to therapeutic agents, hypoxic conditions, and the immune response, whereas ICCs, upon the administration of therapy, adopt a more stem-like phenotype.
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In this context, N represents the Natural Killer (NK) cells, M1 corresponds to the M1 tumor-associated macrophages (TAMs), while DCCs, DSCCs, and DICCs denote the diffusion coefficients of non-stem-like, stem-like, and treatment-induced cancer cells, respectively. To incorporate the influence of drug delivery on growth, the surviving fractions of cancer cells, denoted as Sf,  and , are integrated into Equations (S5), (S6), and (S7), respectively. The variables c,, and D, DSCCs, DICCs quantify the respective proportions of tumor cells that are eliminated by NK and CD8+ T-cells. Especially, for the parameters , DSCCs,  and DICCs, which characterize the cytotoxic potential of immune cells against SCCs and ICCs, we argue that these cells display heightened resistance during interactions with immune entities. Based on empirical evidence (Todaro, D'Asaro et al. 2009), the cytotoxic efficacy of CD8+ T-cells against stem cancer cells (SCCs) is considered to be seven times lower than that against CCs.  Therefore, the parameters that govern the elimination of SCCs by immune cells are assumed to be the same as for CCs but multiplied by a factor of 0.14. 
G characterizes the proliferation of CCs, SCCs, and ICCs as a function of oxygen availability.  Regarding the coefficients of the proliferation rates for SCCs and ICCs, namely and , we claim that under normal oxygen conditions, these values are equivalent to one, thereby ensuring that all cancer cell types exhibit proliferation rates consistent with those of CCs. Conversely, under hypoxic conditions, the proliferation rates of cancer cells exhibiting a stem-like phenotype are observed to increase. Consequently, we hypothesize that their proliferation rates are inversely proportional to the oxygen concentration, such that as the oxygen concentration approaches zero, the proliferation rates double compared to those observed under normal oxygen levels (Conley, Gheordunescu et al. 2012). The transition rates of cancer cells from type i to type j are denoted by pij (Goldman, Majumder et al. 2015).  Moreover, the parameter λM1 signifies the tumoricidal activity of M1-like TAMs against cancer cells (Mahlbacher, Curtis et al. 2018).
The relationship between tumor cells proliferation and the local oxygen concentration, G, is asserted to follow Michaelis-Menten kinetics, taking the form presented in Equation (S8) (Casciari, Sotirchos et al. 1992, Casciari, Sotirchos et al. 1992):
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where k1 and k2 are parameters indicative of the growth rate, and represents the concentration of oxygen.
The mechanism underlying the creation and degradation of the solid phases, SCCs, SSCCs and SICCs is delineated as follows Equations (S9-S11):
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To evaluate the effect of drug delivery on tumor growth, the surviving cell fraction, denoted as Sf, is incorporated into the cancer cell equation (Eq. (S5)). In the absence of pharmacological treatment,        Sf =1. The relationship between the surviving cell fraction and the internalized drug concentration (cint) has been experimentally determined for anti-cancer agents, and can be represented by an exponential model (Kerr, Kerr et al. 1986, Eikenberry 2009):
	

	(S12)


According to this formulation, if immune cell effects are neglected and anti-cancer therapy eliminates CCs, SCCs, and ICCs, the terms SCCs, SCCSs and SICCs  in Eq. (S9), (S10) and (S11) respectively, would converge to zero, causing the growth stretch ratio in Eq. (S4) to become constant. However, since the growth stretch ratio is expected to decrease following the cessation of CCs, SCCs, and ICCs proliferation, Eq. (15) was accordingly modified as follows:
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Given that stem-like cancer cells (SCCs) exhibit chemoresistance, the equation is calibrated to align with empirical observations (Liu, Yuan et al. 2006) in order to determine the fitting parameter ω pertinent to this context (SfSCCs).
Immune cells
For the immune system, this model considers four principal categories of immune cells: natural killer (NK) cells, CD8+ T-cells, CD4+ T-cells and regulatory T-cell (Treg) subset. Utilizing relevant research work (de Pillis, Radunskaya et al. 2005, Fouchet and Regoes 2008, Burroughs, Oliveira et al. 2011), the system of equations incorporates the recruitment rates of these immune cells, their inactivation by tumor cells, the suppressive function of Tregs and M2 tumor-associated macrophages (TAMs), as well as their mortality rate and interactions with cancer cells. The following Equations (S12-S15) illustrate the interactions that taking place among the cellular elements of the immune system:
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where N is the population of NK cells,  of CD8+ T-cells, Cd4 denotes the population of CD4+ T-cells and Treg represents the population of regulatory T-cells. Additionally, , , and signify the mortality rates of NK cells, CD8+ T-cells, and Treg cells, respectively, while , , and  denote the recruitment rates of immune cells, and   and q represent the inactivation rates of immune cells by stem-like cancer cells (CCs). The constants  and  denote the stable sources of NK and CD8+ T-cells, respectively,  indicates the rate at which tumor-specific CD8+ T-cells are stimulated for  production due to tumor cells being eliminated by NK cells, and  serves as the inhibition term affecting NK cells and CD8+ T-cells as influenced by Treg cells. Under conditions of hypoxia, the minimum activity levels for NK and CD8+ T-cells, were employed, which subsequently increased linearly to the maximum observed levels under normoxic conditions (de Pillis, Radunskaya et al. 2005). The values of  and  were adjusted to reflect variations in oxygen levels. In accordance with experimental data (Barsoum, Smallwood et al. 2014), a 40-fold reduction in oxygen concentration (from 20% to 0.5%) resulted in a twofold increase in the apoptotic rate of immune cells. Furthermore,  serves as the source of CD4+ T-cells,  represents the natural mortality rate of CD4+ T-cells, indicates the growth rate of CD4+ T-cells, and  signifies the maximum population of CD4+ T-cells (Perelson, Kirschner et al. 1993, Culshaw and Ruan 2000). The stimulation rate of CD8+ T-cells by CD4+ T-cells, as previously noted (de Pillis 2013, De Palma and Jain 2017, Tian, Goldstein et al. 2017), is represented by . The source term for CD4+ T-cells, , is reliant on the concentration of oxygen, as previous studies have indicated an eightfold decrease under hypoxic conditions (Wang, Liu et al. 2010). Moreover, a reduction in M2 TAMs led to an increase in the populations of CD8+ T-cells and NK cells, while CD4+ T-cells remained unaffected, according to experimental findings (Rolny, Mazzone et al. 2011), and these dynamics are articulated by the parameter . The equations that describe the cell populations are normalized by transforming them dimensionless through the division of the cell count per finite element node by the initial quantity of cancer cells, T0=5×10² cells. The initial cancer cell population was established as follows: 98% CCs, 1% SCCs, and 1% ICCs (Hermann, Huber et al. 2007).
Additionally, the variable D represents the fractional cell kill of tumor cells by CD8+ T-cells and is defined by Equation (S16) (de Pillis, Radunskaya et al. 2005, Milberg, Gong et al. 2019):
	
,
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In this expression,  signifies the saturation threshold of fractional tumor cell eradication by CD8+ T-cells, s reflects the steepness coefficient associated with the competition between the tumor and CD8+ T-cells, and  denotes the exponent corresponding to fractional tumor cell kill by CD8+ T-cells.
Tumor associated macrophages (TAMs)
In this mathematical model, two distinct classifications of TAMs are recognized, specifically M1 and M2:
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The parameters  and   signify the production rates for M1 and M2 TAMs, which are influenced by oxygen concentrations, as indicated by prior investigations (Huang, Snuderl et al. 2011, Rolny, Mazzone et al. 2011, Huang, Stylianopoulos et al. 2013) showing that a decline in hypoxia leads to a reorientation in TAM polarization from the M2-like to the M1-like phenotype. Previous investigations have established a correlation between TAMs and the expression of VEGF (Stockmann, Doedens et al. 2008, Rolny, Mazzone et al. 2011, Linde, Lederle et al. 2012). In particular, the overexpression of VEGF-A has been linked to an increased presence of M2-like TAMs .
Implementation of biphasic theory for understanding the mechanical behavior of the tumor
The conservation principles of both the solid and fluid phases within the tumor system are expressed through the subsequent mass balance equations: (Roose, Netti et al. 2003, Voutouri and Stylianopoulos 2014)
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In this context, Φc and Φf represent the volume fractions of the solid and fluid phases, respectively, while  vs and vf denote their associated velocities.
The variable Q in Equation (S20) signifies the fluid flux entering the tumor from blood vessels as well as from the adjacent normal tissue, subtracted by the fluid flux exiting via lymphatic vessels, and is expressed as (Stylianopoulos, Martin et al. 2013):
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where Lp, Sv, and pv are indicative of the hydraulic conductivity, vascular density, and vascular pressure, respectively; Lpl, Svl, and pl are the analogous parameters for lymphatic vessels; and pi corresponds to the interstitial fluid pressure. In this particular model configuration and taking into account the principle of mass conservation within the tissue, the total of the solid and fluid volume fractions is established to consistently amount to one, in accordance with Equation (S21).
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Moreover, summing Equations (S18) and (S19), the mass balance can be expressed as follows:
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where the fluid velocity  is defined according to Darcy’s law (Byrne and Preziosi 2003)
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with kth denoting the hydraulic conductivity of the interstitial medium (Stylianopoulos, Yeckel et al. 2008).

In accordance with the biphasic theory applicable to soft tissues (Mow, Kuei et al. 1980), the overall stress tensor σtot is constituted by the fluid phase stress tensor  and the solid phase stress tensor σs. Consequently, the stress balance can be expressed as:
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where the Cauchy stress tensor associated with the solid phase σs is delineated by: (Taber 2008)
	
,
	   (S27)


The mechanical properties of the tumor have been defined as incompressible and neo-Hookean, with the strain energy density represented by: (Xu, Bayly et al. 2009, Xu, Kemp et al. 2010, Ciarletta 2013, Voutouri, Mpekris et al. 2014)
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where μ and  denote the shear and bulk modulus of the material, respectively;  signifies the determinant of the elastic deformation gradient tensor ;  with being the first invariant of the elastic Cauchy-Green deformation tensor , and p is a penalty variable introduced for materials that exhibit near incompressibility that regularizes the constraint involved in the second term (Holzapfel, Gasser et al. 2000). Values of shear modulus are based on experimental findings from our previous studies (Mpekris, Panagi et al. 2024, Panagi, Mpekris et al. 2024). The adjacent normal tissue is presumed to be compressible and neo-Hookean, characterized by a Poisson ratio of 0.2 and tumor tissue with a Poisson ratio of 0.4. 
Functional vascular density
To assess the functional vascular density, it is claimed that is impacted by the decrease in the diameter of blood vessels (d/d0) linked to the increase of solid stress (Mpekris, Angeli et al. 2015). Furthermore, the functional vascular density is dependent on the permeability of the tumor vascular wall (Stylianopoulos and Jain 2013), as hyper-permeable vessels diminish both perfusion and overall functionality of the vessels.
The functional vascular density can be expressed as:
	
,
	   (S29)




where  will be determined by the dimensions of the pores in the vascular wall (i.e., its permeability) and  is related to the density of endothelial cells. 
Transport of oxygen
The variation in oxygen levels within the tumor tissue is considered to be based on both its transport mechanisms, namely convection and diffusion, alongside the rate of oxygen utilized by the cells, as well as the influx of oxygen from the surrounding blood vessels (Roose, Netti et al. 2003, Kim, Stolarska et al. 2011), specifically described by the equation:
	
,
	   (S30)


where cox represents the oxygen concentration, Dox denotes the diffusion coefficient for oxygen in the interstitial region, Aox and kox are parameters  associated with oxygen uptake, Per indicates the vascular permeability of oxygen, which governs the diffusion across the walls of tumor vessels, and Ciox is signifies the oxygen concentration present in the vascular system. The transport of oxygen across the vascular barrier is primarily governed by diffusion, as the contribution of convection is minimal in comparison to diffusion (Popel 1989). In view of the uniform reduction of interstitial fluid pressure observed in tumors, the pressure differentials both within the tissue and across the tumor vessel wall are minimal (Chauhan, Stylianopoulos et al. 2011), leading to an expectation of low Péclet numbers.
Components of tumor vasculature
In accordance with our mathematical model, we integrate the constituents of tumor vasculature, which include the endothelial cells, the vascular endothelial growth factor (VEGF), as well as Angiopoietin 1 and Angiopoietin 2.
Transport equation of endothelial cells
The flux of endothelial cells is represented by the Equation (S29): (Schugart, Friedman et al. 2008)
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The proliferation of endothelial cells is influenced by the concentration of VEGF, as well as the density of endothelial cells.  is the dimensionless density of endothelial cells.  and  are dimensionless and refer to VEGF concentrations. The diffusion coefficient of endothelial cells depends on Ang1 and Ang2, described by , where  and are set to unity (Plank, Sleeman et al. 2004), xn denotes a chemotactic factor. The dimensionless concentration of endothelial cells is derived by normalizing with the reference concentration, . The constants   and  are positive parameters. 
Transport equation of VEGF
The concentration of Vascular Endothelial Growth Factor (VEGF) is influenced by various factors including diffusion, synthesis from cancer cells in hypoxic conditions, and interaction with endothelial cell receptors (Schugart, Friedman et al. 2008). The concentration of VEGF is represented by the following Equation (S30):
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where  denotes the dimensionless VEGF concentration achieved by normalizing with a reference value  and   represents the dimensionless oxygen concentration normalized as: . 
It is assumed that VEGF is exclusively synthesized by tumor cells, with its production being intensified in response to hypoxic conditions, as characterized by the oxygen tension parameter Gα (Schugart, Friedman et al. 2008).
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VEGF becomes unavailable through its binding to receptors on endothelial cells, and it is also capable of diffusing within the tumor characterized by a diffusion coefficient . ,  and  are defined as positive constants. Furthermore, the removal of CD4+ T-cells led to a notable upregulation of VEGF () without marked alterations in Ang1-Ang2 levels (Tian, Goldstein et al. 2017).
Transport equation of angiopoietin 1 (Ang1) and angiopoietin 2 (Ang2)
The synthesis of the Angiopoietin 1 (Ang1) and Angiopoietin 2 (Ang2) is augmented under hypoxic conditions, which correlate with levels of vascular endothelial growth factor (VEGF) (Plank, Sleeman et al. 2004). Both angiopoietin 1 (Ang1, α1) and angiopoietin 2 (Ang2, α2) exhibit up-regulation in response to hypoxia and are secreted by endothelial cells.
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In this context, b1, b2, μ1 and μ2 are defined as positive constants. The dimensionless forms of Ang1 and Ang2 are derived through normalization with respect to a reference concentration,  and . The term for oxygen tension, denoted as Gα, corresponds to the parameters utilized for VEGF. To simplify the equations, we omit considerations of the diffusion processes associated with Ang1 and Ang2, as well as their interactions with specific Tie receptors (Gevertz and Torquato 2006, Billy, Ribba et al. 2009).






2	Supplementary figures and tables

2.1	Supplementary figures 
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Fig. S1. Schematic representation of the mathematical model components and their interconnections. The model includes distinct cell populations and tumor angiogenic factors, each influencing the tumor microenvironment in specific ways. The diagram illustrates how individual components, and their combinations interact to affect functional vascular density, perfusion, and oxygenation within the system. These interactions can produce positive, negative, or condition-dependent effects.
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Fig. S2. The computational domain along with the specified boundary conditions that have been utilized for the current analysis of stress (σ), displacement (u), the concentration of oxygen (cox), and the concentrations associated with the nanotherapy using thermosensitive liposomes, specifically denoted as , ,  and .
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Fig. S3. Phase diagram depicting the influence of the cancer cell proliferation rate constant and the timing of combined therapy (FUS & TSLs) administration on the simulated tumor volume. 
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Fig. S4. Impact of different values of the tumor tissue shear modulus (μ) on (a) bulk stress (kPa), (b) functional vascular density (m-1) and (c) oxygen concentration (mol·m-3).
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Fig. S5. Impact of different values of the tumor tissue shear modulus (μ) on (a) internalized drug concentration (fold change) and (b) tumor volume (mm3).
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Fig. S6. Experimental release rate constants krel  (1/s) for the TSLs at different temperatures, along with their corresponding fitted curves and fitting equations for the ultra-fast, fast, intermediate, and slow release formulations. The krel​ values used for fitting are summarized in Table S6.
























2.2 Supplementary tables
Table S1. Parameter values applied within the model.
	[bookmark: OLE_LINK34][bookmark: OLE_LINK35][bookmark: _Hlk182935925]Description
	Parameter
	Value [Units]
	Reference(s)

	Hydraulic conductivity
	

	6.5×10−10 [m2∙Pa−1∙day−1] for the host tissue,
6.5×10−10 [m2∙Pa−1∙day−1] for the tumor
	(Netti, Berk et al. 2000, Papageorgis, Polydorou et al. 2017)

	Shear modulus
	μ
	21 [kPa] for the host tissue,
60 [kPa] for the tumor
	(Netti, Berk et al. 2000, Samani, Zubovits et al. 2007, Eder, Raith et al. 2014, Mpekris, Panagi et al. 2024, Panagi, Mpekris et al. 2024)

	Bulk modulus
	

	28 [kPa] for the host tissue,
580 [kPa] for the tumor
	(Netti, Berk et al. 2000, Samani, Zubovits et al. 2007, Eder, Raith et al. 2014, Mpekris, Panagi et al. 2024, Panagi, Mpekris et al. 2024)

	Fractional tumor cell killing by NK cells
	

	
[bookmark: OLE_LINK91][bookmark: OLE_LINK92][bookmark: OLE_LINK93]range : 3.2310−7 -3.2310−6 [cell−1∙day–1]
	(de Pillis, Radunskaya et al. 2005)

	Cell diffusion coefficient
	

	1.5x10-11 [m2/s]
	(Tracqui 1995, Voutouri, Kirkpatrick et al. 2019)

	Stem-like-cancer cell growth multiplier
	

	
range : 1-2 [-]
	(Burroughs, Oliveira et al. 2011)

	Treatment-induced cancer cell growth multiplier
	

	
range : 1-2 [-]
	---

	Rate of transition from non-stem-like cancer cells to stem-like cancer cells
	

	0.55 [day–1]
	(Goldman, Majumder et al. 2015)

	Rate of transition from stem-like cancer cells to non-stem-like cancer cells
	

	1 [day–1]
	(Goldman, Majumder et al. 2015)

	Rate of transition from stem-like cancer cells to treatment-induced cancer cells
	

	0.58 [day–1]
	(Goldman, Majumder et al. 2015)

	Rate of transition from treatment-induced cancer cells to stem-like cancer cells
	

	0.96 [day–1]
	(Goldman, Majumder et al. 2015)

	Rate of transition from non-stem-like cancer cells to treatment- induced cancer cells
	

	0.21 [day–1]
	(Goldman, Majumder et al. 2015)

	Rate of transition from treatment-induced cancer cells to non-stem-like cancer cells
	

	1 [day–1]
	(Goldman, Majumder et al. 2015)

	Tumoricidal effect of M1 TAMs in cancer cells
	

	3 [d–1]
	(Mahlbacher, Curtis et al. 2018)

	[bookmark: OLE_LINK36][bookmark: OLE_LINK37][bookmark: OLE_LINK38]Growth rate parameter
	

	0.61 [day−1]
	---

	Growth rate parameter
	

	[bookmark: OLE_LINK60][bookmark: OLE_LINK61][bookmark: OLE_LINK62][bookmark: OLE_LINK54][bookmark: OLE_LINK55][bookmark: OLE_LINK56][bookmark: OLE_LINK48][bookmark: OLE_LINK49][bookmark: OLE_LINK50]0.0083 [mol∙m−3]
	(Casciari, Sotirchos et al. 1992)

	Constant source of NK cells
	

	1.3104 [cell∙day–1]
	(de Pillis, Radunskaya et al. 2005)

	Death rate of NK cells
	

	
range0.0412 - 0.0814 [day–1]
	(de Pillis, Radunskaya et al. 2005)

	Recruitment rate of NK cells
	

	0.025 [day–1]  
	(de Pillis, Radunskaya et al. 2005)

	Steepness coefficient of NK cell recruitment curve
	

	2.02107 [cell2]
	(de Pillis, Radunskaya et al. 2005)

	Inactivation rate of NK cells
	

	110−7 [cell−1∙day–1]
	(de Pillis, Radunskaya et al. 2005)

	Inhibition term of NK cells and CD8+ T-cells from Treg cells
	

	100 [cell−1∙day–1]
	(Fouchet and Regoes 2008)

	Death rate of CD8+ T-cells
	

	
range : 0.02 - 0.04 
[day-1]  
	(de Pillis, Radunskaya et al. 2005)

	Death rate of regulatory T-cells
	

	0.02 [day–1]  
	(Fouchet and Regoes 2008)

	Recruitment rate of CD8+ T-cells
	

	0.0375 [day–1]  
	(de Pillis, Radunskaya et al. 2005)

	Recruitment rate of regulatory T-cells
	

	0.0375 [day–1]  
	(Fouchet and Regoes 2008)

	Steepness coefficient of  CD8+ T-cells recruitment curve
	

	2.02107 [cell2]
	(de Pillis, Radunskaya et al. 2005)

	Inactivation rate of  CD8+ T-cells
	

	3.4210−10 [cell−1∙day–1]
	(de Pillis, Radunskaya et al. 2005)

	Stimulation rate of  CD8+ T-cells
	

	1.110−7 [cell−1∙day–1]
	(de Pillis, Radunskaya et al. 2005)

	Source term of CD4+ T- cells
	

	
150 [day–1] 
	(Perelson, Kirschner et al. 1993)

	Natural death rate of CD4+ T-cells
	

	0.02 [day–1]
	(Perelson, Kirschner et al. 1993)

	Growth rate of CD4+ T-cells
	

	0.03 [day–1]
	(Perelson, Kirschner et al. 1993)

	Stimulation rate of CD8+ T cells by CD4+ T-cells
	

	1x10-15 [cells-1.day-1]
	(de Pillis, Radunskaya et al. 2005)

	Source term of CD8+ T- cells
	

	150 [day–1]
	----

	Fractional tumor cell killing by CD8+ T-cells
	

	
range: 1.43 – 7.15 [day–1]
	(de Pillis, Radunskaya et al. 2005)

	Exponent of fractional cell kill by CD8+ T-cells
	

	1.36 [-]
	(de Pillis, Radunskaya et al. 2005)

	Steepness coefficient of the tumor-CD8+ T-cells competition term
	

	2.73 [-]
	(de Pillis, Radunskaya et al. 2005)

	Death rate of regulatory M1 TAMs
	

	0.02 [day–1]
	----

	Death rate of regulatory M2 TAMs
	

	0.02 [day–1]
	----

	Initial oxygen concentration
	

	0.2 [mol∙m−3]
	(Mpekris, Baish et al. 2017)

	Oxygen diffusion coefficient 
	Dox
	1.55×10−4 [m2∙day−1]
	(Kim, Stolarska et al. 2011)

	Oxygen uptake 
	

	2200 [mol∙m−3∙day−1]
	(Casciari, Sotirchos et al. 1992, Kim, Stolarska et al. 2011)

	Oxygen uptake 
	

	0.00464 [mol∙m−3]
	(Casciari, Sotirchos et al. 1992, Kim, Stolarska et al. 2011)

	Endothelial cell diffusion coefficient
	

	1x10-15 [m2/s]
	(Plank, Sleeman et al. 2004)

	Chemotactic endothelial cell
	

	2x10-15 [m5/kg-s]
	(Schugart, Friedman et al. 2008)

	Reference value of endothelial cell
	

	1x10-3 [g/cm3]
	(Schugart, Friedman et al. 2008)

	Positive parameter
	

	1x10-5 [cm3/g-s]
	(Schugart, Friedman et al. 2008)

	Positive parameter
	

	1x10-1 [cm3/g-s]
	(Schugart, Friedman et al. 2008)

	Positive parameter
	

	1x103 [cm3/ g]
	(Plank, Sleeman et al. 2004)

	Positive parameter
	

	1x103 [cm3/g]
	(Plank, Sleeman et al. 2004)

	VEGF diffusion coefficient
	

	3.1x10-11 [m2/s]
	(Schugart, Friedman et al. 2008)

	Reference VEGF concentration
	

	1x10-3 [g/cm3]
	(Schugart, Friedman et al. 2008)

	Positive parameter
	

	6.8x10-3 [1/s]
	(Schugart, Friedman et al. 2008)

	Positive parameter
	

	4 [cm3/g-s]
	(Schugart, Friedman et al. 2008)

	Positive parameter
	

	4x10-5 [1/s]
	(Schugart, Friedman et al. 2008)

	
Reference  concentration
	

	1x10-3 [g/cm3]
	(Plank, Sleeman et al. 2004)

	
Reference  concentration
	

	1x10-3 [g/cm3]
	(Plank, Sleeman et al. 2004)

	Positive parameter
	

	2280 [1/h]
	(Plank, Sleeman et al. 2004)

	Positive parameter
	

	18240 [1/h]
	(Plank, Sleeman et al. 2004)

	Positive parameter
	

	456 [1/h]
	(Plank, Sleeman et al. 2004)

	Positive parameter
	

	456 [1/h]
	(Plank, Sleeman et al. 2004)



 : linear increase from minimum to maximum value depending on oxygen levels

: linear decrease from maximum to minimum value depending on oxygen levels










Table S2. Parameter values utilized in this model.
	Description
	Parameter
	Value [Units]
	Reference(s)

	
Drug diffusion coefficient in the interstitial fluid
	
Df
	1.58 x 10-10 [m2/s] for normal tissue
	
(Wu, Klitzman et al. 1993, Goh, Kong et al. 2001, Tehrani, Moradi Kashkooli et al. 2024)

	
	
	3.4 x 10-10 [m2/s] for tumor tissue
	

	
TSL diffusion coefficient in the interstitial fluid 
	

Dl
	6.31 x 10-13 [m2/s] for normal tissue
	
(Pluen, Boucher et al. 2001, Stylianopoulos, Economides et al. 2015, Tehrani, Moradi Kashkooli et al. 2024)

	
	
	4.51 x 10-13 [m2/s] for tumor tissue
	

	
Binding (association) rate constant
	
kon
	
1.5 x 103 1/(M⋅s)
	(Moradi Kashkooli, Soltani et al. 2020, Tehrani, Moradi Kashkooli et al. 2024)

	Unbinding (dissociation) rate constant
	
koff
	
8 x 10-3 [1/s]
	(Moradi Kashkooli, Soltani et al. 2020, Tehrani, Moradi Kashkooli et al. 2024)

	
Internalization rate constant
	
kint
	
5 x 10-5 [1/s]
	(Mok, Stylianopoulos et al. 2009, Schmidt and Wittrup 2009, Moradi Kashkooli, Soltani et al. 2020, Tehrani, Moradi Kashkooli et al. 2024)

	Release rate of chemotherapeutic  drug from temperature-sensitive liposomes (TSLs)
	krel
	
0.05 [1/s]
	
(Tagami, May et al. 2012, Tehrani, Moradi Kashkooli et al. 2024).


	Volume fraction of tumor accessible to drugs
	φ
	
0.05 [-]
	
(Eikenberry 2009)

	Concentration of cell-surface receptors
	
crec
	
1 x 10-5 [M]
	(Stylianopoulos, Economides et al. 2015, Tehrani, Moradi Kashkooli et al. 2024)

	
Half-life of TSL in plasma
	
kd
	
1440 [min]
	(Chauhan, Stylianopoulos et al. 2012, Stylianopoulos, Economides et al. 2015, Tehrani, Moradi Kashkooli et al. 2024)

	[bookmark: _Hlk212282506]Chemotherapy molecules contained in
the thermosensitive liposomal nanocarrier

	α

	104 [-]
	

(Dawidczyk, Kim et al. 2014)

	Radius of the diffusing nanoparticle
	rs
	50x10-9 [m]
	(Pluen, Boucher et al. 2001, Dawidczyk, Kim et al. 2014)

	Non-stem-like cancer cell survival constant
	ω
	0.007 [m3/mol]
	(Eikenberry 2009)

	
Stem-like cancer cell survival constant 
	

	0.0035 [m3/mol]
	(Liu, Yuan et al. 2006, Eikenberry 2009)

	Treatment-induced cancer cell survival constant 
	

	0.0035 [m3/mol]
	----

	Vessel wall thickness
	Lvw
	5×10−6 [m]
	(Stylianopoulos, Martin et al. 2013)

	Water viscosity at 310K
	η
	7×10−4 [Pa∙s]
	(Stylianopoulos, Martin et al. 2013)

	Absolute temperature
	Temp
	310 [K]
	----

	Fraction of vessel wall surface area occupied by pores
	γ
	1×10−4 [-]
	(Chauhan, Stylianopoulos et al. 2012)

	

Tissue density
	

ρt0
	

1044 [kg/m3]
	(Huang, Holt et al. 2004, Sheu, Solovchuk et al. 2011, Zhan, Gedroyc et al. 2019, Souri, Kiani Shahvandi et al. 2023, Tehrani, Moradi Kashkooli et al. 2024)

	

Specific heat
	

ct0
	

3710 [J/(kg∙K)]

	
(Huang, Holt et al. 2004, Sheu, Solovchuk et al. 2011, Zhan, Gedroyc et al. 2019, Namakshenas and Mojra 2023)

	
Thermal                            conductivity of tissue



	
kt0



	
0.59 [W/(m∙K)]




	
(Huang, Holt et al. 2004, Sheu, Solovchuk et al. 2011, Zhan, Gedroyc et al. 2019, Namakshenas and Mojra 2023, Tehrani, Moradi Kashkooli et al. 2024)

	
Local acoustic absorption coefficient of tissue
	

αt
	

8.55 [Np/m ∙MHz]
	
(Huang, Holt et al. 2004, Rezaeian, Sedaghatkish et al. 2019, Namakshenas and Mojra 2023)


	
Acoustic frequency
	
f
	
1 [MHz]
	(Moradi Kashkooli, Souri et al. 2023, Namakshenas and Mojra 2023)

	    

Speed of ultrasound
	

c0
	

1568 [m/s]
	(Huang, Holt et al. 2004, Sheu, Solovchuk et al. 2011, Zhan, Gedroyc et al. 2019, Souri, Kiani Shahvandi et al. 2023, Tehrani, Moradi Kashkooli et al. 2024)

	
The heat generated by metabolism
	 
Qm
	
0 W/m3

	 (Rezaeian, Sedaghatkish et al. 2019, Moradi Kashkooli, Souri et al. 2023)

	
[bookmark: _Hlk212314778]The exposure duration of the focused ultrasound (FUS)
	
texp
	
15 [min]
	(Moradi Kashkooli, Jakhmola et al. 2023, Moradi Kashkooli, Hornsby et al. 2024, Moradi Kashkooli, Bhandari et al. 2025)










[bookmark: _Hlk212309445][bookmark: _Hlk212145294]Table S3. Release rates of drug from temperature-sensitive liposomes (TSLs) at different temperatures (Tagami, May et al. 2012, Tehrani, Moradi Kashkooli et al. 2024). The release rate constants krel (s-1)   were interpolated using the exponential fitting equation: 
	Temperature (°C)
	37
	38
	39
	40
	41
	42

	krel (s-1)   
	0.0042
	0.0054
	0.015
	0.028
	0.042
	0.054
























Table S4. The value of the parameter k1, which is employed in the process of fitting the mathematical model to the experimental data for each cancer cell line.
	Experimental study
	


	[bookmark: _Hlk214270815]JC adenocarcinoma cancer cells (Dromi, Frenkel et al. 2007)
	0.51 day−1

	CWR22 prostate adenocarcinoma cancer cells (Hagtvet, Evjen et al. 2011)
	0.38 day−1





















Table S5. The initial values of the variables used in the mathematical model at time t=0 day.
	Description
	Parameter
	Initial Value [Units]
	Reference(s)

	Tumor cell populations

	Non-stem-like cancer cells 
	CCs
	0.96 [-]
	(Mpekris, Voutouri et al. 2020)

	Stem-like-cancer cells 
	SCCs
	0.02 [-]
	(Mpekris, Voutouri et al. 2020)

	Treatment-induced-cancer cells 
	ICCs
	0.02 [-]
	(Mpekris, Voutouri et al. 2020)

	Immune cell populations

	Natural killer  cells 
	NK
	0 [-]
	(Mpekris, Voutouri et al. 2022)

	CD8+ T-cells 
	CD8T_cells
	0 [-]
	(Hadjigeorgiou and Stylianopoulos 2024)

	CD4+ T-cells
	CD4T_cells
	0 [-]
	(Mpekris, Voutouri et al. 2022)

	Regulatory  T-cells 
	Treg
	0.01 [-]
	(Mpekris, Voutouri et al. 2022)

	Tumor associated macrophages (TAMs)

	TAMs M1 
	M1
	0.01 [-]
	(Mpekris, Voutouri et al. 2022)

	TAMs M2 
	M2
	0.01 [-]
	(Mpekris, Voutouri et al. 2022)

	Tumor vasculature components

	Angiopoietin 1

	Ang1
	0 [-]
	(Mpekris, Voutouri et al. 2020)

	Angiopoietin 2

	Ang2
	0 [-]
	(Mpekris, Voutouri et al. 2020)

	Endothelial cells 
	ECs
	0.5 [-]
	(Mpekris, Voutouri et al. 2020)

	Vascular endothelial growth factor
	VEGF
	0 [-]
	(Mpekris, Voutouri et al. 2020)

	Thermosensitive liposomal nanotherapy

	TSL concentration 
	cl
	0 [mol/m3]
	(Mpekris, Baish et al. 2017)

	Free chemotherapeutic agent concentration
	cf
	0 [mol/m3]
	(Mpekris, Baish et al. 2017)

	Bound drug concentration
	cb
	0 [mol/m3]
	(Mpekris, Baish et al. 2017)

	Internalized chemotherapeutic agent concentration
	cint
	0 [mol/m3]
	(Mpekris, Baish et al. 2017)

	Focused ultrasound propagation induced hyperthermia 

	Acoustic pressure 
	p1
	0 [Pa]
	(Moradi Kashkooli, Souri et al. 2023)

	Temperature 
	T
	310.15 [K]
	(Rezaeian, Sedaghatkish et al. 2019)

	Other variables

	Oxygen concentration 
	cox
	0.2 [ mol/m3]
	(Mpekris, Baish et al. 2017)

	Interstitial fluid pressure 
	p
	0 [Pa]
	(Hadjigeorgiou and Stylianopoulos 2024)

	Growth stretch ratio 
	λg
	1 [-]
	(Hadjigeorgiou and Stylianopoulos 2024)

	Solid mechanics, displacement  vector 
	u
	0 [m]
	(Hadjigeorgiou and Stylianopoulos 2024)



















Table S6. Release rates of drug from TSLs  at different temperatures (Needham and Dewhirst 2001, Gasselhuber, Dreher et al. 2012, Tagami, May et al. 2012, Rezaeian, Sedaghatkish et al. 2019, Souri, Soltani et al. 2021, Moradi Kashkooli, Souri et al. 2023, Tehrani, Moradi Kashkooli et al. 2024). The release rate constants krel (s-1) were interpolated and the corresponding fitted curves and fitting equations are presented in Figure S6.
	Temperature Tt (°C)
	37
	38
	39
	40
	41
	42

	Ultra-fast release rates krel (s-1)   
	0.0003
	0.0047
	0.142
	0.221
	0.3
	0.3

	Fast release rates krel (s-1)   
	0.00417
	0.00545
	0.0149
	0.0282
	0.0425
	0.05409

	Intermediate release rates krel (s-1)   
	0.002502

	0.00327

	0.00894

	0.01692

	0.0255

	0.032454


	Slow release rates krel (s-1)   
	0.000417
	0.000545
	0.00149
	0.00282
	0.00425
	0.005409



















Table S7. Nanocarrier sizes and associated parameters analyzed in this study.
	rs [nm]
	α [-]
	Dl  [m2/s]

	10
	20 
(Stylianopoulos, Economides et al. 2015)
	7.58 ×10−12
(Pluen, Boucher et al. 2001)

	50 
	104 
(Dawidczyk, Kim et al. 2014)
	6.31 ×10−13
(Pluen, Boucher et al. 2001)

	65 
	15000
(Dawidczyk, Kim et al. 2014)
	4.06 ×10−13
(Pluen, Boucher et al. 2001)
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