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This Electronic Supplementary Material presents additional figures that highlight
the application of our analytical model in calculating the optical properties of multi-
layered nanostructures. While the primary manuscript primarily discussed the use of
gold (Au) as the material of the core or the shell of the nanostructure to showcase
the capabilities of the model, this document broadens the scope to include other plas-
monic materials, namely silver (Ag), aluminium (Al), and copper (Cu). The optical
constants for these materials were sourced from [1].

The inclusion of these diverse materials provides a more comprehensive valida-
tion of our model, highlighting its versatility and robustness. The model’s ability to
rapidly produce results for nanostructures with varying numbers of layers and differ-
ent materials demonstrates its potential as a powerful tool in the fields of plasmonics
and nanophotonics. This capability facilitates the thorough exploration and nuanced
analysis of a vast array of multilayer configurations, making it an invaluable asset for
researchers aiming to optimise optical properties for a variety of applications from
medical imaging to photovoltaic devices.

By broadening the analysis to encompass a diverse array of materials, this Elec-
tronic Supplementary Material not only augments the primary manuscript but also
deepens insights into the impact of different materials on the optical properties of
multilayer nanostructures across various geometrical configurations. This enhanced
understanding facilitates a more comprehensive exploration of how structural varia-
tions can tailor optical responses in complex systems.

S1 Analysis of Optical Properties of 2-layer Spherical
Nanostructure

The structure of the spherical core-shell nanostructure is illustrated in Figure S1a. For
this study, the surface parameter ξ0 = 8.75219 and the semi-major axis a0−major = 20
nm of the outer shell remain constant, while the inner core surface parameter, ξ1, is
varied from 8.75219 to 7.75219. This adjustment changes the radius of the inner core
from 20 nm to 9 nm, effectively altering the core-shell ratio and influencing the optical
behaviour of the nanostructure. For further details on converting between Spheroidal
and Cartesian coordinates, please refer to Equation 3 in the primary manuscript.

Figures S1b and S1c display density plots of the scattering cross-section spectra
(σsca) and absorption cross-section spectra (σabs) for Al2O3@Ag spherical nanostruc-
tures over varying shell thicknesses. The plots reveal a pronounced resonant peak
in the scattering spectra that shifts toward shorter wavelengths (blue-shifts) as the
thickness of the silver shell increases and the size of the alumina core decreases. In
particular, when the alumina core is completely absent, the nanostructure behaves as
a pure silver sphere, showing scattering and absorption resonant peaks at approxi-
mately λ ≃ 0.365 µm and λ ≃ 0.360 µm respectively. The intensity of these peaks,
which are mapped on the colour scale to the right of the figures, diminishes towards
the near-infrared spectrum.

It should be noted that the scattering cross-section peak magnitude of Al2O3@Ag
is larger than that of Al2O3@Au by an order of magnitude. This significant increase
highlights the enhanced plasmonic properties of silver compared to those of gold. In
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contrast, the absorption cross section shows a minor increase, approximately doubling
(see Figure 5 in the primary manuscript for comparison).

The calculations were repeated by interchanging the core and shell materials,
analysing Ag@Al2O3 nanostructures (Figures S1d and S1e). In this case, the resonant
peak red-shifts and diminishes as the silver core size decreases and the alumina shell
thickness increases. The red-shift is a result of the reduced effective plasmonic volume
as the core size decreases. This shift is significantly less sensitive to variations in shell
thickness and core size in this configuration, indicating different plasmonic coupling
dynamics compared to the Al2O3@Ag configuration.

These figures clearly demonstrate how the scattering and absorption cross-sections
evolve with wavelength and shell thickness for spherical core-shell nanostructures. This
highlights the model’s efficiency in handling materials with different dielectric func-
tions, analysing their performance, and providing a powerful tool for investigating and
designing devices for various plasmonic applications. By showcasing the versatility of
the model in dealing with different material combinations, we underscore its potential
as an invaluable resource in the field of nanophotonics, facilitating the development
of advanced nanostructures with tailored optical properties.

S2 Analysis of Optical Properties of 2-layer
Spheroidal Nanostructure

In this section of the supplementary document, we delve into the optical characteristics
of Al2O3@Ag core-shell spheroidal nanostructures, examining how these properties
vary with wavelength and aspect ratio. This analysis provides deeper insights into
the behaviour of plasmonic materials under different geometric constraints and offers
guidance for optimising nanostructure design for specific applications.

Figure S2 illustrates the impact of wavelength and aspect ratio on the optical
properties of these nanostructures, providing a detailed visual representation of their
optical behaviour under varying conditions.

Figure S2a illustrates a 2-layer spheroidal nanostructure where the outer layer
maintains a constant semi-major axis (r0−major = 20 nm). The surface parameter
of the outer layer, ξ0, ranges from 5.1649 to 0.202733, and the inner layer’s surface
parameter, ξ1, is consistently set at ξ0 − 0.1. This parameter adjustment gradually
transforms the nanostructure from a nearly concentric sphere to an elongated confocal
spheroid, providing a visual demonstration of the geometric flexibility inherent to this
model.

Figures S2b and S2c detail the scattering (σsca) and absorption (σabs)
cross-sections for Al2O3@Ag nanospheroids across various aspect ratios (AR =
r0−minor/r0−major), where an AR of 1 indicates a perfect spherical form. These
figures reveal that the maximum scattering and absorption cross-sections are observed
when the nanostructure is spherical, with values diminishing as the aspect ratio
decreases. This reduction in cross-sections correlates with a decrease in the geometric
cross-section, illustrating the impact of shape on the optical responses of the materials.
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(a) Geometrical configurations of 2-layer spherical system

(b) Scattering cross-section for Al2O3@Ag (c) Absorption cross-section for Al2O3@Ag

(d) Scattering cross-section for Ag@Al2O3 (e) Absorption cross-section for Ag@Al2O3

Fig. S1: Density plots of the optical properties for spherical core-shell nanostructures
as a function of shell thickness and wavelength. (a) Illustration of the geometrical
configuration used in the study. (b) and (c) depict the scattering (σsca) and absorp-
tion (σabs) cross-sections for Al2O3@Ag core-shell spheres, respectively. (d) and (e)
present the corresponding properties for Ag@Al2O3 core-shell spheres. The colour
bars indicate variations in magnitudes, highlighting the sensitivity of metallic shell
nanostructures to changes in their geometrical configuration when the core and shell
materials are interchanged.

For Al2O3@Ag nanospheroids, an initial blue-shift in the resonant peak is observed
as the aspect ratio decreases, which is attributed to the reduced volume of the nanos-
tructure. However, as the aspect ratio becomes smaller than approximately 0.3, this
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(a) Geometry configurations of 2-layer spheroidal system

(b) Scattering cross-section for Al2O3@Ag (c) Absorption cross-section for Al2O3@Ag

(d) Scattering cross-section for Ag@Al2O3 (e) Absorption cross-section for Ag@Al2O3

Fig. S2: Density plots of the optical properties for spheroidal core-shell nanostruc-
tures as a function of shell thickness and wavelength. (a) Illustration of the geometrical
configuration used in the study. (b) and (c) depict the scattering (σsca) and absorp-
tion (σabs) cross-sections, respectively, for Al2O3@Ag core-shell nanospheroids. The
colour bars indicate variations in magnitudes, highlighting the competing effects of
spheroid eccentricity and shell thickness in configurations with a metallic shell. (d)
and (e) present the corresponding properties for Ag@Al2O3 core-shell nanospheroids.
The colour bars here highlight the sensitivity of the resonance red-shift in configura-
tions with the metallic core.
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trend reverses due to the reduction in the geometrical parameter Lz (refer to Equation
41 in the primary manuscript), resulting in a red shift of the resonant peaks towards
longer wavelengths.

Figures S2d and S2e focus on the optical properties of Ag@Al2O3 nanospheroids.
Unlike the Al2O3@Ag configurations, the resonant peaks in these figures consistently
red-shift with a decreasing aspect ratio without the observed reversal. This distinct
behaviour in Ag@Al2O3 nanostructures highlights how the geometrical parameter Lz

aligns with the general resonance shift trend, resulting in a more pronounced and
sensitive response to changes in aspect ratio.

Furthermore, a comparative analysis of spheroidal core-shell configurations using
Ag and Au plasmonic materials reveals that Ag results in a significantly higher scat-
tering cross-section compared to Au, with only a minor change in the absorption
cross-section. This comparison underlines the superior scattering capabilities of Ag
in these configurations and points to its potential for enhanced performance in spe-
cific plasmonic applications. Additionally, the use of plasmonic material as the core
increases the tunability of the nanostructure, enhancing the capacity to tailor optical
properties to meet specific needs in plasmonic device design.

This section underscores the advanced capabilities of our analytical model in
exploring and exploiting the intricate relationship between nanostructure geome-
try, material composition, and optical properties, thereby facilitating the design of
optimised devices for a range of plasmonic applications.

S3 Analysis of Optical Properties of 3-layer Spherical
Nanostructure

Multilayered structures, consisting of more than two layers, provide substantial flexibil-
ity in modulating the optical properties of nanoparticles. These structures also enable
enhanced control over nanostructure functionality by incorporating a thin material
layer over the metallic shell, which can significantly improve specific properties such as
optical, thermal, physical, chemical, or mechanical attributes or interact distinctively
with the surrounding environment.

In this supplementary section, we delve deeper into expanding the proposed ana-
lytical model to study the optical properties of three-layer spherical systems using
silver (Ag), aluminium (Al), and copper (Cu) as the plasmonic materials, denoted
as Ag@Al2O3@Ag, Al@Al2O3@Al, and Cu@Al2O3@Cu. We maintain fixed surface
parameters, ξ0 = 4.1469 and ξ2 = 3.4, for the outermost and innermost layers, respec-
tively. In contrast, the surface parameter ξ1 of the intermediate layer (spacer layer)
varies from 4.0969 to 3.5469. These settings correspond to the radii of the outermost
and innermost layers being fixed at 20 nm and 9 nm, respectively, with the radius of
the intermediate layer varying from 19 nm to 11 nm.

Figure S3a illustrates schematics of three different configurations distinguished
by the surface parameter difference ξ0 − ξ1. Plot maps showcasing the scattering
(σsca) and absorption (σabs) cross-section spectra as a function of wavelength and
shell thickness are displayed in Figures S3b and S3c, S3d and S3e, and S3f and
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S3g for Ag@Al2O3@Ag, Al@Al2O3@Al, and Cu@Al2O3@Cu multilayered spherical
nanostructures, respectively.

The optical behaviour of these systems typically features two pronounced peaks
in the visible (bonding mode) and near-infrared (anti-bonding mode) regions. The
separation between these peaks increases as the distance between the metallic surfaces
decreases, driven by plasmonic interaction at the intermediate layer (hybridisation)
[2–4]. Notably, the long-wavelength peak (anti-bonding mode) initially blue-shifts and
then diminishes as the shell thickness (ξ0− ξ1) increases from 0.08 to 0.3. Beyond this
critical point, the peak undergoes a red shift with further increases in shell thickness,
as observed across all anti-bonding modes in the hybridisation splittings depicted in
Figure S3.

This reverse trend occurs only for the anti-bonding mode, as initially (for ξ0 − ξ1
= 0.15), the metal shell thickness is small, and the outer surfaces ξ0 and ξ1 are close
to each other (the orange-dashed lines in the first configuration in Figure S3a), which
results in strong interaction between these two surfaces and hence, strong peak and
large separation. As the metal shell thickness increases and the spacer size decreases,
the interaction of the electrons between the surfaces ξ0 and ξ1 weakens; hence, the
peaks’ separation diminishes and the longer wavelength peak blue-shifts. When the
shell thickness reaches ξ0 − ξ1= 0.3, the distances between the three metallic surfaces
are almost equal (the blue-dashed lines in the second configuration in Figure S3a).
This is a turning point, as for shell thickness ξ0 − ξ1 > 0.3, the surfaces ξ1 and ξ2 get
closer to each other (the red-dashed lines in the third configuration in Figure S3a),
and the plasmon interaction occurs between these two surfaces. The peak separation
increases, and the longer wavelength peak starts to red-shift again, but with smaller
magnitudes due to the smaller sizes of the interacting surfaces and the screening effect
of the outer metal.

Comparative analysis of the optical properties of Ag, Al, and Cu in a three-layer
spherical configuration reveals that systems with Ag demonstrate the highest scatter-
ing and absorption cross-section magnitudes. The optical performance of Cu, noted for
a weaker peak splitting but a narrower and slightly stronger resonance in the infrared
region, marginally surpasses that of Au (see Figures 8(d) and 8(e) in the primary
manuscript for this comparison). Meanwhile, the higher energy peak (bonding mode)
is consistently blue-shifted and enhanced as the spacer layer thickness increases; nev-
ertheless, this shift is less sensitive to metallic surface separation. For Al@Al2O3@Al
it falls outside the studied wavelength range (λ < 0.3 µm), with the maximum scat-
tering and absorption cross-sections occurring when the shell thickness is between
0.1 < ξ0 − ξ1 < 0.3 (Figures S3d and S3e).

The consistent trend in peak shifts and intensity changes due to variations in
shell thickness across these materials underscores the robustness, versatility, and
practicality of our analytical model in evaluating a diverse array of materials and geo-
metrical parameters, enhancing its utility in the design and optimisation of plasmonic
nanostructures.
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(a) Geometry configurations of 3-layer spherical system

(b) Scattering cross-section for Ag@Al2O3@Ag (c) Absorption cross-section for Ag@Al2O3@Ag

(d) Scattering cross-section for Al@Al2O3@Al (e) Absorption cross-section for Al@Al2O3@Al

(f) Scattering cross-section for Cu@Al2O3@Cu (g) Absorption cross-section for Cu@Al2O3@Cu

Fig. S3: Density plots of the optical properties for 3-layer spherical nanostructures
as a function of shell thickness and wavelength.(a) Geometrical configurations at
three different intermediate layer thicknesses: ξ0 − ξ1 = 0.15, 0.3, and 0.5. (b) and
(c) Density plots of the scattering (σsca) and absorption (σabs) cross-section spec-
tra, respectively, for Ag@Al2O3@Ag. (d) and (e) Density plots of the scattering and
absorption cross-section spectra, respectively, for Al@Al2O3@Al. (f) and (g) Density
plots of the scattering (σsca) and absorption (σabs) cross-section spectra, respectively
for Cu@Al2O3@Cu.



S4 Conclusion

This Electronic Supplementary Material underscores the efficiency and versatility of
our analytical model to calculate the optical properties of multilayered nanostructures
with high proficiency and minimal computational cost using a variety of materials,
extending beyond gold to include silver, aluminium, and copper. This model effec-
tively handles diverse materials and complex geometries, highlighting its robustness
and applicability across a broad range of optical applications, from plasmonic devices
to photonic materials. It facilitates rapid and precise simulations, enabling the explo-
ration and optimisation of innovative nanostructure configurations and advancing
optical characterisations in the fields of nanotechnology and materials science. Addi-
tionally, the model’s quick adaptability to changes in material or geometric parameters
showcases its practical relevance in real-world applications, making it a foundational
tool for researchers and engineers in the advancement of nano-optics and plasmonic
engineering.
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