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Notations: 29 

Most of the derived expressions in this work will depend on the properties at the microchannel-30 

nanochannel interfaces [such as 1c  and 1S , given by Eqs. (S27) and (S38) given below]. For 31 

brevity, all interfacial properties are denoted with an overbar. In a similar manner, all properties 32 

derived at 0I = , are denoted with a hat (e.g., 1ĉ  and 1

ˆ
S ), such as those given in the main text 33 

[Eqs. (10) and (11)]. 34 
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SI. MATHEMATICAL MODEL 35 

Before presenting the derivation, it should be noted that the mathematical procedure utilized 36 

in this work to derive an i V−  and i j−  relations has been detailed in several of our past works. 37 

Each time, the procedure was slightly altered to account for the specific changes. Our first works 38 

that utilized this method considered a three-layered system in 2D [1] and 3D [2]. We then applied 39 

it to a one-layered system subject to a concentration gradient (with symmetric diffusion and 40 

asymmetric diffusion coefficients) [3–5], as well as to a 1D three-layered system subject to a 41 

viscosity gradient [6]. In this work, we utilize these methods to model a 3D three-layer system 42 

under a concentration gradient, with symmetric diffusion coefficients. Most of the mathematics 43 

remains unaltered. 44 

A. Governing equations 45 

For a system filled with a KCl(-like) saline solution with equal diffusion coefficients, D D =  46 

and symmetric valences, 1z z =  =  , the steady-state, convectionless ion transport through a 47 

permselective medium is described by the Poisson-Nernst-Planck (PNP) equations [7–9] 48 

 2

0 2( )r e s kF c c    + − = − = − − −  . (S1) 49 

 0
DF

D c c
RT

+ + +

 
−  =  + = 

 
j    , (S2) 50 

 0
DF

D c c
RT

− − −

 
−  =  − = 

 
j    . (S3) 51 

Herein,   is the universal gas constant, T  is the absolute temperature, and F is the Faraday 52 

constant, 0   is the permittivity of vacuum, and r  is the relative permittivity of the solution. Eq. 53 

(S1) is the Poisson equation for the electric potential   that depends on the space charge density, 54 

e , where 2k  is Kronecker’s delta (for Region 2), while 1,2,3k =  denotes each region, and 55 

0s   is the effective excess counterion concentration in the permselective region accounting for 56 

the (negative) surface charge density, s . The s s −  relation (discussed in the main text) is 57 

given by 58 

 s
s

FA


 = −

P
, (S4) 59 

where P  is the perimeter, and A  is the cross-sectional area (for a derivation of this s s −  60 

relation in cylindrical coordinates, see Appendix A of [10]). Equations (S2) and (S3) are the 61 

Nernst−Planck equations for the ionic fluxes, j , for the cation and anion concentrations, c+  and 62 

c− , respectively. It should be noted that s  has two interpretations: the normalized average excess 63 
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counterion concentration or the Duhkin number [11] (the ratio of the conductance associated with 64 

the surface charge and the conductance associated with the bulk). This parameter 
s  is intimately 65 

linked to the transport number (which will be defined later), which is the most important proxy 66 

for the ionic selectivity of a system. 67 

At the two ends of the system, there are two bulk reservoirs containing the same electrolyte 68 

but with different concentrations and under a potential drop of V  69 

 left 3 right 3( 0) , ( ) , ( 0) , ( ) 0c x c c x c x V x  = = =  = = = =  = . (S5) 70 

For brevity, we define the ratio of the bulk concentrations as 71 

 right left/rC c c= . (S6) 72 

B. Local electroneutrality, salt and electrical currents, and reduced equations 73 

1. Local cross-section electroneutrality.  74 

The electrical properties of the microchannels and nanochannels are different. This difference 75 

can be attributed to their size and confinement. To understand this better, one first needs to 76 

consider the electric double layer (EDL) or Debye length that forms at a charged surface when it 77 

contacts an electrolyte solution. The Debye length is defined as 
2

0 bulk/ 2D r T F c  =   where 78 

bulkc  is either leftc  or rightc . This length, which typically ranges from 0.1 nm (at very high 79 

concentrations) to 100 nm (at very low concentrations), characterizes the length where the effects 80 

of the surface charge density are non-negligible. In a microchannel, the EDL is substantially 81 

smaller than all other lengths (wherein , ,D k k kL W H  ), such that the response of the 82 

microchannel can be considered to be independent of the surface charge entirely. In contrast, 83 

within the nanochannel, one can have that (or )D k kH W   but 
D kL  . When 

D kH  , the 84 

top and bottom EDLs overlap, leading to a region where the effects of the surface charge [through 85 

Eq. (S4)] span the entire region. Thus, in the microchannel, we are s  independent, while in the 86 

nanochannel, we are s  dependent. This leads to an almost discontinuous jump of various 87 

properties at the two microchannel-nanochannel interfaces located at 1 2,x =   . These jumps are 88 

discussed further below (as well as in our past works [4,5]).  89 

Importantly, the fact that 1,2,3D kL =  results in a key simplification – this is the existence of 90 

local and cross-sectional electroneutrality. As we have already stated, in the microchannel, one 91 

can assume that the effects of the surface charge density are negligible, such that Eq. (S1) can be 92 

reduced to a simplified form of ( ) 0e F c c + −= − =  [2,12]. Since this equation holds at every 93 

point, we can require local electroneutrality such that  94 
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 1,3kc c c= + −= = . (S7) 95 

In the charged nanochannel, an alternative approach is needed. If one considers a cross-sectional 96 

averaging procedure, which is allowed so long as 1/2

2L A  (or 2 2 2L H W ), then 
s  gives 97 

rise to an excess average counterion concentration, given by Eq. (S4). If 
2D L  , then one can 98 

still require that 0e = . However, now it should be remembered that ( )e sF c c + −= − −  . The 99 

requirement that 0e =  at every cross-section yields  100 

 
2 2 2 2 2, s sc c c c c− + −= = +  = +  . (S8) 101 

2. Salt current and electric current.  102 

The salt current density j  and the electric current density i  are defined as 103 

 , ( )F+ − + − +  −j j j i j j . (S9) 104 

If one assumes the current density to be uniform across the cross-section, the 3D salt and electrical 105 

currents are given by 106 

 ,J jA I iA= = , (S10) 107 

where A  is the nanochannel cross-section, in this case, a rectangle, 
2 2A H W= . However, the 108 

assumption of a particular cross-sectional geometry can be relaxed, and the more general approach 109 

utilizing A can be leveraged.  110 

3. Reduced equations in Regions 1 and 3.  111 

Inserting Eq. (S7) into Eqs. (S2) and (S3), and accounting for Eq. (S9) [adding and subtracting 112 

Eqs. (S2)-(S3)], we find a reduced set of equations for the salt current density and electrical 113 

current density in regions 1,3k =   114 

 22 0 where 2k kD c D c−  =  = = −j j  , (S11) 115 

 
th th

2 ( ) 0 where 2k k k k

DF DF
c c

V V
 −  =  = = −i i    . (S12) 116 

where th /V T F=   is the thermal potential.  117 

4. Reduced equations in Region 2.  118 

Since we have already considered cross-sectional electroneutrality, only 1D changes in the 119 

longitudinal directions need to be considered. In Region 2, we insert Eq. (S8) into Eqs. (S2) and 120 

(S3), resulting in the following 1D fluxes 121 

 2, 2 2, 2, 2 2,

th th

( ) ,x s x x x

D D
j Dc c j Dc c

V V
 + −− = + +  − = − , (S13) 122 
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The subscript of the comma and x  denotes a derivative by x . Inserting these two equations into 123 

Eq. (S9), yields the simplified equations [1–5] 124 

 2 2,

th

(2 )s x

DF
c i

V
+  = − , (S14) 125 

 2, 2,

th

2 x s x

D
Dc j

V
+  = − . (S15) 126 

C. Boundary conditions 127 

Equations (S11)-(S12) and (S14)-(S15) will be solved for each region, subject to the following 128 

boundary conditions (BCs), in addition to those specified in Eq. (S5). 129 

Regions 1 and 3. On all the microchannel walls, we require no flux. Mathematically, this can 130 

be translated to 131 

 0 , 0 =  =n j n  , (S16) 132 

which can be further simplified to  133 

 0 , 0c  =  =n n  , (S17) 134 

where n  is the unit vector normal to the surface. Explicitly, for Regions 1 and 3 ( 1,3k = ), we 135 

require that 136 

 1
, , 2

( 0, ) ( ) 0k y k k z kc y H c z W= = =  = , (S18) 137 

 1
, , 2

( 0, ) ( ) 0k y k k z ky H z W = = =  = . (S19) 138 

For simplicity, and to ensure conservation of total fluxes across the microchannel-nanochannel 139 

interfaces located at 
1 2,x =   , we require that the salt current and electrical current densities 140 

[Eqs. (S11)-(S12)] are uniformly distributed at these interfaces 141 

 
1 1 1

2 2 22 2 2

,

, [0, ], [ , ]

0 ,

D

k x

j y H z W W
c

else

−   −
= 


, (S20) 142 

 
th1 1 1

2 2 22 2 2
,

, [0, ], [ , ]

0 ,

V

DF
k k x

i y H z W W
c

else


−   −
= 


  (S21) 143 

Region 2. Note that in the derivation of Eqs. (S14)-(S15), which utilized cross-sectional 144 

averaging, the boundary conditions 0 r s    = −n   (through 
s ) and 0 =n j  have already 145 

been satisfied – see Refs.  [10,13] for a detailed derivation of Eq. (S4). As such, only the BCs at 146 

1 2,x =    need to be provided. These BCs will be provided shortly. 147 

  148 
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SII. SOLUTION DERIVATION 149 

In this section, we solve the governing equations in all three regions, subject to their 150 

appropriate boundary conditions. From these solutions, we will derive the two master equations 151 

presented in this work. 152 

A. Regions 1 and 3  153 

1. Concentrations 154 

We find the concentration distributions in both Regions 1 and 3 using the standard separation 155 

of variables procedure, as used in our past works [1,2,14,15]. This involves solving Eq. (S11) and 156 

the BCs specified in Eqs. (S5), (S18), and (S20), which yields  157 

 

1 left

1 1

(1)
(1) (1)2

(1) 2 (1)
11 1 2 1

(1)1
(1) (1)22

(1) 2 (1)
12 1

(1) (1)1
2 22

2 2 ,

( , , )
2

sin[ ]1
cos[ ]sinh[ ]

[ ] cosh[ ]

sin[ ]2
cos[ ]sinh[ ]

[ ] cosh[ ]

sin[ ]sin[ ]4

n
n n

n n n

m
m m

m m m

n m

n

J
c x y z c x

DW H

HJ
y x

DW H H L

W
z x

W L

H W

W H


 

 


 

 

 





=



=

= −


− 



+

+





(1) (1) (1)

,(1) (1) (1) (1)
, 1 , 1

cos[ ]cos[ ]sinh[ ]
cosh[ ]

n m n m

n m m n m n m

y z x
L

  
  



=







, (S22) 158 

and 159 

3 right 3

3 3

(3)
(3) (3)2

3(3) 2 (3)
13 3 2 3

(3)1
(3) (3)22

3(3) 2 (3)
12 3

(3)

2

2 2

( , , ) ( )
2

sin[ ]1
cos[ ]sinh[ ( )]

[ ] cosh[ ]

sin[ ]2
cos[ ]sinh[ ( )]

[ ] cosh[ ]

sin[ ]s4

n
n n

n n n

m
m m

m m m

n

J
c x y z c x

DW H

HJ
y x

DW H H L

W
z x

W L

H

W H


 

 


 

 





=



=

= +  −


+  −



+  −

+





(3)1
(3) (3) (3)22

, 3(3) (3) (3) (1)
, 1 , , 3

in[ ]
cos[ ]cos[ ]sinh[ ( )]

cosh[ ]

m
n m n m

n m n m n m n m

W
y z x

L


  

   



=


 − 




, (S23) 160 

where the eigenvalues are defined by 161 

 ( ) ( ) ( ) ( ) 2 ( ) 2

,

2
, , [ ] [ ] , 1,3k k k k k

n m n m n m

k k

n m
k

H W

 
    = = = + = , (S24) 162 

2. Electric potential 163 

The 3D electrical potential distribution follows from Eq. (S12) and the BCs in Eqs. (S5), (S19)164 

, and (S21). We find that 165 

 th th1 1
1

left left

ln ln
V Vc ci I

V V
F j c F J c


   

= + = +   
   

, (S25) 166 
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 th 3 th 3
3

right right

ln ln
V c V ci I

F j c F J c


   
= =      

   

.  (S26) 167 

It should be noted that the solutions for Region 1 [Eqs. (S22) and (S25)] and the solutions for 168 

Region 3 [Eqs. (S23) and (S26)] are very similar to the expressions previously derived in Ref. [2] 169 

for the case of symmetric concentrations ( right leftc c= ). 170 

3. Resistances 171 

In the following, we use the values of the concentration at the two interfaces, located at 
1x =   172 

and 
2x =  , on the central axis (i.e., 0y z= = ). These are termed the interfacial concentrations 173 

and are denoted by 174 

 31
1 1 1 left 3 3 2 right( ,0,0) , ( ,0,0)

2 2res res

RRJ J
c c c c c c

D D 


=  = − =  = + . (S27) 175 

Here, 1,3kR =  represents the total electrical resistances associated with the respective 176 

microchannels, and 2

bulk/res T F Dc =   is the local ionic resistivity. Here, we have defined the 177 

resistivity to depend on a concentration we denote as 
bulkc , where 

bulkc  is either 
leftc  or rightc . In 178 

each microchannel, the resistance can be divided into two contributions such that 179 

 1,3 FF, 1,3 1,3 FF,, 2 ,k
k res k res k k k k

k k

L
R R f R R R

W H
 = = == =  = + . (S28) 180 

The first term, 1,3kR = , is the geometric contribution associated with a cuboidal resistor, and the 181 

second term, FF, 1,3kR = , is the field-focusing contribution. The kf  functions represent the 182 

contributions of the focusing of the field lines from the large 3D microchannel into the much 183 

smaller nanochannel, which we naturally term the field-focusing resistances. By inserting 1,2x = 184 

and 0y z= =  into the concentration distributions [Eqs. (S22)-(S23)], we obtain the 1,3kf =  185 

functions, 186 

 

( )( ) 1
( ) ( )22 2

1,3 ( ) 2 ( ) 2
1 12 2

( ) ( )1
( )2 22
,( ) ( ) ( )

, 12 2 ,

sin[ ]sin[ ]1 1 2
tanh[ ] tanh[ ]

[ ] [ ]

sin[ ]sin[ ]4
tanh] ]

kk
k kmn

k n k m kk k
n mk k n m

k k
kn m

n m kk k k
n m n m n m

WH
f L L

W H H W

H W
L

W H


 

 

 


  

 

=

= =



=


= +




+ 



 



. (S29) 187 

This kf  expression has been investigated in several of our past works [14–17], including our very 188 

recent work [18], where we derived the expression for kf  an arbitrary geometry (and not just the 189 

rectangular geometry considered in this work).  190 
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B. Region 2 and the i j−  relation 191 

In contrast to Regions 1 and 3, where explicit distributions for concentration and potential were 192 

derived, in Region 2, such a solution is not attainable. Instead, as we will shortly demonstrate, by 193 

manipulating the equations within Region 2, and accounting for the interfacial concentrations in 194 

Regions 1 and 3, an algebraic i j−  relationship will be uncovered. 195 

Isolating 2,x  from Eq. (S14) and inserting it into Eq. (S15) yields, after rearranging, a 196 

separable differential equation for 
2c  (see  [1–5] for a detailed derivation of this equation) 197 

 2
2,

2

2(2 ) 1

(2 )

s
x

s s

c
c

i Fj c FD

+ 
=

 − + 
. (S30) 198 

Equation (S30) can be integrated over the domain 
1 2[ , ]  , yielding  199 

 

2 2

2

1

2 1

( )

2
2 2

( )

ln[ (2 )]
2 2

c

s
s s

c

i jL
c i Fj c x

Fj D









 
+  − +  = = − 

 
. (S31) 200 

The concentrations at the two ends of the nanochannels, 
2 1( )c   and 

2 2( )c  , are still not known. 201 

We shall now derive them by relating them to the interfacial concentrations 1,3c [Eq. (S27)].  202 

To find these concentrations, we utilize the electrochemical potential   of the positive and 203 

negative species, defined as 204 

 lnT c F  =   . (S32) 205 

It can readily be observed that the fluxes 
+j  and 

−j  are gradients of these potentials 206 

 
D

c
T

  = −


j  . (S33) 207 

If the fluxes are continuous at the interface, so too are the electrochemical potentials, such that 208 

1 1 2 1( ) ( )   =   and 2 2 3 2( ) ( )   =  . Note that these relations constitute four separate BCs. 209 

In the following paragraph, we will use two BCs, and the remaining two will be utilized later in 210 

the derivation of the current-voltage response when we account for the Donnan potential drops. 211 

It is useful to consider the sum of the positive and negative electrochemical potentials 212 

 ln( )T c c  + − + −= + =  . (S34) 213 

Since +  and −  are each continuous at 1x =   and 2x =  , so is  . Equation (S34) can be 214 

further simplified by removing the log function and requiring that c c+ −  is continuous 215 

 
1 1 2 21 1 2 2 2 2 3 3( ) ( ) , ( ) ( )x x x xc c c c c c c c+ − = + − = + − = + − == = . (S35) 216 

Utilizing the relation for the concentrations at Region 2 [Eq. (S8)] and the known interfacial 217 

concentrations [Eqs. (S27)] leads to 218 
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 2 2

1 2 1 2 1 3 2 2 2 2( )[ ( ) ] , ( )[ ( ) ]s sc c c c c c=   +  =   +  . (S36) 219 

Each quadratic equation has two roots. However, since the concentration cannot be negative, we 220 

take the positive roots given by 221 

 1 1
2 1 1 2 2 32 2
( ) , ( )s sc S c S = −  +  = −  + , (S37) 222 

where 223 

 
2 2 2 21 1

1 1 3 32 2
4 , 4s sS c S c=  + =  + . (S38) 224 

Inserting 
2 1( )c   and 

2 2( )c   into Eq. (S31), and accounting for the Ohmic resistance of the 225 

nanochannel 2R , given by  226 

 2 2
nano 2

2 2

res res

L L
R R

A H W
 = = = , (S39) 227 

yields the following i j−  relation  228 

 3 2
3 1

1

2
( , ) ln ( ) 0

2 2 2

s s

s res

i i jFS jAR
i j S S

Fj i jFS D

   −
 = + − + = 

 − 
. (S40) 229 

This expression provides a constraint on the salt current and electrical current densities. For 230 

simplicity, we call it the ( , )i j  function, or, in short, the i j−  relation. This is the first of the 231 

two master equations derived in this work. 232 

C. Current-voltage relation 233 

The voltage drop, V, across the system is comprised of the potential drops over the three 234 

regions, 1,2,3k = , and the two Donnan potential drops at the two interfaces at 
1 2,x =    ( ,1 2D −  235 

and ,2 3D − , respectively) [2], such that 236 

 1 ,1 2 2 ,2 3 3D DV      − −− =  =  +  +  +  +  . (S41) 237 

The potential drops in Regions 1 and 3 are calculated via the respective potential distributions 238 

[Eqs. (S25) and (S26), respectively], and are, respectively, given by  239 

 th 1
1 1 1 1

left

( ) ( 0) ln
V ci

x x
F j c

  
 

 = =  − = =  
 

, (S42) 240 

 th 3
3 3 3 3 2

right

( ) ( ) ln
V ci

x x
F j c

  
 

 = =  − =  = −   
 

. (S43) 241 

The potential drop in Region 2 is calculated by integrating Eq. (S15). This yields,  242 

 th 2
2 3 12 2

s res

V jAR
S S

D




 
 = − + 

  
. (S44) 243 
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The Donnan potential drops can be calculated using the two remaining electrochemical potential 244 

BCs. Using the positive terms 245 

 
1 1 2 1 2 2 3 2( ) ( ) , ( ) ( )   + + + + =   =  , (S45) 246 

we obtain  247 

2 1 2 2
,1 2 th ,2 3 th

1 3

( ) ( )
ln , lns s

D D

c c
V V

c c
 − −

   +   + 
 = −  =   

   
. (S46) 248 

By inserting Eqs. (S42)-(S44), and (S46) into Eq. (S41), we find the relation between the potential 249 

drop, V , and the two current densities ( i  and j ) 250 

 3 3 1 3 1 2
th

1 1 3

21
( , ) ln ln ln 2

2

s

r s s res s

c c S S S jARi
V i j V

Fj C c c S D

    + −
= + + + +  

 +    
. (S47) 251 

This i V−  equation, given in the main text, is the second master equation derived in this work. 252 

SIII. SUPPLEMENTAL DISCUSSIONS 253 

A. Limiting and overlimiting currents 254 

1. Limiting currents 255 

Due to the selective ion transport through the nanochannel, concentration gradients form in the 256 

two different microchannels. In particular, the concentrations at the two microchannel-257 

nanochannel interfaces vary [7]. Namely, one interface becomes more depleted, while the other 258 

interface becomes more enriched. The minimal concentration at the depleted interface [either 259 

interfacial concentration 1c  or 3c , Eq. (S27)] can be achieved is zero. This occurs when the salt 260 

current reaches its maximal value (in the absolute sense) or its limiting value given by 261 

 lim 1 left lim3 right

1 3

2 , 2res resJ Dc J Dc
R R

 
− = = −

 
. (S48) 262 

In order to find the limiting electrical current, one needs to utilize the i j−  relation [Eq. (S40)]. In 263 

most works that discussed the limiting currents, one will typically find that J’s in Eq. (S48) are 264 

replaced by I’s. The reason that such an exchange is allowed is that the limiting current is typically 265 

investigated in ideally selective systems, where left rightmax( , )s c c  , and only the counterions (here, 266 

positive species) are transported such that I FJ= . If s  left rightmax( , )c c , one can still utilize the 267 

concept of the limiting current; however, then I FJ , and the i j−  relation must be utilized.  268 

In general, the two limiting currents are not equal (in the absolute sense) since they depend on 269 

the geometry and the left/right bulk concentrations. If either the geometry is asymmetric or the 270 

concentrations are asymmetric, so too will be the limiting currents. This is consistent with the 271 

i V− ’s shown in main text Figure 3(a) and also in past works [16]. 272 
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2. Over-limiting currents 273 

For the case of symmetric concentrations, it is known that the current can surpass the 274 

theoretically predicted limiting current. However, for that to happen, additional physical 275 

mechanisms need to be added – like water splitting [19,20], surface conductance [21] and electro-276 

convection [9,19,21–25]. Each of these mechanisms introduces a new term/equation or varies an 277 

existing term. All these variations, which are nonlinear, are essential components for the over-278 

limiting currents.  279 

B. Selectivity 280 

In the main text, the counterionic transport number 281 

 
1 1 1

2 2 2

j Fj

j j i
 +

+ −

= = + = + 
−

. (S49) 282 

serves as a proxy for “permselectivity” or, in short, “selectivity”. The counterionic transport 283 

number can vary between the two extreme cases of 1 =  and ½ = . When 1 = , the system is 284 

ideally selective, whereby 0j− =  (leading to complete exclusion of the negatively charged 285 

coions) and /j j i F+ = = . If ½ = , the system is vanishingly selective, whereby the contribution 286 

of both species is identical, j j+ −= − , resulting in 0j =  and 2i Fj+= . Here, the transport of coions 287 

is uninhibited.  288 

This definition is the one used by the water desalination and energy harvesting communities. 289 

There is yet another definition for the word “selectivity”, which is quite popular with the ion-290 

channel and physiology community. Instead of using an absolute metric like the one here [Eq. 291 

(S49)], they have adopted a “relative metric”, where one looks at the ratio of the absolute values 292 

of two different species, m and n, which can be either of the same or opposite signs. This ratio 293 

| / |m nj j  provides a relative metric of which species has a higher flux. While useful, one needs to 294 

acknowledge two advantages of Eq. (S49). First, it is an absolute metric. Second, this absolute 295 

metric appears in the resistance – in other words, it is naturally inherent to the system. These 296 

differences are elaborated in our two recent works [4,5], which go beyond the “simple” scenario 297 

of symmetric diffusion coefficients ( D D+ −= ) considered in this work (in  [4,5], we consider 298 

D D+ − ). 299 

One last comment regarding terminology is needed. Here, we have used the terms ideally and 300 

vanishingly selective systems. However, other names can be found [4,5]. The “vanishingly 301 

selectivity” is often termed as ‘non-selective’, ‘vanishingly selective’, ‘poorly selective’ [1,25], 302 

or ‘bulk dominated’. Similarly, “ideal selectivity” also has various names, including ‘highly 303 
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selective’ [8,26], perfectly selective [1,25,27], ‘ideally selective’ [21,28,29], or the ‘good coion 304 

exclusion limit’ [30]. 305 

 306 

C. Proof that 
0 0/ 1V IR R= =   307 

Since 
0 0/ 1V IR R= =   [Figure 6(b)] occurs at low concentrations (i.e., ideal selectivity wherein 308 

lefts c   or 1 = ), we restrict our discussion to this regime in which the two master equations 309 

can be reduced. Specifically, main text Eq. (14) can be reduced to i Fj= , while main text Eq. (7) 310 

is simplified such that [16] 311 

 
1

th right bulk 32bulk
2 th 1

th left bulk 12

1
2ln ln

s r

V c c I Rc
V IR V

V c c I R C

+  
= + + 

 −  
. (S50) 312 

Utilizing the definition of the differential resistance, 
0 0( / )V VR dV dI= ==  [main text Eq. (33)], 313 

yields 314 

 bulk th
2

bulk 1 left th bulk 3 right th

2 1 1

1 / (2 ) 1 / (2 )s

c VdV
R R

dI I c I R c V c I R c V

 
= = + − 

 −  +   

.(S51) 315 

To compare this result with the results at 0I = , and to allow for a simple analysis, we shall now 316 

take the Taylor series of Eq. (S51)  317 

 

22
2

23 3 bulk2 1 1
bulk

left right left right th

( )
2s

R R cR R R
R c I O I

c c c c V

       
  + + + − +               

. (S52) 318 

The zeroth-order term, which is independent of the current, is the one that can be calculated from 319 

Eq. (18) in the limit of ideal selectivity. The second term in Eq. (S52) depends on an interplay of 320 

five parameters. Here, for simplicity, we focus the analysis on the situation considered in this 321 

work, wherein 
1 3R R =  . If right left/ 1rC c c=  , the square bracketed term is positive, but 

0 0VI =   322 

[main text Figure 7(b)], such that the second term is negative. However, if 1rC  , the square 323 

bracketed term is negative with 0 0VI =  [main text Figure 7(b)], such that the second term is 324 

negative. Thus, for 1 3R R =  , the second term in Eq. (S51) is always negative, meaning it reduces 325 

the resistance relative to the zeroth order term, such that 
0 0/ 1V IR R= =  . In fact, it is easy to show 326 

that the differential resistance achieves a minimal value ( / 0dR dI = ) at 327 

min th left bulk 1 right bulk 3[ ( ) ( )]RI V c c R c c R=  −  , which is independent of s . This minimal resistance 328 

is given by 329 

 bulk bulk 1 3
min 2

right 1 left 3

4

s

c c R R
R R

c R c R

 
= +

  + 
. (S53) 330 
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D. Non-rectangular geometries and multichannel systems 331 

In this work, we have demonstrated that, in realistic systems, one must account for the effects 332 

of the microchannels, where the preferred scenario is the 1D nanoporous membrane interfacing 333 

with two large reservoirs (3L-1D). However, for the sake of fundamental sciences, one often 334 

prefers to use a nanochannel system (3L-2D or 3L-3D), where the nanochannel geometry need 335 

not be a rectangle. Ref. [18] showed how to modify the expressions for the nanochannel and field 336 

focusing resistances. However, since in this work, we give the final response in terms of the 337 

general term, our final expressions for the resistances and other characteristics remain unchanged.  338 

Also, in contrast to this work, which considers a single nanochannel system, many works 339 

consider multichannel systems, which are supposedly not covered in this work. However, if the 340 

channels are equally spaced, one can use the approach suggested in our previous work [18], 341 

wherein the global geometry is divided by the number of channels into equal units, referred to as 342 

“unit-cells.” The resistance, as well as the harvestable current and power, of each unit cell are 343 

described by the model presented in this work, such that the total resistance is divided by the 344 

number of unit cells (such as in a parallel circuit), and the current and power are multiplied by 345 

this number. 346 

However, the final expressions, as given here in terms of the resistances, remain unchanged, 347 

such that this robust model extends beyond the simplified single-channel rectangular geometry 348 

and can describe multiple channels of arbitrary shape. Thus, we believe this model can be used 349 

by virtually all experimentalists and numerical scientists who consider more complex scenarios 350 

(multiple channels of arbitrary shape) than the simplified single-channel rectangular geometry. 351 

 352 

SIV. NUMERICAL METHODS 353 

A. Numerical Simulations. 354 

The simulations were conducted in a non-dimensional formulation, following our past 355 

works  [2,6,14,17], and the results were subsequently converted back to their dimensional form 356 

for presentation. To that end, we provide the non-dimensional form of the governing equations 357 

and boundary conditions [Eqs. (S1)-(S3), (S5)]. Thereafter, we will discuss the parameters. All 358 

dimensionless variables and parameters are denoted with tildes. 359 

All concentrations were normalized by leftc  (here, this is bulkc ), while the potential was 360 

normalized by thV . The spatial variables (and derivatives) were normalized by 2L . The fluxes 361 

were normalized by bulk 2/Dc L  and the space-charge density by bulkFc . Then the governing 362 

equations are 363 
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 2

22 2

1
( )

2 2

e
s kc c


 

 
+ − = − = − − − 

  , (S54) 364 

 ( ) 0c c + + +−  =  + =j     , (S55) 365 

 ( ) 0c c − − −−  =  − =j     . (S56) 366 

Here, 
2/D L =  is the normalized Debye length [where, once more, 

2

0 bulk/ 2D r T F c  =  , 367 

as given above in Sec. SI.B.], which is a bulk concentration-dependent quantity. The edge 368 

boundary conditions are 369 

 3 3( 0) 1 , ( ) , ( 0) , ( ) 0rc x c x C x V x  = = =  = = = =  = . (S57) 370 

These equations and boundary conditions are implemented in the finite elements program 371 

COMSOLTM using the Transport of Diluted Species and Electrostatics modules. The simulations 372 

were conducted following the approach used in our past works [2,6,14,17]. 373 

Figure S1 shows the considered 2D geometry, which is the side view of Figure 4 when 374 

2 1 3W W W= = . In addition to these edge BCs, the no-flux conditions at the walls [Eq. (S16)] are 375 

also specified. Table S1 specifies all geometric parameters in their non-dimensional form, while  376 

Table S2 specifies all the required dimensional parameters. 377 

  378 

 379 

Figure S1. A 2D schematic representation of the side view of the geometry in main 380 

text Figure 4 with the boundary conditions. The height of the nanochannel, 
2H , has 381 

been exaggerated for demonstration purposes. 382 

 383 

Table S1. Non-dimensional geometric parameters for simulations. 384 

Parameter Value 

Microchannel length, 1,2,3L  1 

Microchannel heights, 1,3H  0.4 

Nanochannel height, 2H  0.002 and 0.4  

 385 
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Table S2. Characteristic dimensional parameters used to move from non-dimensional 386 

formulation to dimensional formulation.  387 

Parameter Value 

Nanochannel length, 
2L  [mm]  1 

Excess counterion concentration, 
s 3[mol/m ]  1 

KCl Diffusion coefficients, D

2[m / s]  92 10−  

Temperature, T [K]  298 

Relative permittivity, 
r  80 

 388 

In a similar manner to how  is non-dimensional, so too is the parameter bulk/s s c =  . To 389 

vary the bulk concentrations in non-dimensional simulations, one needs to vary both s  and  390 

simultaneously. To that end, when we varied s  from 310−  to 310  (with approximately 10 points 391 

per decade of s ), we also modified  accordingly. To break the bulk concentration asymmetry, 392 

we considered 110 ,1,10rC −= .  393 

Finally, we scanned the non-dimensional voltage from min 10V = −  to max 10V =  with jumps of 394 

0.1dV = . In Comsol, we calculated J and I for our entire s  and V  range. The data was then 395 

post-processed (in Matlab). In Matlab, we first found the I nearest to 0I = . Then, we 396 

interpolated between the five nearest points to find the 0I =  results shown in main text Figure 5 397 

after proper re-dimensionalization. A similar process was conducted for 0V =  quantities. Since 398 

0V =  was one of the pre-determined voltage drops, we were able to evaluate 
0V

I
=

  exactly at 399 

0V = . To calculate 
0V

R
=

 , we calculated the local slope between the five closest points to 0V = .  400 

B. Numerical evaluation of transcendental equations  401 

The i j−  equation [Eq. (S40)] is transcendental and cannot be solved analytically, such that 402 

numerical evaluation is required. The procedures used for their evaluations are now discussed. 403 

Importantly, all calculations from Eq. (S40) are considered in their non-dimensional form. 404 

Thereafter, all the calculations are transformed back to their dimensional form. For the sake of 405 

simplicity, in the following paragraphs, even though we consider the non-dimensional parameters, 406 

we will not add the tilde notations.:  407 

1) 0I = : For 0
ˆ

Ij = , we solve main text Eq. (12) using a Newton-Raphson solver, where main 408 

text Eq. (21), 0 1 3 2
ˆ 2 ( ) /Ij D S S L= = − , is used as the initial guess. The solver converged 409 
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quickly to the solution shown in Figure 5. Then 
0

ˆ
Ij =

 (or 
0

ˆ
IJ =

) is inserted into the 410 

remaining quantities (
0

ˆ
IV =

,   and 
OhmicR ). 411 

2) 0V = : We solve the i j−  relation [Eq. (S40)] for a wide range of values for j  between 412 

the non-dimensional negative and positive limiting salt currents [Eq. (S48)]. The i j−  413 

relation is solved using the 3rd order Householder method [31], with the initial guess of 414 

1.01i j= . After the root is found, the i j−  pair is inserted into the ( , )V i j  [Eq. (S47)]. 415 

We then find the point nearest 0V =  to find 
0Vi =
. Also, using the five nearest points to 416 

0V = , we calculate the differential resistance 0 0( / )V VR dV di= == . The 0V =  solution for 417 

the one-layer system is substantially simpler and is covered extensively in Refs.  [3–5]. 418 

 419 
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