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For the purpose of analysis, the weight error vector be defined as
.						 (S1)

The error  can expressed as
			 	 (S2)
Here   is the a priori error. The steady state EMSE is
   =  						(S3)
To perform the analysis, the following assumptions are used [4]
A1: The noise  is i.i.d. (independent and identically distributed) with zero mean and is independent of the input signal 
A2: The input  is i.i.d. with  zero-mean, Gaussian with  as the input covariance matrix given by .
A3: The a priori error  is zero mean, Gaussian and is independent of the noise .
A4: The random variable   is uncorrelated with any function of error.

Mean Performance analysis
To perform mean analysis, the weight error vector defined in (S1) is considered and the update recursion in terms of weight error vector is given by
			(S4)
Substituting (S2) in (S4) and taking expectation on both sides and using assumption A2, we obtain
			(S5)
where  Further, on simplification, we get
.			(S6)
In (S6), I is the unit vector and it is evident that   Additionally, as  and  are always positive, the last term given in (S4) can be written as
 						(S7)
Here the denominator of the middle term of (S7) is always greater than or equal to the denominator of the left and right side terms. Hence   is bounded as shown in (S7). As per the standard LMS,  converges if  is less than 1 which is satisfied when
							 (S8)
Where  is the largest eigen value of . Therefore the proposed ZA-MP-HL-LMS converges if  satisfies as given in (S8) which is same as LMS. Under steady state condition, if  satisfies (S8), then 
					 (S9)
Substituting (S9) in (S1) after taking expectation, we obtain as follows
	.					(S10)
Mean Square Performance analysis
Taking transpose of (S4) we get
			(S11)
Multiplying equations (S11) and (S4) we obtain as follows:

			(S12)
Substituting  (S2) in (S12) and taking expectation on both sides, we get
					(S13)
Using assumption A1-A4, Equation (S13) gets simplified as
		(S14)
Let

(S15)
.				(S16)
. 						(S17)
Substituting (S15) (S16) and (S17) in (S14), the later becomes
	     					(S18) 
For the algorithm to remain mean-square stable, the expectation  must converge to a finite value as . The sufficient (conservative) condition on the step-size  that guarantees boundedness of the weight-error covariance  is derived as follows: 
Let u be an eigenvector of with eigenvalue λ, i.e. . Defining the modal variance  Project (S18) onto u by premultiplying and postmultiplying by  and  respectively and canceling  on both side, we have
		(S19)
Thus, the scalar modal equation is given by
	(S20)
Where   are the bounded forcing terms. Dividing throughout by  and rearranging, we get
						(S21)
Where  is the modal multiplier and . For mean-square stability, each modal multiplier must satisfy
							(S22)
Therefore  Rewriting, we have . Since λ takes any value from the set of eigenvalues  where  denote the largest eigenvalue of the covariance matrix .The mean square stability condition is given by
						(S23)
To further perform the steady state MSE analysis, the LHS of (S19) is written as 
	(S24)
Substituting (S24) in (S19) and dividing throughout by  we have
 								(S25)
Diving (S25) by  on both sides, we get
					(S26)
Taking trace on both sides we get
	(S27)
As , equation (S27) becomes
					(S28)
As  , we get
					(S29)
Let,and Substituting the above and recalling =, and following [6,19] , we get  
			(S30)
Therefore
			(S31)
The steady state EMSE of proposed ZA-MHL-LMS given in (S31) is made of two terms. The first term is the steady state EMSE of standard LMS [4].In order to resolve (S31), the second term need to be exploited. For further examination, it is required to resolve  and . Thus, we have
			(S32)
As the matrix  is symmetrical,   where  being an orthonormal matrix of eigenvectors and  is a diagonal matrix of eigenvalues. Thus  is written as . Hence
 			(S33)
  Assume that the step-size  is sufficiently small such that  is positive. In Equation (S13), since  is a diagonal matrix whose entries are non-negative and is less than or equal to , we have, 
				(S34)
Further, 


					(S35)
Thus the bound of  is 
.				(S36)
which is always a positive value. Substituting  in the term , we have 

				(S37)
Substituting for from (S1) and using the assumption that under steady state,  [21],  we have

	 		(S38)
Let  and  . The steady-state EMSE of the proposed algorithm is given by
			 (S39)
Similarly the steady state Mean square deviation (MSD) is given by
								(S40)
[bookmark: _GoBack]Table 1 presents the computational complexity of the considered conventional algorithms and of the proposed sparsity aware algorithms. As seen in Table 1, the proposed approaches are slightly more computationally complex than the conventional ones. 
Table. 1. Computational Complexity analysis
	Algorithm
	Addi
	Multi
	Abs
	Exp
	Sqrt

	ZA-LMS
	3N
	3N+1
	-
	-
	-

	RZA-LMS
	4N
	5N+1
	N
	-
	-

	l0-LMS
	4N
	5N+1
	-
	N
	-

	VZA-LMS
	4N
	6N+1
	N
	-
	-

	Proposed ZA-MP-HL-LMS 
	4N
	6N+1
	-
	-
	N
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