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I. THEORETICAL DETAILS

A. Deriving band structures from MZI-assisted two-resonator dynamics

In this subsection, we present the theoretical details of constructing the frequency lattice using a single resonant
peak, under the condition of spatially tunable coupling between two-ring resonator. Based on our previous work
[1], we have provided a theoretical analysis of the method for constructing a frequency lattice using intra-resonant
modes in a single resonator, and a similar approach is employed here. We let a be the annihilation operator of the
ring-A resonant peak with central frequency ω0 and an be the annihilation operator the n-th mode with frequency
nΩ. Similarly, for ring-B resonator, we define the corresponding annihilation b and bn [2, 3]. For a and b, they

satisfy a = 1√
Nt

N∑
n=−N

an(t)e
−inΩt, b = 1√

Nt

N∑
n=−N

bn(t)e
−inΩt. We let the light be injected from Resonator A and the

input-output relation can be written as:

∂t

N∑
n=−N

1√
Nt

ane
−inΩt =

N∑
n=−N

(−iω0 − γ/2)
1√
Nt

ane
−inΩt + iJH

B

N∑
n=−N

1√
Nt

ane
−inΩt + iJV

N∑
n=−N

1√
Nt

bne
−inΩt

+ iJC
N∑

n=−N

1√
Nt

bn+1e
−i(n+1)Ωt + i

√
γc spe

−iωpt,

∂t

N∑
n=−N

1√
Nt

bne
−inΩt =

N∑
n=−N

(−iω0 − γ/2)
1√
Nt

bne
−inΩt + iJH

A

N∑
n=−N

1√
Nt

bne
−inΩt + iJV

N∑
n=−N

1√
Nt

ane
−inΩt

+ iJC
N∑

n=−N

1√
Nt

an+1e
−i(n+1)Ωt,

N∑
n=−N

1√
Nt

ȧne
−inΩt =

N∑
n=−N

(−iω0 + inΩ− γ/2)
1√
Nt

ane
−inΩt + iJH

A

N∑
n=−N

1√
Nt

ane
−inΩt + iJV

N∑
n=−N

1√
Nt

bne
−inΩt

+ iJC
N∑

n=−N

1√
Nt

bn+1e
−i(n+1)Ωt + i

√
γcspe

−iωpt,

N∑
n=−N

1√
Nt

ḃne
−inΩt =

N∑
n=−N

(−iω0 + inΩ− γ/2)
1√
Nt

bne
−inΩt + iJH

B

N∑
n=−N

1√
Nt

bne
−inΩt + iJV

N∑
n=−N

1√
Nt

ane
−inΩt

+ iJC
N∑

n=−N

1√
Nt

an+1e
−i(n+1)Ωt.

(S1)
where γ = γc + γin is the total decay rate which is the sum of the resonator-waveguide coupling rate and the intrinsic
loss rate of the rensonator. JH

A (JH
B ), JV and JC represent the horizontal, vertical, and cross-coupling strengths in the

model, respectively. Ω is the modulation frequency, and sp and ωp are the amplitude and frequency of the probing
laser. For the case that Ω ≪ γ and J , the term inΩ in Eq. (S1) can be neglected. We consider the nearest-neighbor
coupling in our demonstration (JH

A (t) = 2JH cos(Ωt + ϕHA ), JH
B (t) = 2JH cos(Ωt + ϕHB ), JC(t) = 2JC cos(Ωt + ϕC),

JV =constant), and the analytical treatment of long-range coupling scenarios proceeds similarly. The large number
Nt = 2N + 1 is the total number of lattice points. By transforming aneiωpt → an and denoting the detuning of the
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probing laser as ∆ω = −ω0 − ωp, we have:∑
n

ȧne
−inΩt = (i∆ω − γ/2)

∑
n

ane
−inΩt + iJH(

∑
n

ane
−i(n+1)Ωt−iϕH

A +
∑
n

ane
−i(n−1)Ωt+iϕH

A ) + iJV
∑
n

bne
−inΩt

+ iJC(
∑
n

bne
−i(n+1)Ωt−iϕC +

∑
n

bne
−i(n−1)Ωt + ϕC) + i

√
Nt

√
γcsp,∑

n

ḃne
−inΩt = (i∆ω − γ/2)

∑
n

bne
−inΩt + iJH(

∑
n

bne
−i(n+1)Ωt−iϕH

B +
∑
n

bne
−i(n−1)Ωt+iϕH

B ) + iJV
∑
n

ane
−inΩt

+ iJC(
∑
n

ane
−i(n+1)Ωt−iϕC +

∑
n

ane
−i(n−1)Ωt+iϕC ).

(S2)
The equation can be solved by extracting the coefficients of the e−inΩt terms with respect to n.

ȧn = (i∆ω − γ/2)an + iJH(an−1e
−iϕH

A + an+1e
iϕH

A ) + iJV bn + iJC(bn−1e
−iϕC + bn+1e

iϕC ) + i
√
Nt

√
γcspe

inΩtδn,0,

ḃn = (i∆ω − γ/2)bn + iJH(bn−1e
−iϕH

B + bn+1e
iϕH

B ) + iJV an + iJC(an−1e
−iϕC + an+1e

iϕC ).

(S3)
Eq. (S3) can be rewritten in the quasi-momentum space by using transformation ak = 1√

Nt

∑
n
ane

−inΩk, bk =

1√
Nt

∑
n
bne

−inΩk, we have

iȧk = (−∆ω − iγ/2− 2JH cos(kΩ+ ϕHA ))ak − JV bk − 2JC cos(kΩ+ ϕC)bk + i
√
γcsp,

iḃk = (−∆ω − iγ/2− 2JH cos(kΩ+ ϕHB ))bk − JV ak − 2JC cos(kΩ+ ϕC)ak.
(S4)

Here we define |φk⟩ = (ak, bk)
T, |0⟩ = (1, 0)T and |1⟩ = (0, 1)T. The above equation can be written as:

− [∆ω + iγ/2−Hk(t) + i∂t] |φk⟩ =
√
γcTδ(t− k)sp |0⟩ . (S5)

The Hamiltonian in the k-space is:

Hk = −2

 JH cos(kΩ+ ϕHA ) JV /2 + JC cos(kΩ+ ϕC)

JV /2 + JC cos(kΩ+ ϕC) JH cos(kΩ+ ϕHB )

 . (S6)

This exactly corresponds to the k-space Hamiltonian of the Creutz ladder. When t = k is sufficiently larger than
1/γ, the system evolves to a steady state, and the steady-state solution of Eq. (S4) can be obtained. Let ψi be the
eigenstate of Hk, then:

⟨ψi |∆ω + iγ/2−Hk|φk⟩ = −√
γcsp⟨ψi|0⟩. (S7)

Let Ei be the eigenvalue of Hk, then:

(∆ω + iγ/2− Ei) ⟨ψi | φk⟩ = −√
γcsp ⟨ψi | 0⟩ . (S8)

So we can obtain:

⟨ψi|φk⟩ =
−√

γcsp ⟨ψi|0⟩
∆ω + iγ/2− Ei

(S9)

Thus, we can obtain the expression of ak:
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ak = ⟨0 | φk⟩ = ⟨0 | ψ1⟩ ⟨ψ1 | φk⟩+ ⟨0 | ψ2⟩ ⟨ψ2 | φk⟩ = −

(√
γcsp |⟨0 | ψ1⟩|2

∆ω + iγ/2− E1
+

√
γcsp |⟨0 | ψ2⟩|2

∆ω + iγ/2− E2

)
. (S10)

Now we obtain the expression for transmittance as follows:

Tout =

∣∣∣∣ 1sp eiωpti
√
γc
∑
n

1√
Nt

ane
−inΩt

∣∣∣∣2 =

∣∣∣∣ i√γcak|k=t

sp

∣∣∣∣2
.

(S11)

Eq. (S11) indicates that the probing laser excites one slice of the band structure.

B. Deriving the band structure of the Su-Schrieffer-Heeger model

In this subsection, we will explain how to construct the Su-Schrieffer-Heeger (SSH) model using our approach. In
the previous subsection, we always align the mode frequencies of the two resonators. However, we can intentionally
shift them by δ (δ < ΩR/2) through a DC signal applied to the resonator. As shown in Fig. 4A in the main text, JV is
changed to a modulation applied to the MZI with frequency δ, while JC transforms into modulations with frequencies
ΩR + δ and ΩR − δ applied to the MZI. We integrate this method with the intra-resonant frequency-lattice scheme.
Considering two resonators with a center-frequency difference of δ and employed with two modulation frequencies
δ − Ω and δ (Ω ≪ γ), we have

1√
Nt

∑
n

ȧne
−inΩt = (−iω0 + inΩ− γ/2)

1√
Nt

∑
n

ane
−inΩt + i(2JC

1 cos(δt) + 2JC
2 cos((δ − Ω)t))

∑
n

1√
Nt

bne
−inΩt + i

√
γcspe

−iωpt,

1√
Nt

∑
n

ḃne
−inΩt = (−i(ω0 + δ) + inΩ− γ/2)

1√
Nt

∑
n

bne
−inΩt + i(2JC

1 cos(δt) + 2JC
2 cos((δ − Ω)t))

∑
n

1√
Nt

ane
−inΩt.

(S12)
Here, an and bn are the intra-resonant frequency modes of the two resonators, JC

1 and JC
2 represent the modulation

amplitudes of the two modulations applied to the MZI, and the definitions of other parameters remain consistent with
those in Subsection A. Following a similar approach, we perform the transformation aneiωpt → an and bnei(ωp+δ) → bn,
define ∆ω = −ω0 − ωp, and neglect the inΩ term. After simplification, we obtain∑

n

ȧne
−inΩt = (−i∆ω − γ/2)

∑
n

ane
−inΩt + i(2JC

1 cos(δt) + 2JC
2 cos((δ − Ω)t))

∑
n

bne
−i(nΩ+δ)t + i

√
γcNtsp,∑

n

ḃne
−inΩt = (−i∆ω − γ/2)

∑
n

bne
−inΩt + i(2JC

1 cos(δt) + 2JC
2 cos((δ − Ω)t))

∑
n

ane
−i(nΩ−δ)t.

(S13)
Further applying the rotating wave approximation, we retain only the terms without δ in the second summation on
the right-hand side of the two equations (terms containing δ correspond to the modes jumping to the frequencies that
are unsupported by the two resonators, and are effectively reflected due to mode mismatch). After simplification, we
obtain ∑

n

ȧne
−inΩt = (−i∆ω − γ/2)

∑
n

ane
−inΩt + i

∑
n

((JC
1 bn + JC

2 bn−1)e
−inΩt + i

√
γcNtsp,∑

n

ḃne
−inΩt = (−i∆ω − γ/2)

∑
n

bne
−inΩt + i

∑
n

(JC
1 an + JC

2 an+1)e
−inΩt.

(S14)

Solving the equations term by term

ȧn = (−i∆ω − γ/2)an + i(JC
1 bn + JC

2 bn−1) + i
√
γcNtspe

inΩt,

ḃn = (−i∆ω − γ/2)bn + i(JC
1 an + JC

2 an+1),
(S15)
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and rewritting them in the quasi-momentum space using transformation ak = 1√
Nt

∑
n
ane

−inΩk, bk = 1√
Nt

∑
n
bne

−inΩk,

we have

ȧk = (−i∆ω − γ/2)ak + iJC
1 bk + iJC

2 bke
iΩk +

√
γcsp,

ḃk = (−i∆ω − γ/2)bk + iJC
1 ak + iJC

2 ake
−iΩk.

(S16)

Similarly, we define |φk⟩ = (ak, bk)
T, |0⟩ = (1, 0)T and |1⟩ = (0, 1)T. The above equations can be written as:

− [∆ω + iγ/2−Hk(t) + i∂t] |φk⟩ =
√
γcTδ(t− k)sp |0⟩ . (S17)

The Hamiltonian in k-space is

Hk =

 0 JC
1 + JC

2 e
iΩk

JC
1 + JC

2 e
−iΩk 0

 , (S18)

Similar to the previous section, we can obtain the expressions for ak and Tout.
where G = |G| eiφ(kf ) = JC

1 + JC
2 e

ikfΩ+iϕ and φ(kf ) = Arg(G) is the argument of G. Here, kf denotes the wave
vector reciprocal to the frequency dimension. The topological properties of the SSH model can be described by the
Zak phase:

φZak =
1

2

∫ π

−π

∂φ(kf )

∂kf
dkf . (S19)

The Zak phase takes two values, which are φZak = π for the topologically non-trivial case (JC
1 < JC

2 ) and φZak = 0

for the trivial case (JC
1 > JC

2 ). The expression of the band-structure theoretical solution for the SSH model is as
follows:

ϵkf ,m = m
√
(JC

1 )2 + (JC
2 )2 + 2JC

1 J
C
2 cos(kfΩ+ ϕ). (S20)
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Fig. S1. The band structure diagram is obtained from Eq. (S18) into Eq. (S11). The band structure of the SSH model,
obtained by solving the Tout equation derived from the coupled-mode theory, is varied via the adjustments of the parameters
of JC

1 and JC
2 . Plot A-C respectively demonstrate three configurations: JC

2 = 0.12Ω > JC
1 = 0.08Ω; JC

1 = JC
2 = 0.08Ω;

JC
1 = 0.08Ω, JC

2 = 0.

II. SUPPLEMENT EXPERIMENTAL DATA

A. Supplementary experimental band structure results

In this section, we present more experimental band structure data, including those from Hall ladder and Creutz
ladder. In Fig. S2, we show the diverse band structures of the Hall ladder under different effective magnetic fluxes,
and we also present the changes in the band structures under varying modulation strengths. In Figs. S3 and S4, we
present the diverse band structures of the Creutz ladder model under different effective magnetic fluxes.
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Fig. S2. Hall ladder band structure with different effective magnetic flux (ϕ1) and coupling strengths. (A) The
heat maps are the experimentally obtained band structures of Hall ladder with the coupling strength r = JV /2JH = 0.8, JH =

0.085ΩR, Ω = 2π×10 MHz, and the effective magnetic flux ϕ1 = π. (B,C) Band structures for effective magnetic flux ϕ1 = π/2

with couplings r = 0.8 and r = 0.5 (JH = 0.125ΩR, Ω = 2π × 10 MHz). (D-F) Plots D-F show the numerically calculated
band structure corresponding to the experimental data in the upper panels.
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Fig. S3. The heat maps display the band structure of the Creutz ladder with different ϕ1 and ϕc. (A-C) The
coupling strengths are JV /2JH = 0.6, JC/JH = 0.48 and JH = 0.125ΩR. The values of (ϕ1, ϕC) corresponding to Plots A-C
are (0, π/2), (0, 0.81π) and (0, π), respectively. (D-F) Plots D-F show the numerically calculated band structure corresponding
to the experimental data in the upper panels.

B. The Creutz ladder that does not form the Aharonov-Bohm cage

In order to better show the strong mode locality brought by the topological flat band, as a comparison, control
experiments with zero magnetic flux (ϕHA = ϕHB = 0, ϕC = 0, shown in the Fig. S5A) show delocalized mode
distributions, confirming the absence of cage under non-topological conditions. Fig. S5B shows the band structure
at this time, with obvious band crossing and no localization of photon states. Since there is no Aharonov-Bohm (AB)
cage effect, namely, no constraint effect, the modes are spread out and there are higher-order frequency modes (Figs.



7

0.5

0

-0.5
0-2 1 2-1

kΩ/π

∆ω
/Ω

0.5

0

-0.5
0-2 1 2-1

kΩ/π

∆ω
/Ω

0.5

0

-0.5
0-2 1 2-1

kΩ/π

∆ω
/Ω

0.5

0

-0.5
0-2 1 2-1

kΩ/π

∆ω
/Ω

0.5

0

-0.5
0-2 1 2-1

kΩ/π
∆ω
/Ω

0.5

0

-0.5
0-2 1 2-1

kΩ/π

∆ω
/Ω

(A) (B) (C)

(D) (E) (F)

φ
1
=0 φc= π/2φA

H=-  /2φB
H= φc= 0ππ φA

H=-  /2φB
H= φc=3  /2ππ π

φA
H=-  /2φB

H= φc= 0ππ φA
H=-  /2φB

H= =3  /2ππ πφc φ
1
=0 φc= π/2

0

1

Ex
pe

rim
en

t

Fig. S4. The heat maps display the band structures of the Creutz ladder with JV = 0 and different ϕA, ϕB, ϕC

(and ϕ1). (A-C) Other coupling strengths are JC/JH = 1 and JH = 0.11ΩR. The values of (ϕH
A , ϕH

B , ϕC) corresponding to
Plots A-C are (-π/2, π, 0), (-π/2, π, 3π/2) and (0, 0, π/2). (D-F) Plots D-F show the numerically calculated band structure
corresponding to the experimental data in the upper panels.

S5C,D).

III. APPLICATIONS OF TOPOLOGICAL FLAT BAND IN SIDEBAND ENGINEERING

By implementing the modulated Creutz ladder lattice in the main text, the photon localization phenomenon (i.e.,
AB cage effect) at the topological flat band can be applied to the on-demand sideband design. Owing to the flexible
construction of the intra-resonant frequency lattice, the continuous and precise sideband modulation becomes achiev-
able, as demonstrated in Fig. S6. This rapid (depending on the electro-optic modulation rate) and deterministic
optical-frequency mode conversion retains only the first-order sidebands, and the spectral structure of this localized
comb is extremely simple and symmetric. In the future, this approach may have a significant impact on microwave
signal generation, optical communications, precision measurements, and related fields. For example, these simple
and precisely tunable frequency peaks make spectral calibration and signal processing much easier, thereby enabling
high-precision measurement.

As shown in Fig. S6A, the obtained AB cage results demonstrate excellent robustness across various Ω configura-
tions. With increasing Ω magnitude, however, the number of lattice sites in the intra-resonant lattice progressively
decreases, leading to gradual degradation of the lattice system’s structural integrity. Remarkably, the system main-
tains superior sideband tunability within the 300-MHz operational window (including a 100-MHz range with high
degree of suppression of the non-demand frequencies). As shown in Fig. S6B, when the Creutz ladder model is
constructed using intra-resonant frequency lattice sites and the AB cage effect is realized, the effect demonstrates
notable robustness to laser detuning. This indicates that laser detuning has minimal impact on the manifestation of
the AB cage effect.

IV. EFFECTIVE RANGE OF MODEL CONSTRUCTION

Attention should be paid to the fact that constructing the asymmetric coupling lattice via intra-resonant frequency
lattice in our device requires control of the modulation strength. Notably, despite the initial detuning of the resonator
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Fig. S5. Mode distribution in the absence of AB cage effect. (A) Illustration of the not-caged situation where the phase
collected in the blue area is zero. The light normally spreads out along the frequency axis. (B) The band structure that is
not the AB cage case (ϕH

A = ϕH
B = 0, ϕC = 0). (C,D) The experimental results of the not-caged situation, where more modes

survive compared to the caged situation.
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Fig. S6. Robustness and tunability in the sideband engineering. (A) Simulation of the mode distribution from the
drop port of Resonator B when different RF signals are applied in the AB cage situation. (B) Mode distribution across the
intra-resonant frequency lattice as a function of the probe-laser detuning ∆ω, measured at the drop port of Resonator B, during
the emergence of the AB cage effect.

modes (δ > γ) has suppressed the coupling between the two resonators to some extent, when excessive modula-
tion strength is applied, the density of state (DOS) are broadened, which leads to unintended mode overlap. This
phenomenon ultimately compromises the well-defined characteristics of the SSH lattice configuration. As shown in
Fig. S7, the emergence of non-negligible noise within the non-band regions and the progressive degradation of the
SSH-band-structure resolution are observed with increasing modulation strength. This phenomenon just originates
from the mode overlap of these two resonators.
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Fig. S7. The impact of excessive modulation strength on the construction of the SSH model. (A) Experimentally-
measured stacked transmission spectra with modulation strength set at -9 dBm. (B) Experimentally-measured stacked trans-
mission spectra with modulation strength set at -3 dBm. (C) Simulated stacked transmission spectra using photonic simulating
software with modulation strength Vpp = 20 V.

V. ROBUSTNESS OF SSH LATTICE CONSTRUCTION TO FREQUENCY DETUNING
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Fig. S8. SSH band structure with different frequency separation between microwaves. (A,C) Band structure of
SSH lattice at RF modulations of Ω1 = 2.5 GHz and Ω2 = 2.51 GHz, with separation of Ω=10 MHz. (B,D) Band structure of
SSH lattice at RF modulations of Ω1 = 2.5 GHz and Ω2 = 2.52 GHz, with Ω=20 MHz.

Leveraging the flexibility of construction of the intra-resonant frequency lattice, our SSH lattice implementation
demonstrates robustness against the frequency detunings of the applied dual microwave signals. This robustness
originates from the inherent nature of broadband and continuity of the intra-resonant frequency modes within the
resonant peak, which loosens the condition of the lattice-site definition. Here, for simplicity, we consider the frequency
separation between the dual microwave signals, which is related to both the detunings of these microwaves. As shown
in Fig. S8, when the separation is 10 MHz, the measured band structure aligns well with the theoretical SSH model.
Notably, with a 20-MHz separation, clear SSH band characteristics can still be observed. This result further highlights
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the significant advantage of our approach in achieving robust on-chip asymmetric coupling lattices, particularly in
demonstrating tolerance to frequency detuning of the applied microwave signals.

VI. THE CONSTRUCTION OF THE EXTEND SSH MODEL

While the SSH Hamiltonian is chirally symmetric, adding an extra coupling between neighboring sites on the
same sublattice breaks the chiral symmetry, but retains inversion symmetry of the SSH lattice to give the extended
SSH (xSSH) lattice. Compared to the SSH model, the xSSH model exhibits more complex and richer topological
behaviors. As shown in Fig. S9A, long-range coupling can be easily implemented in our system by simply applying
the RF modulation with frequency Ω to the resonators. The xSSH model Hamiltonian in the k-space is:

Hk =

 2JH cos(Ωk) JC
1 + JC

2 e
iΩk

JC
1 + JC

2 e
−iΩk 2JH cos(Ωk)

 . (S21)

By solving the momentum-space Hamiltonian of the xSSH model, the resulting band structure is shown in Fig. S9B.
Figs. S9C-F show the band structure of the xSSH model obtained with numerical simulation which correspond to
the theoretical results in Fig. S9B.
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Fig. S9. The band structure of the xSSH model. (A) The resonant frequency peaks of Resonators A and B are detuned
by δ using DC voltage. The JH coupling is introduced by an RF modulation with frequency of Ω on the resonators. The
simulation of xSSH model is realized using both the intra-resonant frequency-lattice sites and the inter-resonant sites. (B) Band
structure corresponding to xSSH model, obtained by solving the k-space Hamiltonian. (C-F) Numerically-simulated solution
of the xSSH model under different coupling parameters corresponding to those in Plot B.

VII. QUALITY FACTOR OF THE RESONATORS

Figs. S10 and S11 illustrate the transmission signals from the drop ports of Resonators A and B in our MZI-assisted
device respectively before and after the coating of the metal. The resonators exhibit a free spectral range (FSR) of
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approximately ΩR = 2π × 8.9 GHz. Prior to metal deposition, the devices demonstrate a loaded quality factor of
3.7× 105, which decreases to 1.7× 105 after electrode fabrication due to absorption losses introduced by the metal.
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Fig. S10. The transmission from the drop ports of Resonators A and B before the coating of the metal,
respectively.
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Fig. S11. The transmission from the drop ports of Resonators A and B after the coating of the metal, respec-
tively.
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