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ABSTRACT

We develop a Random Analogue Predictor (RAP) algorithm for the forecasting of Arctic Sea Ice Extent (SIE) on seasonal
timescales. This is a stochastic variant of the celebrated method of the analogues that only uses the historical SIE record to
produce ensemble forecasts. When comparing the observations with the most representative forecast of the ensemble (as
identified through the band—depth, a centrality measure for functional data) the algorithm shows negligible bias and RMSE no
larger than 0.6 - 10° km?2. We argue that simplicity, interpretability, independence on physical hypothesis, and the ability to attach
an uncertainty estimate to its own forecasts, should make RAP the benchmark of choice for physics—based and Al-based
models alike.

Introduction

Edward N. Lorenz distinguished two related, but distinct kinds of forecast. Those of the first kind aim at approximating as
closely as possible what will actually occur. Those of the second kind aim at generating data that will match some statistics
of what will actually occur, while allowing for much difference in the fine details!-?>. Weather forecast typically yearn to fall
within the first kind (e.g. determining where a hurricane will be three days from now), while climate projections are obvious
examples of forecasts of the second kind (e.g. quantifying the average number of hurricanes making landfall some decades into
the future).

Long-range and seasonal weather forecasts occupy a non—enviable middle position, where there is the theoretical possibility
(and the practical need) to foresee the actual time evolution of some features (typically large—scale temperature and pressure
patterns) but the forecast range clearly exceeds the predictability time of most other features®. Arctic sea—ice extent forecast
falls in this category: the characteristic time scales of sea—ice extent changes over the whole Arctic ocean are the seasonal and
longer ones, which lends credibility to attempts at pinpointing several months in advance quantities such as the September
minimum sea-ice extent. However, when this sort of forecasts is performed over seasonal timescales by means of a coupled
atmosphere—ocean—ice model, the details of short-lived, fast-moving weather and ocean structures shown by the model
inevitably differ from the observed ones. One can then only hope that the phenomenon of interest (the time evolution of the
sea—ice extent) is not overly affected by any individual short-lived event which is unpredictable months in advance (e.g. an
ice-churning storm) and that the seasonal—scale dynamics remains satisfactorily reproduced by the model, even if the small-scale
details are different. The theoretical underpinnings of this hope have long been explored*~” and we shall not delve in them here.

Having to accept the existence of unpredictable aspects in a phenomenon that one would ideally like to model in a
deterministic way raises the question of how to evaluate the results of a forecast. Are the discrepancies between the observations
and the results of any specific model only due to those unpredictable aspects or are they due to shortcomings of the model? In
other words, how can one decide if there are still margins of improvement in model making or if the state of the art is already
close to the theoretical best that can possibly be attained?

While an exhaustive, rigorous answer to the above question may not be easy to obtain, a practical approach consists in
comparing a proposed model against a dumb benchmark. We would call a benchmark "dumb" if it consists of an oversimplified
model that does not exploit all the physics, observations and computing power that one could possibly include in a full-fledged
model, but that still retains a significant forecasting skill. Thus, beating the benchmark would not be a significant merit for
a full-fledged model, but not beating it might underscore serious shortcomings of the model under test. In the early days of
weather forecasts the benchmark of choice was persistence (whose algorithm is simply: "z days from now the weather will
be the same as today"). In spite of its simplicity and dumbness, persistence has been a useful and challenging benchmark for



short-range and medium-range numerical weather forecasts®~!!.

For seasonal forecast, one could use persistence on an annual basis (e.g. "the September minimum sea—ice extent this year
will be the same as the past year") but, for forecasts looking only one or two months ahead, backtracking to the previous year in
order to use persistence may result in a benchmark foo dumb. More importantly, persistence forecast, in its standard form, does
not give any forecast of the forecast skill. This is a quantification of the margin of uncertainty attached to the forecast itself, and
is a necessary information for verifying if a model’s skill is actually better than the benchmark!?. For short-range weather
forecasts, a statistical analysis over a large number of past cases may give useful indications in this sense, but gathering the
necessary statistics for seasonal—scale problems might be unfeasible. For these problems, a satisfactory benchmark should also
yield a range of possibilities, much as an ensemble forecast would do, thus quantifying, albeit in a rudimentary and hopefully
improvable way, what may be the predictability of a single event. In short, a desirable benchmark for sea—ice extent forecasts
should have much in common with a forecast of the second kind.

One of the first methods that were used to attempt seasonal—scale forecasts was that of analog forecasting' 3. In a nutshell,
the method consists of searching for past instances where the state of the system to be predicted happened to be as close as
possible to the currently observed state. Those are called analogues of the current state. The forecast would then consist in
assuming that the current state will change in time in the same way as an analogue state. If several analogues can be found,
then the method yields different distinct forecasts whose spread may be used to quantify the predictability of the current state'*.
Distinct flavors of the method exist, differing in the details of the definition of state of the system, and similarity among states.
All of them face the practical difficulty that the available observational record may not be extended enough back in time as to
contain a satisfactory analogue to the currently observed state!!-13.

When the state of a system at a given time is represented, or summarized, by a single number, such as the sea—ice extent,
then the dynamics of the system is represented by a time series. The method of analog forecasting can be applied to time series
by using the delay coordinate embedding technique, first introduced 1980'%!7 and then studied extensively'$2°. This technique
consists in embedding the time series in a M—dimensional Euclidean vector space, by associating individual observations to
points of the space (see ’Methods”). Points that are nearby in the embedding space are considered to be analog of each other,
in the sense that their future evolution is expected to be similar. For low—dimensional deterministic dynamical systems this
expectation is well grounded in rigorous theorems'®?7 which have been partially extended to more realistic cases of noisy data
or stochastic processes>>28.

A forecasting technique that is well adapted to geophysical and astrophysical time series is RAP (random analogue
prediction), and consists in a random choice, weighted by distance, of the analog states in the embedding space. Due to the
random nature of the forecast, repeated runs yield slightly different results. Thus RAP is inherently a forecast of the second
kind: it aims at reproducing the statistical properties of the dynamics, rather than to perfectly match the observations. On the
other hand, inasmuch the underlying time series is representative of a deterministic dynamics, that is preserved by RAP?.

Thus, RAP appears to be an ideal candidate as a dumb benchmark for seasonal-scale forecasts of aggregate data, such as
sea—ice extent: it is simple to implement, does not rely on any specific physical hypothesis, parameterization or approximation
(it is purely data—driven), and its stochastic nature naturally leads to ensembles of forecasts, that may be used to quantify (albeit
imperfectly) the uncertainty associated with any individual RAP forecast.

Contrary to the deterministic case, where the values of the parameters involved in the phase—space reconstruction can be
estimated a priori from properties of the time series of the observations>>2°, some parameters in RAP are treated as free,
and are determined by maximizing or minimizing some objective function quantifying the discrepancy between forecasts and
observations. For forecasts of the first kind, one would try to set the parameters in such a way as to minimize the difference
between the forecasts and the observations. But if the forecasting systems, such as RAP, is a stochastic one, then distinct
realizations of the same forecast may be quite different from each other, and the significance of an individual forecast’s good or
bad match of the observations can only be assessed in a statistical sense. Ideally, the observations and a typical member of a
large ensemble of forecasts should be statistically indistinguishable. Our simple criterion of indistinguishability is based on the
notion of band depth. In functional statistics, the band depth is a measure that generalizes order statistics to functional data,
providing a way to rank curves based on their centrality or typicality within an ensemble of curves®. It essentially quantifies
how much of a curve’s graph lies within bands formed by other curves in the sample. A higher band depth indicates a curve that
is more central in the bundle of curves of the ensemble?®-30, According to this criterion, an ensemble of forecasts is considered
to be a good match of the observations if the observations have a band depth close to the highest band depth of the individual
members of the ensemble. When this happens, the graph of the observations remains central within the ensemble of forecasts.

The use of band depth also gives an objective way to single out the most typical’ member of an ensemble: just as the
median or the mean can be used as the individual number most representative of a set of numbers, likewise the forecast having
the highest band depth in an ensemble can be taken as the individual representative of that ensemble®”, and used as if it were a
deterministic forecast.

The rest of the paper is organized as follows: the *Results’ section compares hindcasts produced with the RAP algorithm with
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SIE observations data reported by NSIDC. In the *Discussion’ section we summarize RAP’s merits, highlight its weaknesses
and make the case for using RAP as the benchmark of choice for quantifying the skill of SIE forecast systems. We refer the
reader to the "Methods’ section for further details on the RAP algorithm and on how its parameters were selected.

Results

Typical results that can be obtained by RAP seasonal-scale forecasts of SIE are illustrated in Figure 1, showing 150—days long
hindcasts encompassing the September minimum for 6 years spanning the satellite era. Each hindcast begins on June 1st. Here,
and in any other hindcast in this paper, the NSIDC SIE data corresponding to the period being hindcasted is expunged from the
dataset used in the embedding. Thus, as in an actual forecast, the set of analogs available to the algorithm does not contain what
the algorithm is trying to predict.

Each panel in the figure shows the 10th to 90th percentile range of a set of 1000 RAP realization (gray bands); 10 individual
RAP realizations, randomly chosen out of that set (thin gray lines); the RAP realization having the maximum band depth (thick
blue line); and the lowess—smoothed NSIDC SIE data (thick orange line). The 10th to 90th percentile range generally has a
width smaller than 2 - 10° km? even on the 5th month of forecast, and it is often smaller than 10° km?2. The individual RAP
realizations show a realistic and believable SIE dynamics, with a rapid decline in July and August, a minimum in September
and a sharp growth in October. In some years the highest band—depth RAP realization, is remarkably close to the NSIDC
SIE data, and in general the latter fall within the 10th to 90th percentile range of the RAP forecasts. The notable exception
is 2012, the sole year for which RAP’s performance is poor. The exceptional sea ice loss observed in the Summer 2012 has
been linked to a singular sequence of rare events (including the Great Arctic Cyclone of early August 2012) unlike anything
that was observed since 1979°133, As such, the conditions in the Arctic during the summer of 2012 have no analogue in the
record of the satellite era, and thus it must be expected that a forecast algorithm based on analogues would fail to reproduce that
minimum.

The time series of the SIE September Average is shown in Figure 2. Note that RAP cannot compute an initial state
corresponding to June 1st of the years 1979, 1980, 1988, 1989 because the delayed components of such state vector would
either extend beyond the beginning of the dataset, or fall in the NSIDC SIE data gap covering the interval from 1987/12/02 to
1988/01/13 (see "Methods’ for additional details). Thus hindcasts for those years were not performed. The gray band covers the
10th to 90th percentile range of the September average SIE of a set of 1000 RAP realizations. The median of those realization
is shown by the purple line. The September average of the realization with the highest band depth is shown by the blue line.
The September average of the NSIDC SIE data is shown by the orange line. The observations fall within the 10th to 90th
percentile range of the RAP hindcasts, with notable deviations in 1986, 1996, 1999, 2012. Except than in 1999 and 2012,
the September average of the deepest RAP hindcast is always within 10° km? from the observed September average, and it
is often much closer. The uncertainty quantified by the width of the 10th to 90th percentile range is generally smaller than
4106 km?. This is comparable with the performance of both dynamical forecasting systems>* and of modern deep—learning
forecasting systems>>3°. RAP’s error in forecasting the September Average SIE is also much smaller than the spread among
the models participating in the Sea Ice Outlook intercomparison of seasonal SIE forecasts organized by the Sea Ice Prediction
Network?”-3%. Finally, the RAP hindcasts nicely follow the overall trend of summer SIE decline, which progressed very rapidly
in the early 2000’s but has substantially decelerated in the last 15 years®40,

We use three standard indicators of skill*! to evaluate the performance of RAP in forecasting individual months with up
to 9 months of lead time (Figure 3). Figure 3A shows the bias, or model error: the average difference between observations
and forecast over the target month. Although negative and positive biases appear to cluster together, in no case the bias is
significantly different from zero at 95% confidence level. Thus RAP forecasts are overall equally likely to overestimate or to
underestimate the observations. Figure 3B shows the root mean squared error (RMSE). Combinations of lead time and target
month leading to RMSE values significantly larger than 0.2 - 10® km? at 95% confidence level are marked with a dot. The
largest errors occur in predicting September and October with lead times larger than 3 months. In that case the RMSE can be as
high as 0.6- 10% km?. For forecast targeting winter and spring months the RMSE remains smaller than 0.4 - 10° km?, even with
9 months of lead time. Figure 3C shows the anomaly correlation coefficient (ACC). This indicator is the value of Pearson’s
correlation coefficient between the observed and the forecast anomaly with respect to the climatology. It measures the ability
to correctly forecast fluctuations with monthly time scale diverging from the climatological average. RAP does not perform
well respect to this indicator, showing some weak skill only in June, July and October. This result suggests that little or no
information on future month—scale fluctuations in SIE is encoded in the historical time series of SIE, and thus RAP is unable
to reproduce them correctly because it is a data—driven algorithm based only on historical SIE values. Indeed, month—scale
fluctuations are generally believed to be the result of mesoscale weather disturbances, and of other transient phenomena*>*3.
Meteorological or climate models are in a much better position for accurately reproducing those transient phenomena, and may
thus achieve a better monthly ACC value even if their bias and RMSE values may be worse than RAP’s*! .
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Discussion

In this paper we developed a Random Analogue Prediction (RAP) algorithm for the forecasting of Arctic Sea Ice Extent on
seasonal time scales. RAP is a stochastic, data—driven algorithm that produces ensembles of forecasts. By applying the notion
of band—depth (a recently developed statistical technique that extends the notion of centrality to functional data) we identify a
representative realization in the ensemble that can be thought of as "best" forecast, and can be compared with deterministic
forecasts. The rest of the ensemble is used to quantify the level of uncertainty associated with that "best" forecast.

We show that the skills of RAP may be competitive with those of state—of—the art forecasting techniques, both based
on physics (general circulation models) or on data—driven techniques much more sophisticated and data—hungry than RAP
(deep-learning AT models). In particular, RAP has a negligible bias and a small RMS error (0.6 - 10° km? in the worst cases) for
forecasts with up to 9 months of lead time. However, RAP lacks skill in faithfully reproducing short—term fluctuations in SIE
(monthly scale or less) and we attribute this shortcoming to the data—driven nature of the algorithm: the historical SIE record
does not contain the information necessary to forecast the meteorological phenomena that shape those short—term fluctuations.

In our opinion, RAP’s biggest strength is its simplicity and interpretability. At its core, RAP is nothing else than the well
known method of the analogs applied to the SIE time series, rather than to a spatially extended field. The prescription for
defining the analogue states is inspired by results in the theory of dynamical systems that date back to the 1980s, and the
selection of the specific analogue used to advance the forecast by one step follows a simple stochastic rule. Thus, RAP produces
its forecasts by looking back in the SIE time series to find analogues of the present state, and extrapolates the observed evolution
of the analogues to the current state.

We stress that the method of the analogues (and thus RAP) does not depend on underlying physical hypothesis, approxima-
tions or parameterizations. The only presupposition inherent in the method is the way in which the analog states are identified
and selected. The few free parameters of the method are tuned in order to maximize the centrality (in the band—depth sense) of
the observations with respect to an ensemble forecast covering the same time interval. Thus any skill exhibited by RAP only
stems from its ability to properly apply to the present state changes that have been observed to occur in the past.

Simplicity, interpretability, independence from physical hypotheses, and the ability to produce ensembles that estimate
the forecast error, in our opinion, make RAP the benchmark of choice that more complicated models should be compared
against. In particular, a proper model (as opposed to a benchmark) should be able to consistently produce more information
about the future than what is already encoded in the SIE data. In other words, those models should be able to draw additional
information from the knowledge of e.g. atmospheric and ocean conditions, as well as from the laws of physics, to consistently
beat a benchmark that just reproduces past dynamics observed in SIE data, and is oblivious of anything else.

Methods

We use a modified version of the Random Analogue Predictor (RAP) algorithm? applied to NSIDC sea ice extent data**. The
sea ice extent time series is interpolated and resampled with a constant sampling rate of f; days with a lowess smoother using
2nd-order polynomials and window length of W days. Smoothing and resampling are intended to filter out the effect short-term
weather events (e.g. synoptic—scale depressions) and yield a time series s1, .. .,s,. Gaps in the original time series (e.g. between
December 2nd, 1987 and January 13th, 1988) are not filled by the lowess smoothing. The corresponding s; values are marked
as invalid.

The time series is then embedded in RM*! (the embedding space), namely, it is transformed in the set of (M 4 1) —dimensional
state vectors defined as

Xi = (i, Sit0 -+ Sis(M=2)1> i (M—1)e SIN(@1), Si— (mr—1)7 COS(P7)) (1)

where the embedding delay 7 is expressed as an integer multiple of the sampling rate, and the phase ¢; = T~!27if; encodes the
information that the time series, albeit non—periodic, is phase—locked to the year length 7 = 365.25 days. Phase—encoding
is the only difference with the standard embedding procedure®”-?*. Vectors containing one or more invalid components are
considered as invalid, and are not used in the forecast.

A single random analogue forecast is performed with the following steps

1. select an initial state yo, which may or may not be in the set {x;};

2. find the set .4 of all the valid state vectors, within a distance A from yo and having valid successors (the successor of x;
is x;41); if there are no such state vectors, then .4 contains the closest valid vector to yy having a valid successor.

3. randomly select the element x;; from ./", with a probability inversely proportional to the Euclidean distance from yo

4. define the forecast state y; = yo + (Xi;+1 —X;;)
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5. sety; as the new initial state and repeat from 2. as many times as desired.

The method depends on the free parameters f;, W, M, T, L. We set fy = 5. This insures that the average distance between
successive state vectors is substantially larger than the average distance between closest neighboring vectors. Insuring that states
nearby in the embedding space are not also close in time has been shown to avoid biases in the geometry of the embedding®’.
We set A to be twice the median nearest neighbor distance of state vectors. This gives the RAP algorithm enough choice
between alternative analogs, without allowing the choice of states that are too far from the current one, and thus may not be good
analogs. In order to determine W, M, T, we exhaustively explored the parameter space, setting: W € {15,30,45,60,75,90}
(days); M € {2,3,...,12}; T € {6,12,18,24,30,36,42,48,54,60} (resampling units). For each possible combination of the
parameters, we ran 1000 RAP hindcasts starting on June 1st of the years 1979, ...,2024 and extended for 150 days. To maintain
the algorithm unaware of what actually happened in reality, we discarded the NSIDC data corresponding to the hindcasted time
interval. To simulate the uncertainty due to short—term meteorological conditions and observational error, the initial state of
each hindcast is perturbed with a vector whose components are random variables uniformly distributed in 0.2 millions of
square Km. Each of the hindcast and the observations relative to a given year were then ranked (from lower to higher) according
to their band—depth?®-3° computed with the statsmodel v0.14.1 library*®. The ensemble of hindcasts for that year was then
assigned a score equal to the band—depth rank of the observations divided by the number of hindcasts in the ensemble: a low
score indicates that the observations are outliers in the ensemble of hindcasts, and a high score indicates that the observations
fall in the center of the bunch of hindcasts. We selected the parameter set that yields the highest median score over all of the
years covered by the NSIDC SIE dataset. This turns out to be W = 15 (days), M = 5, T = 36 (resampling units), having median
score of 0.65, which means that for this parameter set, in half of the years the observations have a band depth higher than 65%
of the hindcast curves. For comparison, the parameter set W = 60 (days), M = 9, T = 60 (resampling units) has the lowest
median score of 0.17.

In order to evaluate the skills of the RAP forecast we use three standard indicators: mean error (Bias), root-mean-square
error (RMSE), and anomaly correlation coefficient (ACC), defined as follows:

. 1 &
Bias = - Z(y,- —5i) )
i=1
1 n
RMSE = n Z(Yi_si)z 3)
i=1
ACC — i1 (i —ci)(si — ¢i) @
VEL i — )2 X (si —ci)?
where y;, s;, ¢, fori =1,... n, respectively are the forecasts, the observations, and the climatological averages for the period of
interest.
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Figure 1. Hindcast RAP seasonal forecasts of Arctic sea—ice extent for the years 1984,1991,...,2019. In all cases, the
forecasts begin on June 1st and extend for 150 days. Orange line: NSIDC sea ice extent; these data are omitted from the dataset
used to perform the RAP forecast relative to the same year. Blue line: RAP forecast with the highest band depth out of 1000
RAP realizations. Dark gray lines: 10 randomly chosen RAP forecasts. Gray band: 10th to 90th percentile estimated with 1000
RAP realizations
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Figure 2. Time evolution of the September sea ice extent (SIE): NSIDC data (orange starred line) vs RAP hindcast (blue
dotted line). The RAP September average is computed on the RAP forecast that has the highest band depth out of 1000
realizations. The purple line and the gray band mark, respectively, the median and the 10th to 90th percentile interval of the
September average of those 1000 realizations. NSIDC SIE data for 2025 is not yet available at the moment of writing.
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Figure 3. Indicators of forecast skill as a function of the forecast month and the lead time. Shown are the average values over
all years in the NSIDC SIE dataset. Panel A: Bias (forecast minus observation); in no case the bias is significantly different
from zero (95% t-test). Panel B: RMSE (root mean square error); the dots denote values significantly higher than 0.2 - 10® km?
(95% one—sided sign test). Panel C: ACC (anomaly correlation coefficient); the dots denote values significantly different from
zero (95% t-test).
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