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Efficient spatio-angular reconstruction enables high-fidelity 4 

mapping of six-dimensional structures and dynamics with 5 

polarized fluorescence microscopy 6 

 7 
  8 



2 
 

Supplementary Video Captions 9 

 10 
Supplementary Video 1, Rendering methods for clearer visualization of spatio-angular objects. First, 11 
we synthesize a spatio-angular shell phantom consisting of dumbbell shaped ODFs oriented along the 12 
radial direction at each surface voxel. Then, volumetric (left column), sliced (middle column) and fly-13 
around (right column) ODF/peak orientation maps are rendered under different thresholds and down-14 
sampling ratios, where the orientations in the peak orientation maps are represented by both the 15 
directions and the pseudo colors of cylinders. See also Supplementary Fig. 1a. 16 
 17 
Supplementary Video 2, Demonstration of spatio-angular reconstruction process on synthetic 18 
phantom with eGRL. Two parallel lines in 3D space with two different kinds of ODFs in each line (1st 19 
column, dumbbell-shaped in top line and x-shaped in bottom line) are imaged with polarized diSPIM. 20 
Here only a transverse XY plane through the object is shown under one specific polarization modulation. 21 
The spatial and angular distribution are jointly reconstructed by eGRL, ODFs in the two lines (2nd 22 
column) and line profiles through the middle of the image (3rd and 4th column) are also shown and 23 
updated after each iteration count. See also Fig. 1b. 24 
 25 
Supplementary Video 3, Performance of eGRL vs. SVD on synthetic data with different noise levels. 26 
A synthetic shell phantom is imaged with polarized dual-view light sheet microscopy and the raw data 27 
are corrupted with different levels of Poisson noise, then separately reconstructed by eGRL (10 28 
iterations) and SVD (0.01 regularization parameter). Note eGRL reconstruction is robust to noise while 29 
SVD is quite sensitive to noise. See also Supplementary Fig. 8. 30 
 31 
Supplementary Video 4, Bias errors caused by regularization parameter in SVD reconstruction on 32 
simulated data. Synthetic shell phantom with molecular orientations perpendicular to the surface 33 
(left). SVD reconstructions at different regularization parameters 𝜂𝜂 (‘eta’) values are visualized in the 34 
peak orientations (middle) and the radar chart (right) counts the x, y and z proportion of all peak 35 
orientations. Increasing the regularization parameter results in structural distortion and orientations 36 
biased towards the y-axis. See also Fig. 2g. 37 
 38 
 39 
Supplementary Video 5, Experimental GUV labelled with FM1-43, showing raw data and 40 
reconstruction process. Raw images with 18 polarization modulations (9 volumes for each view) were 41 
acquired with pol-diSPIM (left column), highlighting local differences in intensity in different subregions 42 
of the same structure. Taking the average of all raw data as the initial estimate, eGRL iterations jointly 43 
estimate the peak orientation (middle column) and density (right column) distributions. All the density 44 
images are shown from the same middle slice (z = 10.5 µm) selected from the 3D volume. See also Fig. 45 
3a. 46 
 47 
Supplementary Video 6, Characterizing orientational preference of FM1-43 anchored to GUV 48 
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membrane. As in Supplementary Video 5, but shown in slices. Each layer along the y-axis is visualized 49 
by slicing (left column), showing the ODF (middle column) and peak (right column) orientations aligned 50 
perpendicular to the shell. See also Fig. 3a, b. 51 
 52 
Supplementary Video 7, Fly-around demonstration of orientation distribution in GUV samples. As in 53 

Supplementary Video 5, but showing the reconstructions of the whole GUV dataset (1st column) by 54 

eGRL vs. SVD estimation, and 3 representative ROIs (2nd – 4th column) for higher magnification 55 

observation. A color-coded sphere is visualized at the corner and synchronously rotated to indicate 56 

which orientation a specific color represents. See also Fig. 3a, b. 57 
 58 
Supplementary Video 8, eGRL provides better structural contrast and more accurate orientation 59 
distribution than SVD when applied to fixed U2OS samples labelled with Alexa Fluor 488 phalloidin. 60 
eGRL and SVD results are shown in terms of density (left column), ODF (middle column) and peak 61 
orientation (right column) maps. See also Fig. 3c-e. 62 
 63 
Supplementary Video 9, eGRL still performs well with reduced polarization measurements on 64 
tobacco xylem cells labelled with Pontamine fast scarlet. Raw images were captured with 18, 8 and 6 65 
polarization modulations and separately reconstructed by both eGRL and SVD. Note the downsampling 66 
in polarization encoding shows that eGRL is robust to the accurate orientation details. See also Fig. 3h. 67 
 68 
Supplementary Video 10, eGRL performs well with reduced polarization measurements on fixed 69 
U2OS labelled with Alexa Fluor 488 phalloidin. Raw images were captured on fixed U2OS cells under 70 
18, 8 and 6 polarization modulations and separately reconstructed by both eGRL (top) and SVD 71 
(bottom). See also Supplementary Fig. 13. 72 
 73 
Supplementary Video 11, Visualizing Xylem cells labeled with Pontamine fast scarlet. Orientation 74 
map of Xylem cell was reconstructed with eGRL and SVD. We also show slices taken along the y axis of 75 
the ODF and orientation map. See also Fig. 3h. 76 
 77 
Supplementary Video 12, eGRL retrieves angular rotational-distribution and dynamics of SiR Actin in 78 
live HeLa cells, that are obscured in intensity images. Density map (left) and maximum-intensity-79 
projection pseudo-colored by orientation (middle). The polar charts (right) indicate the orientation 80 
distribution along the trails on peripheral (yellow border) and protrusion (green border) regions 81 
respectively represented by 50 and 25 selected points in the density map. Low fluctuations along 82 
peripheral region serve as a control to assess orientation dynamics caused by non-cellular changes, e.g. 83 
photobleaching. Dynamics along protrusion demonstrate small changes that are obscured in the 84 
intensity images, but noticeable in the orientation distribution. See also Fig. 5a-c.  85 
 86 
Supplementary Video 13, Membrane transitions, as assessed via morphology and orientation, in a 87 
single live macrophage cell labeled with FM1-43. Time-lapse maximum intensity projection of density 88 
(left) and orientation distribution (middle), revealing the transition from membrane protrusion to 89 
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expanding bleb (magnified in right column). See also Supplementary Fig. 19. 90 
 91 
Supplementary Video 14, eGRL restores spatio-angular dynamics on membrane protrusions in living 92 
macrophages. First, fly-around density and orientation maps at initial time point to characterize the 93 
orientational alignment of FM1-43 probe on live macrophage samples. Then, z-slices of dual-view raw 94 
data from pol-diSPIM are compared with estimated and orientation distribution. Last, we show time-95 
lapse maximum intensity projections of reconstructed density maps that are pseudo-colored by 96 
orientation. See also Fig. 5d-e. 97 
 98 
Supplementary Video 15, Dual-color spatio-angular imaging of live U2OS cells labeled by FM1-43 and 99 
RFP-PH dyes. Time-lapse maximum intensity projection of dual-color raw data (1st column), 100 
reconstructed orientation (2nd and 3rd columns) and GFA (4th and 5th columns) maps in FM1-43 and 101 
RFP-PH channels. Note GFA extracted from spatio-angular reconstructions by eGRL provides a 102 
quantitative measure of molecular distribution anisotropy beyond principal-orientation 103 
representations. See also Supplementary Fig. 21. 104 
 105 
Supplementary Video 16, eGRL reconstructs spatio-angular dynamics on live U2OS cell membrane 106 
labeled by FM1-43. First, successive image planes of pol-diSPIM raw data and eGRL reconstructed 107 
spatio-angular distribution at time point 0. Then, rendering of time-lapse volumetric density and 108 
orientation map, showing a higher magnification view of the cell substrate to highlight the 109 
orientational alignment that accompanies the membrane expansion. See also Fig. 5f-k. 110 
 111 
  112 
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 113 

Supplementary Fig. 1, Different representations of the spatio-angular distribution. a) the density 114 
and the corresponding ODF map of a ring phantom with continuously decreasing polarization (i.e., 115 
decreasing Generalized Fractional Anisotropy (GFA, Methods) and increasing isotropy) along the 116 
orientation described by the green circle. Note the density distribution (a, left) is not uniform along 117 
the ring and the ODFs are densely displayed to show this density fluctuation. b) ODF map with low 118 
intensity removed to facilitate display (Threshold = 0.5*maximum density). c) and additional 4 times 119 
spatial downsampling on the image in b to further sparsen ODFs for clearer display. d) the 120 
corresponding peak orientation map, in which the oriented cylinders marked by different colors 121 
demonstrate the most probable direction (ODF has the largest value in this direction) for fluorophores, 122 
and the length of cylinders indicates the degree of polarization. e) a shell phantom with uniform 123 
orientation (ODFs at all voxels are oriented in the radial direction) and density distributions. f-h) same 124 
as b-d but corresponding to the shell phantom in e. i) Principal orientation vs. Peak orientation on the 125 
ODFs with single/multiple local peaks. The principal orientation is the maximum projection direction 126 
of ODF (also the direction with maximal Order Parameter), comprehensively considering all the local 127 
peaks and demonstrating the overall alignment of ODF. It is more robust to noise than the peak 128 
orientation. Scale bars: a-h 1 μm. 129 
  130 
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 131 
Supplementary Fig. 2 , eGRL produces high fidelity estimates of oriented phantom structures. a) 132 
Orientation distributions of double-helix phantoms and reconstructions produced by eGRL (see also 133 
Fig. 1e). b) Density maps of the double-helix phantoms (from left to right): ground truth (GT), raw data 134 
(average of all polarization measurements), the eGRL reconstruction (20 iterations), and the 135 
deconvolved image (RL deconvolution from the averaged raw data, 20 iterations). c) Line profiles along 136 
the red lines in b). Note eGRL provides similar results as RL deconvolution and can distinguish the 137 
closely separated helices (indicated by green arrows) which are hardly resolved in the raw data. Scale 138 
bars: a 5 μm, b 2 μm.  139 
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 140 

Supplementary Fig. 3, Comparative evaluation of the deconvolution ability of eGRL and RL using 141 
images of 100 nm beads. a) 100 nm yellow green beads were captured using an asymmetric diSPIM 142 
with a pair of 1.1NA and 0.67NA objectives (with no polarization modulation). Maximum-intensity 143 
projection bead images are shown. If the fluorophores in the beads are randomly oriented (isotropic 144 
response to polarization), we would expect merely a global intensity change between the images under 145 
polarized and non-polarized illumination. Hence, we scaled the overall intensity of non-polarized beads 146 
images to obtain synthetic beads images that would mimic the measurement from 18 polarization 147 
modulations (Scheme 1, see Supplementary Table 2). eGRL was performed on this synthetic dataset, 148 
while the RL result was obtained by joint deconvolution of the two views after averaging all image 149 
volumes in each view. b) Full width at half maximum (FWHM) values derived from n = 10 beads in a), 150 
standard deviations as well as mean values are shown. RL results were obtained by joint deconvolution 151 
of the polarization-averaged images from each view. c) Image planes from the center of one of the raw 152 
polarization volumetric datasets as the outlined region in a, showing data from view A and B, RL 153 
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deconvolution results of polarization-averaged raw data from each view, and eGRL reconstructions 154 
outcome when using raw data consisting of all polarization modulations and views. d-f) Comparison of 155 
axial and lateral line profiles from c). Scale bars: a 5 μm, c 0.5 μm. 156 
  157 
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 158 
Supplementary Fig. 4, eGRL and GRL provide similar image quality as assayed on synthetic data. a) 159 
Synthetic spheres with random sizes and positions, showing density maps (left), lateral and axial slices 160 
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(middle), and the ODF map (right). b) Raw data simulated from sample in a by pol-diSPIM dipole PSFs 161 
with different noise levels, showing the xy (top) and zy (bottom) slices from the two orthogonal views. 162 
c) The lateral (top left), axial (bottom left) slices, and the ODF maps (right) from the GRL and eGRL 163 
results, reconstructed from the raw data in b with corresponding SNR. d) SSIM and OSIM (ODF 164 
similarity index measure. See Methods) analysis of the ODF maps between the reconstructions and 165 
ground truth. Note extreme similarity between eGRL and GRL. Scale bars: a-d 2 μm. 166 
  167 



11 
 

 168 

Supplementary Fig. 5, Schematic of different configurations of polarized fluorescence microscopy 169 
used in simulations. a) Volumetric measurements under varying polarization modulations are 170 
modelled based on wide field microscopy. The polarized illumination and corresponding detection are 171 
through the same objective. Dashed rectangles in volumes refer to how the slices are stacked during 172 
axial scanning. Orange double-headed arrows indicate different polarization directions perpendicular 173 
to the illumination axis. b) Same as in a but configured with light sheet microscopy. Polarized light sheet 174 
illumination and corresponding detection are via two orthogonal 1.1NA and 0.67NA objectives. c) In 175 
polarized dual-view light sheet microscopy, the dual-view imaging process is modelled from the two 176 
orthogonal directions by swapping the detection and illumination paths. 177 

 178 
  179 
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 180 
Supplementary Fig. 6 , Dipole OTFs of polarized wide-field microscopy and polarized light sheet 181 
microscopy. a) The first five spherical harmonic orders of the real part of the dipole OTF in polarized 182 
wide-field microscopy with objective NA=1.1. b) Part of the dipole PSF in a polarized light sheet 183 
microscopy with objective NA=1.1 and light sheet waist thickness of FWHM=2000 nm. Note this 184 
configuration also can be considered as one of the two views in the polarized diSPIM. Scale bar: a, b 185 
0.02 μm-1. 186 
  187 



13 
 

 188 
Supplementary Fig. 7, Synthetic noise-free raw data from polarized wide-field microscopy and pol-189 
diSPIM. a) Density and orientation distributions of a phantom consisting of three helices (see also Fig. 190 
2a). b) Maximum-intensity projections of density map of the phantom. c-e) Noise-free raw data 191 
simulated from spatio-angular imaging process in wide-field microscopy and dual-view light sheet 192 
microscopy (diSPIM). Illumination polarization direction and maximum-intensity projections of the raw 193 
density image with each polarization modulation are shown. Scale bars: 1 μm. 194 
  195 
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 196 

Supplementary Fig. 8, Performance of eGRL and SVD on synthetic data with different noise levels 197 
and different number of polarization modulations. a) The same three helix phantoms as in 198 
Supplementary Fig. 7 shown in density map (left), peak orientation map (middle), and an additional 199 
high magnification view (right) of the yellow dashed rectangle region. b) 3D rendering of Y-axis-200 
polarized measurement, which is one of the raw datasets synthetically generated from two orthogonal 201 
views in pol-diSPIM, corresponding to the yellow region in a). c) Synthetic data in b are contaminated 202 
with different levels of Poisson noise, and reconstructed by eGRL and SVD algorithms. d-e) Evaluation 203 
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metrics (SSIM, ONCC, and FWHM) vs. input data SNR and number of polarization modulations curves 204 
are plotted for the comparison of eGRL and SVD. FWHMs are fitted from profiles along the dashed red 205 
line in bottom right c. Scale bars: a 1 μm, b, c 2 μm.  206 
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 207 

Supplementary Fig. 9 , Instrumentation and imaging schemes for polarized dual-view light sheet 208 
microscopy (pol-diSPIM). a) Overview of the microscope with the liquid crystal (LC) modules (red color 209 
in each arm) detailed in right inset. b) Polarization modulation for 0.67NA objective illumination and 210 
1.1NA objective detection (View A). A polarized Gaussian beam is selected from a pool of 6 polarization 211 
orientations indicated by the orange double-headed arrows (perpendicular to direction of beam 212 
propagation) and indexed from 0 to 5, with angles to y-axis 0 (i.e., parallel to the y-axis), 45, 60, 90 213 
(parallel to the z-axis), 120, and 135 degrees. P2 (60 degrees) and P4 (120 degrees) are omitted in the 214 
figure for clarity. c) Similarly, polarization orientations for 1.1NA objective illumination and 0.67NA 215 
objective detection (View B) are also configured with angles to y-axis at 0 (parallel to the y-axis), 45, 216 
60, 90 (parallel to the x-axis), 120, and 135 degrees. d) Tilt modulation for 0.67NA objective illumination 217 
and 1.1NA objective detection (View A). Three tilt options, T1, T0, and T-1, are provided with T0 parallel 218 
or close to the low-NA objective optic axis (x-axis). e) Similar to d, three tilt options for 1.1NA objective 219 
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illumination and 0.67NA objective detection (View B) are provided with T0 parallel or close to the high-220 
NA objective optic axis (z-axis). The relevant angles are also reported in Supplementary Table 1.  221 
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 222 

Supplementary Fig. 10 Differential orientation distribution of fluorophores close to nucleus versus 223 
elsewhere in U2OS cell. a) Density map (shown in average-intensity projection) of U2OS cell labeled 224 
with Alexa Fluor 488 phalloidin (see also Fig. 3c) reconstructed by eGRL. b) Orientation map shown in 225 
averaged projection. The outlined region highlights distinct orientation distribution near the nucleus 226 
compared to surrounding areas. Scale bars: a, b 10 μm. 227 
  228 
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 229 

Supplementary Fig. 11, Performance of eGRL versus its ablated version eGRL-p on GUV samples. a) 230 
Single density slices chosen from reconstruction results of FM1-43 labelled GUVs: RL deconvolution of 231 
single view raw image (left), eGRL-p reconstruction based on the RL deconvolved images (middle), and 232 
joint angular/spatial eGRL reconstruction (right), with 10 iterations for all cases. The curves at the 233 
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background delineated the intensity profiles along nearest dashed lines. Orange arrows highlight 234 
blurred detail and artifacts in the density map produced by eGRL-p. b, c) Peak orientation maps 235 
respectively derived from eGRL-p and eGRL, in two ROIs marked by the cyan dashed rectangle regions 236 
in a. Numerous errors in eGRL-p reconstruction are highlighted by cyan arrows where the anticipated 237 
normal-orientations are distorted in the sample. d) GFA histograms constructed from the entire GUV 238 
dataset. Note that histogram exhibits an additional peak near zero whereas it is typically expected to 239 
show a single peak around 0.5, as reported by Chandler, T. et al (2025) 1. This result indicates that eGRL-240 
p reconstruction errors result in a tendency to lower GFA distributions. Scale bars: a 10 μm, b, c 2 μm. 241 
  242 
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 243 
Supplementary Fig. 12, Performance of eGRL with a reduced number of polarization modulations 244 
on GUV sample. a) eGRL reconstruction of FM1-43 labelled GUVs used only 8 polarization modulations 245 
(Scheme 2, 8V. See Supplementary Table 2), by contrast to the results obtained using a full complement 246 
of 18 modulations (Scheme 1, 18V. See Supplementary Table 2) as shown in Fig. 2a. b-d) Comparisons 247 
of eGRL reconstructions using both 18 and 8 polarization modulations across the 3 cyan-labelled cubic 248 
regions specified in a. Scale bars: a 5 μm, b 1 μm, c, d 2 μm. 249 
  250 
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 251 
Supplementary Fig. 13 , Performance of eGRL and SVD under fewer polarization modulations. a) 252 
Peak orientations in eGRL reconstruction of a fixed U2OScell labeled with Alexa Fluor 488 phalloidin 253 
with 18 polarization modulations. b) Lateral (left) and axial (right) maximum-intensity projections of 254 
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the density map from a). c) Higher-magnification views of the rectangular region in b) reconstructed 255 
by eGRL and SVD with 18 (top) and 6 (bottom) polarization modulations. d-g) Comparison of profiles 256 
along the four dashed lines in b). h, i) Density map (from eGRL result, 18 polarization modulations) and 257 
corresponding reconstructions of the two rectangular regions in a) with 18 (top) and 6 (bottom) 258 
polarization modulations. Note orientations highlighted by arrows should align with the direction of 259 
actin fibers indicated by bidirectional arrows with corresponding color. Scale bars: a, b 5 μm, c 1 μm, h 260 
2 μm, i 4 μm. 261 
  262 
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 263 

Supplementary Fig. 14, ODFs and OPs provides a useful assessment of dipoles’ preference towards 264 
a chosen direction. a) The ODF shapes of five different groups of dipoles and the corresponding order 265 
parameter (OP) values with respect to the direction shown at upper left (labeled as ‘chosen direction'). 266 
b) The average orientations of dipoles in a), which are often used as the output from a traditional 267 
polarization microscope. We also compute the corresponding parallelism index between the average 268 
orientation vector and the chosen direction. Note the average orientation or parallelism alone cannot 269 
distinguish groups 1 and 2 (or groups 4 and 5), demonstrating the usefulness of ODFs and OPs in these 270 
applications.  271 
  272 
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 273 

Supplementary Fig. 15, Spatio-angular reconstructions show correlations between the direction of 274 
actin molecules and the direction of nanowires upon which the cells are grown. a) A spindle shaped 275 
fixed NIH3T3 cell labeled with Alexa Fluor 568 Phalloidin (red) grown on multiple nanowires (green), 276 
showing lateral maximum intensity projection of density map (top) and average orientation map 277 
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(bottom, shown by a colormap encoded in 2D space). Nanowires are labeled with green characters A1-278 
A3. Right shows the comparison of orientational analysis in the dashed rectangle region, including OP 279 
analysis (orange curve) derived from ODFs and parallelism indicator (blue curve) based on previously 280 
available average orientations. Here the average orientations are calculated from the ODFs, and 281 
parallelism describes the dot product between vectors of dipole orientation and nanowire’s direction, 282 
another measure of the degree of alignment of dipoles to nanowires. The position axis in this chart 283 
corresponds to the long side of the dashed rectangle at left. b) Twin cells grown on multiple nanowires 284 
in roughly parallel directions. Similar representations and analysis are demonstrated as in a. c) 285 
Extended analysis of the crosshatched actin fibers grown on crisscrossed nanowires in Fig. 3g. Note 286 
that our spatio-angular imaging and ODF reconstruction demonstrate explicit patterns of dipole 287 
preference, which are not discerned in the intensity images or the average orientation detection by 288 
traditional PFMs (see especially those comparisons outlined by cyan dashed circles). Scale bars: a - c 289 
10 μm. 290 
  291 
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 292 
Supplementary Fig. 16, Examining the change in OP and parallelism in the vicinity of multiple wires. 293 
a) Two additional fixed NIH3T3 cells labeled with Alexa Fluor 568 Phalloidin (red) on crosshatched fibers 294 
(green). b) The peak orientation map of the actin fibers in a reconstructed by eGRL, shown by a 295 
colormap encoded in 2D space. c) OP profile along the vertical nanowires indicated by the pink dashed 296 
lines in b (average within 1.5 μm of the line), with the OP direction defined by the bidirectional pink 297 
arrow. The OP profiles pass through horizontal nanowires and the corresponding wire positions are 298 
marked on the profiles. Note the nanowires are mostly collocated with the local minima on the OP 299 
curves. d) OP profiles along horizontal nanowires indicated by the yellow dashed lines in b (average 300 
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within 1.5 μm of the line), with the OP directions as the bidirectional yellow arrows. The OP profiles 301 
pass through vertical nanowires. Same as in c, the nanowires are mostly collocated with the local 302 
minima on the OP curves. Note these analyses from OP suggest nanowires guide dipoles to align in the 303 
tendency of nanowires’ directions, which is not always obvious in terms of the parallelism values (the 304 
blue curves). See also Fig. 3. Scale bars: a, b 5 μm. 305 
  306 
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 307 

Supplementary Fig. 17, Orientational distribution and dynamics on live HeLa cell protrusion. a) The 308 
principal orientation map of a live HeLa cell labelled with Sir-Actin and excited at 640 nm. The bottom 309 
left panel shows a magnified view of the actin protrusion corresponding to the yellow dashed 310 
rectangular region. Note the probes don’t align parallel to the coverglass, instead, they are organized 311 
in a pattern of continuous spatial rotation in the plane perpendicular to the actin filaments. b) A 312 
dynamic sequence of the same region outlined by the yellow dashed rectangle in a. The arrows point 313 
out small changes that are hard to observe in the density map but are noticeable in the orientation 314 
distribution. c) How principal orientation distributes along the actin filament of protrusion. 50 315 
characteristic points were selected uniformly along the trail in b. The polar plots are shown for the 316 
inclination angle of the principal orientation in the zy plane, with pseudo color indicating the points’ 317 
order (1st ~ 50th) along the trail. Scale bars: a 5 μm, b 2 μm. 318 
 319 
 320 

  321 
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 322 
Supplementary Fig. 18, Comparison of the overall orientation distribution pattern of actin filaments 323 
in fixed and live HeLa cells labelled with different dyes. a) A fixed HeLa cell labeled with Alexa Fluor 324 
568 Phalloidin and imaged under 561 nm excitation. b) Higher-magnification views of the orientation 325 
map corresponding to the dashed rectangle regions in a, highlighting that the orientations align parallel 326 
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to the direction of actin filaments (profiles shown by magenta arrows). c) A live HeLa cell labeled with 327 
Sir-Actin and imaged under 640 nm excitation. d) Higher-magnification views of the orientation map 328 
corresponding to the dashed rectangle regions in c, illustrating predominantly perpendicular 329 
orientations of Sir-Actin label relative to actin filaments (profiles shown by magenta arrows), in stark 330 
contrast to the images in a. Additionally, representative ODF maps corresponding to the cyan dashed 331 
regions are shown for an in-depth comparison. Scale bars: a 5 μm, b 1 μm, c 5 μm, d 1 μm. 332 
  333 



32 
 

 334 
Supplementary Fig. 19 , Membrane transition in terms of morphology and orientation in live 335 
macrophage cell labeled with FM1-43. a) Maximum intensity projection of 3D density map of FM1-43 336 
labelled live macrophage cells. b) Time-lapse maximum-intensity-projection images pseudo colored by 337 
orientation distribution. c) Magnifications of regions outlined with a red rectangle in b, yellow arrows 338 
distinctly highlight the collapse of membrane protrusions and transition to a bleb, along with 339 
orientation echoing the structure. Scale bars: a, b 10 μm, c 5 μm.  340 
 341 

  342 
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 343 
Supplementary Fig. 20 , Excluding motion artifacts from analysis of macrophage membrane 344 
protrusions. a) Pol-diSPIM acquisition configuration, in which we acquired image volumes in both 345 
views (but with different polarizations) before we acquired the next pair of volumes from both views, 346 
i.e., two views are acquired in an alternating duty cycle. b) i, Maximum intensity projection of multiple 347 
FM1-43 labelled live macrophage cells colored by principal orientations at each voxel. Higher 348 
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magnification view shows the orientation distribution along the membrane protrusion, highlighting a 349 
unique orientation patch with the yellow arrow. ii, along each yellow line in a i, we draw the profiles 350 
extracted from all polarization/view images to show negligible motion during sequential acquisitions 351 
under different polarizations/views modulations. Each profile has been normalized to 0 ~ 1. Note 352 
considering the acquisition order of polarizations and views, we attribute the 1-pixel (130nm) distance 353 
between peaks to polarization modulation rather than cellular motion. c) Spatio-angular 354 
reconstruction from data with synthetic motion between adjacent volumes by artificially adding 1-pixel 355 
(130 nm) shift (c i) or 3-pixel (390 nm) shift (c ii) successively to each raw image volumes. In the case 356 
of 1-pixel shift caused by synthetic motion (c i), our cross-validation demonstrates that eGRL can still 357 
recover similar results despite motion spanning several pixels over entire 6 raw volume acquisition. 358 
Reconstructions remain consistent even with 3-pixel shift caused by synthetic motion (c ii). Note the 359 
unique patch remains regardless of the additional synthetic motion. Scale bars: b 10 μm, magnified 360 
inset in b 2 μm, c 2 μm. 361 
 362 
  363 
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 364 
Supplementary Fig. 21 , Polarization imaging of membrane dyes sensitive and insensitive to 365 
polarization modulations. a, b) A live U2OS cell, labeled with FM1-43 (sensitive to polarization 366 
modulation) and RFP-PH (insensitive to polarization modulation), was imaged in dual-color channels 367 
with 488 nm and 561 nm excitation, left to right showing the density, Principal Orientation, and GFA 368 
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maps. c), Comparison of ODF maps and the magnified shape of individual ODFs for the visualization of 369 
probe ensembles. d) The GFA statistics of regions on top membrane vs. near coverslip from 3 time-370 
lapse datasets of live U2OS cells with FM1-43 and RFP-PH labeled. For each sample or dye, we 371 
calculated the average GFA value for each time point, with GFA values pooled from all the time points 372 
represented by points in these graphs. Note polarization-sensitive FM1-43 dye shows anisotropic 373 
behavior, with more polarized ODFs and enhanced GFA values over the polarization-insensitive RFP-374 
PH. In addition, FM1-43 exhibits a contrasting GFA level between coverslip and elsewhere while the 375 
polarization-insensitive RFP-PH dye shows similar GFA in regions on membrane and coverslip, 376 
preliminarily ruling out the spatial motion as the source of lower GFA on membrane elsewhere than 377 
coverslip, echoing the observations in Fig. 5h. Scale bars: 5 μm. 378 

  379 
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 380 
Supplementary Fig. 22 , Evaluating the maximum mismatch distance that is tolerable in eGRL 381 
reconstruction on GUV dataset. a) i, We assume that, between each pair of two temporally adjacent 382 
volumes, the object always moves a certain distance 𝐿𝐿 (𝑛𝑛 − 1)⁄   in one certain direction, a total 383 
Euclidean distance of 𝐿𝐿 during the entire acquisition. ii, in the sequence of volumetric polarization 384 
measurements (P1~Pn), we implemented the same shift for each volume. b) i. In the GUV dataset, we 385 
applied this synthetic motion along one axis. ii, box plot of PSIM values under varying levels of induced 386 
motion 𝐿𝐿 . The experiment was repeated times along different axes including x, -x, y, -y, z, and -z. 387 
Specifically, PSIM suffers a ~5% drop when introducing ~1 μm of continuous motion in one direction. 388 
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iii, Orientation map of eGRL if 650 nm synthetic motion is added along indicated axes. Scale bars: b 5 389 
μm. 390 
 391 

  392 
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 393 
Supplementary Fig. 23, Assessing motion effects on eGRL reconstruction by artificially introducing 394 
random movements in GUV dataset. a) i, Another case which assumes, between volumes captured 395 
under two temporally adjacent polarization modulations, the object moves a certain distance in a 396 
random direction. ii, in the sequence of volumetric polarization measurements (P1~Pn), we shifted each 397 
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volume randomly with the same distance 𝐿𝐿 (𝑛𝑛 − 1)⁄  compared with the previous volume. In other 398 
words, the volume captured under the ith modulation experiences 𝐿𝐿 drift compared with the volume 399 
at the first modulation. b) We applied this synthetic motion at indicated 𝐿𝐿 to the fixed GUV dataset 400 
with 8 polarization modulations and then performed eGRL reconstruction, and show two views of the 401 
eGRL reconstructed orientation maps, including higher magnification insets and PSIM to quantify how 402 
the reconstructions are distorted by different levels of motion. Note the orientation distributions are 403 
well maintained under random motion of ~1.56 μm, showing eGRL reconstruction can tolerate slight 404 
motion. c) Box plot of PSIM values under varying levels of added motion. The experiment was repeated 405 
10 times for each condition. eGRL results maintain a high fidelity (PSIM = 0.97) even when ~1 μm 406 
random movement is induced. Scale bars: b 5 μm, magnified inset in b 2.5 μm. 407 
 408 
  409 
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Supplementary Tables 410 

 411 
 412 

Supplementary Table 1, Beam polarization and tilt configurations in pol-diSPIM. 413 

Polarization 

Settings 
P0 P1 P2 P3 P4 P5 

Angle (deg, to 

Y axis) 
0 45 60 90 120 135 

 

Tilt Settings 
View A (1.1-NA det, 0.67-NA exc) View B (0.67-NA det, 1.1-NA exc) 

T-1 T0 T1 T-1 T0 T1 

Angle (deg, to 

Z or X axis) 
-5.3 0.2 9.2 -6.5 0.2 4.8 

 414 

See schematic sketch in Supplementary. Fig. 9. 415 

  416 
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Supplementary Table 2, Excitation modulation schemes with different polarization and tilt 417 

combinations in pol-diSPIM. 418 

 View A View B 

Scheme 0: 

full combinations,  

42 volumes (42V) 

T0 with P0, P1, P2, P3, P4, P5, P0 

T1 with P0, P1, P2, P3, P4, P5, P0 

T-1 with P0, P1, P2, P3, P4, P5, P0 

T0 with P0, P1, P2, P3, P4, P5, P0 

T1 with P0, P1, P2, P3, P4, P5, P0 

T-1 with P0, P1, P2, P3, P4, P5, P0 

Scheme 1: 

18 volumes (18V) 

T0 with P0, P2, P4 

T1 with P0, P2, P4 

T-1 with P0, P2, P4  

T0 with P0, P2, P4 

T1 with P0, P2, P4 

T-1 with P0, P2, P4 

Scheme 2: 

8 volumes (8V) 

T1 - P2  

T-1 - P0 

T-1 - P2  

T-1 - P4  

T0 - P2  

T1 - P0 

T-1 - P0  

T-1 - P4 

Scheme 3: 

6 volumes (6V) 

T1 - P0  

T1 - P2 

T1 - P4  

T0 - P2  

T1 - P4 

T-1 - P4 

 419 
 420 
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Supplementary Table 3, Data acquisition and processing details for experimental data of fixed cells. 421 

Samples 
Fixed GUV 

Membrane 

Fixed U2OS 

Actin 

Fixed tobacco 

xylem 

Actin 

NIH3T3 

Nanowire/Actin 
Fixed HeLa 

Actin 
Spindle Two-fiber Cross-hatched 

Figures/Videos 

Fig. 3a, b, 

 Sup. Fig. 11, 

12, 22, 23, 

Sup. Video 5-7 

Fig. 3c-e,  

Sup. Fig. 10, 

Sup. Video 8 

Sup. Fig. 13, 

Sup. Video 10 

Fig. 3f-j, 

Sup. Video 9, 11 
Fig. 4a-f Sup. Fig. 15a Sup. Fig. 15b 

Fig. 4g-j,  

Sup. Fig. 15c 

Sup. Fig. 16 

left 

Sup. Fig. 16  

right 

Sup. Fig. 18a, 

b 

Fluorescence Label FM1-43 Alexa Fluor 488 phalloidin 
Pontamine fast 

scarlet 

labBDP FL maleimide, 

Alexa Fluor 568 Phalloidin 
Phalloidin 

Color number 1 1 1 2 1 

Ac
qu

isi
tio

n 

Polarization num 42 42 42 6 42 

Excitation 488 488 561 488, 561 561 

Step size × Slices 1 μm × 65 0.8 μm × 80 1 μm × 70 1 μm × 100 1 μm × 50 1 μm × 55 1 μm × 80 1 μm × 198 1 μm × 100 1 μm × 90 1 μm × 110 

Exposure time/slice 15 ms 30 ms 30 ms 50 ms 50 ms 50 ms 50 ms 50 ms 50 ms 50 ms 20 ms 

Acquisition time / 
time point 

41.0 s 100.8 s 88.2 s 210 s 15 s 16.5 s 24 s 59.4 s 30 s 27 s 92.4 s 

Time interval -- -- -- -- -- -- -- -- -- -- -- 

Total time points 1 1 1 1 1 1 1 1 1 1 1 

Total time 40.95 s 100.8 s 88.2 s 210 s 15 s 16.5 s 24 s 59.4 s 30 s 27 s 92.4 s 

Image size (each volume after 

cropping and interpolation) 
512×760×275 464×640×338 440×640×296 408×316×270 170×1226×156 202×910×207 298×1430×237 1348×1232×807 490×796×372 502×444×355 592×566×465 

Total data size 
4.2 G voxels, 

8.4 GB, 16 bit 

3.9 G voxels, 

7.8 GB, 16 bit 

3.3 G voxels, 

6.5 GB, 16 bit 

1.4 G voxels, 2.7 

GB, 16 bit 

186 M voxels, 372 

MB, 16 bit 

218 M voxels, 436 

MB, 16 bit 

578 M voxels, 1.13 

GB, 16 bit 

7.5 G voxels,  

15 GB, 16 bit 

830 M voxels, 

1.62 GB, 16 bit 

453 M voxels, 

906 MB, 16 bit 

6 G voxels,  

12 GB, 16 bit 

Polarization used 18 8 18 18 6 18 8 6 6 6 6 6 6 18 

Reconstruction time 8 min 7 min 7 min 6 min 5 min 3 min 3 min 2 min 3 min 6 min 71 min 9 min 6 min 10 min 

  422 
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Supplementary Table 4, Data acquisition and processing details for experimental data of live cells  423 

Samples 
Live HeLa 

Actin 

Live Macrophage 

Membrane 

Live U2OS 

Membrane 

Figures/Videos 

Fig. 5a-c,  

Sup. Fig. 17, 

Sup. Video 12 

Sup. Fig. 18c, d 

Fig. 5d, e,  

Sup. Fig. 20, 

Sup. Video 14 

Sup. Fig. 19, 

Sup. Video 13 

Fig. 5f-k, 

Sup. Video 16 

Sup. Fig. 21a-c, 

Sup. Video 15 bottom 

Sup. Fig. 21d Sample 2, 

Sup. Video 15 top 
Sup. Fig. 21d Sample 3 

Fluorescence Label Sir-Actin FM1-43 FM1-43 FM1-43, RFP-PH 

Color number 1 1 1 2 

Ac
qu

isi
tio

n 

Polarization num 8 6 8 6 6 

Excitation 640 488 488 488, 561 

Step size × Slices 1 μm × 100 1 μm × 90 1 μm × 120 1 μm × 48 1 μm × 65 1 μm × 70 

Exposure time/slice 20 ms 20 ms 20 ms 20 ms 10 ms 10 ms 

Acquisition time / time point 16 s 14.4 s 14.4 s 7.7 s 3.9 s 4.2 s 

Time interval 60 s 60 s 30 s 30 s 20 s 20 s 

Total time points 30 30 30 30 60 60 

Total time 30 min 30 min 15 min 15 min 20 min 20 min 

Image size (each volume after 

cropping and interpolation) 
543×648×405 572×580×380 700×700×400 340×565×203 300×300×215 360×480×275 360×360×296 360×460×279 

Total data size 
31.8 G voxels,  

63.6 GB, 16 bit 

28.1 G voxels, 

56.2 GB, 16 bit 

32.8 G voxels,  

65.6 GB, 16 bit 

8.7 G voxels,  

17.4 GB, 16 bit 

6.5 G voxel, 

13.0 GB, 16 bit 

31.8 G voxels, 63.7 

GB, 16 bit 

25.6 G voxels,  

51.2 GB, 16 bit 

30.8 G voxels,  

61.6 GB, 16 bit 

Polarization used 8 8 6 8 6 6 6 6 

Reconstruction time 280 min 245 min 304 min 84 min 91 min 228 min 190 min 228 min 

 424 

 425 
 426 
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Supplementary Notes 427 

Supplementary Note 1, Details of GRL scheme 428 

1.1 The general framework of GRL compared with traditional RL 429 

1.1.1 Traditional imaging process and RL framework 430 

Traditionally in fluorescence microscopy, fluorophores are treated as monopoles, and polarization 431 

is rarely considered. If the density of fluorophores at location 𝐫𝐫𝑜𝑜 is 𝑓𝑓(𝐫𝐫𝑜𝑜), and the microscope 432 

has an emission point spread function (PSF) ℎ(𝐫𝐫), the image recorded by the camera can be 433 

written as: 434 

𝑔𝑔(𝐫𝐫𝑑𝑑) = � d𝐫𝐫𝑜𝑜
 ℝ3

ℎ(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜)𝑓𝑓(𝐫𝐫𝑜𝑜) (1) 435 

where 𝐫𝐫𝑑𝑑 is the 3D coordinate vector in the image space and 𝐫𝐫𝑜𝑜 is the same in the object space. 436 

To partially reverse degradation introduced by blurring and Poisson noise, the Richardson-Lucy 437 

(RL) algorithm is widely used. The iterative form of this maximum-likelihood expectation-438 

maximization (MLEM) algorithm has the following expression:  439 

𝑒𝑒𝑘𝑘+1 = 𝑒𝑒𝑘𝑘 ×
1
𝑐𝑐

× �
𝑖𝑖

𝑒𝑒𝑘𝑘 ∗ ℎ
∗ ℎback�  (2) 440 

where 𝑒𝑒𝑘𝑘 is the 𝑘𝑘-th estimate of the desired object image, 𝑒𝑒𝑘𝑘+1 is the (𝑘𝑘 + 1)-th estimate. 𝑖𝑖 441 

is the measured image, ℎ the forward projector, ℎback the back projector, and ∗ denotes the 442 

convolution. The PSF is typically used for ℎ, and ℎback  is traditionally matched to ℎ  as its 443 

transpose by flipping the PSF. 𝑐𝑐 is called the vector of object-space sensitivity constants2: 444 

𝑐𝑐 = � d𝐫𝐫
 ℝ3

ℎ(𝐫𝐫) (3) 445 

However, the monopole assumption is an approximation, and here we more accurately model 446 

fluorophores as dipoles. Fluorescent dipoles can be represented as a spatial and angular 447 

distribution 𝑓𝑓(𝐫𝐫𝑜𝑜, 𝐬𝐬𝑜𝑜), describing the density of dipoles oriented in the direction 𝐬𝐬�𝑜𝑜 ∈ 𝕊𝕊2 and at 448 

location 𝐫𝐫𝑜𝑜 ∈ ℝ3.  449 

 450 
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1.1.2 Spatio-angular imaging process and GRL framework 451 

Using volume imaging polarized fluorescence microscopy (PFM), we can obtain a series of 3D 452 

image stacks from different detection views with different polarization modulations. We collect 453 

several intensity measurements 𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑) with excitation polarization 𝐩𝐩�, describing the resulting 454 

imaging process as3:  455 

𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑) = � d𝐫𝐫𝑜𝑜
 ℝ3

� d𝐬𝐬�𝑜𝑜
 𝕊𝕊2

ℎ𝐩𝐩�(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)𝑓𝑓(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) (4) 456 

where 𝐩𝐩� is treated as a discrete variable, and ℎ𝐩𝐩� is the dipole point spread function (PSF) with 457 

dipole polarization taken into consideration and determined by the imaging system and the 𝐩𝐩� 458 

excitation property of the fluorophore. It’s worth noting here that, 𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑), ℎ𝐩𝐩�(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) and 459 

𝑓𝑓(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)  descriptions in the spatial and spherical domain are natural nonnegative since the 460 

density of dipoles in a certain direction cannot be negative. 461 

Eq. (4) is an extension of Eq. (1) and a more generalized expression of the imaging process that 462 

maps the object space to the image space under the dipole assumption, but is no longer a 463 

standard convolution. So we define this imaging process, or forward projection, by the operator 464 

⋆ as: 465 

𝑓𝑓 ⋆ ℎ = � d𝐫𝐫𝑜𝑜
 ℝ3

� d𝐬𝐬�𝑜𝑜
 𝕊𝕊2

ℎ𝐩𝐩�(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)𝑓𝑓(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) (5) 466 

and correspondingly, we define the back projection from the image space to the object space by 467 

the operator ⋄ as: 468 

𝑔𝑔 ⋄ ℎback = � � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

ℎ𝐩𝐩�
back(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑 , 𝐬𝐬�𝑜𝑜)𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑) (6) 469 

Like the monopole case, to restore the spatial and angular distribution of fluorescent dipoles 470 

𝑓𝑓(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜), we can use a RL-like algorithm but need to incorporate two additional dimensions, the 471 

polarization 𝐩𝐩� and the orientation 𝐬𝐬�𝑜𝑜 to adjust the convolution process. We term this as the 472 

generalized Richardson-Lucy algorithm (GRL) with the following form:  473 

𝑒𝑒𝑘𝑘+1 = 𝑒𝑒𝑘𝑘 ×
1
𝑐𝑐

× �
𝑖𝑖

𝑒𝑒𝑘𝑘 ⋆ ℎ
⋄ ℎback�  (7) 474 

in which, the vector of object-space sensitivity constants is defined as:  475 
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𝑐𝑐(𝐬𝐬�𝑜𝑜) = � � d𝐫𝐫
 ℝ3𝐩𝐩�

ℎ𝐩𝐩�(𝐫𝐫, 𝐬𝐬�𝑜𝑜) (8) 476 

Unlike traditional RL where we do the summation of the scalar value ℎ(𝐫𝐫)  for intensity 477 

normalization ℎ sum(ℎ)⁄ , GRL requires the vector of object space sensitivity constant Eq. (8) to 478 

balance the mapping between multiple dimensions, especially the extra polarization and angular 479 

channel (Figure SN1). Otherwise, for example in the forward projection, we need to map from all 480 

𝐩𝐩� to each 𝐬𝐬�𝑜𝑜, since normalization is carried out for the whole ℎ, the difference of magnitude 481 

between different 𝐬𝐬�𝑜𝑜 will become larger as we iterate, so the iteration won’t converge.  482 

 483 

1.2 GRL framework implements 484 

Here we split the GRL iteration process in Eq. (7) into several steps as follows: 485 

Step 1, obtain the forward estimation 𝑖𝑖𝐩𝐩�′ (𝐫𝐫𝑑𝑑) by 486 

𝑖𝑖𝐩𝐩�′ (𝐫𝐫𝑑𝑑) = � d𝐫𝐫𝑜𝑜
 ℝ3

� d𝐬𝐬�𝑜𝑜
 𝕊𝕊2

ℎ𝐩𝐩�(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)𝑒𝑒𝑘𝑘(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) (9) 487 

Step 2, obtain the forward correction ratio 𝑖𝑖𝐩𝐩�′′(𝐫𝐫𝑑𝑑) by 488 

𝑖𝑖𝐩𝐩�′′(𝐫𝐫𝑑𝑑)  =
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝑖𝑖𝐩𝐩�′ (𝐫𝐫𝑑𝑑) (10) 489 

Step 3, obtain the back-projecting update matrix 𝑒𝑒𝑘𝑘′ (𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) by 490 

𝑒𝑒𝑘𝑘′ (𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) = � � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

ℎ𝐩𝐩�
back(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑 , 𝐬𝐬�𝑜𝑜)𝑖𝑖𝐩𝐩�′′(𝐫𝐫𝑑𝑑) (11) 491 

Step 4, obtain the updated estimation 𝑒𝑒𝑘𝑘′′(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) by 492 

𝑒𝑒𝑘𝑘′′(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) = 𝑒𝑒𝑘𝑘(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) × 𝑒𝑒𝑘𝑘′ (𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) (12) 493 

Step 5, obtain the latest estimation 𝑒𝑒𝑘𝑘+1(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) by sensitivity correction: 494 

𝑒𝑒𝑘𝑘+1(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) =
𝑒𝑒𝑘𝑘′′(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)
𝑐𝑐(𝐬𝐬�𝑜𝑜)  (13) 495 

and the initial estimation is usually obtained by: 496 

𝑒𝑒0(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) = � 𝑖𝑖𝐩𝐩�(𝐫𝐫𝑜𝑜)
𝐩𝐩�

 (14) 497 

In addition, Eq. (9), (11) contain convolution operations in the spatial domain (ℝ3) that can be 498 

calculated in the Fourier domain more rapidly, hence the entire backbone structure of our 499 

proposed GRL algorithm is the following:  500 
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Algorithm S1: Generalized Richardson-Lucy algorithm 501 

Input: 𝐾𝐾, ℎ𝐩𝐩�(𝐫𝐫, 𝐬𝐬�𝑜𝑜), ℎ𝐩𝐩�back(𝐫𝐫, 𝐬𝐬�𝑜𝑜), 𝑖𝑖𝐩𝐩�(𝐫𝐫) 

Output: 𝑒𝑒𝐾𝐾(𝐫𝐫, 𝐬𝐬�𝑜𝑜) 

𝑒𝑒0(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) = ∑ 𝑖𝑖𝐩𝐩�(𝐫𝐫𝑜𝑜)𝐩𝐩�   

𝑐𝑐(𝐬𝐬�𝑜𝑜) = ∑ ∫ d𝐫𝐫 ℝ3𝐩𝐩� ℎ𝐩𝐩�(𝐫𝐫, 𝐬𝐬�𝑜𝑜)  

For 𝑘𝑘 = 0, 1, 2, … ,𝐾𝐾 − 1: 

 𝐸𝐸𝑘𝑘(𝛖𝛖, 𝐬𝐬�𝑜𝑜) = ℱℝ3{𝑒𝑒𝑘𝑘(𝐫𝐫, 𝐬𝐬�𝑜𝑜)} 

 𝐼𝐼𝐩𝐩�′ (𝛖𝛖) = � d𝐬𝐬�𝑜𝑜𝐻𝐻𝐩𝐩�(𝛖𝛖, 𝐬𝐬�𝑜𝑜)𝐸𝐸𝑘𝑘(𝛖𝛖, 𝐬𝐬�𝑜𝑜)
 𝕊𝕊2

 

 𝑖𝑖𝐩𝐩�′ (𝐫𝐫) = ℱℝ3
−1�𝐼𝐼𝐩𝐩�′ (𝛖𝛖)� 

 𝑖𝑖𝐩𝐩�′′(𝐫𝐫) =
𝑖𝑖𝐩𝐩�(𝐫𝐫)
𝑖𝑖𝐩𝐩�′ (𝐫𝐫) 

 𝐼𝐼𝐩𝐩�′′(𝛖𝛖) = ℱℝ3�𝑖𝑖𝐩𝐩�′′(𝐫𝐫)� 

  𝐸𝐸𝑘𝑘′ (𝛖𝛖, 𝐬𝐬�𝑜𝑜) = � 𝐻𝐻𝐩𝐩�(𝛖𝛖,𝐬𝐬�𝑜𝑜)𝐼𝐼𝐩𝐩�′′(𝛖𝛖)
𝐩𝐩�

 

 𝑒𝑒𝑘𝑘′ (𝐫𝐫, 𝐬𝐬�𝑜𝑜) = ℱℝ3
−1{𝐸𝐸𝑘𝑘′ (𝛖𝛖, 𝐬𝐬�𝑜𝑜)} 

 𝑒𝑒𝑘𝑘′′(𝐫𝐫, 𝐬𝐬�𝑜𝑜) = 𝑒𝑒𝑘𝑘(𝐫𝐫, 𝐬𝐬�𝑜𝑜)𝑒𝑒𝑘𝑘′ (𝐫𝐫,𝐬𝐬�𝑜𝑜) 

 𝑒𝑒𝑘𝑘+1(𝐫𝐫, 𝐬𝐬�𝑜𝑜) =
𝑒𝑒𝑘𝑘′′(𝐫𝐫𝑜𝑜,𝐬𝐬�𝑜𝑜)
𝑐𝑐(𝐬𝐬�𝑜𝑜)  

End 

 502 

1.3 Mathematical derivation of GRL 503 

1.3.1 Likelihood function 504 

Let 𝑓𝑓  denote the sample and 𝑖𝑖  denote the image collected from camera. If 𝑖𝑖  has been 505 

obtained, we can achieve the estimation of 𝑓𝑓 by maximizing the conditional probability 𝑃𝑃(𝑓𝑓|𝑖𝑖). 506 

Based on Bayes’ theorem, we have: 507 
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𝑃𝑃(𝑓𝑓|𝑖𝑖) =
𝑃𝑃(𝑖𝑖|𝑓𝑓)𝑃𝑃(𝑓𝑓)

𝑃𝑃(𝑖𝑖)
 (15) 508 

Since 𝑃𝑃(𝑖𝑖) is independent of 𝑓𝑓, it can be ignored, and we just need to maximize 𝑃𝑃(𝑖𝑖|𝑓𝑓)𝑃𝑃(𝑓𝑓). 509 

This is equivalent to maximizing its natural logarithm 𝐾𝐾(𝑖𝑖|𝑓𝑓): 510 

𝐾𝐾(𝑖𝑖|𝑓𝑓) = ln[𝑃𝑃(𝑖𝑖|𝑓𝑓)𝑃𝑃(𝑓𝑓)] = ln𝑃𝑃(𝑖𝑖|𝑓𝑓) + 𝛾𝛾ln𝑃𝑃(𝑓𝑓) (16) 511 

in which,  ln𝑃𝑃(𝑖𝑖|𝑓𝑓)  denotes the likelihood function of sample, ln𝑃𝑃(𝑓𝑓)  and 𝛾𝛾  are the 512 

regularization term and a parameter. As 𝑔𝑔 is the ideal forward projection of 𝑓𝑓 and we set the 513 

regularization term to 0, maximizing 𝐾𝐾(𝑖𝑖|𝑓𝑓) is equivalent to maximizing: 514 

𝐿𝐿(𝑖𝑖|𝑔𝑔) = ln𝑃𝑃(𝑖𝑖|𝑔𝑔) (17) 515 

Under the assumption of Poisson noise, the conditional probability density function for an 516 

individual pixel at 𝐫𝐫𝑑𝑑 and polarization 𝐩𝐩� is given by: 517 

𝑃𝑃 �𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)�𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)� =
𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)

𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)!
𝑒𝑒−𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑) (18) 518 

Assuming that pixels are independent of each other, we have: 519 

𝑃𝑃(𝑖𝑖|𝑔𝑔) = � 𝑃𝑃�𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)�𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)�
𝐫𝐫𝑑𝑑,𝐩𝐩�

= �
𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)

𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)!
𝑒𝑒−𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)

𝐫𝐫𝑑𝑑,𝐩𝐩�
 (19) 520 

Then we obtain: 521 

𝐿𝐿(𝑖𝑖|𝑔𝑔) = ln�𝑃𝑃(𝑖𝑖|𝑔𝑔)� = � � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

�−𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑) + 𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)ln �𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)� − ln�𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)!��  (20) 522 

 523 

1.3.2 Maximize the likelihood function 524 

Estimating the density of dipoles oriented in the direction 𝐬𝐬�𝑜𝑜 and at location 𝐫𝐫𝑜𝑜 in sample 𝑓𝑓 is 525 

equivalent to maximizing the likelihood function: 526 

𝑓𝑓(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) = argmax
𝑓𝑓(𝐫𝐫𝑜𝑜,𝐬𝐬�𝑜𝑜)>0

𝐾𝐾(𝑖𝑖|𝑓𝑓) = argmax
𝑓𝑓(𝐫𝐫𝑜𝑜,𝐬𝐬�𝑜𝑜)>0

𝐿𝐿(𝑖𝑖|𝑔𝑔) (21) 527 

The partial derivative of 𝑓𝑓(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) with respect to 𝐿𝐿(𝑖𝑖|𝑔𝑔) becomes: 528 

𝜕𝜕𝜕𝜕(𝑖𝑖|𝑔𝑔)
𝜕𝜕𝜕𝜕(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) =

𝜕𝜕
𝜕𝜕𝜕𝜕(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) �� � d𝐫𝐫𝑑𝑑

 ℝ3𝐩𝐩�
�−𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑) + 𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)ln�𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)� − ln�𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)!���  (22) 529 

where 𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑) can be represented by 𝑓𝑓(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) as: 530 
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𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑) = � d𝐫𝐫𝑜𝑜
 ℝ3

� d𝐬𝐬�𝑜𝑜
 𝕊𝕊2

ℎ𝐩𝐩�(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)𝑓𝑓(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) (23) 531 

Based on Eq. (23), it can also be shown that the derivative of an element of 𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑) with 532 

respect to some other element of 𝑓𝑓(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) can be writen as 533 

𝜕𝜕𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝜕𝜕𝜕𝜕(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) = ℎ𝐩𝐩�(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) (24) 534 

Hence, the entire partial derivative has the following simplified process: 535 

𝜕𝜕𝜕𝜕(𝑖𝑖|𝑔𝑔)
𝜕𝜕𝜕𝜕(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)

=
𝜕𝜕

𝜕𝜕𝜕𝜕(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) �� � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

�−𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑) + 𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)ln �𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)� − ln�𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)!���

= � � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

�
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)

𝜕𝜕
𝜕𝜕𝜕𝜕(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)𝑔𝑔𝐩𝐩�

(𝐫𝐫𝑑𝑑)−
𝜕𝜕

𝜕𝜕𝜕𝜕(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)𝑔𝑔𝐩𝐩�
(𝐫𝐫𝑑𝑑)�

= � � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

�
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)ℎ𝐩𝐩�

(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) − ℎ𝐩𝐩�(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)�

= � � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

�
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)ℎ𝐩𝐩�

(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑 , 𝐬𝐬�𝑜𝑜)� −� � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

ℎ𝐩𝐩�(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑 , 𝐬𝐬�𝑜𝑜)

 (25) 536 

An extremum of this function occurs at a point where the derivative with respect to all 537 

components vanishes. To see whether the extremum is a minimum or a maximum, we take 538 

another derivative: 539 

𝜕𝜕2𝐿𝐿�𝑖𝑖�𝑔𝑔�
𝜕𝜕𝜕𝜕(𝐫𝐫𝑜𝑜,𝐬𝐬�𝑜𝑜)𝜕𝜕𝜕𝜕�𝐫𝐫𝑜𝑜′ ,𝐬𝐬�𝑜𝑜′ �

= 𝜕𝜕
𝜕𝜕𝜕𝜕�𝐫𝐫𝑜𝑜′ ,𝐬𝐬�𝑜𝑜′ �

�∑ ∫ d𝐫𝐫𝑑𝑑 ℝ3𝐩𝐩� �
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)ℎ𝐩𝐩�(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑 , 𝐬𝐬�𝑜𝑜)��

= 𝜕𝜕
𝜕𝜕𝜕𝜕�𝐫𝐫𝑜𝑜′ ,𝐬𝐬�𝑜𝑜′ �

�∑ ∫ d𝐫𝐫𝑑𝑑 ℝ3𝐩𝐩� �
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)ℎ𝐩𝐩�(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑 , 𝐬𝐬�𝑜𝑜)��

= ∑ ∫ d𝐫𝐫𝑑𝑑 ℝ3𝐩𝐩� �−
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝑔𝑔𝐩𝐩�
2(𝐫𝐫𝑑𝑑)

𝜕𝜕𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝜕𝜕𝜕𝜕�𝐫𝐫𝑜𝑜′ ,𝐬𝐬�𝑜𝑜′ �

ℎ𝐩𝐩�(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)�

= ∑ ∫ d𝐫𝐫𝑑𝑑 ℝ3𝐩𝐩� �−
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝑔𝑔𝐩𝐩�
2(𝐫𝐫𝑑𝑑)ℎ𝐩𝐩�(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜′ , 𝐬𝐬�𝑜𝑜′ )ℎ𝐩𝐩�(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)�

 

 (26)540 

All components of 𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑) , 𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)  and ℎ𝐩𝐩�(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑 , 𝐬𝐬�𝑜𝑜)  are nonnegative. Thus this second 541 

derivative is negative everywhere (i.e. the log-likelihood is concave), and any extremum must be 542 

a maximum.  543 

Maximizing the likelihood is thus equivalent to letting the partial derivative equal to 0: 544 

𝜕𝜕𝜕𝜕(𝑖𝑖|𝑔𝑔)
𝜕𝜕𝜕𝜕(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) = 0 (27) 545 

so we have: 546 
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� � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

ℎ𝐩𝐩�(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑 , 𝐬𝐬�𝑜𝑜) = � � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

�
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)ℎ𝐩𝐩�

(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑, 𝐬𝐬�𝑜𝑜)�  (28) 547 

and then: 548 

𝑓𝑓(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)� � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

ℎ𝐩𝐩�(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑, 𝐬𝐬�𝑜𝑜) = 𝑓𝑓(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)� � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

�
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑) ℎ𝐩𝐩�

(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑, 𝐬𝐬�𝑜𝑜)�  (29) 549 

The GRL algorithm can then be derived as the fixed-point iteration of the above formula:  550 

𝑒𝑒𝑘𝑘+1(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)

= 𝑒𝑒𝑘𝑘(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) ×
1

∑ ∫ d𝐫𝐫𝑑𝑑 ℝ3𝐩𝐩� ℎ𝐩𝐩�(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑 , 𝐬𝐬�𝑜𝑜)

× � � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

�
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑)ℎ𝐩𝐩�

(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑 , 𝐬𝐬�𝑜𝑜)�

= 𝑒𝑒𝑘𝑘(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜) ×
1

∑ ∫ d𝐫𝐫𝑑𝑑 ℝ3𝐩𝐩� ℎ𝐩𝐩�(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑 , 𝐬𝐬�𝑜𝑜)

× � � d𝐫𝐫𝑑𝑑
 ℝ3𝐩𝐩�

�
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)

∫ d𝐫𝐫𝑜𝑜 ℝ3 ∫ d𝐬𝐬�𝑜𝑜 𝕊𝕊2 ℎ𝐩𝐩�(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)𝑒𝑒𝑘𝑘(𝐫𝐫𝑜𝑜, 𝐬𝐬�𝑜𝑜)
× ℎ𝐩𝐩�(𝐫𝐫𝑜𝑜 − 𝐫𝐫𝑑𝑑, 𝐬𝐬�𝑜𝑜)�

 (30) 551 

For the PSF-related operations defined in Eq. (5)(6)(8), we can achieve the following simplified 552 

GRL expression: 553 

𝑒𝑒𝑘𝑘+1 = 𝑒𝑒𝑘𝑘 ×
1
𝑐𝑐

× �
𝑖𝑖

𝑒𝑒𝑘𝑘 ⋆ ℎ
⋄ ℎback�  (31) 554 

 555 

  556 
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 557 

Figure SN1, Impact of object space sensitive constant on GRL reconstruction. GRL reconstructions 558 
with assorted object space sensitive constants c applied to raw data exhibiting varying noise levels, 559 
including 1) non-normalized, 2) globally normalized across the polarization p, orientation s and spatial 560 
xyz channels, 3) within the polarization channel p, and 4) optimally, within just the spatial xyz and 561 
polarization p channels. See also Methods. Scale bars: 2 μm. 562 
 563 
 564 
  565 
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Supplementary Note 2, Optimization of GRL scheme 566 

2.1 Angular dimensionality reduction 567 

2.1.1 Imaging process 568 

When doing the calculation in the spherical domain, the brute-force approach would be to 569 

discretize 𝐬𝐬�𝑜𝑜 into thousands of orientations to approximately cover the whole angular space 𝕊𝕊2, 570 

but such an approach would imply a massive computational cost. By contrast, decomposing 571 

orientations into the spherical harmonic (SH) coefficients is an effective tool for describing the 572 

angular distribution, and we can use SH coefficients 𝐴𝐴𝑙𝑙𝑙𝑙  to describe the angular distribution 573 

𝑎𝑎(𝐬𝐬�):  574 

𝑎𝑎(𝐬𝐬�) = � � 𝐴𝐴𝑙𝑙𝑙𝑙𝑌𝑌𝑙𝑙𝑙𝑙(𝐬𝐬�)
𝑙𝑙

𝑚𝑚=−𝑙𝑙

∞

𝑙𝑙=0
 (32) 575 

where 𝑌𝑌𝑙𝑙𝑙𝑙(𝐬𝐬�) is the SH base function. In almost all kinds of PFM implementations, we think it is 576 

possible to perform such a conversion because of the angular band limit which truncates the SH 577 

coefficients to a small subset.  578 

From Eq.(4), the ideal imaging process can be written as: 579 

𝑔𝑔𝐩𝐩�(𝐫𝐫𝑑𝑑) = � � d𝐫𝐫𝑜𝑜
 ℝ3

� d𝐬𝐬�𝑜𝑜
 𝕊𝕊2

𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙(𝐫𝐫𝑑𝑑 − 𝐫𝐫𝑜𝑜)𝐹𝐹𝑙𝑙𝑙𝑙(𝐫𝐫𝑜𝑜)
𝑙𝑙𝑙𝑙

 (33) 580 

where we transfer the initial variables to angular-spectrum domain: 581 

𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙(𝐫𝐫) = � d𝐬𝐬�𝑜𝑜
 𝕊𝕊2

ℎ𝐩𝐩�(𝐫𝐫, 𝐬𝐬�𝑜𝑜)𝑌𝑌𝑙𝑙𝑙𝑙∗ (𝐬𝐬�) (34) 582 

𝐹𝐹𝑙𝑙𝑙𝑙(𝐫𝐫𝑜𝑜) = � d𝐬𝐬�𝑜𝑜
 𝕊𝕊2

𝑓𝑓(𝐫𝐫, 𝐬𝐬�𝑜𝑜)𝑌𝑌𝑙𝑙𝑙𝑙∗ (𝐬𝐬�) (35) 583 

 584 

2.1.2 Spherical harmonic multiplication and division 585 

1) Multiplication 586 

Let 𝑎𝑎(𝐬𝐬�)  and 𝑏𝑏(𝐬𝐬�)  be real-valued scalar functions defined on the unit sphere 𝕊𝕊2  with 587 

spherical harmonic expansions: 588 

𝑎𝑎(𝐬𝐬�) = � 𝐴𝐴𝑙𝑙𝑙𝑙𝑌𝑌𝑙𝑙𝑙𝑙(𝐬𝐬�)
𝑙𝑙𝑙𝑙

 (36) 589 
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𝑏𝑏(𝐬𝐬�) = � 𝐵𝐵𝑙𝑙𝑙𝑙𝑌𝑌𝑙𝑙𝑙𝑙(𝐬𝐬�)
𝑙𝑙𝑙𝑙

 (37) 590 

We define their pointwise product as: 591 

𝑐𝑐(𝐬𝐬�) = 𝑎𝑎(𝐬𝐬�) ∙ 𝑏𝑏(𝐬𝐬�) (38) 592 

which we would like to express in terms of expansion coefficients. First, we expand terms 593 

𝑐𝑐(𝐬𝐬�) = �� 𝐴𝐴𝑙𝑙𝑙𝑙𝑌𝑌𝑙𝑙𝑙𝑙(𝐬𝐬�)
𝑙𝑙𝑙𝑙

� �� 𝐵𝐵𝑙𝑙′𝑚𝑚′𝑌𝑌𝑙𝑙′𝑚𝑚′(𝐬𝐬�)
𝑙𝑙′𝑚𝑚′

� = � � 𝐴𝐴𝑙𝑙𝑙𝑙𝐵𝐵𝑙𝑙′𝑚𝑚′𝑌𝑌𝑙𝑙𝑙𝑙(𝐬𝐬�)𝑌𝑌𝑙𝑙′𝑚𝑚′(𝐬𝐬�)
𝑙𝑙′𝑚𝑚′𝑙𝑙𝑙𝑙

 (39) 594 

Next, we project 𝑐𝑐(𝐬𝐬�)  onto the spherical harmonics by taking the inner product with 595 

𝑌𝑌𝑙𝑙′′𝑚𝑚′′(𝐬𝐬�): 596 

𝐶𝐶𝑙𝑙′′𝑚𝑚′′ = � d𝐬𝐬�
 𝕊𝕊2

𝑐𝑐(𝐬𝐬�) 𝑌𝑌𝑙𝑙′′𝑚𝑚′′(𝐬𝐬�) = � � 𝐴𝐴𝑙𝑙𝑙𝑙𝐵𝐵𝑙𝑙′𝑚𝑚′ � d𝐬𝐬�
 𝕊𝕊2

𝑌𝑌𝑙𝑙𝑙𝑙(𝐬𝐬�)𝑌𝑌𝑙𝑙′𝑚𝑚′(𝐬𝐬�)𝑌𝑌𝑙𝑙′′𝑚𝑚′′(𝐬𝐬�)
𝑙𝑙′𝑚𝑚′𝑙𝑙𝑙𝑙

 (40) 597 

We simplify by defining the Gaunt coefficients as 598 

𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′
𝑚𝑚𝑚𝑚′𝑚𝑚′′

= � d𝐬𝐬�
 𝕊𝕊2

𝑌𝑌𝑙𝑙𝑙𝑙(𝐬𝐬�)𝑌𝑌𝑙𝑙′𝑚𝑚′(𝐬𝐬�)𝑌𝑌𝑙𝑙′′𝑚𝑚′′(𝐬𝐬�) (41) 599 

And substitute into Eq. (40) 600 

𝐶𝐶𝑙𝑙′′𝑚𝑚′′ = � � 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′
𝑚𝑚𝑚𝑚′𝑚𝑚′′

𝐴𝐴𝑙𝑙𝑙𝑙𝐵𝐵𝑙𝑙′𝑚𝑚′
𝑙𝑙′𝑚𝑚′𝑙𝑙𝑙𝑙

 (42) 601 

Sometimes it is valuable to rewrite this expression in matrix-vector form. If we define boldface 602 

vectors 𝐀𝐀, 𝐁𝐁, 𝐂𝐂 ∈ ℝ𝑁𝑁, where 𝑁𝑁 is the number of expansion coefficients in the product, we can 603 

rewrite Eq. (42) as 604 

𝐂𝐂 = 𝐌𝐌(𝐁𝐁) ∙ 𝐀𝐀 (43) 605 

Where the matrix 𝐌𝐌(𝐁𝐁) ∈ ℝ𝑁𝑁×𝑁𝑁 is 606 

𝐌𝐌𝑙𝑙′′𝑚𝑚′′𝑙𝑙𝑙𝑙(𝐁𝐁) = � 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′
𝑚𝑚𝑚𝑚′𝑚𝑚′′

𝐵𝐵𝑙𝑙′𝑚𝑚′
𝑙𝑙′𝑚𝑚′

 (44) 607 

Note that multiplication commutes, i.e. the order does not matter, so Eq. (43) can be rewritten 608 

as 609 

𝐂𝐂 = 𝐌𝐌(𝐀𝐀) ∙ 𝐁𝐁 (45) 610 

2) Division 611 

Now consider computing the quotient of two spherical functions: 612 

𝑎𝑎(𝐬𝐬�) =
𝑐𝑐(𝐬𝐬�)
𝑏𝑏(𝐬𝐬�)

 (46) 613 

Rearranging into a product 𝑐𝑐(𝐬𝐬�) = 𝑎𝑎(𝐬𝐬�) ∙ 𝑏𝑏(𝐬𝐬�)  then applying the result from Eq. (43) yields: 614 
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𝐂𝐂 = 𝐌𝐌(𝐁𝐁) ∙ 𝐀𝐀 (47) 615 

If 𝐌𝐌(𝐁𝐁) is invertible, the spherical harmonic coefficients of the quotient are given by 616 

𝐀𝐀 = [𝐌𝐌(𝐁𝐁)]−1 ∙ 𝐂𝐂 (48) 617 

Note that division does not commute, i.e. the order matters, so we cannot swap the order of 618 

𝐁𝐁 and 𝐂𝐂. Specifically, 619 

𝐀𝐀 ≠ [𝐌𝐌(𝐂𝐂)]−1 ∙ 𝐁𝐁 (49) 620 

2.1.3 Iterative process 621 

To simplify the calculation and match the above dipole spatio-angular point spread function Eq. 622 

(33), we rewrite the operations of Eq. (9)-(13) in the SH domain. Let ℱ𝕊𝕊2  and ℱℝ3 denote the 623 

SH transform and Fourier transform, ℱ𝕊𝕊2
−1 and ℱℝ3

−1 the inverse of SH transform and Fourier 624 

transform. We will use the italic capital letters to represent the results of the Fourier or SH 625 

transform, and the block capitals letters to represent the results after both transforms, e.g., 𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙 626 

is the result of ℱ𝕊𝕊2{𝑒𝑒𝑘𝑘} or ℱℝ3{𝑒𝑒𝑘𝑘} while E𝑘𝑘,𝑙𝑙𝑙𝑙 represents the result of ℱ𝕊𝕊2ℱℝ3{𝑒𝑒𝑘𝑘}. 627 

First, the initial estimate is: 628 

𝐸𝐸0,𝑙𝑙𝑙𝑙(𝐫𝐫) = �
� 𝑖𝑖𝐩𝐩�(𝐫𝐫)

𝐩𝐩�
, 𝑙𝑙 = 0,𝑚𝑚 = 0

0, others
 (50) 629 

Then,  630 

Step 1, forward projection in Eq. (9) changes to: 631 

𝐼𝐼𝐩𝐩�′ (𝛖𝛖) = � H𝐩𝐩�,𝑙𝑙𝑙𝑙(𝛖𝛖)E𝑘𝑘,𝑙𝑙𝑙𝑙(𝛖𝛖)
𝑙𝑙𝑙𝑙

(51) 632 

Step 2, the forward correction ratio maintains the same as Eq. (10): 633 

𝑖𝑖𝐩𝐩�′′(𝐫𝐫𝑑𝑑)  =
𝑖𝑖𝐩𝐩�(𝐫𝐫𝑑𝑑)
𝑖𝑖𝐩𝐩�′ (𝐫𝐫𝑑𝑑) (52) 634 

Step 3, the back-projecting update matrix in Eq. (11) changes to: 635 

E𝑘𝑘,𝑙𝑙𝑙𝑙
′ (𝛖𝛖) = � H𝐩𝐩�,𝑙𝑙𝑙𝑙

back(𝛖𝛖)𝐼𝐼𝐩𝐩�′′(𝛖𝛖)
𝐩𝐩�

(53) 636 

Step 4, the updated estimation in Eq. (12) can be changed to: 637 

𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙
′′ (𝐫𝐫) = � � 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′

𝑚𝑚𝑚𝑚′𝑚𝑚′′
𝐸𝐸𝑘𝑘,𝑙𝑙′𝑚𝑚′(𝐫𝐫)𝐸𝐸𝑘𝑘,𝑙𝑙′′𝑚𝑚′′

′ (𝐫𝐫)
𝑙𝑙′′𝑚𝑚′′𝑙𝑙′𝑚𝑚′

(54) 638 
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in which, 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′
𝑚𝑚𝑚𝑚′𝑚𝑚′′

 is the real Gaunt coefficient4, and can be calculated by: 639 

𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′
𝑚𝑚𝑚𝑚′𝑚𝑚′′

= � d𝐬𝐬�
 𝕊𝕊2

𝑌𝑌𝑙𝑙𝑙𝑙(𝐬𝐬�)𝑌𝑌𝑙𝑙′𝑚𝑚′(𝐬𝐬�)𝑌𝑌𝑙𝑙′′𝑚𝑚′′(𝐬𝐬�) . (55) 640 

Step 5, the latest estimation after sensitivity correction in Eq. (13) changes to: 641 

𝐸𝐸𝑘𝑘+1,𝑙𝑙𝑙𝑙(𝐫𝐫) = � 𝑀𝑀𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′
−1 (𝐫𝐫)𝐸𝐸𝑘𝑘,𝑙𝑙′𝑚𝑚′

′′

𝑙𝑙′𝑚𝑚′
 , (56) 642 

where: 643 

𝑀𝑀𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′  (𝐫𝐫) = � 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′
𝑚𝑚𝑚𝑚′𝑚𝑚′′

𝑐𝑐𝑙𝑙′′𝑚𝑚′′(𝐫𝐫)
𝑙𝑙′′𝑚𝑚′′

 , (57) 644 

and 𝑀𝑀𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′
−1 (𝐫𝐫) means that, for each 𝐫𝐫, we calculate the inverse of the 2D matrix 𝑀𝑀𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′ 645 

build by dimension 𝑙𝑙𝑙𝑙 and 𝑙𝑙′𝑚𝑚′.  646 

By fully transforming operations from the spherical domain to the SH domain, GRL can achieve 647 

a 30-and 15-fold reduction in terms of computation time and RAM requirement, respectively 648 

(Figure SN2). 649 

Algorithm S2: Generalized Richardson-Lucy in Spherical harmonics domain 650 

Input: 𝐾𝐾, H𝐩𝐩�,𝑙𝑙𝑙𝑙(𝛖𝛖), 𝑖𝑖𝐩𝐩�(𝐫𝐫) 

Output: 𝐸𝐸𝐾𝐾,𝑙𝑙𝑙𝑙(𝐫𝐫) 

𝐸𝐸0,𝑙𝑙𝑙𝑙(𝐫𝐫) = �
∑ 𝑖𝑖𝐩𝐩�(𝐫𝐫)𝐩𝐩� , 𝑙𝑙 = 0,𝑚𝑚 = 0

0, others
  

𝑐𝑐𝑙𝑙𝑙𝑙 = ∑ ∫ d𝐫𝐫 ℝ3𝐩𝐩 ℎ𝐩𝐩�,𝑙𝑙𝑙𝑙(𝐫𝐫)  

For 𝑘𝑘 = 0, 1, 2, … ,𝐾𝐾 − 1: 

 E𝑘𝑘,𝑙𝑙𝑙𝑙(𝛖𝛖) = ℱℝ3�𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙(𝐫𝐫)� 

 𝐼𝐼𝐩𝐩�′ (𝛖𝛖) = � H𝐩𝐩�,𝑙𝑙𝑙𝑙(𝛖𝛖)E𝑘𝑘,𝑙𝑙𝑙𝑙(𝛖𝛖)
𝑙𝑙𝑙𝑙

 

 𝑖𝑖𝐩𝐩�′ (𝐫𝐫) = ℱℝ3
−1�𝐼𝐼𝐩𝐩�′ (𝛖𝛖)� 

 𝑖𝑖𝐩𝐩�′′(𝐫𝐫) =
𝑖𝑖𝐩𝐩�(𝐫𝐫)
𝑖𝑖𝐩𝐩�′ (𝐫𝐫) 
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 𝐼𝐼𝐩𝐩�′′(𝛖𝛖) = ℱℝ3�𝑖𝑖𝐩𝐩�′′(𝐫𝐫)� 

  E𝑘𝑘,𝑙𝑙𝑙𝑙
′ (𝛖𝛖) = � H𝐩𝐩�,𝑙𝑙𝑙𝑙

back(𝛖𝛖)𝐼𝐼𝐩𝐩�′′(𝛖𝛖)
𝐩𝐩�

 

 𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙
′ (𝐫𝐫) = ℱℝ3

−1�E𝑘𝑘,𝑙𝑙𝑙𝑙
′ (𝛖𝛖)� 

 𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙
′′ (𝐫𝐫) = � � 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′

𝑚𝑚𝑚𝑚′𝑚𝑚′′
𝐸𝐸𝑘𝑘,𝑙𝑙′𝑚𝑚′(𝐫𝐫)𝐸𝐸𝑘𝑘,𝑙𝑙′′𝑚𝑚′′

′ (𝐫𝐫)
𝑙𝑙′′𝑚𝑚′′𝑙𝑙′𝑚𝑚′

 

 𝑀𝑀𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′  (𝐫𝐫) = � 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′
𝑚𝑚𝑚𝑚′𝑚𝑚′′

𝑐𝑐𝑙𝑙′′𝑚𝑚′′(𝐫𝐫)
𝑙𝑙′′𝑚𝑚′′

 

 𝐸𝐸𝑘𝑘+1,𝑙𝑙𝑙𝑙(𝐫𝐫) = � 𝑀𝑀𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′
−1 (𝐫𝐫)𝐸𝐸𝑘𝑘,𝑙𝑙′𝑚𝑚′

′′

𝑙𝑙′𝑚𝑚′
 

End 

 651 

2.2 Iterative framework modification 652 

The traditional Richardson-Lucy algorithm has the following form:  653 

𝑒𝑒𝑘𝑘+1 = 𝑒𝑒𝑘𝑘 ×
1
𝑐𝑐

× �
𝑖𝑖

𝑒𝑒𝑘𝑘 ⋆ ℎ
⋆ ℎback�  (58) 654 

which involves a comparison of the measured projection data 𝑖𝑖 with calculated projections 𝑒𝑒𝑘𝑘 ⋆655 

ℎ. When we consider extending the method to three or more dimensions, the arrays of measured 656 

and calculated projection data become excessively large. A modification was developed to handle 657 

the data without requiring such large arrays. This method, referred to as to the image space 658 

reconstruction algorithm5 (ISRA), reverses the ordering of the comparison and back-projection 659 

steps by back-projecting the measured projection data ( 𝑖𝑖 ⋆ ℎback , which can potentially be 660 

performed event-by-event in real time during data collection) and then uses this back-projected 661 

data image as the basis for comparison. The basic equation of this algorithm is given by: 662 

𝑒𝑒𝑘𝑘+1 = 𝑒𝑒𝑘𝑘 × �
𝑖𝑖 ⋆ ℎback

𝑒𝑒𝑘𝑘 ⋆ ℎ ⋆ ℎback
�  (59) 663 

and no longer requires the object space sensitive constant term 𝑐𝑐.  664 

Regarding the generalized Richardson-Lucy algorithm in the spherical harmonics domain 665 

(Algorithm S2) in spatio-angular hyperspace, the arrays of measured and calculated projection 666 
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data become excessively large due to the involving polarization channel in Eq. (51)-(53). We draw 667 

a direct analogy to GRL, and term this the efficient generalized Richardson-Lucy algorithm: 668 

𝐸𝐸𝑘𝑘+1,𝑙𝑙𝑙𝑙(𝐫𝐫) = 𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙(𝐫𝐫) ×Mul
𝑖𝑖𝐩𝐩�(𝐫𝐫) ⋄ 𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙

(back)(𝐫𝐫)

𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙(𝐫𝐫) ⋆ 𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙(𝐫𝐫) ⋄ 𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙
(back)(𝐫𝐫)

Div   (60) 669 

which contains fewer steps comparing with Eq. (7) and these two terms, 𝑖𝑖𝐩𝐩�(𝐫𝐫) ⋄ 𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙
(back)(𝐫𝐫) and 670 

𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙(𝐫𝐫) ⋄ 𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙
(back)(𝐫𝐫) can be calculated before iterations.  671 

The forward projection 𝑖𝑖𝐩𝐩�(𝐫𝐫) ⋄ 𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙
(back)(𝐫𝐫) is given by: 672 

𝑖𝑖𝐩𝐩�(𝐫𝐫) ⋄ 𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙
(back)(𝐫𝐫) = ℱℝ3

−1 �� ℱℝ3 �H𝐩𝐩�,𝑙𝑙′𝑚𝑚′
back (𝐫𝐫)�ℱℝ3�𝑖𝑖𝐩𝐩�(𝐫𝐫)�

𝐩𝐩�
�  (61) 673 

and the forward and backward projection 𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙(𝐫𝐫) ⋆ 𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙(𝐫𝐫) ⋄ 𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙
(back)(𝐫𝐫) is: 674 

𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙
′ (𝐫𝐫) = ℱℝ3

−1 �� H𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′
comb (𝛖𝛖)ℱℝ3�E𝑘𝑘,𝑙𝑙′𝑚𝑚′(𝐫𝐫)�

𝑙𝑙′𝑚𝑚′
�  (62) 675 

where the continuous forward and backward projectors can be combined into one operator: 676 

H𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′
comb (𝛖𝛖) = � ℱℝ3�𝐻𝐻𝐩𝐩�,𝑙𝑙𝑙𝑙(𝐫𝐫)�ℱℝ3 �𝐻𝐻𝐩𝐩�,𝑙𝑙′𝑚𝑚′

back (𝐫𝐫)�
𝐩𝐩�

 (63) 677 

There are no more iterative operations involving the polarization 𝐩𝐩�, reducing the computation 678 

especially when the number of polarization modulations is much more than that of SH coefficients 679 

(Figure SN2). Note that the vector of object-space sensitivity constants in Eq. (8) is no longer 680 

needed. 681 

Here we give the backbone of our final eGRL algorithm:  682 

Algorithm S3: Efficient Generalized Richardson-Lucy algorithm 683 

Input: 𝐾𝐾, H𝐩𝐩�,𝑙𝑙𝑙𝑙(𝛖𝛖), H𝐩𝐩�,𝑙𝑙𝑙𝑙
back(𝛖𝛖), 𝑖𝑖𝐩𝐩�(𝐫𝐫) 

Output: 𝐸𝐸𝐾𝐾,𝑙𝑙𝑙𝑙(𝐫𝐫) 

𝐸𝐸0,𝑙𝑙𝑙𝑙(𝐫𝐫) = �
∑ 𝑖𝑖𝐩𝐩�(𝐫𝐫)𝐩𝐩� , 𝑙𝑙 = 0,𝑚𝑚 = 0

0, others
  

𝐼𝐼𝐩𝐩�(𝛖𝛖) = ℱℝ3�𝑖𝑖𝐩𝐩�(𝐫𝐫)� 

E𝑙𝑙𝑙𝑙(𝛖𝛖) = � H𝐩𝐩�,𝑙𝑙𝑙𝑙
back(𝛖𝛖)𝐼𝐼𝐩𝐩�(𝛖𝛖)

𝐩𝐩�
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𝐸𝐸𝑙𝑙𝑙𝑙(𝐫𝐫) = ℱℝ3
−1{E𝑙𝑙𝑙𝑙(𝛖𝛖)}  

H𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′
comb (𝛖𝛖) = � H𝐩𝐩�,𝑙𝑙𝑙𝑙(𝛖𝛖)H𝐩𝐩�,𝑙𝑙′𝑚𝑚′

back (𝛖𝛖)
𝐩𝐩�

 

For 𝑘𝑘 = 0, 1, 2, … ,𝐾𝐾 − 1: 

 E𝑘𝑘,𝑙𝑙𝑙𝑙(𝛖𝛖) = ℱℝ3�𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙(𝐫𝐫)� 

 E𝑘𝑘,𝑙𝑙𝑙𝑙
′ (𝛖𝛖) = � H𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′

comb (𝛖𝛖)E𝑘𝑘,𝑙𝑙′𝑚𝑚′(𝛖𝛖)
𝑙𝑙′𝑚𝑚′

 

 𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙
′ (𝐫𝐫) = ℱℝ3

−1�E𝑘𝑘,𝑙𝑙𝑙𝑙
′ (𝛖𝛖)� 

 𝑀𝑀𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′  (𝐫𝐫) = � 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′
𝑚𝑚𝑚𝑚′𝑚𝑚′′

𝐸𝐸𝑘𝑘,𝑙𝑙′′𝑚𝑚′′
′ (𝐫𝐫)

𝑙𝑙′′𝑚𝑚′′
 

 𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙
′′ (𝐫𝐫) = � 𝑀𝑀𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′

−1 (𝐫𝐫)𝐸𝐸𝑙𝑙′𝑚𝑚′(𝐫𝐫)
𝑙𝑙′𝑚𝑚′

 

 𝐸𝐸𝑘𝑘+1,𝑙𝑙𝑙𝑙(𝐫𝐫) = � � 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′
𝑚𝑚𝑚𝑚′𝑚𝑚′′

𝐸𝐸𝑘𝑘,𝑙𝑙′𝑚𝑚′(𝐫𝐫)𝐸𝐸𝑘𝑘,𝑙𝑙′′𝑚𝑚′′
′′ (𝐫𝐫)

𝑙𝑙′′𝑚𝑚′′𝑙𝑙′𝑚𝑚′
 

End 

 684 

and its additive form for dual-view microscopy like pol-diSPIM, i.e., spatio-angular deconvolution 685 

of polarization images in each view separately and then perform the additive fusion: 686 

Algorithm S4: Efficient Generalized Richardson-Lucy for pol-diSPIM (the additive form) 687 

Input: 𝐾𝐾, H𝐩𝐩�,𝑙𝑙𝑙𝑙
(𝑣𝑣1) (𝛖𝛖), H𝐩𝐩�,𝑙𝑙𝑙𝑙

(𝑣𝑣2) (𝛖𝛖), H𝐩𝐩�,𝑙𝑙𝑙𝑙
back(𝑣𝑣1)(𝛖𝛖), H𝐩𝐩�,𝑙𝑙𝑙𝑙

back(𝑣𝑣2)(𝛖𝛖), 𝑖𝑖𝐩𝐩�
(𝑣𝑣1)(𝐫𝐫), 𝑖𝑖𝐩𝐩�

(𝑣𝑣2)(𝐫𝐫) 

Output: 𝐸𝐸𝐾𝐾,𝑙𝑙𝑙𝑙(𝐫𝐫) 

𝐸𝐸0,𝑙𝑙𝑙𝑙(𝐫𝐫) = �∑ 𝑖𝑖𝐩𝐩�
(𝑣𝑣1)(𝐫𝐫)𝐩𝐩� +∑ 𝑖𝑖𝐩𝐩�

(𝑣𝑣2)(𝐫𝐫)𝐩𝐩� , 𝑙𝑙 = 0,𝑚𝑚 = 0
0, others

  

𝐼𝐼𝐩𝐩�
(𝑣𝑣1)(𝛖𝛖) = ℱℝ3�𝑖𝑖𝐩𝐩�

(𝑣𝑣1)(𝐫𝐫)� 

𝐼𝐼𝐩𝐩�
(𝑣𝑣2)(𝛖𝛖) = ℱℝ3�𝑖𝑖𝐩𝐩�

(𝑣𝑣2)(𝐫𝐫)� 

E𝑙𝑙𝑙𝑙
(𝑣𝑣1)(𝛖𝛖) = � H𝐩𝐩�,𝑙𝑙𝑙𝑙

back(𝑣𝑣1)(𝛖𝛖)𝐼𝐼𝐩𝐩�
(𝑣𝑣1)(𝛖𝛖)

𝐩𝐩�
 

𝐸𝐸𝑙𝑙𝑙𝑙
(𝑣𝑣1)(𝐫𝐫) = ℱℝ3

−1�E𝑙𝑙𝑙𝑙
(𝑣𝑣1)(𝛖𝛖)�  
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E𝑙𝑙𝑙𝑙
(𝑣𝑣2)(𝛖𝛖) = � H𝐩𝐩�,𝑙𝑙𝑙𝑙

back(𝑣𝑣2)(𝛖𝛖)𝐼𝐼𝐩𝐩�
(𝑣𝑣2)(𝛖𝛖)

𝐩𝐩�
 

𝐸𝐸𝑙𝑙𝑙𝑙
(𝑣𝑣2)(𝐫𝐫) = ℱℝ3

−1�E𝑙𝑙𝑙𝑙
(𝑣𝑣2)(𝛖𝛖)�  

H𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′
comb(𝑣𝑣1)(𝛖𝛖) = � H𝐩𝐩�,𝑙𝑙𝑙𝑙

(𝑣𝑣1) (𝛖𝛖)H𝐩𝐩�,𝑙𝑙′𝑚𝑚′
back(𝑣𝑣1)(𝛖𝛖)

𝐩𝐩�
 

H𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′
comb(𝑣𝑣2)(𝛖𝛖) = � H𝐩𝐩�,𝑙𝑙𝑙𝑙

(𝑣𝑣2) (𝛖𝛖)H𝐩𝐩�,𝑙𝑙′𝑚𝑚′
back(𝑣𝑣2)(𝛖𝛖)

𝐩𝐩�
 

For 𝑘𝑘 = 0, 1, 2, … ,𝐾𝐾 − 1: 

 E𝑘𝑘,𝑙𝑙𝑙𝑙(𝛖𝛖) = ℱℝ3�𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙(𝐫𝐫)� 

 View 1 

  E𝑘𝑘,𝑙𝑙𝑙𝑙
′(𝑣𝑣1)(𝛖𝛖) = � H𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′

comb(𝑣𝑣1)(𝛖𝛖)E𝑘𝑘,𝑙𝑙′𝑚𝑚′
(𝑣𝑣1) (𝛖𝛖)

𝑙𝑙′𝑚𝑚′
 

  𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙
′(𝑣𝑣1)(𝐫𝐫) = ℱℝ3

−1�E𝑘𝑘,𝑙𝑙𝑙𝑙
′(𝑣𝑣1)(𝛖𝛖)� 

  𝑀𝑀𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′
(𝑣𝑣1)  (𝐫𝐫) = � 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′

𝑚𝑚𝑚𝑚′𝑚𝑚′′
𝐸𝐸𝑘𝑘,𝑙𝑙′′𝑚𝑚′′
′(𝑣𝑣1) (𝐫𝐫)

𝑙𝑙′′𝑚𝑚′′
 

  𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙
′′(𝑣𝑣1)(𝐫𝐫) = � 𝑀𝑀𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′

−1(𝑣𝑣1) (𝐫𝐫)𝐸𝐸𝑙𝑙′𝑚𝑚′
(𝑣𝑣1)(𝐫𝐫)

𝑙𝑙′𝑚𝑚′
 

  𝐸𝐸𝑘𝑘+1,𝑙𝑙𝑙𝑙
(𝑣𝑣1) (𝐫𝐫) = � � 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′

𝑚𝑚𝑚𝑚′𝑚𝑚′′
𝐸𝐸𝑘𝑘,𝑙𝑙′𝑚𝑚′

(𝑣𝑣1) (𝐫𝐫)𝐸𝐸𝑘𝑘,𝑙𝑙′′𝑚𝑚′′
′′(𝑣𝑣1) (𝐫𝐫)

𝑙𝑙′′𝑚𝑚′′𝑙𝑙′𝑚𝑚′
 

 View 2 

  E𝑘𝑘,𝑙𝑙𝑙𝑙
′(𝑣𝑣2)(𝛖𝛖) = � H𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′

comb(𝑣𝑣2)(𝛖𝛖)E𝑘𝑘,𝑙𝑙′𝑚𝑚′
(𝑣𝑣2) (𝛖𝛖)

𝑙𝑙′𝑚𝑚′
 

  𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙
′(𝑣𝑣2)(𝐫𝐫) = ℱℝ3

−1�E𝑘𝑘,𝑙𝑙𝑙𝑙
′(𝑣𝑣2)(𝛖𝛖)� 

  𝑀𝑀𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′
(𝑣𝑣2)  (𝐫𝐫) = � 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′

𝑚𝑚𝑚𝑚′𝑚𝑚′′
𝐸𝐸𝑘𝑘,𝑙𝑙′′𝑚𝑚′′
′(𝑣𝑣2) (𝐫𝐫)

𝑙𝑙′′𝑚𝑚′′
 

  𝐸𝐸𝑘𝑘,𝑙𝑙𝑙𝑙
′′(𝑣𝑣2)(𝐫𝐫) = � 𝑀𝑀𝑙𝑙𝑙𝑙,𝑙𝑙′𝑚𝑚′

−1(𝑣𝑣2) (𝐫𝐫)𝐸𝐸𝑙𝑙′𝑚𝑚′
(𝑣𝑣2)(𝐫𝐫)

𝑙𝑙′𝑚𝑚′
 

  𝐸𝐸𝑘𝑘+1,𝑙𝑙𝑙𝑙
(𝑣𝑣2) (𝐫𝐫) = � � 𝐺𝐺𝑙𝑙𝑙𝑙′𝑙𝑙′′

𝑚𝑚𝑚𝑚′𝑚𝑚′′
𝐸𝐸𝑘𝑘,𝑙𝑙′𝑚𝑚′

(𝑣𝑣2) (𝐫𝐫)𝐸𝐸𝑘𝑘,𝑙𝑙′′𝑚𝑚′′
′′(𝑣𝑣2) (𝐫𝐫)

𝑙𝑙′′𝑚𝑚′′𝑙𝑙′𝑚𝑚′
 

 𝐸𝐸𝑘𝑘+1,𝑙𝑙𝑙𝑙(𝐫𝐫) =
1
2
�𝐸𝐸𝑘𝑘+1,𝑙𝑙𝑙𝑙

(𝑣𝑣1) (𝐫𝐫) + 𝐸𝐸𝑘𝑘+1,𝑙𝑙𝑙𝑙
(𝑣𝑣2) (𝐫𝐫)� 

End 



61 
 

  688 
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 689 

Figure SN2, GRL and eGRL for hyperspace spatio-angular image reconstruction frameworks. a) The 690 
structure of GRL for each iterative step includes FP (forward projection), DV (division), BP (back 691 
projection), Norm (normalization by object space sensitivity constant) and Update, with a similar form 692 
as the traditional Richardson-Lucy algorithm, but extending to hyperspace with additional polarization 693 
(Pol) or orientation (Ori) dimensions. b), c) Framework of eGRL variant of GRL. Note only the three 694 
steps in b need to be calculated in each iteration and the other steps in c can be precomputed, resulting 695 
in a faster runtime than GRL. d) Time and memory cost of GRL, GRL in SH domain (after angular domain 696 
transformation) and final eGRL reconstruction in a dataset with 100×100×100 voxels and 42 697 
polarization modulations. Left: the reduction of time and memory cost by transferring the computation 698 
from spherical domain to SH domain; Right: comparison of time and memory cost between GRL and 699 
eGRL iteration structure, both in SH domain. Note eGRL in the SH domain offers a 30-fold improvement 700 
in both time and memory cost over the native GRL implementation in the spherical domain. e) Bar 701 
graphs of the time required to process the datasets with different number of voxels and polarization 702 
modulations (pols) by GRL and the variant eGRL, showing the eGRL is more efficient than the GRL.  703 
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