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In this supplementary material, we will present further theoretical derivations and computational details of the contents in the main text. This supplementary material consists of two parts: theory and computation.
[bookmark: _Toc205461292][bookmark: _Toc205461824]Part 1: Theory
[bookmark: _Toc205461293][bookmark: _Toc205461825]A. Fully connected neural network construction
The fully connected neural network is a parameterized nested combination of multiple nonlinear functions that aims to achieve a mapping of inputs to target outputs. According to the universal function approximation theorem [1], ANNs can approximate arbitrarily complex functions. Consider an L-layer neural network with m inputs and p outputs, each hidden layer containing n neurons. During the feedforward propagation, the output of each neuron can be decomposed into two parts. First, the outputs of all neurons from the previous layer are weighted, and the cumulative value with bias is calculated. Subsequently, a nonlinear output is generated by the activation function. The output Ali of the ith neuron in layer l is expressed as
	
,
	(A.1)



where f is the activation function, wijl is the weight of the jth neuron in layer l-1 to the ith neuron in layer l, and bil is the bias of the ith neuron in layer l. As the network trainable parameters , the weight matrix and bias vector of layer l are wl and bl, respectively. Therefore, the feedforward propagation process of the ANN can be summarized as follows
	
input layer：,

hidden layers：,

output layer：.
	(A.2)


It should be noted that the output layer uses a linear function to avoid restricting the network's output. Using  to represent each independent neural network, and for the superconducting bulk multi-field problem in this paper, the networks of all predicted solutions can be represented as
	
.
	(A.3)


[bookmark: _Toc205461298][bookmark: _Toc205461294][bookmark: _Toc205461826]Part 2: Computation
[bookmark: _Toc205461827]B. Hyperparameter analysis of the ENN
PINN has received wide attention as a powerful approach for solving PDEs. However, few studies have explored the application of PINN to predict superconducting electromagnetic fields and the mechanical responses under electromagnetic body forces. Therefore, the evaluation of the prediction performance on the superconducting electromagnetic- mechanical coupling problem is carried out, with the aim of determining optimal neural network hyperparameter configurations. First, the default ENN architecture is established. The network consists of 10 hidden layers, each containing 30 neurons, and employs the GELU activation function. The weight of the magnetic field boundary condition loss term is set to 10, the learning rate is set to 1×10-4, and the epochs is set to 50,000. The random sampling strategy is adopted, selecting 15,000 domain training points and 40,000 boundary training points.
The selection of activation functions plays a decisive role during the construction of neural networks, as it determines the network's ability to effectively capture the nonlinear characteristics of the complex predicted values. Therefore, the performance of three different activation functions (ReLU, Tanh, and GELU) is investigated for electromagnetic field prediction. As illustrated in Figure B1A, these activation functions are mathematically expressed as follows
	
.
	(B.1)


[image: ]
Fig. B1. Influence of activation functions on electromagnetic field prediction performance. (A) Three activation functions. (B-D) The L2 errors of the predicted magnetic field strength H, electric field strength Ex and Ey with different activation functions, along with the corresponding FEM cloud plots.
Figures B1B-D show the L2 errors of the predicted electromagnetic field using different activation functions, and the FEM results at the end moment are attached to visualize the physical characteristics of the superconducting electromagnetic field problem. Note that the electromagnetic field ranges in the cloud plots are after dimensionless scaling. It can be seen that the magnetic field strength exhibits a single-peak distribution within the range of [0, 10], while the electric field strength exhibits an antisymmetric distribution within the range of [-10, 10]. Facing such complex electromagnetic field distribution, the ReLU activation function's zero-output property for negative inputs limits its ability to learn the negative values of the electric field strength, leading to large prediction errors. For the Tanh activation function, it allows for negative outputs, thus enabling learning for both positive and negative electric field strength. However, the Tanh activation function may face the vanishing gradient issue when handling large input values. In contrast, the broader output range of the GELU activation function can effectively mitigates the vanishing gradient issue, leading to smaller prediction errors. Consequently, considering the physical properties of superconducting electromagnetic fields and the range of the predicted values, the GELU activation function is more suitable to deal with such complex nonlinear electromagnetic field problems.
[image: ]
[bookmark: _Hlk190433250]Fig. B2. Influence of the loss term weights on the electromagnetic field prediction performance. (A-C) The L2 errors of the predicted magnetic field strength H, electric field strength Ex and Ey using different weights. (D-F) Comparison of the predicted magnetic field strength H, electric field strength Ex and Ey with the FEM results along the center line, where the cloud plots represent the FEM results.
As a multi-task optimization process, PINN balances the contributions of various loss terms to the total loss by adjusting their weights. Therefore, the selection of loss term weights significantly impacts both prediction accuracy and training efficiency. To this end, we evaluate the network prediction performance under different weights BC=0.1, 1 and 10 for the magnetic field boundary condition loss term. Figures B2A-C give the L2 error of the electromagnetic field predictions with different weights, and the convergence speed of the network is significantly improved with the increase of the boundary condition loss weight. Meanwhile, a comparison of the predicted magnetic and electric field strengths along the center line with the FEM results is given in Figures B2D-F. When BC=0.1, the optimization of the magnetic field boundary condition is neglected during the training process, resulting in insufficient enforcement of the boundary condition and consequently significant errors in the overall magnetic field distribution. With the increase of BC, the satisfaction of the magnetic field boundary condition improves, leading to a close agreement between the predicted electromagnetic field distribution and the FEM results. Therefore, the weight BC is set to 10 to ensure the boundary magnetic field accuracy and to improve the overall prediction performance of the electromagnetic field.
[bookmark: _Hlk184032301]Table B1. L2 errors of magnetic and electric field strengths predicted by network structures with different number of layers and neurons
	
	Default
	Layer width
	
	Net depth

	
	10×30
	5×30
	15×30
	
	10×10
	10×40

	H
	0.39%
	0.71%
	0.30%
	
	0.93%
	0.66%

	Ex
	5.76%
	6.95%
	4.67%
	
	18.96%
	11.61%

	Ey
	6.60%
	10.74%
	3.96%
	
	19.36%
	11.45%


In addition, the influence of network width and depth on the electromagnetic field prediction is also considered. Table B1 summarizes the L2 errors of different network structures, both shallow and narrow network structures exhibit larger errors compared to the default 10 × 30 network configuration. As the network width increased from 10 to 15 layers, the prediction accuracy is improved. However, the increase in the neurons does not lead to more accurate predictions. Therefore, the 15×30 network structure is selected as the optimal network configuration.
[bookmark: _Toc205461299][bookmark: _Toc205461828]C. Hyperparameter analysis of the MNN
For the MNN, the influence of hyperparameters on the mechanical behavior prediction is also analyzed. Due to the different physical units between the energy and equilibrium equation loss terms, selecting an appropriate maximum weight maxEQ for the equilibrium equation loss term is crucial to reduce the training bias. To determine the optimal weight, the electromagnetic force at t = 0.03s is selected, and the displacement and stress fields predicted by SeDEM using different maximum weights are compared. The network structure consists of 10 hidden layers, with 20 neurons per layer. The activation function is selected as Tanh and the epochs is set to 20,000. The varied learning rate is employed (1×10-4 for the initial 10,000 epochs, then decreasing to 5×10-5). In the dynamic weight mechanism, the initial 3,000 epochs focus exclusively on optimizing the total potential energy loss term. During the subsequent stage (3,000 to 6,000 epochs), a linearly increasing weight is applied to the equilibrium equation loss term. Additionally, 30,000 training points are randomly sampled within the domain.
[image: ]
Fig. C1. Influence of the maximum weight of the equilibrium equation loss term on the predicted displacement and stress fields. (A) and (C) Comparison of the predicted displacement u and stress y using different maximum weights with the FEM results. (B) and (D) Comparison of the predicted displacement u and stress y with the FEM results along the center line.
Figure C1A shows the FEM results and the SeDEM predictions for the displacement u with three different weights. It is evident that the SeDEM predictions with different weights all accurately capture the distribution of displacement u. However, slight discrepancies between the predictions and FEM results are observed on the right side formaxEQ=10 and 1000. For further quantitative analysis, the displacement results along the center line are compared, as shown in Figure C1B. For maxEQ=10 and 1000, the predicted displacements at the right boundary exhibit indeed a certain deviation from the FEM results. Next, the focus turns to the prediction performance of the stress field. Figure C1C shows the FEM results and the prediction of the stress y. When the weight is small (maxEQ =10), insufficient optimization of the equilibrium equation loss term during training leads to the oscillation in the central stress concentration region. In contrast, when the weight is too large (maxEQ =10), the training is overly focused on optimizing the equilibrium equation loss term, weakening the contribution of the total potential energy and consequently reducing the stress prediction accuracy at the boundary. Figure C1D illustrates the predicted stress y along the center line, further confirming this trend. Therefore, considering both the local stress field distribution and the overall prediction accuracy, 100 is selected as the optimal maximum weight.
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