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Abstract

The Container Loading Problem (CLP) involves arranging rectangular boxes
within a container while satisfying practical constraints such as dimensional fit,
weight capacity, stackability, delivery order, customer priorities, and cargo stabil-
ity. In real-world multi-drop delivery scenarios, additional considerations include
minimizing unloading obstacles (ULOs) and maintaining cargo balance to ensure
transport safety. This study formally defines a tri-objective CLP through a math-
ematical model that (i) maximizes space utilization, (ii) minimizes ULOs, and
(iii) constrains the center of gravity (CG) of the loaded cargo within specified
limits along each axis. The model integrates diverse practical constraints into a
unified formulation. However, due to its complexity, it is used here for problem
definition rather than being solved directly to optimality.
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A constraint-aware variant of the Non-dominated Sorting Genetic Algorithm IT
(NSGA-II) is developed to generate high-quality feasible solutions. Computa-
tional results on benchmark instances from Bischoff and Ratcliff, adapted to
include CG balance requirements, demonstrate that the algorithm can efficiently
capture trade-offs between volume utilization, unloading efficiency, and cargo
balance. The approach addresses current limitations of CLP studies by jointly
considering multiple operational objectives and stability constraints, providing
realistic insight into how different priorities affect container space use.

Keywords: container loading problem, cargo balance, metaheuristic optimization,
genetic algorithm, multi-drop deliveries, stability constraints

1 Introduction

Globalization, product customization, and intense market competition have increased
the complexity of logistics, transportation, and distribution networks. Meeting cus-
tomer expectations now requires efficient, cost-effective operations that balance high
product quality with rapid delivery. Within this context, packaging, logistics, and dis-
tribution play a central role in controlling costs and ensuring timely access to goods
[1].

A pivotal challenge in logistics is determining the optimal arrangement of cargo
items within containers. Although placing boxes into containers appears straight-
forward, inefficient arrangements can lead to reduced delivery efficiency, increased
logistics costs, or the need for additional containers. This challenge is known as the
container loading problem (CLP). CLP instances vary across sectors, often requir-
ing compliance with multiple operational and regulatory constraints, including weight
limits, unloading order, loading priorities, load balancing, stackability, and cargo
stability.

The CLP is a specialized type of three-dimensional packing problem that extends
the concept of the three-dimensional (3D) knapsack problem [2]. In CLP, the goal
is to pack a set of items—typically rectangular boxes—into a larger container while

adhering to specific operational and regulatory constraints. Since it is often impossible



to fit all items into the container, the challenge is to select a subset that maximizes
total value, measured by volume, profit, or other performance metrics, while satisfying
these constraints. Being N P-hard [2, 3], CLP remains an active research area [4-14].

Different studies have emphasized different objectives, such as reducing the number
of containers shipped [4, 5], increasing the total loaded weight [6], maximizing space
utilization [7-12], or maximizing the total value of loaded cargo [12].

Despite the breadth of prior research, some gaps exists as provided below:

1. Practical operational constraints are often simplified or omitted.
2. Most research addresses a single objective, typically maximizing volume utilization.
3. Few methods integrate multiple real-life constraints into a unified solution frame-

work.

To address these gaps, we formulate a tri-objective CLP that: (i) maximizes con-
tainer space utilization, (ii) minimizes unloading obstacles (ULOs), and (iii) constrains
the center of gravity (CG) of the loaded cargo within specified bounds along each
axis to improve stability and transport safety. The first two objectives align with
prior works such as [15, 16], which also address unloading order considerations, but
our approach differs in how unloading difficulty is quantified. Instead of applying a
penalty function, we evaluate ULOs by simulating the unloading process and count-
ing cases where boxes for later deliveries block access to boxes for earlier deliveries.
This direct measurement captures the operational impact of box placement without
imposing arbitrary weights. The third objective extends the bi-objective framework of
[15, 16] by introducing a CG balance constraint, addressing load stability and safety
considerations that are critical in real-world container transport but not explicitly

optimized in their approach.
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Given the combinatorial complexity of jointly optimizing these objectives under
practical constraints, we employ a constraint-aware hybrid metaheuristic that com-
bines the Non-dominated Sorting Genetic Algorithm IT (NSGA-II) with an extreme-
point placement strategy based on the Deepest-Bottom-Left Fill (DBLF) heuristic
[17]. This hybrid NSGA-II plus DBLF approach produces high-quality feasible load
plans that reveal trade-offs among the three objectives. Computational experiments
are conducted on benchmark instances from Bischoff and Ratcliff, adapted to incorpo-
rate multi-delivery scenarios and CG balance constraints, to demonstrate how different
operational priorities influence container layouts.

The remainder of this paper is organized as follows: Section 2 reviews practi-
cal CLP constraints and solution methods. Section 3 details the problem definition,
constraints, mathematical formulation, and placement heuristic. Section 4 describes
the metaheuristic algorithm. Section 5 presents the experimental setup and results.
Section 6 concludes and outlines future research directions. Additional pseudocode

and parameter-tuning results are provided in Appendix A.

2 Literature review

George and Robinson were the pioneers in introducing the Container Loading Prob-
lem (CLP) [18], which seeks the most efficient arrangement of a set of boxes within a
container [6]. In practice, numerous constraints must be considered, including dimen-
sional fit, orientation restrictions, weight distribution, and spatial limitations [19].
Early research often addressed loading problems in one or two dimensions; however,
real-world logistics typically requires a three-dimensional (3D) formulation.

Over time, the CLP has evolved into multiple variants distinguished by their objec-
tives and constraint sets. Regardless of the variant, the core requirements remain:
boxes must not overlap, and the arrangement must respect freight regulations such as

maximum container weight. Additional operational constraints encountered in practice


https://people.brunel.ac.uk/~mastjjb/jeb/orlib/thpackinfo.html

include box orientation rules, stackability, load stability, delivery sequence require-
ments, and customer-specific restrictions. These constraints can interact in complex
ways, and while many studies have explored them individually, far fewer have sought
to integrate multiple real-life constraints into a single optimization framework—a gap

this study aims to address [20].

2.1 Practical constraints in CLP

In container loading, constraints can be broadly classified into hard constraints and
soft constraints. Hard constraints are non-negotiable and must be strictly satisfied;
any loading pattern that violates them is infeasible. Soft constraints are desirable
but allow limited violations within predefined tolerances. Following and extending the
classification proposed in [20, 21], Figure 1 summarizes the main categories considered
in this study. In contrast to prior works that address these constraints individually,
our approach integrates them into a unified framework, with particular focus on multi-
drop unloading obstacles (ULOs) and center-of-gravity (CG) balance—two constraints

rarely optimized jointly in CLP literature.

CLP Constraints
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Fig. 1: CLP constraint classification
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231 1. Constraints related to cargo containers or vehicles:

232

933 () Weight limit constraints define the maximum allowable weight for the con-
;gg tainer or vehicle, determined by structural properties and enforced as strict
236 requirements [22, 23].

237

938 (b) Load balancing strategies ensure that cargo weight is evenly distributed. Some
;ig methods define a “stable region” where the center of mass must be located [22,
241 24], while others aim to position it close to an optimal point [25]. Balancing may
242

243 be enforced along the longitudinal axis [26], both longitudinal and transverse
;ig axes [27, 28], or all three axes (longitudinal, transverse, vertical) [24, 25, 29].
246 2. Constraints related to cargo composition:

247

248 (a) Full shipment constraints require certain groups of items to be loaded in their
249 entirety or not at all [13].

250

251  (b) Allocation constraints prohibit certain items from coexisting in the same
252

953 container (e.g., food with perfumes or petroleum products) [30, 31].

254
255
256 (a) Loading priorities dictate item selection under limited space, mixing rigid and
257

958 flexible rules [32, 33].

259
260
261 as fragile or non-fragile [34, 35].

262
963  (c) Orientation constraints limit item rotations to six orthogonal orientations

3. Constraints related to individual items:

(b) Stacking constraints limit the load-bearing capacity of boxes, classifying items

;g‘; (Figure 2) [36, 37].
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Fig. 2: Box Orientations

Item rotations affect stacking stability. While much literature focuses on rectangu-
lar items, some industrial applications consider irregular shapes in both bin packing
[38] and container loading [39].

4. Constraints related to positioning:

(a) Absolute positioning constraints require specific items to be placed at designated
positions [40-43].

(b) Relative positioning constraints require certain items to be loaded close together
to facilitate unloading [39].

(¢) Multi-drop constraints involve rebalancing cargo after partial unloading [44].
While unloading obstacles have rarely been studied in CLP, [16] proposed a
bi-objective model that considers them with space utilization.

5. Load-related constraints:
(a) Cargo stability is critical to avoid damage during transport [45, 46]. Approaches

include static stability [47] and vertical stability via support ratio [20, 33]. Many

277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322



323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368

studies assume compact packing ensures stability, but practical operations often
require filler materials [48, 49].
(b) Complexity constraints ensure load plans are easy to execute. Guillotine-cutting

constraints are one example [50-52].

While studies [20, 53-55], have started to include practical constraints in CLP
models—such as stacking rules, weight limits, and customer priorities—these factors
are often considered separately or in combinations that overlook real-world trade-offs.
In particular, unloading efficiency and balance across all three CG axes are rarely
addressed together. The work by [16] is the closest in spirit to ours, but it does not
explicitly optimize CG balance. To the best of our knowledge, this is the first approach
to simultaneously optimize space utilization, unloading efficiency, and multi-axis CG

stability in a single, integrated metaheuristic framework

2.2 Methods for Solving CLP

Researchers have addressed the CLP using a wide range of approaches, including exact
methods, heuristics, and metaheuristics. The preference for heuristic and metaheuristic
algorithms stems from several practical realities. First, the CLP is N P-hard, and
solving large-scale, constraint-rich instances exactly is computationally prohibitive.
Second, while the basic CLP can be formulated as a mixed integer program (MIP),
incorporating multiple practical constraints—such as stability, delivery sequence, or
multi-axis load balance—significantly increases model complexity. Third, standard
CLP formulations introduce symmetries and big-M constraints that weaken linear
programming relaxations, making branch-and-bound approaches inefficient. Finally,
logistics operations demand solutions within minutes, which exact methods cannot

typically deliver [49, 56, 57].



2.2.1 Exact solutions for CLP

Exact methods for CLP are relatively scarce in the literature. Early work in [58]
introduced a general formulation for multidimensional packing, and [59] presented a
detailed branch-and-bound method for 3D-CLP. A comparative study in [60] reviewed
multiple exact formulations for cutting and packing problems [59, 61-65], noting that
even modest instances (fewer than 20 boxes) often exceeded six hours of computation.

Despite advances in commercial solvers and recent efforts to incorporate constraints
like load balancing and stability into CLP models [20, 25, 66], exact methods remain
impractical for solving the type of large, constraint-rich problems addressed in this
study. Real-world scenarios typically involve dozens or even hundreds of boxes, multi-
ple delivery destinations, and strict center-of-gravity (CG) balance requirements across
all three axes. These complexities push computation times well beyond what is feasible
for time-sensitive logistics operations.

Most existing exact CLP studies are limited to small instances—often fewer than
20 boxes—and rely on long solver runtimes (typically capped at 3600 seconds) to
obtain feasible solutions [20, 53, 54]. Additionally, such models often exclude unloading
obstacle constraints and simplify CG balance to one or two dimensions, making them
incompatible with the full tri-objective formulation considered here. For these reasons,
relying solely on exact methods like MIP would neither scale to realistic instances nor

provide a fair basis for evaluating the proposed approach.

2.2.2 Heuristics-based solutions for CLP

Heuristics remain the primary practical approach for producing optimal or near-
optimal load plans in the 3D-CLP, especially when multiple operational constraints
must be satisfied. A wide range of heuristic strategies have been proposed, which [37]

classify by packing logic and method type:
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1. Block-building: The container is populated with cuboid blocks, each comprising
multiple boxes. Examples include a tree-search method [67], a tabu-search variant
[68], and a hybrid simulated annealing—tabu search method [69].

2. Stack-building: The container is filled with vertical stacks arranged on the floor
to maximize space utilization. Examples include the heuristic of [70] and a genetic
algorithm approach by [8].

3. Guillotine-cutting: A slicing tree model divides the container into sections via
guillotine cuts, with each leaf corresponding to a single box. An example is the
graph-search method of [71].

4. Horizontal layer-building: The container is loaded bottom-up with horizontal
layers that maximize coverage of the load surface below [70, 72].

5. Wall-building: Vertical “walls” of boxes are packed side by side to fill the

container volume [18, 27, 49, 73].

2.3 Metaheuristics-based solutions for CLP

Metaheuristics provide a practical means of producing high-quality solutions for
complex optimization problems without guaranteeing optimality. Compared to exact
methods, they offer reduced computational demands and greater flexibility for incorpo-
rating problem-specific constraints. Common metaheuristic paradigms include Genetic
Algorithms (GA) [74], Particle Swarm Optimization (PSO) [75], Tabu Search (TS)
[76], Artificial Bee Colony Optimization [77], Bat Algorithm [78], Symbiotic Organisms
Search [79], Gradient Evolution [80], Cuckoo Algorithm [81], and others [82, 83].

For CLP with practical constraints, heuristics are often tailored to specific sce-
narios, while metaheuristics provide a general search framework that can be adapted
across diverse instances. Numerous metaheuristic approaches have been applied to
CLP, including GA [8, 11, 84], PSO [85-88], TS [89], Artificial Bee Colony Opti-

mization [90], and Simulated Annealing [91-93]. Researchers have also enhanced base

10



algorithms to improve search performance, such as combining memetic algorithms
with tabu search [94] or integrating K-nearest neighbor operators into the Cuckoo
algorithm [95].

Among multi-objective metaheuristics, the Non-dominated Sorting Genetic Algo-
rithm IT (NSGA-II) is widely used for CLP and related packing problems due to its
ability to generate diverse Pareto-optimal trade-offs. For example, [16] proposed a bi-
objective CLP model maximizing space utilization and reducing unloading obstacles.
Our work builds on this direction but extends it to a tri-objective framework by adding
a center-of-gravity (CG) balance constraint, addressing load stability in addition to
utilization and unloading efficiency. Furthermore, instead of penalizing unloading
obstacles, we directly simulate the unloading process to count them, ensuring that the

measure of unloading difficulty reflects real operational impact.

3 Methodology

To formalize the CLP with real-world constraints, we present a mixed-integer program-
ming (MIP) formulation. This model captures the full 3D geometry, delivery order,
cargo stability, and center-of-gravity (CG) balance within a unified mathematical
framework. However, due to the problem’s NP-hardness and the added complexity of
multi-objective modeling—including unloading obstacles and full 3D CG control—this
formulation becomes computationally intractable for realistic instance sizes (see also
[20, 53, 54]). Consequently, while we do not solve this model directly, it serves as the

formal foundation for our hybrid metaheuristic approach described in Section 4.

3.1 Problem definition

This study addresses the single-container loading problem (CLP) with a comprehen-

sive set of practical constraints. We define the CLP here as a tri-objective problem with
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the following goals: (i) maximize container volume utilization, (ii) minimize unneces-
sary box movements during unloading—termed unloading obstacles (ULOs)—which
increase handling time and cost, and (iii) maintain the loaded cargo’s center of gravity
(CG) within specified bounds along each axis to ensure stability and transport safety.

Formally, let there be a set of N axis-aligned rectangular boxes, where box ¢ has
dimensions (I;, w;, h;) and weight ¢; for i = 1,2,..., N, and a rectangular container C
of dimensions (L, W, H). The task is to select and place a subset of boxes in C such

that:

® All boxes are placed without overlap and within container boundaries.

® The objectives (i)—(iii) are optimized jointly.

e All operational and regulatory constraints are satisfied, including geometry, orienta-
tion, maximum weight, load balancing, weight distribution, special cargo handling,

cargo stability, stackability, multi-drop delivery, and item loading priority.

The study utilizes a Cartesian coordinate system. The container (Fig. 3a) has its
origin 0(0, 0, 0) located at the front-bottom-left (FBL) corner, which is the reference
point from which the box placement process begins. Fig. 3b shows a local frame affixed
to box 4, with its origin O(0,0,0) at the back—bottom-left (BBL) corner of the box.
In both illustrations, the corner points are identified and calculated as follows: FTL:
Front top left (x + ;,y,z + h;), FTR: Front top right (z + {;,y + w;, z + h;), FBL:
Front bottom left (z+41;,y, z), FBR: Front bottom right (x+1;, y+w;, z), BTL: Back
top left (z,y, z+ h;), BTR: Back top right (z,y+w;, z+ h;), BBL: Back bottom left

(z,y,2), BBR: Back bottom right (z,y + w;, z).

12
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Fig. 3: Cartesian coordinate system used in this study

3.2 The constraints

This study incorporates the following practical constraints, some enforced strictly
within the GA, others evaluated as soft objectives or implicitly satisfied through

compact packing:

1. Geometry (C1): All boxes must be placed within the container boundaries
without overlapping. This is enforced as a hard feasibility check during placement.

2. Orientation (C2): Boxes are restricted to six orthogonal orientations (Fig. 2). The
default orientation (a) keeps (I;, w;, h;) unchanged; other orientations are obtained
by swapping dimensions as in Fig. 2(b)—(f).

3. Multi-drop and unloading obstacles (C3): Goods belong to multiple cus-
tomers with a predefined delivery sequence. To help avoid burying later-delivery
items behind earlier ones, we follow a last-in, first-out (LIFO) principle as a soft
preference—ideally, boxes for later deliveries are placed deeper inside the container,

and those for earlier deliveries are nearer to the door.
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Strict LIFO and rigid physical partitioning are not enforced. The conceptual
grouping shown in Fig. 4a, is used only to guide initial placement and to simulate the
unloading process; boxes may be placed anywhere if it improves packing efficiency.

When a later-delivery box ends up on top of or in front of an earlier-delivery
box, the placement is permitted, but each such case is counted as an unloading
obstacle (ULO). A ULO occurs when a box for customer ¢ blocks direct access to a
box for customer j with j < i (see Fig. 4b). The total ULO count is treated as a soft
objective in the NSGA-II optimization, allowing trade-offs with space utilization

and CG balance.

Situation 1
@ Shop 2
Shop 2
~
Shap 3
~ P

~
Unloading\
~ Situation 2

b N

(a) Conceptual grouping of container space (b) Illustrative examples of ULO situations.
according to delivery sequence.

4. Ttem stackability (C4): Each item has a binary stackability value. A value of

0 (fragile) means no box can be placed above it; a value of 1 means the box is
fully stackable with no explicit weight limit. Unlike studies that model load-bearing
strength or maximum pressure [96], we adopt this simplified binary assumption to
avoid additional complexity. Extending the model to graded load-bearing capacities

is left as future work.

. Item allocation (C5): Certain items must be loaded separately to prevent qual-

ity degradation or meet safety regulations—for example, food products must not
be stored with chemicals or petroleum-based goods. Additionally, goods classified
as dangerous under the ADR Agreement (European Agreement concerning the

International Carriage of Dangerous Goods by Road) must be positioned near an

14



unloading point (typically the container door) to allow for rapid removal in case
of an accident or emergency. ADR classes cover a wide range of hazardous materi-
als, including explosives, gases, lammable liquids and solids, oxidizing substances,
toxic or infectious materials, radioactive material, corrosives, and other hazardous
goods. This placement rule for ADR cargo is treated as a strict requirement in our
model.

. Cargo stability (C6): We enforce vertical stability by requiring that each stack-
able box placed on other items has at least 75% of its base area supported. This
check ensures that stacked cargo remains stable even under gravity or vehicle move-
ment. Boxes placed directly on the floor are exempt. Horizontal (lateral) stability is
not modeled explicitly, but is typically achieved due to the dense packing structure

of the DBLF heuristic (Section 4.3).

I Supported Area
Supported Area
c ~TT°°~° N
- \
1 PO . G A
pISRENANN N '
Y " | " -1
Exceeding Area Exceeding Area
1
(a) Accepted (b) Not accepted

Fig. 5: Illustrations of item stability via supported area

7. Weight limit (C7): The total loaded weight must not exceed the container or

vehicle maximum capacity QMAX. This is enforced as a hard constraint.

. Center-of-gravity (CG) balance (C8%°ft): The CG is evaluated along both
the longitudinal (front-rear) and transverse (left-right) axes for the fully loaded
container and after each delivery. Deviations beyond allowable bounds are not for-
bidden but are minimized as the third NSGA-IT objective. This balances stability

with space utilization and ULO minimization.
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3.3 Mathematical modeling for CLP

This section presents a Mixed-Integer Programming (MIP) formulation for the
container loading problem (CLP), including the practical constraints in Subsec-
tion 3.2, with three objectives: (i) maximize container volume utilization, equation (1);
(ii) minimize unloading obstacles, equation (2); and (iii) minimize CG deviation,
equation (3).

The geometric-constraint modeling follows [9, 97]. The container has dimensions
L x W x H. For each box i, the dimensions are I;, w;, h;, and the coordinate of a box
is defined at its lower—back—left corner. We place the origin at the front-bottom—left
corner (0,0,0); +z points toward the rear (door), +y to the right, and +z upward.

Length, width, and height align with x,y, z, respectively.

Sets and indices

I Set of boxes, indexed by i,k (|I| =n)

O Set of allowable orientations, indexed by o (]JO| = 6)

P Set of relative positions between two boxes, indexed by p (|P| = 6)
T Set of priority levels, indexed by ¢

D = {z,y,z} Set of coordinate axes

Parameters

L,W,H Container length, width, and height

li, w;, h; Length, width, and height of box 4

m; Weight of box i

Q™** Maximum container weight capacity

R Axis length along d (R, =L, Ry, =W, R, = H)

o; € {0,1} 1if box i is stackable (requires support), 0 otherwise

6 Minimum support ratio required for vertical stability (default 8 = 0.75)

9z, 9y, 9= Ideal CG coordinates (e.g., container midpoints)
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ag = ay = a, = 0.10 Default CG deviation bound (10% of Rq on each axis) 737
738
M, Big-M for axisd (M, =L, My =W, M, = H) 739
740
741
m(i) Delivery rank (smaller = earlier), e.g., w(i) =t if i € P, 742
743
Si,0,d Size of box 7 along axis d when in orientation o 744
745
746
Decision variables 747

748
u; € {0,1} 1 if box ¢ is loaded, 0 otherwise 749
750
751

ci,a > 0 Coordinate of the lower-back-left corner of box ¢ along axis d 752

753
¢; € {0,1} 1 if box ¢ is placed directly on another box, 0 otherwise 754
755
756

tT, t; >0 Positive/negative CG moment deviations along axis d 757
758

zq > 0 Absolute CG deviation along axis d (linearized from [t} — ;) 759
760
761
762
o 763
3.4 Objectives 764
765

766

2icr(liwihi) wi 767

maX21 = W—H (1) 768
769

mnZ, = » Y ULO 2) 770
i€l kel :nw(i)<nm(k) 771

772

min Z3 = ﬁ Z Zd 3) 773
deD 774
775

776

T

778

779

These constraints define how box orientations are modeled. Equation (4) ensures 780

781
that if a box is selected for loading (u; = 1), exactly one of its allowable orientations 782

P, C I Subset of boxes with priority level ¢

rio € {0,1} 1if box ¢ is loaded in orientation o

bikp € {0,1} Relative position p active between ordered pairs (i, k)

ULO;;, € {0,1} Unloading-obstacle indicator for precedence pair (earlier 7, later k)

3.5 Constraint modeling

1. Box orientations:
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783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809
810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828

must be chosen. Equations (5)—(7) compute the box’s effective dimensions (I}, w's,
h'i) along the z, y, and z axes, respectively, based on the selected orientation. The
values s; ,,q specify the length of box i along axis d in orientation o, and the binary

variables r; , activate the corresponding dimensions.

> rio=1u Viel (4)

o€0

l; = Z Sio,x Ti,o Viel (5)

0€O

w; = Z Sis0.y Tiso Viel (6)
ocO

h; = Z Si0,2 Ti,0 Viel (7)

0€0

. Non-overlap among placed boxes: To ensure that no two loaded boxes overlap

inside the container, we define six binary variables b; 1. ,, for each pair of boxes (i, k),
where each p € P = 1,...,6 encodes a specific relative position: right, left, front,
rear, below, or above. For example, b; 1 1 = 1 means box k is placed to the right of
box 4. Constraints (8)—(13) enforce these relationships using big-M formulations to
maintain separation between boxes along the x, y, and z axes. At least one of these
six conditions must hold for every pair of loaded boxes, enforced by constraint (14).
If either box is not selected (u; = 0 or ur = 0), constraints (15)—(16) deactivate the
position variables. Finally, constraints (17)—(22) ensure that the relative position
encoding is symmetric and consistent between box pairs — for instance, if k is to
the right of 4, then ¢ must be to the left of k. For any loaded pair, at least one

relation in Fig.6 holds.
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(a) (b)
4
z W
|
K k
Y Y
X X
(d) (e)

Fig. 6: Relative-position encoding b; j, for a pair of boxes ¢ (orange) and & (blue).
(a) big1 =1 (k right of i), (b) b; k2 =1 (k left of 7), (c) b; ks =1 (k front of 7), (d)
bika =1 (k rear of i), () b; x5 = 1 (k below 7), (f) b; 6 = 1 (k above 7). Axes: +z
toward rear (door), +y right, +z up. See equations (8)—(13).

Ciy + W, <y + My(1—big1)
Chy + Wy, < iy + My(1—b; . 2)
Ciw+ 1 < g+ M (1—b;r3)
Cha T 1 < Cig+ My(1—bja)
Cint+hi <cp.+M,(1—bigs)
Chye + Ny < Cis+ Mo(1— b g6)

Z bikp > ui +up—1
peEP

19

Vi k
Vi k
Vi k
Vi k
Vi k
Vi k

Vi <k

829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
868
869
870
871
872
873
874



875
876
877
878
879
880
881
882
883
884
885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917
918
919
920

bikp < U Vi#£k, peP (15)

bik,p < ug Vitk, peP (16)

Symmetry of ordered binaries. For each unordered pair (i, k) the forward/reverse

variables agree:

bik,1 = bii2 Vi<k (17)
bik2=0brin Vi<k (18)
bik,3 = bk.ia Vi<k (19)
bik,a = br,i3 Vi<k (20)
bik,5 = bk,i6 Vi<k (21)
bik,6 = bki5 Vi<k (22)

Numerical example (non-overlap constraint). Assume two loaded boxes, i

and k, with the following effective coordinates and dimensions:

® Box i: origin (¢; 4, ¢iy, ¢i,2) = (0, 0, 0) and size (I}, w}, b)) = (2, 2, 2)

1"

® Box k: origin (k. z, Cky, Ck,») = (0, 2.5, 0) and size (I}, w}, h},) = (2, 2, 2)

We test the relative placement to ensure no overlap.
Step 1: Determine relation direction.
Since box k starts at y = 2.5 and box 7 ends at y = 2.0, we conclude that k is

strictly to the right of i:

Ciytw,=0+2=2 < ¢,=25
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So, we activate the corresponding binary variable:

bix1 =1 (box k is right of )

Step 2: Validate using equation (8):

Ciy + U); < Cky + My(]. — bi,k,l) =2<25+ My(O) =25

All other b, , are set to 0, and no other relative positions are active. The
model therefore identifies a valid non-overlapping configuration using b; 1.

Symmetry: The reverse relation must also hold via the symmetry constraints:

bri2 =1 (boxiis left of k)

This confirms that the model captures directional non-overlap relationships
consistently.
. Boundary constraints: Each box must be placed fully within the container
dimensions. The following constraints ensure that the box’s extent along the x,
y, and z axes does not exceed the container length L, width W, and height H,

respectively:

Ciw+ 1 <L Viel (23)
Ciy + 'LU; =~ w Viel (24)
i+ W, <H Viel (25)
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967
968
969
970
971
972
973
974
975
976
977
978
979
980
981
982
983
984
985
986
987
988
989
990
991
992
993
994
995
996
997
998
999
1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012

Multi-drop unloading obstacles (ULO):

We define binary indicators ULOyy, for precedence pairs (i, k) with 7(i) < n(k). A
later box k is an obstacle for earlier 7 if it sits deeper along x or stacked above i,

which we encode via:

ULOyi > bis Vi, k € I with 7(i) <7(k)  (26)
ULOu, > biks Vi ke I with 7(6) <7(k)  (27)
ULO;; <bik3+biks Vi, k € I with 7(i) < w(k) (28)
ULOy < wi, ULOy, < ug Vik e I with7(i) <x(k)  (29)

Constraints (26)—(29) make ULO;;, an indicator (1 if k& blocks i; 0 otherwise). We

treat ULO softly by minimizing their sum:

min Zy = Z Z ULO;k (30)

i€l kel :w(i)<n(k)

So blockings are allowed but penalized in the objective.

. Cargo stability: Each stackable box (o; = 1) must have at least a #-fraction of

its base supported by underlying boxes or the container floor. We use auxiliary
logic (not shown in full here) to track the overlapping footprint and compute the

support area.

SupportArea, > 0-(l;-w))-0;-¢; Viel (31)

. Weight constraint: The total weight of all boxes inside the container must not

exceed the maximum weight capacity of the container.

Zmi (173 S Qmax (32)

icl
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CG balance (linear, per axis):

We control the displacement of the loaded center of gravity (CG) from a geometric
target point g4 along each axis d € D = {x,y, 2z}. This target point corresponds
to the midpoint of the container along that axis, i.e., g¢ = Rq/2, where Ry is
the full length of the container on axis d. As such, we express deviations in terms
of percentage of R;/2 — i.e., the container’s half-length per axis — and enforce
a bound of £10% of that half-length, which aligns with industry norms for load
balance.

Let ¢; 4 be the min coordinate of box ¢ along axis d. The centroid of box ¢ on axis

/

‘e : i 1 ro_ gt ol /A N :
d is then given by ¢; 4 + 355; 4, where s; . = [}, s; = w;, and s; , = h} depending

on the orientation. Masses m; are used if available; otherwise, the volume [;w;h;
serves as a proxy.
We accumulate the signed, mass-weighted offset of the CG from g4 using surplus

and deficit terms t;r, t; > 0. The absolute deviation is then linearized with z4 > 0.

Link min-coordinates to selection and container bounds:

0 < cia < <Rd = Siod 7‘) uw; Yiel, deD (33)
0€0

Signed mass-weighted offset (definition):

Z m; <Ci,d + % Z Si,0,d Ti,()) — 4d Zmzul = t:; -ty VdeD (34)

icl 0€0 icl

Absolute-value linearization:

za> ty —t; VdeD (35)

za> —(th —t;) VYde D (36)
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with t,t;, 24 > 0.

Objective (soft CG): We minimize the average absolute deviation across axes:
) 1
minZ; = — Z Zd (37)

Optional hard bound (per axis): To limit deviations, we optionally impose per-

axis caps proportional to the axis length R; and the total loaded mass:

ti < aqRy Zmiui Vd e D (38)
i€l

t; <agRqg Zmiui Vd € D (39)
i€l

where ag = 0.10 reflects the £10% tolerance around the ideal CG per axis.

Remarks:

(i) Equations (34), (35)—(36) define a soft CG objective, i.e., deviation is penalized

but not bounded.

1087 (i) Adding (38)—(39) creates a soft+hard regime, where the deviation is minimized

1088
1089
1090
1091
1092
1093

and additionally capped. Our experiments show this can reduce packability.

(iii) If ¢; 4 duplicates existing placement variables (e.g., x;, ¥i, 2;), one can directly

substitute and omit (33) to reduce redundancy.

1094 6. Variable domains. Binary variables are u;, 5.0, b; k,p, and ULOyy; all others are

1095
1096
1097
1098
1099
1100
1101
1102
1103
1104

continuous and nonnegative. We define b, , for all ordered pairs ¢ # k, while

ULO,y, exists only for precedence pairs with (i) < (k). Effective sizes I}, w}, b

1) 3

are defined by (5)—(7).

w €{0,1} Viel (40)
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rio€{0,1} Viel, o€O (41)

birp €{0,1}  Vi#k peP (42)
ULO;, € {0,1}  Vikel: n(i) < (k) (43)
¢ida >0 Viel, de D (44)

I, wh, hy >0 Viel (45)

th, t;, za>0 VdeD (46)

4 Hybrid Genetic Algorithm Approach for CLP

The three-dimensional container loading problem (CLP) is an NP-hard combinatorial
optimization problem, and its difficulty increases sharply when practical constraints
such as box orientation, delivery precedence, cargo stability, and load balance are
incorporated simultaneously. While exact methods like Mixed-Integer Programming
(MIP) can model these constraints, they become computationally infeasible for large-
scale or real-time instances.

To tackle this, we develop a hybrid genetic algorithm (HGA) tailored for CLP with
balance constraints. The proposed HGA combines two complementary components:
(i) a fast placement strategy that constructs feasible solutions using the DEEP-
EST-BOTTOM—-LEFT FILL (DBLF) heuristic, and (ii) a customized multi-objective
evolutionary framework based on NSGA-IT that explores a diverse set of trade-off
solutions.

The decoder built on DBLF acts as a domain-specific packing engine: it greed-
ily places boxes using geometric feasibility checks and updates a candidate point list
to ensure compact packing (Section 4.3). While this ensures high volume utilization
and feasibility, it does not directly account for load balance or unloading conve-
nience. These trade-offs are addressed in the second stage via a multi-objective GA,

where population members represent box loading sequences, and fitness is evaluated
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1151 across three objectives: volume utilization, unloading obstacles, and CG balance. This

1152
1153 hybridization allows the search to combine greedy exploitation with global explo-

ﬂgg ration, producing feasible load plans that satisfy practical constraints while improving
1156 Pareto-optimality.

1157

1158 The remainder of this section presents the core components of the HGA: the
1159

1160 genotype representation (Section 4.1) and initialization logic (Section 4.2), the DBLF-

1161 based decoder (Section 4.3), and the genetic operators and selection mechanism of the

1162
1163 NSGA-II framework (Section 4.5).

1164
1165
1166
1167
1168
1}$§4.1 Individual representation in genotype space

1171
1172 The representation of individuals in the genotype space is crucial for the effectiveness

1173 of the hybrid genetic algorithm. In classical combinatorial problems (e.g., 0-1 knap-
1174

1175 sack or TSP), simple binary or order-based encodings suffice. However, the proposed

1176
1177 CLP involves both placement order and orientation decisions, along with practical

78 constraints such as support and delivery priorities. To accommodate these, we use a
1179

1180 diploid representation consisting of two chromosomes.
1181
1182 e Chromosome 1 encodes a permutation of the n boxes, defining their loading

1183
1184 sequence.

ﬂgg ® Chromosome 2 encodes the orientation of each box, selecting one of the six
1187  allowable rotation modes.
1188

1189 These chromosomes are decoded by the DBLF-based placement heuristic
1190

1191 (Section 4.3), which attempts to construct a feasible 3D layout from the genotype.
1192
1193 During decoding, each box is placed according to the order and orientation encoded

1194 iy the chromosomes, while enforcing model constraints such as bounds, non-overlap,
1195

1196 stacking support, and multi-drop precedence.
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An illustration of this diploid representation for a standard instance is shown
in Fig. 7. Chromosome 1 specifies the sequence (e.g., box 6 is loaded first), while

Chromosome 2 defines orientations (e.g., box 6 is placed in rotation mode 6).

Box_Id 1 2 3 4 5) 6
Chromosome 1 6 7 12 2 14 5
(Box sequence)

Chromosome 2
(Box orientation) g & ¢ S 2 {
¢ T ¢ A A

[

Fig. 7: Diploid representation of an individual in a population

For multi-drop delivery cases, the same structure is applied. As shown in Fig. 8,
the permutation implicitly determines unloading priority. Boxes belonging to earlier
delivery zones are expected to be unloaded first, so the decoder penalizes solutions that
violate this through stacking or placement deeper in the container (see ULO-related

constraints). The orientation chromosome operates identically.

\ 4

argo Unloading

Customer 1 Customer 2 Customer 3
Loading Priority: First Loading Priority: Second Loading Priority: Last
Unloading Priority: Last | Unloading Priority: Second | Unloading Priority: First

Box_Id 1 2 (3|4 |5 6 |7 8|9 |11 12 13|14 |15

Chromosome 1

(Box sequence) 4 & i i @ vz

2 |14 |5 |13 |10 |15 | 3 8

Chromosome 2

(Box orientation) & 2 { € & < &

1 2 4 1 5 6 4 2

<
<

argo Loading

Fig. 8: Diploid representation of an individual for multi-drops deliveries
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1243 4.2 Population initialization
1244
1245 The initial population forms the starting point for the evolutionary process and

1246
1247 strongly influences both convergence and diversity. In our HGA, the first generation is

gig constructed to produce individuals that are structured yet varied, reflecting packing
1250 feasibility as well as practical realism.

1251

1252 Each individual is encoded with two chromosomes:

1253

1254 o A box sequence chromosome — a permutation of all boxes, constructed with

1255
1256  grouping heuristics.

gg; ® A rotation chromosome — orientation values assigned to each box.
1259 . o . . . o
1260 Box types (e.g., items with identical dimensions or the same destination) are first

gg; grouped together, after which the sequence chromosome is generated by randomly
1263 shuffling the order of groups and concatenating the items within each group. This
1264
1265
ggg additional variants are included by sorting the full item list in descending order of
1268 volume, length, width, or height.

1269
1270
1271 with the restriction that all items of the same type share the same rotation. This

1272
1273 reflects practical handling consistency and reduces rotational noise. As a result, the

ensures that boxes of the same type are packed adjacently. To further increase diversity,

Orientation values are then randomly assigned from the set of allowed rotations,

g;g initial population is diverse and well-structured with respect to type adjacency and
1276 consistent orientation.

1277

1278 Once both chromosomes are constructed, the resulting genotype is decoded into a
g;g load plan using the placement strategy (Section 4.3). The resulting 3D layout is first

gz; evaluated for geometric feasibility (non-overlap, boundary, and stability constraints).
1283 Center-of-gravity (CG) deviation is then quantified along each axis as described in
1284
1285
1286
1287
1288

Section 3.3 and treated as the third optimization objective. Layouts with larger
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deviations are dominated by more balanced ones and thus receive lower rank in NSGA-
II’s selection process. This naturally penalizes unstable packings without discarding

otherwise feasible solutions.

4.3 Box placement via DBLF strategy

Before placement begins, each individual’s genotype (a permutation and orientation
list) is translated into a sorted list of boxes using a multi-criteria ranking function
which is described in Section 4.4. This ranking promotes boxes with higher customer
and item priority, better stackability, and larger volume—guiding the placement order
in a way that balances volume utilization and unloading ease.

Given an ordered list of rotated items (chromosome decoding), we sequentially
place boxes into the container using a placement heuristic based on the DEEP-
EST-BOTTOM-LEFT FILL (DBLF) rule [98]. The strategy relies on maintaining a
list of candidate placement points, which we extend, prune, and update dynami-

cally during decoding. DBLF is widely adopted for its efficiency and compactness

[16, 99, 100].
Z
BTL G ccconcanzocs -@BTR
-5):_ Back
2= FTL, ‘;
> Width pa— ALY
3 ; BBL |
&'0 (w I) Yi ; | " BBR
N2 i Tt
X; FBL FBR

Fig. 9: Box-i with BBL origin and candidate placement points (blue: origin; light
orange: labeled points p € P).

The container’s origin is fixed at the front-bottom-left corner (0,0,0), with +x
pointing toward the rear (door), +y to the right, and +z upward (see Fig. 3a). The

placement process proceeds in several steps:
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1335 Step 1: candidate points:. We maintain an ordered list P of candidate placement

1336
1337 points (for continuity with the figures, individual points shown as p correspond to

ggg elements of P). Initially, P = {(0,0,0)} at the front-bottom-left corner (FBL).

1340 When a box-i is considered with an orientation selected by (4), its effective dimen-

1341
1342 sions along the axes are [j,w;, h; from (5)-(7). We attempt to place box-i with its

1232 back—bottom-left (BBL) corner at a point p € P (Fig. 9). The blue circle marks the
1345 box’s origin. For reference, several corner names (FBL, BTL, BBR, etc.) appear in
123675 Fig. 9 details in Section 3.1.

1348

1349

1350 7

1351
1352
1353
1354
1355
1356
1357

1358
1359 /‘O h
1360

1361
1362
1363
1364 ®
1365 X
ggg Fig. 10: Candidate points (p € P) after box placement.

1368

1369

1370

1371

1372

1373 Step 2: updating P.

1374

1375 When the first item is placed in the container at the FBL, we generate up to three
1376
1377
1378
1379
1380 p

new points adjacent to its faces:

()

= (@i + 1, yir z), pY = (s, yi +w, ), PP = (w0, i, 2 + 1))
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If the item rests on the floor of the container (z; = 0), these are exactly (z; +1;,y;,0),
(z,y; +w),0) and (z;,ys, h'). If there are items underneath, p(*) and p¥) are projected
onto the supporting surface directly below their (x,y) coordinates, bigger red circles
in Fig.10 (standard in extreme-point methods). Points outside bounds are dropped

immediately.

DBLF ordering and feasibility.

The list P is kept sorted lexicographically by increasing x (i.e., deeper in the con-
tainer), then by increasing z (lower height), and finally by increasing y (closer to the
left wall). Equivalently, the priority key is (z, z,y). For a candidate p € P and item
i, we test: (i) container bounds (23)—(25); (ii) pairwise non-overlap (8)—(16). If p is
feasible, we place i, remove p, insert the new points {p(x),p(y),p(z)}, filter duplicates
and dominated points (greater than or equal in all three coordinates under the DBLF
order), and resort P. If the first point is infeasible, we test the next one, and so on,
until either a feasible point is found or the list is exhausted.

Figures 11—13 walk through this process. In Fig. 11, the first item is placed at
FBL, and three points are generated and sorted as (p1, p3, p2) by the DBLF rule. The
second item is then attempted at pi; new points (p4,ps,ps) are created, added, and
the list becomes (p4, ps, D3, P2, P5). Fig. 12 shows infeasible trials: bounds violations

(see (23)—(25)) and overlap (see (8)—(16)).
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Fig. 13: Accepting/rejecting newly created candidates.

Fig.13 illustrates the outcome of the feasibility check on newly generated points. In
subfigure (a), a valid point (e.g., p4) results in a successful placement, while subfigure

(b) highlights the rejection of candidate py3, which is not created due to violation of

33

1473
1474
1475
1476
1477
1478
1479
1480
1481
1482
1483
1484
1485
1486
1487
1488
1489
1490
1491
1492
1493
1494
1495
1496
1497
1498
1499
1500
1501
1502
1503
1504
1505
1506
1507
1508
1509
1510
1511
1512
1513
1514
1515
1516
1517
1518



1519 container boundary constraints (equations (23)—(25)). The updated placement list P
1520

1521 1s also shown for both cases.

1522
1523
1524
1525
1526
1527
1528 reducing computation time, but it introduces a systematic bias: boxes are preferentially
1529

1530 placed deeper, lower, and closer to the left wall of the container. This concentrates
1531
1532
1533 away from the container midpoint, particularly in the early stages of packing.

1534

1535 In our implementation, DBLF remains the primary ordering principle, but it is
1536
1537
1538 point (EP), we compute the relative moment differences between the left-right and
1539

1540 front-rear halves of the container, using box volume as a proxy for weight. Among
1541
1542

1543 mitigates the inherent FBL bias without undermining DBLF’s efficiency in filling
1544

Impact on balance:

As noted in [17], the DBLF strategy is effective for maximizing volume utilization and

mass in the front-bottom—left (FBL) region and can shift the center of gravity (CG)

complemented by a balance-aware tie-breaking rule. For each candidate placement

feasible EPs, those yielding smaller moment differences are preferred. This refinement

1545 space.
123? Importantly, this local bias correction does not replace the formal CG modeling

1548 presented in Section 3.3. At the evolutionary level, overall CG deviation is still treated
12451?) as a separate optimization objective, so that NSGA-II explicitly balances utilization,
1551
1552
1553 DBLF+moment-difference improves the quality of local placements, while the multi-
Egg objective GA applies global pressure toward balanced layouts.

1556

1557

1558

1559 Pruning candidates:

1560
1561 To reduce decoding time, we remove candidates that are either dominated (by another

unloading obstacles, and stability. The two mechanisms therefore work in tandem:

1562 point no worse in (2, z,y) under the DBLF order), outside bounds, or strictly covered
1563

1564 by an already placed item or by a projected face.

34



This placement strategy is called once per individual during genotype decoding in

the NSGA-II cycle. See Algorithms 1 and 2 (Appendix A) for pseudocode.

=

(a) Initial candidate set including some infeasible points
(e.g., insufficient clearance due to stacked boxes of sim-
ilar orientation)

0—0—43—07/:)

=

o———o———o__qa———/o ! ‘0__0———/0

(b) Covered points removed (e.g., occluded by existing
boxes)

=

P L‘—oi/b . L‘_o—/o
(] @

(c) Covered points removed (e.g., occluded by box’s pro-
jected faces)

Fig. 14: Sequential filtering of candidate placement points.

35

1565
1566
1567
1568
1569
1570
1571
1572
1573
1574
1575
1576
1577
1578
1579
1580
1581
1582
1583
1584
1585
1586
1587
1588
1589
1590
1591
1592
1593
1594
1595
1596
1597
1598
1599
1600
1601
1602
1603
1604
1605
1606
1607
1608
1609
1610



1611 4.4 Box ranking

1612

1613 To balance maximizing volume utilization and minimizing unloading obstacles, we
1614

1615 implemented a custom ranking function for the boxes in the population, which priori-
1616
1617
1618 meet both objectives. The ranking function prioritizes the boxes as follows:

1619

1620 To balance the conflicting goals of maximizing volume utilization and minimizing
1621
1622
1623 that reorders each genotype before decoding via DBLF (Section 4.3).
1624
1625 4
1626
1627  reflects the delivery order. This ensures boxes are loaded in sequence, following the
1628

1629  LIFO rule, to optimize unloading by reducing ULOs. It is crucial for satistying
1630
1631
1632 2. Stackability: The next criterion, Stackability is used to resolve ties when boxes
1633

1634  have the same customer and item priority. Stackable boxes can be safely placed on
1635
1636
1637  strategy by maximizing vertical space. Non-stackable boxes require special place-
1638

1639  ment consideration and are ranked lower to avoid inefficiency and ensure transport
1640
1641
1642 3. Volume: Boxes are ranked by volume in descending order, with larger boxes given
1643

1644  higher priority for placement to maximize space utilization.

1645 4
1646
1647  next tie-breaker. A larger base area indicates a bigger footprint, allowing for more
1648

1649  efficient placement to ensure cargo stability and meet constraint (C4).

1650 ¢
1651
1652 their maximum dimension (length or width) is used as a tie-breaker. Larger
1653

1654  dimensions are preferred for better packing efficiency.

1655

1656

tizes the geometric and logistical attributes of the boxes before placement to efficiently

unloading obstacles and CG deviation, we implement a custom box ranking function

. Customer Priority: The primary ranking criterion is customer priority, which

constraint (C3).

top of others without compromising constraint (C4). This influences the packing

stability.

. Base Area: When two boxes have the same volume, their base area is used as the

. Maximum Dimension: Finally, if boxes have identical volume and base area,
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This multi-tiered ranking system prioritizes boxes based on the most important
attributes, resulting in a more efficient packing solution. Applying these criteria
ensured a balance between the two main objectives of this study, while considering
logistical constraints. The next sorting criterion is applied only when boxes tie in the
primary criterion.

This ranked list is then decoded to produce a 3D layout, which is evaluated across

objectives by the NSGA-II engine (Appendix A, Algorithm 3).

4.5 Operators

The crossover and mutation operators are performed between customers within the
same priority to prevent infeasibility because of priority constraint violation. For

simplicity, we illustrate one customer’s crossover and mutation operators.

1. Crossover: As order-based crossover has proven to suit permutation encoding, we
have used a modified variant [101] suitable for our diploid chromosome represen-
tation. With this, two child individuals Cy and C5 are produced from two parent
individuals P; and P». We start by selecting two random positions ¢ and j, and the
portion of the chromosome in P;(i) to Py(j) is copied onto Cy(i) to Ci(j), while
P, (i) to Pa(j) is copied onto Ca (i) to Ca(j). Afterwards, P is swept circularly from
j+ 1, filling the remaining values in Cy, and similarly, Cs is filled with values from
P;. This process is illustrated in Fig. 15, where ¢ = 4, j = 7 for customer 1, ¢ = 11,

j = 7 for customer 2, and 7 = 18, j = 21 for customer 3.
2. Mutation: The individuals generated through recombination undergo a two-step

optimization (2-OPT) process using a mutation operator. First, we apply a 2-OPT
mutation with a probability of p,,;. Two random positions, ¢ and j, are selected
within the individual, and the segment between these positions, P(7)...P(j), is
reversed. Following the 2-OPT mutation, we apply a random bit resetting mutation

with a probability of p,,2. Each bit in the second chromosome has a probability p,,2
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Fig. 15: Crossover operation

of being selected and is then randomly reset to a different rotation value according

to its rotation category, as shown in Fig. 16.

Customer 1 Customer 2 Customer 3
Loading Priority: First Loading Priority: Second Loading Priority: Last
Unloading Priority: Last Unloading Priority: Second Unloading Priority: First
Index 2({3(4|5 8|9 (10|11 (12|13 {14 |15|16{17 |18 (19|20 21
C1 31602 5314 11 6 (7 114|/4 |9 11 |15/10|5 I5
412 1|3 652 2 1 5 '1 |1 |3 /6 |2 |5 |3 [2
: : 2 OPT Mutation : :
C1 3,420 53 /7 6 11 4 '14|/4 |9 |5 |10/15|1 |5
411 3|1 655 1 2 /2 31 |1 (3 13 |5 2 |6 2
| | : 1 |
1 I Random Bit Setting 1 1
v v v
C 314/2|0 5317 6 11 4 14|4 |9 |5 [10/15|1 |5
411 |51 6 5%!5 1 3 /2 1%'1 |1 313 |5 |2 |512
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Fig. 16: Two-step mutation




3. Selection: The selection operator in GAs is essential to determine the individuals
to contribute to the next generation. We employ binary tournament selection to
choose individuals to produce offspring. This approach is simple and strikes a bal-
ance between exploration and exploitation. It increases the likelihood of selecting
individuals with higher fitness levels, though it does not guarantee their selection.
It helps to preserve genetic diversity within the population, preventing premature
convergence and encouraging the exploration of diverse solutions to find optimal

results.

Handling objective scale and conflict:

The proposed CLP formulation involves three conflicting objectives: maximizing
volume utilization (Z), minimizing unloading obstacles (Z2), and minimizing center-
of-gravity deviation (Z3). These objectives differ in nature and units: Z is a percentage
of container volume, Z, is a discrete count of blocking relations, and Z3 is a normalized
deviation across the three spatial axes.

To avoid domination by any single objective, we adopt the NSGA-II framework,
which relies on Pareto dominance rather than explicit weighting or rescaling. Each
objective is evaluated independently, and solutions are ranked by non-dominance with
respect to the population. This allows natural trade-offs to emerge and preserves
diversity along the approximate Pareto front [102, 103].

We also structured the objectives to be numerically well-behaved: Z; is normalized
by container capacity, Z3 averages deviations over axes relative to container dimen-
sions, and Z5 is bounded by the number of customer precedence pairs. In practice,
all three objectives actively compete, and the algorithm consistently produces diverse

trade-offs between utilization, accessibility, and balance.
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1795 5 Experimental Results
1796
1797
1798

1799 posed model and algorithms. All implementations were developed in Python 3.10,
1800

1801 and tests were run on a workstation equipped with an Intel Core i7-12700H (1
1802
1803
1804 subsections.

1805

1806

1807 5.1 Problem instances

1808

1809 The performance of the proposed model is evaluated using the benchmark instances
1810

1811 of Bischoff and Ratcliff (BR). The primary evaluation metric is container volume

1812
1213 utilization. To simulate multi-drop delivery conditions, we introduce modified BR

This section reports the computational experiments conducted to evaluate the pro-

2th

Gen, 2.30 GHz) processor and 32 GB of RAM. Results are presented in the following

1814 ipgtances that assign customer destinations and priorities, enabling the evaluation of
1815
1816 unloading efficiency and overall load balance at the time of departure.

181
121; The BR dataset [70] is widely used in container loading research. It consists of

1819 geven classes, BR1 through BR7, each containing 100 boxes to be packed into a single
1820
1821 container. The classes differ in the degree of box heterogeneity, ranging from only a

1822
1823 few box types (BR1) to highly diverse sets with up to 20 types (BRT7). The container

1824 Qimensions are fixed at L = 587, W = 233, and H = 220 cm.
1825

1826

1827 5.2 Parameter setting
1828

1233 The proposed multi-objective CLP is solved with NSGA-II, which requires tuning of
1831 several parameters. A preliminary design-of-experiments study tested the following

1832
1833 ranges:

1834

1835 1. Generations (G): [1,200]

1836 ) o dation size (pop.size): (1,50
1837 2 Population size (pop.size): [1,
1838 3. Crossover rate (Cp): [0, 0.8]

1839

1840 4. Mutation rates: pmy € [0,0.6], pmo € [0, pmy /2]
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To capture the effect of box diversity, ten instances were randomly drawn from
BR1 and BRY, representing the extremes of weak and strong heterogeneity. Perfor-
mance across different combinations of C,, pm1, and pmy was compared. Fig.17 shows
typical results for one instance of each class. A detailed summary is given in TableB1
(Appendix B).

During experimentation, the population size was fixed at 50, while crossover and
mutation rates were systematically varied. The optimal settings derived from this

analysis are reported in Table 1 and adopted in the NSGA-IT implementation.

(a) BR1, Problem Instance (b) BRT7, Problem Instance
1 1

Fig. 17: Sensitivity of NSGA-II performance to parameter settings for one instance
each of BR1 and BRY.

Table 1: Parameter configurations for NSGA — I

Parameters Value
Generations 200
Population Size 50
Crossover Rate 0.8
pmq: 0.6

Mutation rate
pma: 0.3
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1887 5.3 Comparison of Benchmark Datasets
1888
1889 To validate the proposed NSGA—IT— based CLP model, this study conducted exper-

1890
1891 iments on a basic dataset before applying the algorithm to the full problem scope. The

123; analysis involves seven core BR datasets, with results compared to those from prior
1894 studies [56, 70, 104, 105].

1895

1896

1897 e e .

1898 Table 2: Utilization results with other methods.

1899 Test case BR1 BR2 BR3 BR4 BR5 BR6 BR7Y
138? Box Type 3 5 8 10 12 15 20

1902 Bischoff et al. 81.76  81.70 82.98 82.60 82.76 81.50  80.51
1903 Bischoff and Ratcliff 83.79 84.44 83.94 83.71 83.80 82.44 82.01
138‘; Gehring 85.80 87.26 88.10 88.04 87.86 87.85 87.68
1906 Kuo (NSGA-II) 91.66 86.53 89.56 91.99 89.83 93.30 91.07
1907 this study (NSGA-II) 92.23 87.36 88.57 89.53 89.86 90.85 91.68
1908 The best results are listed in bold.

1909

1910

1911

1912

1913 . . . .

1914  Bischoff et al. [70] and Bischoff and Ratcliff [104] employed heuristic methods that

1915 4id not rely on parameter tuning, focusing instead on rule-based strategies. In contrast,
1916

1917 Gehring [105] implemented a GA with specific configurations, including a population

1918
1919 size of 50 chromosomes, 300 iterations, and crossover and mutation rates of 0.5 each.

1920 Kuo [56] utilized both NSGA — II and Multi-objective Particle Swarm Optimization;
1921

1922 however, this discussion focuses exclusively on NSGA-IIL. In Kuo’s study, NSGA-II was

1923
1924 configured with a population size of 200, a maximum of 200 generations, and crossover

1925 and mutation rates of 0.8 and 0.6, respectively.
1926

1927 Table 2 provides a comparative summary of the average container utilization

1928
1929 achieved by each algorithm across the seven datasets. We applied the basic CLP

1930 constraints, Geometry, Orientation and Weight limit (sub-section 3.2). The results

1931
1932 indicate that the NSGA-II algorithm introduced in this study outperforms the
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benchmark algorithms in several BR test instances. This performance improvement
emphasizes the effectiveness and robustness of the proposed algorithm in solving

container loading problems, even under varying operational conditions.

5.4 Experimental validation with modified BR data

The standard BR dataset was modified to align with the proposed multi-objective CLP
formulation and to incorporate the practical constraints defined in Section 3.2. Each
box was assigned to a delivery customer to reflect multi-drop scenarios, and stackabil-
ity rules were enforced to capture vertical stability requirements. Because the original
BR instances do not specify weights, synthetic weights were assigned in proportion to
box volume, so that larger boxes were treated as heavier. This approximation is con-
sistent with prior CLP studies and provides a realistic proxy for mass distribution,
enabling evaluation of center-of-gravity (CG) deviation (Section 3.3). CG balance was
thus modeled as a third optimization objective alongside container utilization and

unloading obstacles (ULO). Table 3 reports the results for container utilization and

Table 3: Results for modified BR test instances: volume utilization (percent)
and unloading obstacles.

Metric BR1 BR2 BR3 BR4 BR5 BR6 BRTY
Customers 3 5 8 10 12 15 20

NSGA-II (Avg.) [%] 83.74 7470 84.90 86.57 83.45 88.95 84.88
NSGA-TI (st.dev) [pp] 6.12  5.89 291 356 349 3.14  4.10
NSGA-II (Max) [%] 92.66 86.63 89.65 90.99 89.38 90.30 91.07
NSGA-II (Min) [%)] 69.65 64.48 75.68 76.96 73.60 83.14 74.77
Avg. # of ULOs 5 8 10 11 13 12 14

Notes: Standard deviation (st.dev) is reported in absolute percentage points (pp), i.e.
the direct difference between percentages. ULOs = unloading obstacles.

ULO across the modified BR instances. NSGA-II consistently achieved high average
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1979 utilization, typically in the range of 83-89%, with low standard deviations (3—6 per-
1980

1981 centage points), indicating stable performance across runs. The maximum utilizations
1982
1983
1984 tomers per BR class (from 3 in BR1 to 20 in BR7) directly affects unloading complexity.

1985
1986 As expected, the average number of ULOs increases with the number of customers, yet

approach 91% even in strongly heterogeneous instances (BR7). The number of cus-

132; the values remain moderate (5-14), showing that the algorithm effectively manages

1989 delivery accessibility without severely sacrificing space efficiency.
1990

1991

1992

1993 Table 4: Average CG coordinates and deviations for modified BR
1994 instances. Container midpoints are (293.5, 116.5, 110.0) cm.

1995 BR Class Avg. CG (cm) [x, y, z] Avg. deviation (%) [x, y, z]
133? BR1 (292.7, 115.8, 109.3) (0.3, 0.6, 0.6)

1998 BR2 (295.3, 117.7, 110.6) (0.6, 1.0, 0.5)

1999 BR3 (292.2, 116.9, 110.8) (0.4, 0.3, 0.7)

;88(1) BR4 (298.0, 118.8, 110.1) (1.5, 1.9, 0.1)

2002 BR5 (284.6, 116.2, 109.6) (3.0, 0.2, 0.3)

2003 BR6 (290.4, 114.3, 110.8) (1.1, 1.9, 0.7)

2004

2005 BR7 (298.4, 114.5, 110.7) (1.7, 1.7, 0.7)

2006

2007

2008

2009

2010

2011 Table 4 presents the average center-of-gravity (CG) positions and corresponding

2012 axis-wise deviations across modified BR instances, measured relative to the geometric
2013
2014 midpoint of the container (293.5, 116.5, 110.0) cm. The results confirm that NSGA-II

2015
2016 maintains a well-balanced load distribution in all tested cases.

2017 For BR1-BR3, which represent instances with lower heterogeneity and fewer
2018

2019 customers, the CG deviations remain extremely small—below 1% across all axes.

2020
2021 In particular, horizontal deviations in the z and y directions average below 0.6%,

2022 while vertical deviations stay within 0.7%. For BR4-BR7, despite higher complexity

2023
2024 and increased customer diversity, deviations remain operationally negligible: no axis
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exceeds a 3% shift. The highest observed deviation is 3.0% along the z-axis in BR5,
but the average deviations in all other cases remain below 2%.

This high degree of mass symmetry suggests that NSGA-II does not introduce
systematic imbalance in any direction. There is no consistent drift toward a specific
corner (e.g., front-left-bottom), and the CG remains close to the container’s center in
both low and high heterogeneity settings. Fig. 18 presents approximate Pareto fronts
for the modified BR instances, showing the trade-off between volume utilization and
unloading obstacles (ULOs). Because NSGA-II is a heuristic method, these fronts
represent high-quality approximations of the true Pareto set rather than guaranteed
optima.

The progression from BR1 to BRT reflects increasing heterogeneity in box types
and customer deliveries, which in turn broadens the trade-off surface. For simpler
cases such as BR1 and BR2, the fronts are compact: high utilization can be achieved
with only a few ULOs. In contrast, for more complex cases such as BR6 and BRY,
the fronts are more dispersed, revealing a stronger conflict—solutions with very high
utilization typically involve more unloading obstacles.

Across all classes, NSGA-IT consistently identifies a diverse set of non-dominated
layouts. This provides decision-makers with practical flexibility: in simpler instances
they can favor utilization, while in more complex cases a compromise between packing
efficiency and unloading convenience is more appropriate.

The smooth progression of these approximate Pareto fronts across problem classes
shows that the framework scales naturally with problem difficulty. These results high-
light the method’s practical value: even without guaranteeing the true Pareto set, the
algorithm produces high-quality trade-offs suitable for operational multi-drop loading

scenarios.
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2099 Fig. 18: Pareto analysis of unloading obstacles and volume utilization.

2100

2101

2102

2103

2104

2105

2106

2107 5.5 Validation with MIP

2108

2109 To benchmark the quality of heuristic solutions, we implemented a mixed-integer pro-
2110

2111 gramming (MIP) model of the CLP (Section 3.3) using OR-Tools. As is common in
2112
2113
2114 straints quickly became intractable: even small BR instances yielded poor utilization

2115
2116 (35-50%) with runtimes exceeding 3600s.

Number of Relocated Boxes.

88 90 9

3D packing, a direct formulation with orientation, non-overlap, and boundary con-
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Warm-starting with DBLF:

To improve tractability, we integrated a placement-point based warm start. Specif-
ically, the deepest-bottom-left-fill (DBLF) heuristic was used to generate an initial
set of extreme-point placements, which were injected into the solver using OR-Tools’
SetHint functionality.! This mechanism allows the solver to start from a feasible or
nearly feasible layout. Although the solver is not obliged to follow the hint, in prac-
tice, hints can accelerate convergence. Without warm-starting, the raw MIP often ran
for over an hour and still produced poor layouts with only 35-50% utilization. With
DBLF hints, utilization rose upto 60-80% on BR instances, and the solver typically
converged well before the 300s cutoff.

The effectiveness of this warm-start stems from two complementary factors: (i)
DBLF prioritizes the placement of larger boxes early, which aligns well with the
MIP’s objective of maximizing packed volume; and (ii) in our modified BR instances,
customer delivery priorities were assigned inversely to box volume—smaller boxes cor-
respond to earlier delivery. Consequently, DBLF tends to place large, late-delivery
boxes deeper into the container, while leaving space near the door for smaller, early-
delivery boxes. This structure not only improves volume utilization but also helps
preserve the last-in—first-out (LIFO) unloading order, thereby implicitly supporting

customer priorities even without hard constraints.

Unloading obstacles (ULO):

Delivery sequencing creates a clear tension between packing density and accessibility

at later stops. We experimented with two formulations:

® Hard constraints: enforcing a strict last-in—first-out (LIFO) rule along the container
length. This left the solver with almost no flexibility, and it typically placed only a

handful of boxes before running out of feasible options.

1See OR-Tools documentation: SetHint.
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https://developers.google.com/optimization/reference/python/linear_solver/pywraplp#sethint

2163 e Soft penalties: relaxing the rule by allowing violations, but introducing slack vari-
2164

9165 ables that were penalized in the objective. This produced feasible layouts, but
2166
2167
2168
2169
2170 without destroying packing efficiency. Instead, it is better modeled as a separate opti-

2171
2172 mization objective—as done in our NSGA-II approach—so the algorithm can balance

volume utilization fell by roughly 10-15% compared to runs without ULO.

These results showed that ULO cannot be imposed as a hard feasibility condition

2}; 4 accessibility against utilization.

2175

2176

2177 Center-of-gravity (CG):

2178

2179 We also explored how to incorporate CG balance within the MIP model. Imposing
;}S(l) a hard bound of +£10% deviation from the container midpoint along all three axes
2182
2183
2184 packed only a small number of boxes.

2185
2186 To address this, we treated CG deviation as a soft objective. Specifically, we intro-

proved too restrictive: in most runs, the solver either returned infeasible solutions or

;}S; duced a linearized formulation that minimizes the average mass-weighted deviation

2189 of the loaded center of gravity from the container’s geometric center. No hard bound
2190

2191 Was imposed, although the model supports optional axis-wise caps if needed. This soft
2192
2193
2194 as one of three competing objectives.
2195

2196

2197 .

2198 Comparison of Results:

2199
9900 To evaluate the quality of heuristic solutions produced by our hybrid GA, we compare

treatment aligns with our NSGA-II formulation, which also minimizes CG deviation

2201 them against solutions obtained from the MIP model for a representative instance in
2202

2203 each BR class. Table 5 compares the performance of the MIP and NSGA-II approaches

2204
9905 O1 @ representative instance from each BR class. For all BR classes, NSGA-II con-

2206 sistently outperforms MIP in terms of volume utilization. The improvement ranges

2207
2208 from a 10.0% gain for BR7 to nearly 20% for BR1 and BR2. These results confirm
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the effectiveness of the heuristic in achieving dense packings, particularly under tight

computational budgets.

Table 5: Comparison of MIP and NSGA-II on representative BR, instances in
terms of volume utilization and unloading obstacles (ULOs).

Metric BR1 BR2 BR3 BR4 BR5 BR6 BRT7
Customers 3 5 8 10 12 15 20
MIP Utilization [%)] 75.60 73.12 7750 7534 79.41 7887 80.97
NSGA-II Utilization [%] 90.66 87.63 88.65 90.99 89.38 91.30 89.07
Utilization Gap [%] 19.9 19.8 14.4 20.8 12.6 15.8 10.0
MIP ULOs [#] 10 14 20 13 40 50 59
NSGA-TI ULOs [#] 5 8 10 11 13 12 14

The difference in unloading obstacles (ULOs) is even more striking. MIP produces
significantly higher ULO counts, especially in the more heterogeneous BR classes. For
instance, MIP generates 40-59 ULOs in BR5—BRY7, compared to just 13-14 by NSGA-
II. Even in simpler instances like BR1-BR3, the ULOs from MIP are roughly double
those of NSGA-II. This contrast highlights a key limitation of the MIP model: without
explicitly optimizing for unloading priority, the solver tends to prioritize volume pack-
ing at the expense of accessibility. Although warm-starting with DBLF (via SetHint)
helped improve convergence and overall utilization, it had little to no effect on ULO
reduction. NSGA-II, by contrast, treats ULOs as an explicit objective and successfully
balances density with delivery sequencing.

These trends also reflect the increasing challenge of managing customer hetero-
geneity. As the number of customers rises from 3 in BR1 to 20 in BR7, ULOs grow
sharply under MIP (from 10 to 59), but remain relatively stable under NSGA-II (5
to 14). This indicates that NSGA-II scales better with respect to operational con-
straints and customer complexity, making it a more practical solution for real-world

multi-drop scenarios.
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instances: CG coordinates and deviations.

Metric BR1

BR2

BR3

BR4

MIP CG (cm) [x,y,z]

(293.0, 115.9, 108.4)
NSGA-II CG (cm) [x,y,7] (291.1, 115.1, 109.0)

(295.7, 117.4, 111.1)
(298.4, 118.8, 110.5)

(292.5, 116.8, 111.5)
(289.6, 117.3, 110.7)

(296.4, 117.8, 110.2)
(295.3, 117.2, 110.1)

MIP CG deviation [%] (0.2, 0.5, 1.5) (0.8, 0.8, 1.0) (0.3, 0.2, 1.3) (1.0, 1.1, 0.2)
NSGA-II CG deviation [%] (0.8, 1.2, 0.9) (1.7, 1.9, 0.5) (1.3, 0.6, 0.7) (0.6, 0.6, 0.1)
Metric BR5 BR6 BRT7

MIP CG (cm) [x,y,z]

MIP CG deviation [%)] (1.8, 0.1, 0.5)
NSGA-II CG deviation [%)] (0.7, 0.5, 1.0)

(288.2, 116.4, 109.5)
NSGA-II CG (cm) [x,y,2] (295.4, 115.9, 111.1)

(291.6, 115.5, 110.6)
(292.2, 115.8, 110.5)
(0.7, 0.9, 0.6)
(0.4, 0.6, 0.5)

(296.7, 115.4, 111.8)
(289.7, 116.4, 109.7)
(1.1, 0.9, 1.7)
(1.3, 0.1, 0.3)




CG balance comparison:

Table 6 compares the CG coordinates and deviation values produced by MIP and
NSGA-II across all BR classes. The deviations are calculated per axis as absolute differ-
ences from the container midpoint (293.5, 116.5, 110.0) cm, expressed as a percentage
of axis length.

Across all instances, both methods maintain CG deviations within the operational
threshold of £10% per axis. However, NSGA-II generally achieves tighter CG control,
especially in the vertical (z) axis where precise balance is crucial for safe handling.
For example, in BR5 and BR7, NSGA-II reports vertical deviations of 1.0% and 0.3%,
respectively, while MIP shows 0.5% and 1.7%. Similarly, in the horizontal (z and y)
directions, NSGA-II often performs slightly better or at least comparably to MIP.

It is worth noting that the MIP results benefit from DBLF-based warm-starting via
SetHint, which naturally places heavier (larger) boxes toward the container base and
center. This heuristic indirectly improves CG distribution, even though the solver does
not explicitly optimize for CG in its objective. Nevertheless, because NSGA-IT models
CG deviation as a standalone minimization objective, it can fine-tune placements more
effectively to achieve balanced mass distributions.

These differences, though numerically small, may have practical implications in
real-world loading scenarios governed by safety thresholds and stability regulations.
The consistent CG performance of NSGA-II reinforces the value of multiobjective

modeling when addressing stability-sensitive constraints.

6 Conclusion

This study tackled a complex and practically relevant variant of the Container Loading
Problem (CLP), where space efficiency must be balanced with delivery accessibility

and cargo stability. We proposed a tri-objective formulation that jointly optimizes
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2332 volume utilization, minimizes unloading obstacles (ULOs), and controls the center of
2333

9334 gravity (CG) to ensure safe and stable packing.

2335
2336
2337 based on NSGA-II, with a placement decoder that combines an extreme-point (EP)
2338

9339 Strategy and the deepest-bottom-left-fill (DBLF) heuristic. EPs define the candidate
2340
2341
2342 utilization. Since DBLF tends to bias the center of gravity toward the front-bottom-
2343

9344 left corner, EPs are adaptively re-ranked in reverse DBLF order whenever balance
2345
2346
2347 incorporates a broad set of real-world constraints, including vertical support, stackabil-

2348
9349 ity, delivery priorities, weight limits, and geometric feasibility, ensuring that generated

To address this, we developed a hybrid multi-objective optimization framework

positions for the next box, while DBLF ranking favors compact packing and high

requirements would otherwise be violated. Beyond volume utilization, the framework

;22(1) load plans remain both physically stable and operationally practical under tight spatial

2352 restrictions.

2353
2354 Our experimental results on modified BR benchmark instances demonstrate that

;222 the proposed method consistently produces high-quality, balanced, and accessible lay-

2357 outs across varying degrees of box heterogeneity. CG deviations remain well within

2358
9359 operational limits, and ULO counts are substantially lower than those produced by

2360 oy act MIP models. Comparative analysis with MIP-based solutions showed that while

2362 exact methods are useful for benchmarking small instances, our heuristic approach
2363

9364 Scales better, achieves higher utilization, and handles multi-drop constraints more
2365
2366

2367 els, which in some cases narrowed the gap by improving utilization and convergence
2368

2369 speed. However, this effect was not consistent across objectives; for example, warm-
2370
2371
2372 highlighting both the potential and the limitations of using heuristic guidance in exact
2373

2374 solvers.

2375

2376

2377

effectively. We also experimented with DBLF-based warm-starting in the MIP mod-

starting did not lead to better solutions for minimizing unloading obstacles (ULOs),
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The approach supports decision-making by generating diverse Pareto-optimal load
plans with 3D visualization, allowing warehouse operators to select solutions that best
align with their operational priorities—whether it be delivery orders, cargo stability,
or packing density.

Future research could extend the CG balance objective beyond the departure
state to explicitly consider stability throughout the delivery route. In multi-drop sce-
narios, every unloading action alters the mass distribution, and a plan that is balanced
at departure may become unstable after several stops. Addressing this challenge would
require methods that anticipate the evolving CG trajectory over the entire deliv-
ery sequence, ensuring that the container remains balanced not just initially but at
each intermediate state. This raises important questions about the operational conse-
quences of CG violations during transit, such as safety risks, regulatory compliance,
or unloading difficulties at customer sites. It also opens avenues for corrective strate-
gies, including selective re-stacking, shifting of boxes, or the use of flexible loading
zones that allow adjustments during the route. Developing algorithms that can model
and optimize these dynamic aspects of balance would significantly enhance the real-
ism of CLP studies and bring the framework closer to practical deployment in modern

logistics.
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Appendix A Algorithms

Algorithm 1 Placement point generation and update of P list

1:

12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

25:

© ® N > g W

Input: List L of already placed boxes
Input: Candidate list P of placement points
Input: Box i placed at (z;, yi, 2;) with size (I}, w}, h})
Initialize H}'** < 0, H;m‘x «~—0
if z; = 0 then > Placed on container floor
Insert (x; + 1}, y;,0) and (z;,y; + w}, 0) into P
else
for each box j € L do > Project onto support below (z;, y;)
if z; + 1, > x; then
if z; + h; < z; and z; + hj; > HI™ then
HD o ;4 b,
else if z; + l;- > z; then
HP™ — z;
if y; + w; > y; then
if z; + h; < z; and z; + h; > H;’“ax then
Hm 4 b
else if y; + w; > y; then
H 4z
if H'® = z; and H'™* = z; then
break
Insert (z; + U}, y;, Hy'®*) and (x4, y; + wi, H'™) into P
Insert (z;,y;, z; + h}) into P
if z; +l; > L then
Remove (z; + 1}, y;, z;) from P

Remove (z;, y;, z;) from P

Algorithm 2 Deepest—Bottom-Left Fill (DBLF) decoder

©OIP W

Input: List B of boxes to be packed (ordered and rotated)
Input: Candidate list P of placement points
for each box ¢ € B do
packed < false
Compute effective dimensions (I}, w}, h}) based on rotation (see (5)—(7))
Sort P lexicographically by (z, z,y) > DBLF priority
for each point p € P do
if box i is feasible at p (bounds, overlap, stability) then
packed < true
Place box 7 at p
Remove p from P and update via Algorithm 1
break
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2516 Algorithm 3 Multi-objective NSGA-IT with DBLF decoding

2517 1. Input: Population size N, number of generations G, crossover probability Cp, mutation probabilities

2518

Pm1;Pm2

2519 2: Output: Non-dominated set S of high-quality loading plans

2520

2521 3: Initializati

: Initialization:

2522

2593 4: Generate initial population P = {p1,...,pn} using heuristic initialization (Section 4.2)
5: Apply box ranking to each genotype (Section 4.4

2524

92525 6: Decode each individual using DBLF strategy (Algorithm 2)

2526 7: Evaluate objectives Z1, Za, Z3 (Section 3.3)

2527 8: Perform non-dominated sorting to assign Pareto fronts and crowding distance

2528 9: for generation g =1 to G do

2529 Selection and Crossover:

2530 - . . .

9531 10: for pairwise mating until N offspring do

9539 11: Select two parents via binary tournament (based on rank and crowding distance)
12: Apply order-based crossover on Chromosome 1 (box order) with probability C.

2533 »

2534 13: Apply partial-mapped crossover on Chromosome 2 (rotations) with probability C,,

2535 Mutation:
2536 14: for each offspring p do

2537 15: if rand() < pmi1 then

2538 16: Apply 2-OPT mutation on box order

2539 17: if rand() < pm2 then

2540 -

2541 18: Randomly reset rotation genes (see Fig. 16)

2542 Evaluation:
2543 19: Apply box ranking (Section 4.4)
2544 20: Decode all offspring via DBLF (Algorithm 2)

2545 21: Evaluate objectives and constraints
2546 .
;gj’; 23: Perform non-dominated sorting, assign crowding distances
2549
2550 25 Return Pareto front S = {s € P : rank(s) = 1}
2551

2552

2553

2554 Appendix B Tables

2555

2556

2557

2558

2559

2560

2561

Merge parent and offspring populations

24: Select the best N individuals for the next generation
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Table B1: Variation in NSGA-II performance with parameter changes

Crossover rate  Second mutation rate Second mutation rate Performance  Volume Avg.# of

Cp pma pmo indicator utilization ULOs

BR1 Class, Each problem instance has 3 kind of boxes

LS

Average 0.773

0.6 (0.1,0.2,0.3,0.4,0.5,0.6]  [0.5,0.1,0.15,0.2,0.25,0.3]
st.dev 0.043 5
Average 0.764

0.65 (0.1,0.2,0.3,0.4,0.5,0.6]  [0.5,0.1,0.15,0.2,0.25,0.3]
st.dev 0.045 5
Average 0.745

0.7 [0.1,0.2,0.3,0.4,0.5,0.6]  [0.5,0.1,0.15,0.2,0.25,0.3]
st.dev 0.042 7
Average 0.756

0.75 [0.1,0.2,0.3,0.4,0.5,0.6]  [0.5,0.1,0.15,0.2,0.25,0.3]
st.dev 0.047 9
Average 0.779

0.8 [0.1,0.2,0.3,0.4,0.5,0.6]  [0.5,0.1,0.15,0.2,0.25,0.3]
st.dev 0.040 3

BR7 Class, Each problem instance has 20 kinds of boxes

¢69¢
1659¢
064¢
684¢
88G¢

Average 0.743
0.6 [0.1,0.2,0.3,0.4,0.5,0.6] [0.5,0.1,0.15,0.2,0.25,0.3]
st.dev 0.063 17
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Table B1 continued from previous page
Average 0.737
0.65 [0.1,0.2,0.3,0.4,0.5,0.6] [0.5,0.1,0.15,0.2,0.25,0.3]
st.dev 0.064 10
Average 0.751
0.7 [0.1,0.2,0.3,0.4,0.5,0.6] [0.5,0.1,0.15,0.2,0.25,0.3]
st.dev 0.062 15
Average 0.716
0.75 [0.1,0.2,0.3,0.4,0.5,0.6] [0.5,0.1,0.15,0.2,0.25,0.3]
st.dev 0.064 14
Average 0.769
0.8 [0.1,0.2,0.3,0.4,0.5,0.6] [0.5,0.1,0.15,0.2,0.25,0.3]
st.dev 0.067 8

Note: st. dev stands for standard deviation, Avg stands for Average ,ULOs stands for unloading obstacles
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