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Abstract: This work investigates the magnetohydrodynamic (MHD) flow of blood in an inclined 

cylindrical tube containing infused magnetic nanoparticles (MNPs). This system has significant 

implications for hyperthermia treatment and targeted drug administration. It is crucial for 

comprehending completely the interdependent effects of MNPs, tube inclination, and MHD. The 

Brinkman type fluid model is employed in the established two-phase flow.  The Caputo, Caputo-

Fabrizio (CF), and Atangana-Baleanu (AB) fractional operators are used in succeeding 

fractionalization to account for memory effects and allow for a comparison analysis between 

various fractional frameworks. The joint Laplace-Hankel transforms are used to produce the exact 

solutions. When α → 1 the classical results are restored. The results reveal that velocities caused 

by Lorentz forces decrease as the magnetic number (M) increases, with CF showing the fastest 

reaction. At the same time, because of stronger viscous and inertial effects, higher particle 

concentrations (PC) reduce velocities. The fractional orders (α, β, and γ), display dual time-

dependent dynamics, speeding up flows over extended periods ( 1.5t = after initially slowing them 

down. The most physically accurate predictions are produced by AB's Mittag-Leffler kernel, which 

combines short- and long-term memory effects. The results show the importance of fractional 

calculus in simulating complex biofluid dynamics, particularly in inclined tubes where gravity, 

magnetic, and viscous forces interact, and they offer a solid foundation for enhancing magnetic 

drug delivery devices. 

Keywords: Blood flow; Magnetic Particles; Magnetohydrodynamic; Fractional Calculus; Integral 

Transforms 
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1. Introduction 

The study of blood flow under the action of magnetic fields has gained a lot of interest, as it may 

lead to important applications in medical technology (e.g. targeted drug delivery). Blood is one of 
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the fluids that contains hemoglobin rich in iron and therefore got magnetized. Studies of human 

blood show that it has distinct behavior depending on whether the blood is oxygenated or not. If it 

is oxygenated, behave as diamagnetic and if it is deoxygenated acts as paramagnetic. Investigations 

reveal that this can be influenced by applying external magnetic fields reducing its flow by up to 

30%.[1, 2]. The understanding of the interaction of blood flow and magnetic fields is of interest 

for the development of biomedical tracers (magnetic tracers) as well as targeted drug delivery. Yet 

most classical models of blood flow assume that blood is a simple Newtonian fluid that is non-

conducting which is inaccurate as blood plasma contains ions and conducts electricity. Because of 

this, the flow is impacted by both magnetic nanoparticles particles (MNPs) and 

magnetohydrodynamic (MHD), therefore an individual model excluding one of these effects is 

incomplete. Some recent studies have attempted to improve this by making two phase 

mathematical models capture the properties of both magnetic particles and MHD. For instance, 

Murtaza et al. [3] discussed the combination of both MNPs and MHD blood flow over a stretching 

sheet. Their research, reveal that using both MNPs and MHD play an significant role, as they make 

an noticeable and computable difference in the flow. 

In addition, Javeed and Jung [4] used a two-phased model to investigate how MHD affected 

blood flow. By building a numerical algorithm to replicate the blood flow model, they produced 

numerical findings. They were able to precisely investigate the blood flow pattern impacted by 

changes in artery diameter and magnetic field strength thanks to this technique. Chrimatopoulos 

et al. [5] used the finite volume approach to computationally study nonlinear equations describing 

MHD blood flow with MNPs. They showed how magnetic fields caused by Lorentz forces reduced 

the blood's flow rate. A significant explanation of non-isothermal MHD models using MNPs was 

carried out by Könözsy et al. [6] who clarified their significant relationship to bio-fluid dynamics 

(BFD). Their research provides important validation standards for non-Newtonian and non-

isothermal blood flow scenarios. They also make the case for the application of these sophisticated 

models to the improvement of magnetic resonance imaging (MRI) technology and predicting 

accuracy.  In a rectangular channel, MHD blood flow was examined by Kasiman et al. [7] They 

employed the finite volume approach for the simulation. It was discovered that variations skin 

friction cause variations in blood speed in the model with different magnetic field intensities. 

According to their models, a higher magnetic field slows down fluid flow and is inversely 

proportionate to friction on the channel walls. Through numerical simulations and modeling of 
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MHD blood flow, Rajashekhar et al. [8] demonstrated the option of more accurate targeted drug 

delivery. The results clearly show that it is possible to increase treatment accuracy in blood vessels 

using magnetic particles. Fenech and Haya [9] examined the influence of MHD on blood flow in 

arteries. Their research showed that the magnetic forces have a substantial effect on the stress on 

the walls of the artery as well as the overall flow. The research work was further advanced by 

Gregory et al. [10], and Drochon et al. [11] by discussing the dynamic of MNPs and MHD blood. 

It was demonstrated that distinct blood flow patterns are produced by the interaction effects of 

MNPs and MHD. The effectiveness of magnetic hyperthermia treatment is improved by certain 

flow patterns. Although it is exciting to emphasize MNPs and MHD in blood flow modeling, it 

seems to allow critical phase since blood is a type of fluid that can be accurately described by 

fractional calculus approaches and is non-Newtonian with memory effect. 

Recent advancements in fractional calculus offer a reliable mathematical model for simulating 

intricate biological fluids like blood.These approaches have the potential of integrating memory 

effects with the underlying hereditary characteristics, which has been shown to be a weak point 

for the classical integer order models [12-14]. Fractional derivative operators such as Caputo [15], 

CF [16], and AB [17] definitions are used in most of the biofluid dynamics applications [18-20]. 

They are able to describe anomalous and viscoelasticity which cannot be well simulated with 

purely ordinary calculus. With its single kernel, the Caputo fractional operator is frequently 

employed because it works well with common boundary conditions. This is followed by the CF 

fractional derivative using a non-singular exponential kernel. This eliminates singularities and 

makes it easier for the model to depict rapid changes. [21-23]. A more general mathematical 

foundation is provided by the construction of the AB fractional derivative operator, which uses the 

Mittag-Leffler function as its kernel. Because it takes into account the impacts of both short-term 

and long-term memory, this method is appropriate for modeling biological systems with a wide 

range of behavioral dimensions [24, 25].  

Significant insights into the dynamics of blood MNPs interactions under various physiological 

situations can be gained by analyzing magnetic blood flow using the Caputo, CF, and AB fractional 

derivatives operators. Using the CF fractional derivative model, Riaz and Zafar [26] were able to 

successfully investigate blood flow in cylindrical tubes under the influence of a magnetic field. 

According to their research, the CF technique accurately interprets the influence of physical 



4 

 

parameters on velocity field, making it a robust framework for blood flow modeling. Saikia et al. 

[27, 28] investigated MHD flow across vertical surfaces using the AB fractional derivative 

operator. The crucial differences in viscosity and thermal conductivity that are seen in biological 

fluids like blood were integrated in their model. Their findings show that the intricate relationship 

between heat radiation and viscous dissipation is captured by the AB fractional derivative. The 

comprehension of heat and mass transmission is enhanced by this expressive ability. The CF and 

AB approaches produce comparable results for temperature and velocity profiles. This implies that 

for the predictive modeling of magnetic blood flows, each fractional operator is equally viable 

[29].  

Fractional-order derivative models have seen an increase in interest in recent fluid dynamics 

research. These models provide greater potential for non-local memory effects and exhibited 

sophisticated substantial behaviors, which are frequently incompetently covered by traditional 

integer-order approaches. Non-local kernels, which provide an extra physically realistic 

representation of real-world occurrences, are introduced via their employment. As a result, they 

have been successfully used in a variety of fields, including biofluid mechanics and quantum 

physics [30]. This advancement in mathematics has opened up completely new possibilities for 

simulating intricate biological structures. In hemodynamics, where accurate representation of 

anomalous diffusion and genetic memory effects is crucial, it is primarily transformative. Through 

the development of analytical solutions for MHD blood flow inside static cylindrical tubes, Ali et 

al. [31] enhanced the use of fractional derivatives in hemodynamics. This study was then expanded 

to include the impact of oscillating boundaries on cylindrical geometry [32] demonstrating the 

high degree of compliance of fractional calculus methods with a wide variety of intricate boundary 

conditions. Porosity factors were incorporated into fractional MHD blood flow models by Maiti et 

al. [33], who subsequently advanced the field of study. In a parallel advancement, Jamil et al. [34] 

proceed forward the research by considering the inclination in flow geometry. Both studies utilized 

a fractional derivative approche, obtaining analytical solutions hybrid methodologies that integrate 

Laplace finite Hankel transforms, thus, developing a strong mathematical methodology for 

fractional hemodynamic modeling. 

Previous studies have widely examined hemodynamic models utilizing either classical integer-

order derivatives or singular fractional operator methodologies. However, a comparative 
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investigation combing multiple fractional operators such as Caputo, CF and AB fractional 

operators within a combined framework for blood flow has not been investigated in the open 

literature. This gap presents a substantial opportunity for advancing this field. Therefore, the 

primary objective of the study is to close this important gap by conducting a thorough fractional 

examination of two-phase blood flow in an inclined cylindrical tube with uniformly loaded MNPs. 

For this purpose, the Brinkman-type fluid model in terms of Caputo, CF, and AB fractional 

derivative operators are being used in this study. This approach improves the research capacity of 

hemodynamic modeling in complicated geometry by allowing the study of memory effects and 

non-local dynamics. Joint Laplace and Hankel transformations are used in this study to provide 

exact solutions. Results from three different fractional operators, including Caputo, CF, and AB, 

are compared and shown. The impact of important parameters, such as fractional order, magnetic, 

particle concentration, and the Brinkman parameters, is examined in this work. These studies 

clarify how each parameter affects the velocities of blood and MNPs. The results offer important 

insights for improving magnetic drug delivery. Additionally, they offer a theoretical foundation 

for further experimental research in this field. In the framework of blood flow modeling with 

magnetic particles (MPs), the present paper is the first study to compare of several fractional 

operators. 

2. Mathematical Formulation  

Let us examine the blood flow in which MPs are homogeneously dispersed within a cylindrical 

vessel of radius of 0ݎ as illustrated in Figure 1. The slant-oriented cylindrical vessel is made an 

inclination angle ߠ along the z-axis, while the r-axis is perpendicular to this orientation. The blood 

and the MP are flowing along this direction, while an inclined magnetic field of specified intensity 0ܤ is exerting its influence upon them. The magnetic Reynold number is assumed to be small, 

neglecting the induced magnetic field. At 0t  , the blood, MPs and tube remain at rest. But, at

0t += the blood and MPs start motion in the z-direction with an angle ߠ due to the pressure 

gradient. For the two-phase blood flow, the governing equations based on the Brinkman-type fluid 

model required an extra term referred to as force interaction among blood and MPs. Thus, refer to 

Rajagopal [35], Fetecau [36], Saffman [37], Marble[38] and Ali et al. [31] the governing equations 

are as follow 
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Figure 1: Physical geometry of the flow 
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where   is the density of blood, /d dt  is the material time derivative, T  is the Cauchy stress 

tensor, d  is the positive coefficient of drag force of porous medium, b
F  is the body force and 
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Using Maxwell’s set of equations, the body forces b
F  is given by 

( )2 2

0 0[ ] , sinF J B E V B B B u r t k  =  = +   = − .      (6) 

As in the case of two-phase blood flow, there is a force of interaction between the blood and the 

MPs. So, it is necessary to formulate the blood and MPs equations of motion independently. When 

the Reynold number is less than unity and depends on the relative particle velocity, the force that 

accelerates the particles to the fluid speed can be written as ( )6 V Vp pr − . This is known as 

Stokes law, where 
pr  is the particle's radius and   is the dynamic viscosity. Next, the total force 

of interaction per unit volume is determined by [39, 40] 
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where 
p is the density of MPs and v is relaxation time for the MPs change then, keeping in view 
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where /b d  =  is the Brinkman-type fluid parameter, K is the Stocks’ constant, and N is the 

number of MPs per unit volume. The pressure gradient 
p

z




 is taken of oscillating form as [41] 
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t
z

  
= − −


,          (11) 

where 0 and 1  are the amplitudes of pressure gradient that give rise to systolic or diastolic 

pressure. Substituting Eq. (11) into Eq. (10) yields to  
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The governing equations, Eqs. (3),(12) related to the flow configuration, are constrained by the 

following relevant initial and boundary conditions 

( ) ( ),0 0, ,0 0z pzu r u r= = ,          (13) 

( ) ( ) ( )
0 0

0

,
, 0, , t 0, 0

z

z pz

r

u r t
u r t u r

r
=

 = = =  
.       (14) 

3. Development of Fractional Models 

Introducing the following dimensionless variable  
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 = = −  are constant terms. To develop generalized fractional models, time 

derivative in Eqs. (15) and (16) are replaced with Caputo, CF, and AB fractional operators which 

yield the following multiple fractional models.  

3.1 Caputo Time Fractional Model 

The Caputo fractional derivative is using a singular power-law kernel and offers a theoretically 

straightforward framework for describing memory-dependent phenomena while preserving 

compatibility with conventional initial conditions. Its benefit is in its simple Laplace transform 

representation, which streamlines the analytical handling of fractional differential equations. We 

generalize the governing equations to include non-local temporal effects in blood flow dynamics 

by incorporating the Caputo time-fractional derivative into Eqs. (15) and (16) yield to 
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D is the Caputo fractional operator and is given by [15] 
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The above-altered model allows a more accurate description of the time-dependent behavior of the 

flow by accounting for the genetic characteristics of blood viscosity and particle-fluid interactions. 

This fractional formulation adds memory effects essential for describing complicated biofluid 

transport events while maintaining the physical interpretation of initial conditions 

3.2 CF Time Fractional Model 

The CF fractional derivative enhances the representation of rapid transient responses in physical 

systems by employing a non-singular exponential kernel that circumvents mathematical 

singularities. In contrast to the power-law kernel of the Caputo derivative, the exponential decay 

of the CF operator provides gentler memory effects, rendering it particularly suitable for 

simulating biological flows characterized by rapid relaxation processes. Integrating the CF time-

fractional derivative into Eqs. (15) and (16) yield the following generalized model that more 

accurately represents the short-term dynamics of blood flow and MPs interactions.  
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D  is the CF time fractional operator and is given by [16] 
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which is the convolution product of the function 
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This approach is especially advantageous for articulating the initial acceleration phases and swift 

stabilization observed in hemodynamic systems. The Laplace transform properties of the CF 

operator maintain compatibility with physiological initial conditions while facilitating analytical 

solutions. 

3.3 Atangana-Baleanu Time Fractional Model 

The AB fractional derivative employs a sophisticated Mittag-Leffler kernel that integrates the 

advantages of power-law and exponential decay characteristics. This non-singular operator, unlike 

traditional fractional derivatives, more accurately represents long-range temporal relationships and 

short-term memory effects. The incorporation of the AB time-fractional derivative in Eqs. (15) 

and (16) facilitate the development of a comprehensive model that more precisely represents the 

multi-scale dynamics of blood flow including MPs. The generalized model in terms of AB operator 

is given by 
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where (.)AC 
D  is the Atangana-Baleanu time fractional derivative operator and is given by [17] 
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where ( )N   is the normalization function such that ( ) ( )1 0 1N N= =  and ( ).E  is the Mittag-Leffler 

function and is given by [42] 
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=

−
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The versatility of the Mittag-Leffler kernel enables the simultaneous replication of rapid initial 

responses and prolonged memory effects observed in complex biological systems. This method is 

particularly effective for illustrating the intricate interplay between blood rheology and magnetic 

particle movements over different time scales. The mathematical properties of the AB operator 

facilitate rapid numerical implementation while maintaining a clear physical understanding of the 

system's behavior. 

4. Solutions to the problem 

This section provides exact solutions for the coupled system of fractional PDEs that govern magnetic blood 

flow, primarily focusing on the Eqs. (19)-(22), (24)-(27), and (29)-(32) with their respective initial and 

boundary conditions. The solutions are obtained by sophisticated mathematical methods to address the 

complexities introduced by three different fractional operators: Caputo, CF, and AB. Solution in terms of 

4.1. Caputo time fractional operator 

Using the Laplace transform ( ( ) ( ) ( ) ( )
0

, , ,qtf r t q f q f r t e dt


−= = L ) on Eqs. (19) and (20) 

with initial condition (21) results in the following transformed equations:

( ) ( ) ( )  ( )
22

0 0 2 1

2 2 2

1, ,1
,

1

m m CC

C

m

P q P P M q Md f r q df r q q
f r q

r r r P q q q

 



 


 + + + +
+ = − − 

  + +  
, (35) 
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( ) ( )
1

,
,

1

C

C

m

f r q
g r q

P q=
+

,          (36) 

This transformation reduces the original fractional PDEs to linear ODEs, hence enabling their 

exact solutions. The procedure maintains all physical parameters while shifting the temporal 

complexity to the frequency domain. The transformed boundary conditions are as follows 

( ) ( ) ( )
0

1,
1, 0, 0, 1, 0

C

C C

r

f q
f q g q

r
=


= = =


,       (37) 

where 2 0 sin  = + . 

Using the finite Hankel transform ( ( ) ( ) ( ) ( ) ( )
1

0

0

, , ,n n nf r q r f r q rf r q J rr dr= = H
H ) on Eqs. 

(35)-(36) and including boundary condition (37) yields the following transformed system 

( )
( ) ( )

( ) ( )

( )

1 1

2
4 3

2 4 3 1

1
4 32 2

2 4 3

1 1

,
1 1

1 1

m n m n

n n n n

C n

n

m n m n

n n n

q q
P d P d

d q d q d J r
f r q

rq
P d P d

d q q d q d

 

 






− −  
− − −  + +  =    + − − −  + + +  

H
,  (38) 

and 

( ) ( )1 1
, ,

1C n C n

m

m

g r q f r q
P

q
P



 
 
 =
 + 
 

H H
.       (39) 

where  

( ) 2

1 0 11n m C n md P P M r P= + + + , ( ) ( )2 2

2 1 1 04n n m nd d P r M= − + , 1 2
3

2

n n
n

m

d d
d

P

+
= , 1 2

4
2

n n
n

m

d d
d

P

−
= . 

This process transforms spatial derivatives into algebraic expressions, thereby simplifying the 

ODEs to a more manageable form while preserving the essential features of cylindrical geometry. 

The boundary condition (37) guarantees that appropriate physical constraints are maintained 
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throughout this transformation. Applying the inverse Laplace transform to Eqs. (38) and (39) yield 

to 

( ) ( )1

1 1
, , * ,C n C n

m m

g r t F t f r t
P P



   = −  
   

H H
,       (40) 

( ) ( ) ( ) ( ) ( )1 1
,

n n

C n

n n

J r J r
f r t X t Y t

r r
= +

H
,       (41) 

where  

( ) ( ) ( ) ( ) ( ) 2
4 , 1 4 3 , 1 3

2

1 , 1 ,m n n m n n

n

X t P d R d t P d R d t
d

 


− −= − − − − −     (42) 

( ) ( ) ( ) ( ) ( ) 1
4 , 1 4 3 , 1 3

2

cos * 1 , 1 ,m n n m n n

n

Y t t P d F d t P d F d t
d

 
  − −= − − − − − .   (43) 

In Eqs. (40) and (41), the * sign represents the convolution product. The ( ), 1 4 ,nR d − −  and 

( ), 1 4 ,nF d − −  are respectively Lorenzo and Hartleys' and Robotnov and Hartleys' functions and 

are given by [31] 

( ) ( ) ( )

( ) 
1 1

1

,

0

,
1

k k

k

t q
R t L

qk

  

  




 

+ − − −
−

=

−  
− = =  + + −  

        (44) 

( ) ( ) ( )

( ) 
1 1

1

0

1
,

1

k k

k

t
F t L

qk



 






+ −
−

=

−  
− = =  + +  

 .       (45) 

Following the Hankel transform inversion, we obtained the exact solutions in the physical domain, 

which are as follows: 

( ) ( )
0

1 1
, , ,C C

m m

g r F s f r s ds
P P



 
 

= − − 
 

 ,       (46) 

( ) ( )
( ) ( ) ( ) 0 1 1

1 1 1 1

, 2
n

C

n n n

J r r
f r X Y

r J r
  



=

= + .       (47) 
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Maintaining all physical parameters and boundary effects, this inversion method reconstructs the 

whole spatial solution from its Hankel-transformed components, restoring the radial dependency 

of the velocity and particle distribution profiles. Though entirely resolved in both spatial and 

temporal dimensions, the resulting expressions maintain the cylindrical symmetry of the original 

problem. 

4.2 Solution in terms of CF fractional operator 

The CF time fractional derivatives and Eqs. (24) and (25) are transformed using the Laplace 

transform method using initial conditions (26) and boundary conditions (27) to produce: 

( ) ( ) ( ) ( )

( ) ( )  ( )

2

2 1

2 2 2

0

, ,1
,

1

, , sin , ,

CF CF

CF

C CF CF CF

d f r q f r qqq
f r q

q q q r r r

P g r q f r q M f r q

 
  




= + + +

− + +  

+ − −

    

 (48) 

( ) ( ) ( )(1 )
, ,

1
CF

m

q
g r q f r q

P q q

 
 

 − + =  + − +  
.       (49) 

and 

( ) ( ) ( )
0

,
1, 0, 1, 0, 0

CF

CF CF

r

f r q
f q g q

r
=

 = = =  
,       (50) 

This transformation preserves the non-singular character of the solutions and simplifies the 

fractional terms using the exponential kernel characteristics of the CF operator. The initial and 

boundary conditions guarantee physical consistency all over the transformation process, therefore 

producing analytically tractable equations in the Laplace domain. Next, Eq. (49) is used in Eq. 

(48) and after simplification, we arrived at: 

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )2 2

2 1

2 2 2 2 2

, ,1
,

a b c CF CF

CF

d e

q q d f r q f r qq
f r q

q q q q r r r

       
     

 + +   = + + + + + +    
,  (51) 

where 
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( ) ( ) ( ) ( ) ( )2

0 01 1 1 sin 1 sina m m C mP P P P M M       = + − + − + − + −  

( ) ( ) 02 1 sin sinb C m mP P M P        = + + − + , ( ) 2

0 sinc M   =  

( ) ( ) ( )2
1 1d mP   = − + − , ( ) ( ) ( )1 1e mP      = − + + −  

The following simplified transformed system results from applying the finite Hankel transform to 

Eqs. (49) and (51) including boundary conditions (50) yield to 

( ) ( ) ( )

( )

1 1

2 11 2 112

10 9

11 111

2 2

10 9

,

1

n nn n
CF n

n n n

n nn n

n n n

J ry q y q
f r q

q q y q y r

J ry yq

q q y q y r

 




− − 
= + + + + 

  
+ + +  + + +  

H

,     (52) 

and 

( ) ( ) ( ) ( )13 14

14 14

, ,n n
CF n CF n

n n

Y q Y
g r q f r q

q Y q Y

 
= + + + 

H H

,       (53) 

where 

( )14
1

n

m

Y
P




=
+ −

, 
( )13

1

1
n

m

Y
P




−
=

+ −
 

2

7 8 7 9 8 9 9
12

10 9

n n n n n n n
n

n n

Y y Y Y Y Y Y
Y

Y Y

− − +
=

−
,

10 7 10 8 10 7 8
11

10 9

n n n n n n n
n

n n

Y Y Y Y Y Y Y
Y

Y Y

+ − −
=

−
, 1 6

10
2 2

n n
n

Y Y
Y = − , 1 6

9 ,
2 2

n n
n

Y Y
Y = + 3 5

8 ,
2 2

n n
n

Y Y
Y = −

3 5
7 ,

2 2

n n
n

Y Y
Y = + 2

6 1 24n n nY Y Y= − , 
2

5 3 44n n nY Y Y= − , 
( )

2

4n

d

Y


 
= , 

( )
( )3

e

n

d

y
 
 

= , 

( ) ( )
2

2 2

n
n

a n d

r
Y

r


   

−
=

−
, 

( ) ( )
( ) ( )

2

1 2

b n e

n

a n d

r
Y

r

   
   

−
=

−
. 

The application of the inverse Laplace transform to Eqs. (52) and (53) produce the time-domain 

solutions for the CF fractional model as: 
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( ) ( ) ( ) ( )

( ) ( )  ( )

2 2 11 1,1 10 2 11 1,1 9

1 11 1 10 11 9

, ( , ) ( , )

cos( )* ( , ) ,

n n

CF n n n n n

n

n n

n n n n

n

J r
f r t y R y t y R y t

r

J r
t t y F y t y F y t

r

  

  

= + − + −

+ + − + −

H

     (54) 

( ) ( ) ( ) ( )  ( ) ( )13 1, 1 14 14 14, , , * ,CF n n n n n CF ng r t Y R Y t Y F Y t f r t−= − + −
H H

     (55) 

This inversion approach specifically utilizes the exponential kernel characteristics of the CF 

derivative. Next, the application of Hankel inverse transforms to Eqs. (54) and (55) yield to:  

( ) ( )
( )

( )
( ) ( ) 

2 2 11 1,1 10 2 11 1,1 90 1 1

1 1 1 1 1 11 1 10 11 1 9

( , ) ( , )
, 2

cos( )* ( , ) ,

n n n nn

CF

n n n n n n n

y R y t y R y tJ r r
f r t

r J r t t y F y t y F y t

  

  



=

 + − + −
 =
 + + − + − 

    (56) 

( ) ( ) ( )  ( )13 1, 1 14 14 1 14, , , * ,CF n n n n CFg r t Y R Y t Y F Y t f r t−= − + −       (57) 

This inversion technique reconstructs the spatial solution from its Hankel-transformed 

components, reinstating the radial dependence of velocity and particle distribution profiles while 

preserving all physical parameters and boundary effects.  

4.3 Solution in terms of AB fractional operator 

Equations (29) and (30) are developed using the AB fractional operator, subject to initial and 

boundary conditions (31) and (32), respectively. Applying the Laplace transform yields:

( ) ( ) ( ) ( )

( ) ( )  ( )

2

2 1

2 2 2

0

, ,1
,

1

, , sin ,

AB AB

AB

C AB AB AB

d f r q f r qqq
f r q

q q q r r r

P g r q f r q M f r q





 
  




= + + +

− + +  

+ − −

    (58) 

( ) ( ) ( )(1 )
, ,

1
AB AB

m

q
g r q f r q

P q q



 

 
 

 − + =  + − +  
       (59) 

and 

( ) ( ) ( )
0

,
1, 0, 1, 0, 0

AB

AB AB

r

f r q
f q g q

r
=

 = = =  
.       (60) 
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Utilizing Eq. (59) into Eq. (58) and simplifying yields: 

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )2 2

2 1

2 2 2 2 2

, ,1
,

a b c AB AB

AB

d e

q q d f r q f r qq
f r q

q q q q r r r

 

 

    
   

  +  +    = + + +  +  + +    
,  (61) 

where 

( ) ( ) ( ) ( ) ( )2

0 01 1 1 sin 1 sina m m C mP P P P M M       = + − + − + − + −  

( ) ( ) 02 1 sin sinb C m mP P M P        = + + − + , ( ) 2

0 sinc M   =  

( ) ( ) ( )2
1 1d mP   = − + − , ( ) ( ) ( )1 1e mP      = − + + −  

The finite Hankel transform applied to Eqs. (59) and (61) with boundary conditions (60) yields the 

following simplified form: 

( ) ( ) ( ) ( )13 14

14 14

, ,n n
AB n AB n

n n

Z q Z
g r q f r q

q Z q Z



 

 
= + + + 

H H

,      (62) 

and  

( ) ( ) ( )

( )

1 1

2 11 2 112

10 9

11 111

2 2

10 9

,

1

n nn n
AB n

n n n

n nn n

n n n

J rZ q Z q
f r q

q q Z q Z r

J rZ Zq

q q Z q Z r

 

 

 




− − 
= + + + + 

  
+ + +  + + +  

H

 ,     (63) 

where 

( )14
1

n

m

Z



=
 + −

, 
( )13

1

1
n

m

Z



−

=
 + −

, 
2

7 8 7 9 8 9 9
12

10 9

n n n n n n n
n

n n

Z Z Z Z Z Z Z
Z

Z Z

− − +
=

−
,

10 7 10 8 10 7 8
11

10 9

n n n n n n n
n

n n

Z Z Z Z Z Z Z
Z

Z Z

+ − −
=

−
, 1 6

10
2 2

n n
n

Z Z
Z = − , 1 6

9 ,
2 2

n n
n

Z Z
Z = + 3 5

8 ,
2 2

n n
n

Z Z
Z = −

3 5
7 ,

2 2

n n
n

Z Z
Z = + 2

6 1 24n n nZ Z Z= − , 
2

5 3 44n n nZ Z Z= − , 
( )
2

4n

d

Z



=


, 
( )
( )3

e

n

d

Z




=


, 

( ) ( )
2

2 2

n
n

a n d

r
Z

r


 
−

=
 − 

, 
( ) ( )
( ) ( )

2

1 2

b n e

n

a n d

r
Z

r

 
 

 − 
=
 − 

. 
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The use of the inverse Laplace transform on Eqs. (62) and (63) yields the following time-domain 

solutions: 

( ) ( ) ( ) ( )  ( ) ( )13 , 14 14 14, , , * ,AB n n n n n AB ng r t Z R Z t Z F Z t f r t  −= − + −
H H

,    (64) 

( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( )  ( )

2 2 11 ,1 10 2 11 ,1 9

1 11 10 11 9

, , ,

cos( )* , ,

n n

AB n n n n n

n

n n

n n n n

n

J r
f r t Z R Z t Z R Z t

r

J r
t t Z F Z t Z F Z t

r

 

 

  

  

= + +

+ + + −

H

.    (65) 

This inversion method notably employs the properties of the Mittag-Leffler kernel with the AB 

derivative. Meanwhile, the application of Hankel inverse transformations to Eqs. (64) and (65) 

results in:  

( ) ( ) ( )  ( )13 , 14 14 14, , , * ,AB n n n n ABg r t Z R Z t Z F Z t f r t  −= − + − ,     (66) 

( ) ( )
( )

( ) ( )
( ) ( ) ( ) 

2 2 11 ,1 10 2 11 ,1 90 1 1

1 1 1 1 1 11 10 11 9

, ,
, 2

cos( )* , ,

n n n nn

AB

n n n n n n n

Z R Z t Z R Z tJ r r
f r t

r J r t t Z F Z t Z F Z t

 

 

  

  



=

 + + 
 =
+ + + −  

 .   (67) 

5.  Limiting cases 

This section presents the reduction of the solutions resulting from Eqs. (44) and (45) to classical 

form and validate them against previously published research. 

5.1. Case I: For Classical Magnetic Blood Flow Utilizing Brinkman Type Fluid Model 

when 1 →   

By establishing 1 → , the functions of Lorenzo and Hartleys, as well as Robotnov and Hartleys, 

are respectively simplified to the following forms [31].  

( ) ( ) 1 1
1

1, 1

0

1
,

!

k k t

k

t q e
R t L

k q




 

+ −
−

−
=

−   −
− = = = + 

 ,      (68) 

( ) ( ) 1

1

0

1
,

!

k k

t

k

t
F t L e

k q







− −

=

−  
− = = = + 

 ,       (69) 

that lead ( )X   and ( )Y  as provided in Eq. (41) to ( )1X   and ( )1Y  as follow: 
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( ) 4 322
1 21

2 0 4 3

1 1
n nd dn m m

n n n n

d P P
X e e

d r M d d

 


 − −

=

 − −
= − + − 

,      (70) 

( )
( )

( )

4

3

3

4
4 1 1 1 42 2

4 11
1 1

32
3 1 1 12 2

3 1

1
cos sin

1
cos sin

n

n

n

dm n
n n

n

d tm nn
n d

n

P d
d d e

d
Y

P dd
d d e

d





  


  


−

=
−

− + − − =  − − + −
 − 

.     (71) 

Eventually, Eqs. (46) and (47) have been simplified to the subsequent classical solutions:

( ) ( )
( ) ( ) ( ) 0

1 11 1
1 1

, 2
n

n n n

J rr
f r X Y

r J r  
  



= =
=

= + ,       (72) 

and 

( ) ( )
0

1
, ,mp s

m

g r e f r s ds
p



 −= − .         (73) 

5.2.  Case II: For Classical Magnetic Blood Flow Model when 1 0 →  

By setting 1 0 → , the solutions derived from Eq. (72) and (73) are simplified to the following 

Classical form. 

( ) ( )
( ) ( ) ( ) 0

1 2 2

1 1

, 2
n

n n n

J rr
f r X Y

r J r
  



=

= + ,        (74) 

( ) ( )1 1

0

1
, ,mp s
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The solutions derived in Eqs. (74) and(75) of this study are graphically compared with the 

previously published findings of Zafar et al. [43] [Eqs. (23)-(26)] in Figure 2(a,b). The entire 

overlap of both solution curves reveals exact agreement between present solutions and established 

results, confirming the mathematical validity of our results.  

  

Figure 2: The current solutions outlined in Eqs. (74) and (75) are compared with those derived 

by Zafar et al.  2019, specifically Eqs. (23) and (26). 

 

6. Results and Discussion 

The research examines the two-phase flow of blood containing magnetic particles in a slender 

cylindrical tube. Due to the highly porous characteristics of capillary walls, the Brinkman-type 

fluid model is utilized to accurately represent the flow behavior, as it incorporates both viscous 

and porous medium aspects. To enhance the model's physical realism and account for memory 

effects, the classical blood flow equations are generalized using three distinct fractional derivative 

operators: the Caputo, CF, and AB versions. Each of these fractional operators introduces unique 

memory kernels, power-law, exponential, and Mittag-Leffler, facilitating a more comprehensive 

investigation of flow dynamics in contrast to standard integer-order models. Exact analytical 

results for both blood and magnetic particle velocities are obtained through an advanced 

mathematical method that integrates Laplace and finite Hankel transforms, effectively addressing 
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fractional operators and cylindrical geometry. These general solutions are reduced to their 

corresponding classical counterparts when 1 →  , providing a crucial validation of the model's 

consistency. The study conducts comprehensive analyses to systematically investigate the impact 

of various physical parameters on flow characteristics, including the , ,   , t 1 , M , CP , and mP

. The physical influence of each parameter is analyzed to clarify their individual and combined 

effects on the velocity profiles of blood and magnetic particles.     

6.1. Blood and magnetic particle velocities as affected by ,  , and    

Figure 3 [I(a, b), II(a, b), and III(a, b)] illustrates the impact of the fractional parameters , 

, and   on the velocities of blood and magnetic particles over a longer period ( 1.5t = ), comparing 

the Caputo, Caputo-Fabrizio, and Atangana-Baleanu fractional operators. Blood and particle 

velocities increase with rising values of ,  , and  , reaching their maximum when these 

parameters equal 1. This occurs as elevated fractional orders enhance momentum diffusion, 

resulting in a thicker boundary layer that facilitates more rapid fluid movement. At the maximum 

fractional order ( , , 1   = ), the flow resembles the standard blood flow model, characterized by 

maximum momentum transfer efficiency. The dispersed magnetite particles exhibit this pattern 

due to their mobility being intimately linked to the blood flow. This behavior corresponds with 

prior research, including Azhar et al. [44], which demonstrated that fractional derivatives can 

influence flow dynamics by modifying diffusion rates. 

Nonetheless, at short durations (t = 0.2), as illustrated in Figure 4 [I(a, b), II(a, b), and III(a, 

b)], the behavior inverts velocities diminish with rising α, β, and γ. This occurs because, in the 

initial phases, fractional derivatives induce memory effects that impede rapid acceleration. 

Increased fractional orders exert more pronounced non-local dependencies, indicating that the 

fluid remembers its previous condition more acutely, hence decelerating the initial flow 

development. This dual behavior, in which fractional parameters initially suppress and 

subsequently augment velocities, has been confirmed by Shah et al. [45] and Ali et al. [25], 

demonstrating that fractional models more precisely describe time-dependent flow transitions 

compared with standard approaches. 

To further examine this phenomenon, Figure 5 I(a, b), II(a, b), and III(a, b)] plot velocities 

against time, highlighting a pivotal transition point (about 0.3t = ) where the fractional effects 
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move from deceleration to acceleration of the flow. Each fractional operator, Caputo, CF, and AB, 

demonstrates subtle distinctions in this transition owing to their varied memory kernels. The 

power-law kernel used by Caputo may result in singularities, whereas the exponential kernel used 

by CF avoids this problem and produces more consistent short-term behavior. An enhanced 

representation that accurately reflects short- and long-term memory effects is provided by the AB 

Mittag-Leffler kernel.  

In summary, the parameters ,  , and  employ a extensive effect on the velocity fields of 

both blood and MNPs, however their influences are time-dependent. Higher values of ,  , and 

 mostly improve flow by promoting momentum diffusion over extended timescales. On the other 

hand, flow is delayed by memory-induced resistive impact leading at shorter intervals. With a 

more realistic results framework than traditional integer-order models, this dual performance 

highlights the critical role fractional calculus plays in capturing intricate bio-magnetic interactions. 

Additionally, comparing several fractional operators highlights how crucial it is to choose a model 

that is appropriate for a given flow regime and set of application needs 

6.2. Blood and magnetic particle velocities as affected by 1  

Figure 6 [I(a, b), II(a, b), III(a, b)] illustrates how the 1  affects the velocities of blood and 

magnetic particles. In each case, time is fixed at t=0.5, and the ,  , and   are held constant. It 

is clear from the results that a significant drop in the velocities of magnetic and blood particles 

occurs in tandem with an increase in the 1 . More resistance to flow within the porous structure 

of blood arteries is indicated by higher values of the 1 , which is the ratio of viscous forces to 

permeability effects in porous media. As a result of this greater resistance, the blood and suspended 

particles experience higher drag forces, which slows their flow. 

The relationship between the 1  and flow velocity can be elucidated using the governing 

equations (Eq. 12), wherein the 1  manifests as an extra resistance component proportionate to 

the velocity. As 1  increases, drag forces become more pronounced, resulting in enhanced energy 

dissipation and subsequently diminished velocities. This behavior is uniform among the three 

fractional models (Caputo, CF, AB), although minor discrepancies may occur due to the distinct 

approaches each fractional operator employs in addressing memory effects. The Caputo model's 
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power-law memory kernel demonstrates a more progressive decrease in velocities than the 

exponential kernel of CF or the Mittag-Leffler kernel of AB, however, the overarching tendency 

persists. The observed retardation effect corresponds with earlier studies by Jan et al. [46], who 

documented analogous velocity suppression in Brinkman-type flow utilizing the Caputo Fractional 

operator.  

6.3. Blood and magnetic particle velocities as affected by M 

Figure 6 [I(a, b), II(a, b), and III(a, b)] provide a comprehensive analysis of the impact of the M

on the velocities of blood and magnetic particles. The findings indicate a steady reduction in both 

blood and magnetic particle velocities with an increase in the M . This phenomenon arises as the 

applied magnetic field generates Lorentz forces that counteract the flow direction, resulting in a 

resistive effect akin to increased drag. When blood, an electrically conductive fluid containing 

magnetic particles, flows within a magnetic field, the interaction between the field and the moving 

charges produces Lorentz forces. The magnitude of this braking effect is exactly related to the 

intensity of the magnetic field, formally denoted by M  (magnetic parameter). As M  increases, 

the Lorentz forces become more pronounced, resulting in heightened resistance to the flow and 

subsequently diminishing velocities. This behavior is consistently observed across all three 

fractional models (Caputo, CF and AB), but nuanced discrepancies may arise in the rate of velocity 

decay attributable to their unique memory kernel characteristics. 

The result has significant implications for medicinal applications such as magnetic drug targeting, 

where meticulous control over particle motion is crucial. By modulating magnetic field intensity, 

doctors might theoretically control the velocity of therapeutic particles in the bloodstream, 

potentially enhancing localized delivery of drugs while reducing systemic dispersion. 

6.4. Blood and magnetic particle velocities as affected by CP  

The effect of the CP  on the velocities of blood and magnetic particles is thoroughly examined in 

Figures 7 [I(a, b), II(a, b), and III(a, b)]. The results indicate a clear deceleration effect, wherein 

both blood and magnetic particle velocities diminish progressively with elevated particle 

concentration. This observed tendency confirms earlier findings by Nandkeolyar and Das [47], 
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affirming that elevated CP  fundamentally modify the rheological properties of the blood-particle 

suspension. 

This pattern of behavior arises from two interconnected causes from a physical perspective. 

Initially, when the CP escalates, the effective viscosity of blood markedly increases. The suspended 

particles provide increased internal friction inside the fluid, necessitating higher energy input to 

sustain the same flow velocity. Secondly, the augmented particle loading elevates the overall 

density of the suspension, rendering the fluid more resistant to inertial acceleration. The two 

processes together result in a significant reduction in velocity during both stages of the flow, with 

the magnetic particles undergoing marginally more deceleration due to their direct interaction with 

the carrier fluid.  

6.5. Blood and magnetic particle velocities as affected by mP  

The impact of  mP  on the velocities of blood and magnetic particles is comprehensively analyzed 

in Figures 8 [I(a, b), II(a, b), and III(a, b)]. The results indicate a consistent retardation effect, 

wherein both blood flow and magnetic particle velocities diminish progressively with increasing 

mP . This observed result agrees with earlier findings by Nandkeolyar and Das [47], affirming that 

mP  is pivotal in influencing the dynamic behavior of the blood-particle suspension system. 

This behavior can be understood through various interconnected mechanisms from a 

fundamental physics standpoint. Initially, when mP  increases, their inertial resistance to 

acceleration escalates correspondingly in accordance with Newton's second law. This necessitates 

a greater force to achieve comparable acceleration, leading to reduced velocities for a given driving 

pressure gradient. Secondly, mP  increasing generates more substantial hydrodynamic interactions 

with the surrounding blood plasma, hence enhancing the system's apparent viscosity through 

increased particle-fluid momentum transfer. Third, mP  when increases the total density of the 

suspension, making the fluid more resistive to its initial creation and maintenance of flow. 

The framework of fractional calculus offers a deeper understanding of how various 

timeframes affect flow dynamics. While all three fractional operators exhibit a comparable 

qualitative trend in velocity reduction, they display subtle differences in the temporal evolution of 
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this retardation. The Caputo derivative, with a power-law memory kernel, predicts a more gradual 

decrease in velocity as mP  grows, signifying long-term memory effects inside the system. 

Conversely, the CF model, characterized by an exponential memory kernel, exhibits a more 

prompt reaction to mass alterations, effectively encapsulating short-term inertial effects. The AB 

operator, which integrates the Mittag-Leffler memory function, reconciles two extremes by 

concurrently addressing both short- and long-term memory effects. 

7. Concluding remarks  

The research examines unsteady two-phase blood flow with magnetic particles in a slant 

cylindrical vessel influenced by magnetic fields. The analysis utilizes the Brinkman fluid model 

for blood flow, Maxwell's equations for magnetic field interactions, Newton's second law for 

particle motion, and three fractional operators (Caputo, CF, and AB) to generalize the governing 

equations. Exact analytical solutions are obtained through the combination of Laplace and Hankel 

transforms, with classical solutions emerging as , , 1   → . The main findings of this 

investigation are summarized as follows.  

▪ Blood and magnetic particle velocities diminish with increasing M  due to counteracting 

Lorentz forces, with CF demonstrating the promptest reaction, while AB reflects an 

intermediate effect. 

▪ The rise of CP  diminishes flow velocities, as an increased particle density raises effective 

blood viscosity and flow resistance. 

▪ The mP  exhibits an inverse correlation with velocities; heavier particles result in slower 

flows due to increased inertial resistance and augmented drag forces. 

▪ The ,   and   demonstrate dual time-dependent behavior: they increase velocities at 

extended durations ( 0.3t  ) while initially suppressing them, with transition dynamics 

differing by operator type. 

▪ Increases in 1  lead to reductions in velocity by enhancing the resistance of the porous 

medium, particularly evident in the results of the Caputo model. 

▪ The AB solutions optimally align with anticipated physiological responses by 

concurrently incorporating short-term inertial effects and long-term memory attributes. 
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▪ Classical integer-order models ( , , 1   → ) consistently overestimate velocities in 

comparison to fractional solutions, underscoring the significance of fractional calculus. 

▪ Magnetic particles exhibit a more significant reduction in velocity compared to blood 

plasma under equivalent conditions, attributable to direct interactions with the Lorentz 

force. 

▪ The research delineates criteria for selecting fractional operators: Caputo for long-term 

forecasts, CF for immediate effects, and AB for comprehensive analysis 
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Figure 3: Velocities dependence on ,  and   for 1.5t =   
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Figure 4: Velocities dependence on ,  and   for 0.2t =   
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Figure 5: Velocities dependence on ,  and   against t  
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Figure 6: Velocities dependence on 1   
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Figure 7: Velocities dependence on M  
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Figure 8: Velocities dependence on CP  
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Figure 9: Velocities dependence on mP  
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