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Abstract

We outline and discuss here an expanded epidemiological model,
called the 51551 R model, which incorporates behavioral heterogeneity
in the susceptible class. The model distinguishes the susceptible class
into two classes: those with average behavior (S7) and those practicing
protective behavior (S3), to reflect more realistically disease transmis-
sion dynamics. The dynamics are modeled by a nonlinear system of
differential equations capturing behavioral switching, infection satura-
tion phenomena, and key dynamics. We derive two basic reproduction
numbers Ry, and Ry, as threshold parameters for characterizing the
stability of equilibria. Local stability and global stability of DFE and
EE are studied by the Jacobian matrix, Routh—-Hurwitz conditions,
and Lyapunov functions. Analytical conditions are obtained for the
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persistence and asymptotic stability of all equilibrium states. Numer-
ical simulations are presented to gain understanding of the dynamic
behavior of the system in both the endemic and disease-free scenar-
ios. The results confirm that behavioral responses are a determining
factor in long-term disease spread outcomes. This work highlights the
importance of incorporating behavior-modified transmission into epi-
demic modeling and provides a theoretical framework for evaluating
public health interventions.

Keywords:Epidemiological modeling, Nonlinear differential equations,
Disease-free equilibrium, Endemic equilibrium, Basic reproduction num-
ber, Stability analysis, Lyapunov function. Behavioral response. In-
fectious disease dynamics.
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1 Introduction

Mathematical modeling is a central element in infectious disease spread
and control understanding. Classical compartmental models such as the
SIR (Susceptible-Infected-Recovered) framework have succeeded in provid-
ing understanding of epidemic dynamics [4, 6]. However, real epidemics are
not only driven by biological and demographic factors, but also by behav-
ioral changes of individuals. In particular, individuals adapt their behavior
according to disease prevalence, leading to heterogeneous susceptibility pat-
terns [5]. To more accurately capture such dynamics, there is a growing need
for incorporating behavioral heterogeneity into epidemic models [8].

Over the decades, the basic SIR model has been generalized along numer-
ous dimensions to reflect more realistic biological, social, and environmen-
tal factors. The model was generalized by scientists to include latency pe-
riods (SEIR models), essential dynamics (births and deaths), vaccination
campaigns, age-structured populations, and recently, the impact of human
behavior in the context of disease risk. The COVID-19 pandemic also high-
lighted the need to include behavioral dynamics in disease models, since
people’s reactions anything from mask-wearing to social distancing had a
profound impact on transmission [9].

With this, recent epidemiological models have begun to incorporate behav-



ioral heterogeneity explicitly. One approach is to partition the susceptible
population based on risk perception or level of precaution. This is what
gives rise to models like the 57551 R model, which introduces two types of
susceptible individuals: the normally behaving ones (S;) and the ones that
have undergone protective behavior (S3). This structure enables more precise
simulation of population behavior, especially for long or repeated outbreaks
where individuals modify their behavior over time. This approach has been
studied in the form of the SIS model in [12] cases.

This paper adds to this school of development by working through the
51521 R model in detail [10]. We extend the model with nonlinear incidence
and demography, derive basic reproduction numbers, and discuss local and
global stability of disease-free and endemic equilibria [10]. Our research em-
ploys the old favorites of the Jacobian matrix and Routh—Hurwitz conditions
along with Lyapunov functions for global stability [5]. Finally, numerical
simulations validate the theoretical findings and illustrate how dynamics of
behaviors influence epidemic effects [7].

Through this work, we intend to make further progress in the historical devel-
opment of epidemic modeling by further bridging the gap between classical
compartmental models and behavior aware epidemiological models. This
model can also be extended to travel between two regions [13].

The organization of this paper is the following. Section 2 explains the formu-
lation of the 5151 R model, with two distinct susceptible classes to include
behavior heterogeneity in response to infection risk. The section provides
the system of differential equations, all the parameters are defined, and pro-
vides the dimensionless version of the model for analysis. We analyze the
endemic equilibrium of the system in Section 3 Analytical conditions for
the existence and uniqueness of the endemic point are derived by solving
the steady-state equations, and the local stability is examined in different
regimes of the parameters. Section 4 considers the global stability of both
the disease-free equilibrium (DFE) and the endemic equilibrium (EE). By ap-
plying Lyapunov functions and Routh-Hurwitz criteria, sufficient conditions
are derived to guarantee that the DFE or EE is globally asymptotically sta-
ble. Section 5 introduces numerical simulations to confirm and demonstrate
the theoretical results. Two distinct scenarios are studied: one with repro-
duction numbers Ry, , Ry, > 1 (endemic case), and another with Ry, , Ry, < 1
(disease-free case)[16]. Time evolution of the population compartments is
plotted to confirm the stability behavior determined by the analysis. Finally,
Section 6 provides a conclusion that summarizes the key findings, underscores



the value of including behavior-modified susceptibility in epidemic modeling,
and suggests possible directions for future research.

2 Diagram of model

Figure 1: Diagram of model

Considering the diagram, the system of equations of the 5151 R model
is as follows:
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The initial values of S1(0), S2(0), 1(0), and R(0) are all positive; also, all
parameters of the above model are positive. The total population N(t) =

S1(t) + Sa(t) + I(t) + R(t) holds in the equation 4 = AuN(t), s
, A
tli>nolo N(t) = E = No,

Therefore, we study the behavior of the above system on the hyperplane

S14+Sy+1+R=42. We assume s; = ]‘31,3 :]%Q,i—ﬁandfr—RAlso



since R(t) has no effect in the first equation, we can temporarily remove it
and examine the system in the 3 x 3 state and finally calculate R(¢) from the
formula N(t). Therefore, the system of equations (2.1) can be rewritten as
follows:

F =1 ais182 — sy (h%k) + dsy — psy — PBsyi
G = sy (Zﬁ) + 15159 — dSg — 1S9

(2.2)

= 0811 — yi — i

\
Where k = 5 The system 2.2 has an obvious DF'E equilibrium point Fy =
(1,0,0) and a non-obvious DF'E equilibrium point E; = (‘i;“—l“, 1— ‘i;“—l“, O).
The Jacobian matrix of the 2.2 is as follows:

_ . —aps1 (i+k)+azsii
a8y — oy — P — ays1+d AL — Bsy
N w281 (1+k)—assii
J(Sl,Sz,Z) = OéQlJrk + 182 a8y —d— [ ((i+k))2
Bi 0 Bs1—

We place the equilibrium point of DF FE in the Jacobian matrix

—u  —ar+d G2 -=f
J():J(Eo): 0 al_d_ﬂ %
0 0 B—v—wn
The matrix Jy is an upper triangular matrix, so the eigenvalues of the ele-
ments are on the main diagonal, so

)\1:_/'1’7
Ay = —d—p,
Ag=0—7v—p

According to the linearization theorem [?], A;, Ay, and A3 must be negative
for DF'E to be a stable node; therefore

)‘lz_lu<07

)\zzal—d—u<0—>a1<d+u—>&<1,
d+p

)\326—’}/—#<O—>6<’7+M—)L<1,
v+ p



Therefore, using the Jacobian matrix approximation method, the basic re-
production number in the S;.55,1 R model is obtained as follows:

Q1 Ro, i

Ry, = — .
. Y+ p

Clearly, if Ry, < 1 and Ry, < 1 the DFE is asymptotically stable, oth-
erwise it is unstable. Now we analyze the equilibrium point F;. Accord-
ing to the previous calculations, the point F; can be rewritten as F; =

<R+31’ 1— RL()I,()). We also set Rj = g—zi. By putting F; into the Jacobian

matrix, we have

a9 a2 ﬁ
SOt R T T TRy, T Ry

Ji=JE) = | (d+p)(Ro, =1) 0 TRy,
0 0 Z-—v-p

The matrix J; has the eigenvalue \3 = %fyu, so we have
1

BB P
Ro. | " T Ry, R,

A3 < 0= Ry, < Ry, = R <1,

Also, consider the following submatrix:

a2
—Qz+ R- — —p

=@ -1 0

In order to locally stabilize the point Ej, we must show that Trace(J;) <0
and Det(J}) > 0; therefore, we have

%)

Ry,

Trace(J)) = —ag+———pu <0< Ry, > 1, Det(J]) = (u)(d+p)(Ro,—1) > 0< Ry, > 1.

So if R; < 1 and Ry, > 1 then the point E) is locally stable.

3 Endemic equilibrium

In this section, we investigate the existence and dynamic properties of ENDEMIC
equilibrium points and stable states. Suppose we denote the ENDEMIC



equilibrium point by (s}, s3,4*), such that i* # 0. Therefore, from the third
equation of the system 2.2 we have

oyt 1
B ROQ.

Now we simplify the second equation of the system 2.2 and put sj in it

s
51

8] (m) + 18755 — dsy — psy =0

= o8]l + a8y (1" + k) —dsy (i + k) — psy (i + k) =0
a1

= 9871" + 157551" + 15785k — dsyit — psyit — SSICR01 =0
=>a18;<i*+k—k—i*)+a2i*=0
Ry, Ry, Ro, Ry Ry,
s (i*+k_i*+k) _ @,
R02 ROl CY1Fi02
Lol

sk

Where h(i*) = z=5. Now we put sy and s; into the first equation of the
system 2.2

k* ok * ? * * k ek
— 18785 — (iaS] (z* n k:) +dsy — pusy — Bsji" =0
OézRolh(i*) . Oégh(l*) d()ézROlh(i*) 62* M

= — — =0
s Ry, (Ro, — Ro,) Ro, a1(Ro, — Ro,)  Ro, Ro,

. 012(041 - dRol) Ry, — 1 pir —
= h(&) (041(301 - R02)> +M( Ro, ) " Ry, 0
Ry, =1\ Bt . Bi*(i + k) — (Ro,i*
= < R )“ “ Ry M) T Ry
= (Ro, — 1)(&* + k) = Bi*(i* + k) — CRo,i*
= Bi*? + (u — Ro,pu + Bk — (Ro,) i* + pk(1 — Ry,) =0

Where ¢ = (%). First, we determine the sign of (, so

> 1
_ (042(061 - dROl)) _ <0, o >
o (Ro, = Ro,) >0, R;<]1,



Since the inequality oy > dRy, always holds, we finally arrive at the following
quadratic equation:

F(i*) = Ai** + Bi* + C =0,

Where
A=p>0
B = M(l - R()Q) + Bk' - CR02
C= Mk<1 - ROQ)’

It is clear that C' > 0 & Ry, < 1 and C' <0 < Ry, > 1. So if Ry, > 1, the
curve F'(i*) has two roots, which must be determined by their signs, so we

have
<0, R02 > 1,

> 0, Ry, <1,

So in the case where Ry, > 1, F'(:*) has two different roots of the sign. Now
we determine the sign of B,

< 0, Ry, > 1, R§ > 1,
B:N(l_R%)—i_ﬁk_CR% -
> 0, ,Ro, <1, Rj > 1,

So as long as B > 4AC in all cases F'(:*) has the following two roots:

. —B+VA

?

2A Y

Consequently, if Ry, > 1 and R} > 1 the system has a unique ENDEMIC
point

0.

. 1 —OéQRol 3 —B + V A
2 (817527Z ) <R027 Oél(Rol _ ROQ) X (Z )7 24

Theorem 3.1. If Ry, > 1, Ry, > 1, as > «ay and Ry, > Ry, (R§ > 1), then
the point Ey = (s7,s5,1%) is locally asymptotically stable



Proof. In order to prove the asymptotic local stability in E5, we use the
Routh-Hurwitz criterion. Therefore, by calculating the characteristic equa-
tion of the matrix J, we have

P()\) :)\3+a1)\2+a2~|—a3 =0,
Where
a; = assy — (d+ p)(Ro, 87 — 1) + aoh(i*) + Bi* + p,
ay = a32stsh + a1aasth(i*) — aydsy — ash(i*)d — xBi* + Bi*s*
— (d+ p)(Ro,s7 — 1) (agsy + aoh(i*) + Bi* 4+ ),
ag = fdxi* — a1fxsii’ + xBi"(d + p)(Ro,s7 — 1) — 8% s7(d + p) (Ro, 7 — 1),

Where y = —(fjfkl;z. We need to show that a; > 0, as > 0, a3 > 0 and
airas > az. As a result, we have
R
a; >0 (d+ p)(Ros1 —1) <0< Rol — 1< 0<% Ry, > Ry,,
02

To prove as > 0 we need to analyze the following expressions:

_(d+ M)(Rolsjlﬁ - 1) (BZ* + M) >0 R02 > R017

and

aragsih(i*) — agh(i*)d — anh(i*)(d + p)(Ro, 87 — 1)

. Qi o (Ro
= ah (i —d— -1
2 (Z ) (ROQ ROI (ROQ ))

= ash(i) ( 2‘; - d)

= agh(i*)(d+ p — d)

= O./Qh(l*)ﬂ, > 0,
and

2 % * *

a2sish — apdsh — agsy(d + p)(Ro,s7 — 1) = C;jz — aqdsy — oleaogsz + 041];40282

_ [ Bo(on — az) + Ro, (a2 — dRy,)
s Ro, Ro

<~ (R02 — Rol)(ag — dRol) + R(Q)lﬂ >0& ag — dR01 >0, R02 — R01 > 0.

) >0< Rol(al — Ozz) + ROQ(OQ — dRol) >0
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It is clear ap — dRy, = W >0 as > ap and Ry, > Ry, and

B%i*s* — xBi* > 0 because x < 0, so if Ry, > Ry, and ay > «; then ay > 0.
To prove az > 0 we need to analyze the following expressions:

-k * ok -k * -k * o o
Bdxi* — ay fxs5i* + xBi*(d + p)(Ro, s — 1) = —xGi (—d+ Q18] — = + — )
Ry, Ry,
. a1
= —v3i* —d
Xﬁz (Rol )

Since x < 0, then it is only sufficient to

aq

d>0d+pu>d=p>0,
01

for the above inequality to always hold. We also have
B2i*s5(d + ) (Ro,s51) < 0 < Ry, > R,

So if Ry, > Ry, then as > 0.
Finally, we need to show that if Ry, > Ry, then ajas > az. We know that

a3 = Bdxi" — a1 fxsyi" + xBi*(d + p) (Ro,s7 — 1) — B%"s7(d + p) (Ro, 57 — 1).

The expressions x3i*(dp)(Ro, s7—1) and 3%i*s}(dp)(Ro, 57— 1) repeat exactly
in the product a;as, so we only need to compare

Bdyi* — oy Bxsii* = Byi (d - ) ,
Ry,

The similar expression on the side aias is as
Bxi*(—agsy — azh(i") — Bi" — p),

Since x < 0, it is clear that if Ry, > Ry, the inequality

" . " " " a
Bxi*(—agsy — agh(i™) — Bi* — p) > Byi <d - Rl > :
02

holds and therefore a;ay > as. O
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4 Global stability of DFE and ENDEMIC points

Theorem 4.1. The equilibrium point Ey = (1,0,0) is globally stable if Ry, <
1 and Ry, < 1.

Proof. We use the Lyabanov function to prove global asymptotic stability.
Consider the following Lyabanov function:

. S1 1 .
V(s1,89,1) =k |s1—s] —sjIn— | + i,
eromi) =ty (==t ) + o

Where k; > 0. By deriving it, we have
V(s 1 di
dt s1) dt v+ pdt
We put k1 =1, so
av
dt
I o
+2M—u81 — S_ +R02812—Z.
1

. . S . .
= —15159 + 182 — agh(i)s) + ash(i) + dse — ds_2 + pi — Bsqi
1

The expressions
1 51— 1)2
2u—u81—ﬂ=u(2—51——) z—u(g),
S1 S1 S1

52(1 — 51) + i(R0251 - 1) =1 <R02(’}/ + M)(l — 51) + R0251 — 1)
i (Roy (7 + 1) = 1 = ((Ro, (7 + )51 — Ro,51)

and

Are negative if and only if
Ro,(v+p) —1<0=p<1.

and
ROQ(’}/‘F ,U/)Sl — R0281 >0= ("}/ +/JJ) > 1.

As a result Ry, = % < 1.

On the other hand, if

aoh(i) — agh(i)sy = ash(i)(1 — 1) = agh(i) — ash(i)s; <0< s1 > 1,
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and

S ds
1Sy — (118189 + dsy — d—=2 = aysa(l —s1) — 2 (1 —s9)
S1 S1
d82
= (1 — 81) (06182 — —>
S1
To establish o183 — a1 S189 + dsg — dj—f < 0 with respect to s; > 1, we have
ds d
04152——2>0:>51>—,
S1 631

Therefore, the two inequalities s; > 1 and s; > ail require that d > a; which
leads to the inequality Ry, < 1. 0

The phase portrait illustrated in Figure 2 demonstrates the global sta-
bility of the disease-free equilibrium of the model under the condition of
theorem 4.1.

Figure 2: Phase portrait near the Disease-Free Equilibrium.

Theorem 4.2. Suppose R; > 1 and Ry, > 1, then the steady state EN-

. Ro, +Ro, —Ro, Ro, 51 s2 Roys1
DEMIC is globally stable, when s; > 2, o —Fo, <g< Rogor—1 and
h(i) S2 N ¢
R < Togsiaiss where h(i) = =
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Proof. We use the Lyabanov function to prove global asymptotic stability.
For this purpose, we define the Lyabanov function V(sy,s9,7) : R* — R as
follows:

V(s1,82,1) = ky (31 —s]—siln S—i) +ko (52 — 55 — S5ln ;) +ks (z — i —*In %) ,
s

1 2 ?

Where k1 >0 ko > 0and kg > 0. As a result
dV S* ’ S* ’ Z* o
%:k’l <1—S—1) Sl+l{}2 (1—S—Z>82—|—]€3 (1—7)2
) .
(M — (15152 — Qi2S1 (z n k) +dsy — pusy — /3812>

+ ko (1 — 2) (0[281 ( ‘ > + 18189 — dsy — /LSQ) + ks (1 — Z—) (Bs1i — i — i)
S9 1+ k )

1 4 d Bsyi
— (18189 — QipS1 | —— So — US] — 811
1% 15152 212‘+k 2 — US1 1

. (67 e
Tagslh(z) + So Roll (R[)lsl — 1) — S2R—011(R01$1 — 1))

(8- )0 - 7).

We set 1 = aysisiagsth(i®) — dshustBsii* So we have
152028 2MS1P51

dV (03]
= kloélSTS; — ]{?10518182 + ]{310618?5’2 + k20é18182 — k282

dt Ro,

o
Ry,

* *
— ]{?2@18182 + k282

+ kragsih(i*) — kyaoh(i)sy + kiaoh(i)s] + k2<82;—(92)04231h(i) + k18871 + k1 s]i" — k1 Bsqi
2

. " 1 1 . sy .
+ k3fBs1i — k3fBs11t™ — k3fsy + k3fsq + kidsg — kydss — kidse— + 2k sy — kypsy
R02 R02 S1
S*
_ klu—l
S1
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By substituting k; = ko = k3 = 1, we analyze the expressions as follows:

S S S 1
als’;s;(u—i——i— )
s; 87 Rosisy  Ro,s)
= 15755 (1 + — — Rp,51 — R* —|— R*)
S5 5
R01 + R02 - R01R0251 < So

:>1+—2—R0231—R3—2+R3<0<:>

53 53 R02 - R01 537
and
) S1 1 1
g (188t
57 Rg,sii* Ro,s)
= Bs1i"(2 — Ro,s1)
=2— Rp,51 <0& 51> 2 Ry, > 1,
and
. . S48 .
agsTh(i*) — agh(i)s] — aq z Lh(i)
2
, 1 h(7) s1h(7)
— * *h * _ .
i) (35 g~ o)
N i* N h. i) _ *slh(z? 0 () 82* 7
sy h(i*)ss  sisah(i*) h(i*) ~ Ro,s155 — S2
and
dsy — dsy — dsz—

S1

S92 1 So
- dSlSQ ¥ ok ok oA

sh shs1 sy Rg,sp — 1’
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and

1
=2—-Ry,51—— <0& 51 >2, Ry, > 1.

S1
. Ro, +Ro, Ro, R
As aresult, we have shown that if Ry, > 1 and R > 1, s; > 2, — R(;Q R(())l 0221
2 1
Ro, s1 h(7) av
52 2 52 av
55 < Ropsil and (™) < Roys15552 then - <0 u

The phase portrait illustrated in Figure 3 demonstrates the global stabil-
ity of the ENDEMIC equilibrium of the model under the condition of theorem
4.2.
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Figure 3: Phase portrait near the ENDEMIC Equilibrium.

5 Numerical Simulations

We consider two following states:

Simulation is for the ENDEMIC equilibrium case. To better un-
derstand the dynamic behavior of the S71S3I R epidemiological model, we
perform numerical simulations using realistic parameter values. These simu-
lations confirm the theoretical results of the previous sections regarding local
and global stability.

The goals of this simulation are to show the path of each component s;(t),
so(t), and i(t) over time, to confirm the stability of the endemic equilibrium
point, and to show the evolution of the susceptible and infected populations
of the model under nonlinear dynamics. The following parameter values were
chosen to simulate a realistic endemic scenario with Ry, > 1 and Ry, > 1.
Initial conditions are s1(0) = 0.9, s5(0) = 0.05 and (0) = 0.05. Figure 4
presents the time series of the three state variables s1(t), so(t), and i(t) over

16



Table 1: Parameter values for simulation.

Parameter | Value Description

1 0.01 Naturalbirth/deathrate
o 0.2 Interactionratebetweens,; and so
Q9 0.3 | Infectionpressureduetobehavior — modi fiedtransmaission
15} 0.5 Transmissionrate

y 0.1 Recoveryrate

d 0.05 Transferratefroms; to sq

k 0.1 Saturationconstant forincidence function

the interval ¢ € [0,200], based on the numerical solution of the normalized
S1521 R model. Each curve corresponds to the evolution of one compartment
in the population, under the parameter regime where the basic reproduction
numbers Ry, and Ry, are both greater than 1. This ensures the existence
and stability of an endemic equilibrium.

17




slsle Model Simulation

1 T T T T T T T T T

0 1 1 1 1 1 1 1 1 1

0 20 40 60 80 100 120 140 160 180 200

0.6 T T T T T T T T

5,0

0 1 1 1 1 1 1 1 1 1

0 20 40 60 80 100 120 140 160 180 200

0.15 T T T T T T T T T

i)

O 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
Time

Figure 4: Time evolution of the normalized 57551 R model variables over the
interval ¢ € [0, 200] showing the dynamics of the two susceptible classes s1 (%),
so(t) and the infected population i(¢). The simulation illustrates convergence
to a stable endemic equilibrium under the condition Ry, > 1 and Ry, > 1,
with all compartments reaching steady-state values.

Simulation is for the DFE equilibrium case. The goal of this simu-
lation is to demonstrate the long-term behavior of the 57557 R model under
conditions that lead to the eradication of the infection. This occurs when
both basic reproduction numbers Ry, and Ry, are less than 1, resulting in
the global stability of the disease-free equilibrium points. To assure the
disease-free outcome we will decrease infection parameter values, compared
to the endemic scenario. The chosen parameters are: Initial conditions
are s1(0) = 0.9, s5(0) = 0.05 and (0) = 0.05. These yield the following
reproduction numbers Ry, ~ 0.33 and Ry, ~ 0.45. The smooth, monotonic
evolutions of all three variables in figure5 imply that there is no oscillation
or instability-from whence the global attractiveness of the disease-free steady
state under the set of parameter conditions is consequently confirmed.

18



Table 2: Parameter values for simulation.

Parameter | Value Description
1 0.01 Naturalbirth/deathrate
o 0.02 Interactionratebetweens,; and so
Q9 0.3 | Infectionpressureduetobehavior — modi fiedtransmaission
15} 0.05 Transmissionrate
y 0.1 Recoveryrate
d 0.05 Transferratefroms; to sq
k 0.1 Saturationconstant forincidence function

SlSZIR Model - Disease-Free Equilibrium (DFE)
1 T T T T T I

5,0

0.4 I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200

140 160 180 200

0 20 40 60 80 100 120 140 160 180 200
Time

Figure 5: Simulation of the 57155/ R model under disease-free conditions
where Ry, < 1 and Ry, < 1. The infected population i(¢) declines to zero over
time, while the susceptible group s;(t) stabilizes near 1, and the behavior-
modified class so(t) gradually diminishes. This confirms the global asymp-
totic stability of the disease-free equilibrium points.

6 Conclusion

In this study, we derived and analyzed an extended SIR type epidemiological
model, called the S1551R model, with two separated susceptible classes to

19



capture behavior adjusted transmission processes. Through mathematical
analysis, we obtained conditions on local and global stability of the dis-
ease free equilibrium (DFE) and endemic equilibrium. Certain important
thresholds, namely the basic reproduction numbers Ry, and Ry,. These were
assumed to capture the long term dynamics of the system. The analysis
showed that the DFE is globally asymptotically stable when Ry, < 1 and
Ry, < 1, whereas the system possesses a locally stable and also unique en-
demic equilibrium whenever both reproduction numbers are larger than unity
and certain inequality constraints exist.

Lyapunov functions were introduced to rigorously define global stability within
proper parameter regimes. Numerical simulations supported theoretical re-
sults as well, confirming the model’s predictions for the convergence dynamics
of infected and susceptible individuals. This work demonstrates how hetero-
geneity in susceptibility due to behavior can qualitatively alter disease dy-
namics and presents a model for further study of even more complex epidemic
scenarios with psychological or social behavioral effects.
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