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Abstract

We outline and discuss here an expanded epidemiological model,
called the S1S2IR model, which incorporates behavioral heterogeneity
in the susceptible class. The model distinguishes the susceptible class
into two classes: those with average behavior (S1) and those practicing
protective behavior (S2), to reflect more realistically disease transmis-
sion dynamics. The dynamics are modeled by a nonlinear system of
differential equations capturing behavioral switching, infection satura-
tion phenomena, and key dynamics. We derive two basic reproduction
numbers R01 and R01 as threshold parameters for characterizing the
stability of equilibria. Local stability and global stability of DFE and
EE are studied by the Jacobian matrix, Routh–Hurwitz conditions,
and Lyapunov functions. Analytical conditions are obtained for the

∗Corresponding author: miladtahavor69@gmail.com
†Email: r_memarbashi@semnan.ac.ir
‡Email: maryamalirezai@gmail.com

1



persistence and asymptotic stability of all equilibrium states. Numer-
ical simulations are presented to gain understanding of the dynamic
behavior of the system in both the endemic and disease-free scenar-
ios. The results confirm that behavioral responses are a determining
factor in long-term disease spread outcomes. This work highlights the
importance of incorporating behavior-modified transmission into epi-
demic modeling and provides a theoretical framework for evaluating
public health interventions.

Keywords:Epidemiological modeling, Nonlinear differential equations,
Disease-free equilibrium, Endemic equilibrium, Basic reproduction num-
ber, Stability analysis, Lyapunov function. Behavioral response. In-
fectious disease dynamics.
2010 Mathematics Subject Classification: 92D30;34D23;34C23;37G10.

1 Introduction
Mathematical modeling is a central element in infectious disease spread
and control understanding. Classical compartmental models such as the
SIR (Susceptible–Infected–Recovered) framework have succeeded in provid-
ing understanding of epidemic dynamics [4, 6]. However, real epidemics are
not only driven by biological and demographic factors, but also by behav-
ioral changes of individuals. In particular, individuals adapt their behavior
according to disease prevalence, leading to heterogeneous susceptibility pat-
terns [5]. To more accurately capture such dynamics, there is a growing need
for incorporating behavioral heterogeneity into epidemic models [8].
Over the decades, the basic SIR model has been generalized along numer-
ous dimensions to reflect more realistic biological, social, and environmen-
tal factors. The model was generalized by scientists to include latency pe-
riods (SEIR models), essential dynamics (births and deaths), vaccination
campaigns, age-structured populations, and recently, the impact of human
behavior in the context of disease risk. The COVID-19 pandemic also high-
lighted the need to include behavioral dynamics in disease models, since
people’s reactions anything from mask-wearing to social distancing had a
profound impact on transmission [9].
With this, recent epidemiological models have begun to incorporate behav-
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ioral heterogeneity explicitly. One approach is to partition the susceptible
population based on risk perception or level of precaution. This is what
gives rise to models like the S1S2IR model, which introduces two types of
susceptible individuals: the normally behaving ones (S1) and the ones that
have undergone protective behavior (S2). This structure enables more precise
simulation of population behavior, especially for long or repeated outbreaks
where individuals modify their behavior over time. This approach has been
studied in the form of the SIS model in [12] cases.
This paper adds to this school of development by working through the
S1S2IR model in detail [10]. We extend the model with nonlinear incidence
and demography, derive basic reproduction numbers, and discuss local and
global stability of disease-free and endemic equilibria [10]. Our research em-
ploys the old favorites of the Jacobian matrix and Routh–Hurwitz conditions
along with Lyapunov functions for global stability [5]. Finally, numerical
simulations validate the theoretical findings and illustrate how dynamics of
behaviors influence epidemic effects [7].
Through this work, we intend to make further progress in the historical devel-
opment of epidemic modeling by further bridging the gap between classical
compartmental models and behavior aware epidemiological models. This
model can also be extended to travel between two regions [13].
The organization of this paper is the following. Section 2 explains the formu-
lation of the S1S2IR model, with two distinct susceptible classes to include
behavior heterogeneity in response to infection risk. The section provides
the system of differential equations, all the parameters are defined, and pro-
vides the dimensionless version of the model for analysis. We analyze the
endemic equilibrium of the system in Section 3 Analytical conditions for
the existence and uniqueness of the endemic point are derived by solving
the steady-state equations, and the local stability is examined in different
regimes of the parameters. Section 4 considers the global stability of both
the disease-free equilibrium (DFE) and the endemic equilibrium (EE). By ap-
plying Lyapunov functions and Routh–Hurwitz criteria, sufficient conditions
are derived to guarantee that the DFE or EE is globally asymptotically sta-
ble. Section 5 introduces numerical simulations to confirm and demonstrate
the theoretical results. Two distinct scenarios are studied: one with repro-
duction numbers R01 , R02 > 1 (endemic case), and another with R01 , R02 < 1
(disease-free case)[16]. Time evolution of the population compartments is
plotted to confirm the stability behavior determined by the analysis. Finally,
Section 6 provides a conclusion that summarizes the key findings, underscores
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the value of including behavior-modified susceptibility in epidemic modeling,
and suggests possible directions for future research.

2 Diagram of model
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Figure 1: Diagram of model

Considering the diagram, the system of equations of the S1S2IR model
is as follows:

dS1

dt
= A− α1

(
S2

N

)
− α2S1

(
I

I+K

)
+ dS2 − µS1 − βS1

(
I
N

)
dS2

dt
= α2S1

(
I

I+K

)
+ α1

(
S2

N

)
− dS2 − µS2

dI
dt

= βS1

(
I
N

)
− γI − µI

dR
dt

= γI − µR

(2.1)

The initial values of S1(0), S2(0), I(0), and R(0) are all positive; also, all
parameters of the above model are positive. The total population N(t) =
S1(t) + S2(t) + I(t) + R(t) holds in the equation dN

dt
= AµN(t), so

lim
t→∞

N(t) =
A

µ
= N0,

Therefore, we study the behavior of the above system on the hyperplane
S1 + S2 + I +R = A

µ
. We assume s1 =

S1

N0
, s2 = S2

N0
, i = I

N0
and r = R

N0
Also,
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since R(t) has no effect in the first equation, we can temporarily remove it
and examine the system in the 3×3 state and finally calculate R(t) from the
formula N(t). Therefore, the system of equations (2.1) can be rewritten as
follows: 

ds1
dt

= µ− α1s1s2 − α2s1
(

i
i+k

)
+ ds2 − µs1 − βs1i

ds2
dt

= α2s1
(

i
i+k

)
+ α1s1s2 − ds2 − µs2

di
dt
= βs1i− γi− µi

(2.2)

Where k = K
N0

. The system 2.2 has an obvious DFE equilibrium point E0 =

(1, 0, 0) and a non-obvious DFE equilibrium point E1 =
(

d+µ
α1

, 1− d+µ
α1

, 0
)
.

The Jacobian matrix of the 2.2 is as follows:

J(s1, s2, i) =

 −α2s2 − α2
i

i+k
− βi− µ −α1s1 + d −α2s1(i+k)+α2s1i

(i+k)2
− βs1

α2
i

i+k
+ α1s2 α1s1 − d− µ α2s1(i+k)−α2s1i

(i+k)2

βi 0 βs1 − γ − µ


We place the equilibrium point of DFE in the Jacobian matrix

J0 = J(E0) =

 −µ −α1 + d −α2

k
− β

0 α1 − d− µ α2

k

0 0 β − γ − µ

 .

The matrix J0 is an upper triangular matrix, so the eigenvalues of the ele-
ments are on the main diagonal, so

λ1 = −µ,

λ2 = α1 − d− µ,

λ3 = β − γ − µ.

According to the linearization theorem [?], λ1, λ2, and λ3 must be negative
for DFE to be a stable node; therefore

λ1 = −µ < 0,

λ2 = α1 − d− µ < 0 → α1 < d+ µ → α1

d+ µ
< 1,

λ3 = β − γ − µ < 0 → β < γ + µ → β

γ + µ
< 1,

5



Therefore, using the Jacobian matrix approximation method, the basic re-
production number in the S1S2IR model is obtained as follows:

R01 =
α1

d+ µ
� R02 =

β

γ + µ
.

Clearly, if R01 < 1 and R02 < 1 the DFE is asymptotically stable, oth-
erwise it is unstable. Now we analyze the equilibrium point E1. Accord-
ing to the previous calculations, the point E1 can be rewritten as E1 =(

1
R01

, 1− 1
R01

, 0
)
. We also set R∗

0 =
R02

R01
. By putting E1 into the Jacobian

matrix, we have

J1 = J(E1) =

 −α2 +
α2

R01
− µ −µ − α2

kR01
− β

R01

(d+ µ)(R01 − 1) 0 α2

kR01

0 0 β
R01

− γ − µ


The matrix J1 has the eigenvalue λ3 =

β
R01

γµ, so we have

λ3 =
β

R01

− γ − µ =
β

R01

− β

R02

< 0 ⇒ R02 < R01 ⇒ R∗
0 < 1,

Also, consider the following submatrix:

J∗
1 =

[
−α2 +

α2

R01
− µ −µ

(d+ µ)(R01 − 1) 0

]
.

In order to locally stabilize the point E1, we must show that Trace(J∗
1 ) < 0

and Det(J∗
1 ) > 0; therefore, we have

Trace(J∗
1 ) = −α2+

α2

R01

−µ < 0 ⇔ R01 > 1, Det(J∗
1 ) = (µ)(d+µ)(R01−1) > 0 ⇔ R01 > 1.

So if R∗
0 < 1 and R01 > 1 then the point E1 is locally stable.

3 Endemic equilibrium
In this section, we investigate the existence and dynamic properties of ENDEMIC
equilibrium points and stable states. Suppose we denote the ENDEMIC
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equilibrium point by (s∗1, s
∗
2, i

∗), such that i∗ ̸= 0. Therefore, from the third
equation of the system 2.2 we have

s∗1 =
γ + µ

β
=

1

R02

.

Now we simplify the second equation of the system 2.2 and put s∗1 in it

α2s
∗
1

(
i∗

i∗ + k

)
+ α1s

∗
1s

∗
2 − ds∗2 − µs∗2 = 0

⇒ α2s
∗
1i

∗ + α1s
∗
1s

∗
2(i

∗ + k)− ds∗2(i
∗ + k)− µs∗2(i

∗ + k) = 0

= α2s
∗
1i

∗ + α1s
∗
1s

∗
2i

∗ + α1s
∗
1s

∗
2k − ds∗2i

∗ − µs∗2i
∗ − s∗2k

α1

R01

= 0

⇒ α1s
∗
2

(
i∗

R02

+
k

R02

− k

R01

− i∗

R01

)
+

α2

R02

i∗ = 0

⇒ s∗2

(
i∗ + k

R02

− i∗ + k

R01

)
= − α2

α1R02

i∗

⇒ s∗2 =
−α2R01

α1(R01 −R02)
× h(i∗)

Where h(i∗) = i∗

i∗+k
. Now we put s∗1 and s∗2 into the first equation of the

system 2.2

µ− α1s
∗
1s

∗
2 − α2s

∗
1

(
i∗

i∗ + k

)
+ ds∗2 − µs∗1 − βs∗1i

∗ = 0

⇒ µ+
α2R01h(i

∗)

R02(R01 −R02)
− α2h(i

∗)

R02

− dα2R01h(i
∗)

α1(R01 −R02)
− βi∗

R02

− µ

R02

= 0

⇒ h(i∗)

(
α2(α1 − dR01)

α1(R01 −R02)

)
+ µ

(
R02 − 1

R02

)
− βi∗

R02

= 0

⇒
(
R02 − 1

R02

)
µ =

βi∗

R02

− ζh(i∗) =
βi∗(i∗ + k)− ζR02i

∗

(i∗ + k)(R02)

⇒ (R02 − 1)(i∗ + k)µ = βi∗(i∗ + k)− ζR02i
∗

⇒ βi∗2 + (µ−R02µ+ βk − ζR02) i
∗ + µk(1−R02) = 0

Where ζ =
(

α2(α1−dR01 )

α1(R01−R02 )

)
. First, we determine the sign of ζ, so

ζ =

(
α2(α1 − dR01)

α1(R01 −R02)

)
=


< 0, , R∗

0 > 1

> 0, R∗
0 < 1,
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Since the inequality α1 > dR01 always holds, we finally arrive at the following
quadratic equation:

F (i∗) = Ai∗2 +Bi∗ + C = 0,

Where

A = β > 0

B = µ(1−R02) + βk − ζR02

C = µk(1−R02),

It is clear that C > 0 ⇔ R02 < 1 and C < 0 ⇔ R02 > 1. So if R02 > 1, the
curve F (i∗) has two roots, which must be determined by their signs, so we
have

C

A
=


< 0, R02 > 1,

> 0, R02 < 1,

So in the case where R02 > 1, F (i∗) has two different roots of the sign. Now
we determine the sign of B,

B = µ(1−R02) + βk − ζR02 =


< 0, R02 > 1, R∗

0 > 1,

> 0, , R02 < 1, R∗
0 > 1,

So as long as B2 > 4AC in all cases F (i∗) has the following two roots:

i∗ =
−B +

√
∆

2A
> 0 and i∗ =

−B −
√
∆

2A
< 0.

Consequently, if R02 > 1 and R∗
0 > 1 the system has a unique ENDEMIC

point

E2 = (s∗1, s
∗
2, i

∗) =

(
1

R02

,
−α2R01

α1(R01 −R02)
× h(i∗),

−B +
√
∆

2A

)
.

Theorem 3.1. If R01 > 1, R02 > 1, α2 > α1 and R02 > R01(R∗
0 > 1), then

the point E2 = (s∗1, s
∗
2, i

∗) is locally asymptotically stable
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Proof. In order to prove the asymptotic local stability in E2, we use the
Routh-Hurwitz criterion. Therefore, by calculating the characteristic equa-
tion of the matrix J , we have

P (λ) = λ3 + a1λ
2 + a2 + a3 = 0,

Where

a1 = α2s
∗
2 − (d+ µ)(R01s

∗
1 − 1) + α2h(i

∗) + βi∗ + µ,

a2 = α2
1s

∗
1s

∗
2 + α1α2s

∗
1h(i

∗)− α1ds
∗
2 − α2h(i

∗)d− χβi∗ + β2i∗s∗

− (d+ µ)(R01s
∗
1 − 1) (α2s

∗
2 + α2h(i

∗) + βi∗ + µ) ,

a3 = βdχi∗ − α1βχs
∗
1i

∗ + χβi∗(d+ µ)(R01s
∗
1 − 1)− β2i∗s∗1(d+ µ)(R01s

∗
1 − 1),

Where χ = − α2s∗1k

(i∗+k)2
. We need to show that a1 > 0, a2 > 0, a3 > 0 and

a1a2 > a3. As a result, we have

a1 > 0 ⇔ (d+ µ)(R01s
∗
1 − 1) < 0 ⇔ R01

R02

− 1 < 0 ⇔ R02 > R01 ,

To prove a2 > 0 we need to analyze the following expressions:

−(d+ µ)(R01s
∗
1 − 1) (βi∗ + µ) > 0 ⇔ R02 > R01 ,

and

α1α2s
∗
1h(i

∗)− α2h(i
∗)d− α2h(i

∗)(d+ µ)(R01s
∗
1 − 1)

= α2h(i
∗)

(
α1

R02

− d− α1

R01

(
R01

R02

− 1

))
= α2h(i

∗)

(
α1

R01

− d

)
= α2h(i

∗)(d+ µ− d)

= α2h(i
∗)µ > 0,

and

α2
1s

∗
1s

∗
2 − α1ds

∗
2 − α2s

∗
2(d+ µ)(R01s

∗
1 − 1) =

α2
1s

∗
2

R01

− α1ds
∗
2 −

α1α2s
∗
2

R02

+
α1α2s

∗
2

R01

= α1s
∗
2

(
R01(α1 − α2) + R02(α2 − dR01)

R01R02

)
> 0 ⇔ R01(α1 − α2) + R02(α2 − dR01) > 0

⇔ (R02 −R01)(α2 − dR01) + R2
01
µ > 0 ⇔ α2 − dR01 > 0 , R02 −R01 > 0.
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It is clear α2 − dR01 = d(α2−α1)+α2µ
d+µ

> 0 ⇔ α2 > α1 and R02 > R01 and
β2i∗s∗ − χβi∗ > 0 because χ < 0, so if R02 > R01 and α2 > α1 then a2 > 0.
To prove a3 > 0 we need to analyze the following expressions:

βdχi∗ − α1βχs
∗
1i

∗ + χβi∗(d+ µ)(R01s
∗
1 − 1) = −χβi∗

(
−d+ α1s

∗
1 −

α1

R02

+
α1

R01

)
= −χβi∗

(
α1

R01

− d

)
Since χ < 0, then it is only sufficient to

α1

R01

d > 0 ⇔ d+ µ > d ⇒ µ > 0,

for the above inequality to always hold. We also have

β2i∗s∗1(d+ µ)(R01s
∗
11) < 0 ⇔ R02 > R01 ,

So if R02 > R01 then a3 > 0.
Finally, we need to show that if R02 > R01 then a1a2 > a3. We know that

a3 = βdχi∗ − α1βχs
∗
1i

∗ + χβi∗(d+ µ)(R01s
∗
1 − 1)− β2i∗s∗1(d+ µ)(R01s

∗
1 − 1).

The expressions χβi∗(dµ)(R01s
∗
1−1) and β2i∗s∗1(dµ)(R01s

∗
1−1) repeat exactly

in the product a1a2, so we only need to compare

βdχi∗ − α1βχs
∗
1i

∗ = βχi∗
(
d− α1

R02

)
,

The similar expression on the side a1a2 is as

βχi∗(−α2s
∗
2 − α2h(i

∗)− βi∗ − µ),

Since χ < 0, it is clear that if R02 > R01 the inequality

βχi∗(−α2s
∗
2 − α2h(i

∗)− βi∗ − µ) > βχi∗
(
d− α1

R02

)
,

holds and therefore a1a2 > a3.
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4 Global stability of DFE and ENDEMIC points
Theorem 4.1. The equilibrium point E0 = (1, 0, 0) is globally stable if R02 <
1 and R01 < 1.

Proof. We use the Lyabanov function to prove global asymptotic stability.
Consider the following Lyabanov function:

V (s1, s2, i) = k1

(
s1 − s∗1 − s∗1 ln

s1
s∗1

)
+

1

γ + µ
i,

Where k1 > 0. By deriving it, we have

dV

dt
= k1

(
1− s∗1

s1

)
ds1
dt

+
1

γ + µ

di

dt
,

We put k1 = 1, so

dV

dt
= −α1s1s2 + α1s2 − α2h(i)s1 + α2h(i) + ds2 − d

s2
s1

+ βi− βs1i

+ 2µ− µs1 −
µ

s1
+R02s1i− i.

The expressions

2µ− µs1 −
µ

s1
= µ

(
2− s1 −

1

s1

)
= −µ

(
(s1 − 1)2

s1

)
,

and

βi(1− s1) + i(R02s1 − 1) = i (R02(γ + µ)(1− s1) + R02s1 − 1)

= i (R02(γ + µ)− 1− ((R02(γ + µ)s1 −R02s1)

Are negative if and only if

R02(γ + µ)− 1 < 0 ⇒ β < 1.

and
R02(γ + µ)s1 −R02s1 > 0 ⇒ (γ + µ) > 1.

As a result R02 =
β

γ+µ
< 1.

On the other hand, if

α2h(i)− α2h(i)s1 = α2h(i)(1− s1) ⇒ α2h(i)− α2h(i)s1 < 0 ⇔ s1 > 1,
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and

α1s2 − α1s1s2 + ds2 − d
s2
s1

= α1s2(1− s1)−
ds2
s1

(1− s1)

= (1− s1)

(
α1s2 −

ds2
s1

)
,

To establish α1s2 − α1s1s2 + ds2 − d s2
s1

< 0 with respect to s1 > 1, we have

α1s2 −
ds2
s1

> 0 ⇒ s1 >
d

α1

,

Therefore, the two inequalities s1 > 1 and s1 >
d
α1

require that d > α1 which
leads to the inequality R01 < 1.

The phase portrait illustrated in Figure 2 demonstrates the global sta-
bility of the disease-free equilibrium of the model under the condition of
theorem 4.1.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

s
1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

i

DFE

Figure 2: Phase portrait near the Disease-Free Equilibrium.

Theorem 4.2. Suppose R∗
0 > 1 and R02 > 1, then the steady state EN-

DEMIC is globally stable, when s1 > 2, R01+R02−R01R02s1
R02−R01

< s2
s∗2

<
R02s1

R02s1−1
and

h(i)
h(i∗)

< s2
R02s1s

∗
2−s2

, where h(i) = i
i+k
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Proof. We use the Lyabanov function to prove global asymptotic stability.
For this purpose, we define the Lyabanov function V (s1, s2, i) : R3 → R as
follows:

V (s1, s2, i) = k1

(
s1 − s∗1 − s∗1 ln

s1
s∗1

)
+k2

(
s2 − s∗2 − s∗2 ln

s2
s∗2

)
+k3

(
i− i∗ − i∗ ln

i

i∗

)
,

Where k1 > 0 � k2 > 0 and k3 > 0 . As a result

dV

dt
= k1

(
1− s∗1

s1

)
s
′

1 + k2

(
1− s∗2

s2

)
s
′

2 + k3

(
1− i∗

i

)
i
′

= k1

(
1− s∗1

s1

)(
µ− α1s1s2 − α2s1

(
i

i+ k

)
+ ds2 − µs1 − βs1i

)
+ k2

(
1− s∗2

s2

)(
α2s1

(
i

i+ k

)
+ α1s1s2 − ds2 − µs2

)
+ k3

(
1− i∗

i

)
(βs1i− γi− µi)

= k1

(
1− s∗1

s1

)(
µ− α1s1s2 − α2s1

(
i

i+ k

)
+ ds2 − µs1 − βs1i

)
+ k2

(
(s2 − s∗2)

s2
α2s1h(i) + s2

α1

R01

(R01s1 − 1)− s∗2
α1

R01

(R01s1 − 1)

)
+ k3

(
β(i− i∗)(s1 −

1

R02

)

)
,

We set µ = α1s
∗
1s

∗
2α2s

∗
1h(i

∗)− ds∗2µs
∗
1βs

∗
1i

∗ So we have

dV

dt
= k1α1s

∗
1s

∗
2 − k1α1s1s2 + k1α1s

∗
1s2 + k2α1s1s2 − k2s2

α1

R01

− k2α1s1s
∗
2 + k2s

∗
2

α1

R01

+ k1α2s
∗
1h(i

∗)− k1α2h(i)s1 + k1α2h(i)s
∗
1 + k2

(s2 − s∗2)

s2
α2s1h(i) + k1βs

∗
1i+ k1βs

∗
1i

∗ − k1βs1i

+ k3βs1i− k3βs1i
∗ − k3βs1

i

R02

+ k3βs1
i

R02

+ k1ds2 − k1ds
∗
2 − k1ds2

s∗1
s1

+ 2k1µs
∗
1 − k1µs1

− k1µ
s∗1
s1
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By substituting k1 = k2 = k3 = 1, we analyze the expressions as follows:

α1s
∗
1s

∗
2

(
1 +

s2
s∗2

− s1
s∗1

− s2
R01s

∗
1s

∗
2

+
1

R01s
∗
1

)
= α1s

∗
1s

∗
2

(
1 +

s2
s∗2

−R02s1 −R∗
0

s2
s∗2

+R∗
0

)
⇒ 1 +

s2
s∗2

−R02s1 −R∗
0

s2
s∗2

+R∗
0 < 0 ⇔ R01 +R02 −R01R02s1

R02 −R01

<
s2
s∗2
,

and

βs∗1i
∗
(
1 +

i

i∗
− s1

s∗1
− i

R02s
∗
1i

∗ +
1

R02s
∗
1

)
= βs∗1i

∗(2−R02s1)

⇒ 2−R02s1 < 0 ⇔ s1 > 2, R02 > 1,

and

α2s
∗
1h(i

∗)− α2h(i)s
∗
1 − α2

s∗2s1
s2

h(i)

= α2s
∗
1s

∗
2h(i

∗)

(
1

s∗2
+

h(i)

h(i∗)s∗2
− s1h(i)

s∗1s2h(i
∗)

)
⇒ 1

s∗2
+

h(i)

h(i∗)s∗2
− s1h(i)

s∗1s2h(i
∗)

> 0 ⇔ h(i)

h(i∗)
<

s2
R02s1s

∗
2 − s2

,

and

ds2 − ds∗2 − ds2
s∗1
s1

= ds∗1s
∗
2

(
s2
s∗1s

∗
2

− 1

s∗1
− s2

s∗2s1

)
= ds∗1s

∗
2

(
R02

s2
s∗2

−R02 −
s2
s∗2s1

)
⇒ R02

s2
s∗2

−R02 −
s2
s∗2s1

< 0 ⇔ s2
s∗2

<
R02s1

R02s1 − 1
,
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and

2µs∗1 − kµs1 − µ
s∗1
s1

= µs∗1

(
2− s1

s∗1
− 1

s1

)
= µs∗1

(
2−R02s1 −

1

s1

)
⇒ 2−R02s1 −

1

s1
< 0 ⇔ s1 > 2, R02 > 1.

As a result, we have shown that if R02 > 1 and R∗
0 > 1, s1 > 2, R01+R02R01R02s1

R02R01
<

s2
s∗2

<
R02s1
R02s11

and h(i)
h(i∗)

< s2
R02s1s

∗
2s2

then dV
dt

< 0

The phase portrait illustrated in Figure 3 demonstrates the global stabil-
ity of the ENDEMIC equilibrium of the model under the condition of theorem
4.2.
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Figure 3: Phase portrait near the ENDEMIC Equilibrium.

5 Numerical Simulations
We consider two following states:
Simulation is for the ENDEMIC equilibrium case. To better un-
derstand the dynamic behavior of the S1S2IR epidemiological model, we
perform numerical simulations using realistic parameter values. These simu-
lations confirm the theoretical results of the previous sections regarding local
and global stability.
The goals of this simulation are to show the path of each component s1(t),
s2(t), and i(t) over time, to confirm the stability of the endemic equilibrium
point, and to show the evolution of the susceptible and infected populations
of the model under nonlinear dynamics. The following parameter values were
chosen to simulate a realistic endemic scenario with R01 > 1 and R02 > 1.
Initial conditions are s1(0) = 0.9, s2(0) = 0.05 and i(0) = 0.05. Figure 4
presents the time series of the three state variables s1(t), s2(t), and i(t) over
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Table 1: Parameter values for simulation.

Parameter V alue Description
µ 0.01 Naturalbirth/deathrate
α1 0.2 Interactionratebetweens1 and s2
α2 0.3 Infectionpressureduetobehavior −modifiedtransmission
β 0.5 Transmissionrate
γ 0.1 Recoveryrate
d 0.05 Transferratefroms1 to s2
k 0.1 Saturationconstantforincidencefunction

the interval t ∈ [0, 200], based on the numerical solution of the normalized
S1S2IR model. Each curve corresponds to the evolution of one compartment
in the population, under the parameter regime where the basic reproduction
numbers R01 and R02 are both greater than 1. This ensures the existence
and stability of an endemic equilibrium.
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Figure 4: Time evolution of the normalized S1S2IR model variables over the
interval t ∈ [0, 200] showing the dynamics of the two susceptible classes s1(t),
s2(t) and the infected population i(t). The simulation illustrates convergence
to a stable endemic equilibrium under the condition R01 > 1 and R02 > 1,
with all compartments reaching steady-state values.

Simulation is for the DFE equilibrium case. The goal of this simu-
lation is to demonstrate the long-term behavior of the S1S2IR model under
conditions that lead to the eradication of the infection. This occurs when
both basic reproduction numbers R01 and R02 are less than 1, resulting in
the global stability of the disease-free equilibrium points. To assure the
disease-free outcome we will decrease infection parameter values, compared
to the endemic scenario. The chosen parameters are: Initial conditions
are s1(0) = 0.9, s2(0) = 0.05 and i(0) = 0.05. These yield the following
reproduction numbers R01 ≈ 0.33 and R02 ≈ 0.45. The smooth, monotonic
evolutions of all three variables in figure5 imply that there is no oscillation
or instability-from whence the global attractiveness of the disease-free steady
state under the set of parameter conditions is consequently confirmed.
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Table 2: Parameter values for simulation.

Parameter V alue Description
µ 0.01 Naturalbirth/deathrate
α1 0.02 Interactionratebetweens1 and s2
α2 0.3 Infectionpressureduetobehavior −modifiedtransmission
β 0.05 Transmissionrate
γ 0.1 Recoveryrate
d 0.05 Transferratefroms1 to s2
k 0.1 Saturationconstantforincidencefunction
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Figure 5: Simulation of the S1S2IR model under disease-free conditions
where R01 < 1 and R02 < 1. The infected population i(t) declines to zero over
time, while the susceptible group s1(t) stabilizes near 1, and the behavior-
modified class s2(t) gradually diminishes. This confirms the global asymp-
totic stability of the disease-free equilibrium points.

6 Conclusion
In this study, we derived and analyzed an extended SIR type epidemiological
model, called the S1S2IR model, with two separated susceptible classes to
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capture behavior adjusted transmission processes. Through mathematical
analysis, we obtained conditions on local and global stability of the dis-
ease free equilibrium (DFE) and endemic equilibrium. Certain important
thresholds, namely the basic reproduction numbers R01  and R02 . These were
assumed to capture the long term dynamics of the system. The analysis
showed that the DFE is globally asymptotically stable when R01 < 1 and
R02 < 1, whereas the system possesses a locally stable and also unique en-
demic equilibrium whenever both reproduction numbers are larger than unity
and certain inequality constraints exist.
Lyapunov functions were introduced to rigorously define global stability within
proper parameter regimes. Numerical simulations supported theoretical re-
sults as well, confirming the model’s predictions for the convergence dynamics
of infected and susceptible individuals. This work demonstrates how hetero-
geneity in susceptibility due to behavior can qualitatively alter disease dy-
namics and presents a model for further study of even more complex epidemic
scenarios with psychological or social behavioral effects.
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