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Abstract

This paper presents a novel framework for enhancing neural network performance
through the integration of fractional and quantum chaotic maps. We introduce
a fractional hierarchical rational chaotic map alongside quantum adaptations
of the logistic and tent maps, analyzing their dynamic properties via bifurca-
tion and time series diagrams. These chaotic mechanisms are embedded into
gradient-based learning algorithms—batch, mini-batch, and stochastic gradient
descent—to improve training efficiency and predictive accuracy.

Empirical evaluations on three real-world regression tasks (housing prices, bike
sharing, and concrete strength) demonstrate consistent performance gains across
all models. The inclusion of chaotic maps notably accelerates convergence, reduces
training error, and improves weight distribution within networks. Our findings
underscore the transformative potential of fractional and quantum chaos in
optimizing neural learning systems for complex, real-world applications.

Keywords: Hierarchical rational chaotic map, Quantum logistic map, Quantum tent
map, Fractional differences, Neural network, Mean square error



1 Introduction

Artificial Intelligence (AI) includes machine learning (ML), which is the automatic
recognition of patterns in datsets [1]. According to the current definition, ML is a
computer programming technique that optimizes performance metrics that depend
on data [2-4]. The most common machine learning model is a Neural Network (NN).
The performance of NN is highly dependent on the variation of connection weight and
network structure.

Batch Gradient Descent (BGD), Mini Batch Gradient Descent (MBGD), and
Stochastic Gradient Descent (SGD) are three different variations of gradient descent
algorithms used in training NNs. In BGD method, the entire training dataset is used
to compute the gradient of the cost function. The weights are then updated based
on this average gradient. This approach can be computationally expensive for large
datasets but can lead to more stable convergence. In SGD, the gradient is computed
and the weights are updated for each individual training example. This can lead to
faster convergence but may result in more noisy updates and slower convergence in
the long run. In MBGD, the training dataset is divided into smaller batches of a fixed
size. The gradient is computed for each batch, and the weights are updated based on
the average gradient of the batch. This method strikes a balance between the efficiency
of SGD and the stability of BGD.

Using chaotic maps for NN training involves utilizing chaotic dynamics to improve
the performance and convergence of NN training algorithms. Chaotic maps can be used
to generate random sequences of numbers that can be used to initialize the weights of
a NN or to optimize the learning rate during training. One example of using chaotic
maps for NN training is the use of the logistic map to generate random numbers for
weight initialization in the NN. This can help to avoid getting stuck in local minima
during training and improve the overall performance of the network. Another example
is using chaotic maps to optimize the learning rate during training, where the dynamics
of the chaotic map can be used to adjust the learning rate dynamically during the
training process.

Recently, some attempts have been made to use a modified batch algorithm based
on applying chaotic maps: the results of reference [5] have led to more accurate models
for predicting time series. In [6, 7], the NN model is optimized using a chaotic map
and then they are applied for prediction. To obtain more accurate predictions, authors
in [8] have entered the two layers such that one of them is the chaotic nature of the
data. Different chaotic maps differ in terms of chaotic area, the number of control
parameters, and initial conditions [9, 10]. The use of these maps has been effective in
improving optimizations such as Particle Swarm Optimization (PSO) [9] and harmony
search algorithm [10]. The hierarchy of rational order families of chaotic maps presents
an interesting description of the simultaneous production and consumption of entropies
[11]. The Hierarchy Rational Chaotic Map (HRCM) was the best chaotic map for
improving PSO performance [9].

The problem with the used chaotic maps is about having few control parameters
and less complicated dynamic. Fractionalization is employed as a powerful tool to
model complex data and complex systems [12-14]. In this paper, we increase the
complexity of the chaotic maps by increasing parameters. To accomplish this, we



essentially suggest their generalized versions through fractionalization. Especially, we
extract a fractional version of the HRCM and apply to improve NN models.
Motivation

Despite the successful application of classical chaotic maps, their potential in NN
optimization remains under-explored, particularly concerning fractional chaotic maps.
The unique properties of fractional chaotic maps, such as their ability to capture
memory effects and long-range dependencies, offer promising avenues for enhancing
the performance of NN training algorithms.

Contributions
This study aims to bridge this gap and contribute to the field in the following ways:

® Novel fractional chaotic map: We introduce a fractional adaptation of the hierarchi-
cal rational chaotic map, quantum logistic map, and quantum tent map, enriching
the toolbox of chaotic systems available for NN optimization.

® Enhanced gradient-based learning: We integrate this fractional map, along with
quantum versions of the logistic and tent maps, into gradient batch descent, mini-
batch gradient descent, and stochastic gradient descent algorithms.

® Real-world application: We demonstrate the effectiveness of our approach by apply-
ing the modified NNs to the challenging tasks of predicting house prices based on
13 influential features, bike sharing based on 11 influential features, and concrete
compressive strength based on 8 influential features.

We organize the article as follows: Section 2 provides a recent literature review. In
Section 3, fractional versions of the hierarchy of rational order chaotic, quantum logis-
tic, and quantum tent maps are given as well as their bifurcation diagrams and time
series. These generalized maps are applied to gradient-based NN algorithms, including
gradient batch descent, mini-batch gradient descent, and stochastic gradient descent
to enhance their performance. All improved NN trainings are presented in Section 4.
Section 5 presents the results of integrating fractional quantum chaotic maps into neu-
ral network training. Section 6 compares fractional quantum chaotic maps with their
non-fractional counterparts. Concluding remarks are presented at the end.

2 Literature Review

The integration of chaotic maps into NN architectures has emerged as a promising
avenue to enhance performance and security. This review explores recent advancements
in the application of classical, fractional, and quantum chaotic maps, particularly their
impact on optimizing gradient-based learning algorithms like gradient batch descent,
mini-batch gradient descent, and stochastic gradient descent NNs. A novel NN Nonlin-
ear Predictive Control (NNPC) strategy utilizing the Tent-map Chaos Optimization
Algorithm (TCOA) is introduced in reference [15]. In this paper, the feed-forward
NN serves as the multi-step predictive model, while the TCOA enhances convergence
and accuracy through nonlinear rolling optimization. Several studies have explored
the use of Artificial Neural Networks (ANNs) and chaotic maps for Chaotic Random



Number Generation (CRNG) and their application in image encryption. For exam-
ple, Satre and Joshi proposed quantum image cryptography methods based on both
discrete chaotic maps [16] and continuous chaotic maps [17], highlighting the poten-
tial of chaos-enhanced cryptographic schemes in quantum settings. Similarly, Wu et
al. [18] introduced a deep neural network approach that integrates QLSTM and chaos
synchronization control for enhancing quantum image encryption, demonstrating the
effectiveness of combining chaotic dynamics with quantum learning models.

Patel et al. proposed a CRNG based on a train-less NN. In their approach, the
weights and biases of the network are initialized using a cubic map, while combined
Logistic-Sine and Logistic-Tent chaotic maps serve as activation functions. With each
forward pass, the network parameters are updated to generate CRNG outputs, which
are then used in an image encryption algorithm. This method highlights the potential
of using chaotic maps to enhance the randomness and security of generated num-
bers for cryptographic purposes [19]. Similarly, Maddodi et al. presented a CRNG
built on a NN architecture. Instead of training the network with data, they initial-
ize the weights and biases using a chaotic cubic map. This technique provides a novel
approach to CRNG by leveraging the inherent complexity of chaotic systems within
the NN framework [20]. He et al. introduced a CRNG based on the structure of Long
Short-Term Memory (LSTM) networks. They initialize the input, output, and for-
get gates of LSTM cells using a chaotic Two-Dimensional Coupled Map Lattice. This
CRNG is applied to image encryption, where the LSTM networks take image pixels
as inputs and perform permutation and diffusion operations as part of the encryption
process. This study demonstrates the effectiveness of combining LSTM networks with
chaotic maps to enhance the security of image encryption algorithms [21]. Kouba4 et
al. also proposed an LSTM-based CRNG for image encryption. Their method involves
using coupled chaotic maps to initialize the parameters of the LSTM network. By
integrating chaotic dynamics into the initialization process, this approach aims to
improve the unpredictability and security of the CRNG for cryptographic applications
[22]. Reference [23] introduces a new Chaos-based Pseudo-Random Number Genera-
tor (CPRNG) that combines ANNs with chaotic systems. These studies collectively
highlight the potential of combining NN architectures with chaotic maps to develop
robust CPRNGs for various applications, particularly in the field of image encryption.
The use of chaotic maps introduces additional complexity and variability, enhancing
the security and effectiveness of the generated random numbers. In 2022, Wang et al.
[24] integrated discrete wavelet transforms and the Lorentz map with a convolutional
neural network (CNN), applying this combination to fault diagnosis. The traditional
NNs used in the above fault diagnosis schemes rely on the gradient descent algorithm.
While this algorithm descends in the fastest decreasing direction of the function, the
local gradient on the error surface often doesn’t point to the global minimum, resulting
in a zigzag convergence path. Consequently, it requires many steps to reach the global
minimum or can easily fall into local minima [25]. The sensitivity to initial conditions
in chaotic systems enhances NN’ search efficiency, generalization, and pattern recog-
nition abilities compared to traditional NN. The ergodicity and sensitivity of chaos
significantly improve NN performance [26]. In reference [27], a CNN combined with a
Logistic chaotic map is proposed, along with a corresponding fault diagnosis approach,



which significantly improves the accuracy of bearing fault diagnosis. Reference [28] pro-
poses a two-dimensional discrete model of a bi-neuron Hopfield Neural Network (HNN)
with sine activation function, demonstrating its complex dynamics and stability. The
model is used to design four Pseudo-Random Number Generators (PRNGs) with high
randomness and strong resistance to chaos degradation, validated through numeri-
cal analysis and FPGA hardware implementation. In reference [29], ANN forecasting
models can efficiently account for fluctuating demand and market conditions, unlike
the HoltsWinter method which struggles with missing or limited data. However, ANN
is time-consuming due to the need to carefully select learning parameters, hidden neu-
rons, and epochs during training, as it is sensitive to these parameters. Providing a
strong defense against hostile attacks while retaining excellent accuracy is challeng-
ing in NNs. Reference [30], study demonstrates that chaotic stochastic quantization
significantly improves robustness by up to 43% compared to deterministic quantiza-
tion, with Lorenz and Henon noise distributions outperforming traditional uniform
and Gaussian noise in enhancing model stability and defense against attacks.

Our classical and quantum chaotic maps are more complex and higher-dimensional,
featuring higher Lyapunov exponents, which contribute to their enhanced dynamic
complexity and robustness. According to a recent review article, a chaotic quantum
map has achieved the highest entropy value of 7.999995 [31]. The introduction of
fractional calculus has led to the creation of fractional chaotic maps, which have
deeper dynamics and memory effects than their integer-order counterparts. The ongo-
ing development of research in discrete fractional chaotic systems [32-35] motivated
our work to explore more complex classic and quantum chaotic maps. Simultane-
ously, the exploration of fractional version of quantum chaotic maps has opened new
possibilities for introducing more complex behavior into NN models.

Future research will likely focus on developing more sophisticated chaotic maps,
exploring hybrid models, and broadening their application to new domains. A key chal-
lenge will be devising efficient algorithms for training and optimizing these increasingly
complex NNs. It is what we are trying to do in this paper.

3 Model

This section introduces a fractional adaptation of the hierarchical rational chaotic map,
as well as quantum versions of the logistic and tent maps to incorporate them into
gradient-based learning algorithms such as gradient batch descent, mini-batch gradient
descent, and stochastic gradient descent. This task aims to improve the training and
predictive capabilities of NN models.

3.1 A fractional hierarchy of rational order chaotic maps for
time scales

The Hierarchy of Rational order Chaotic Maps (HRCM) [11] is defined as:

a 1 — 322 a 1—3xz2 \?
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where x is the state variable and a;,% = 1,2, denote the control parameters. Here,
we proposed a one-dimensional fractional version of the hierarchy of rational order
chaotic map (FHRCM) in the Caputo sense, and then imply it to improve NN training
BGD performance in the next section.

A fractional version of system (1) is as follows,

1—3x2(t -1
CAVD(t) = X z(ity—1)
e az 3zx(t+v—1)—z3(t+v—1)

a 1—3z2(t+v—1) >2
1 — )
i\/ +(a2x3w(t+u—1)—cc3(t+u—1)

where CAZ is the v—th Caputo left fractional difference operator, v > 0 is the
fractional order, and a € R is the starting point. The explicit numerical formula of
Eq. (2), which we denote it by FHRCM, can be expressed as:

(2)

1 l"(n—j—i—u)
TR )Z

3)

To find the relation between ?x(t)” in Eq. (2) and ”x,” in Eq. (3), and other details,
see Appendix A.

The bifurcation diagram and time series for the FHRCM are given in Fig. 1 by taking
into account the fractional order v = 1.2 and the control parameters a; = 2.61,
az = 3.168. Figures. 1.1-2 are plotted for the FHRCM for X with the initial value
xo = 0.3456; Fig. 1.1 is plotted for X with respect to az and Fig. 1.2 is with respect
to ay. Figures. 1.1-2 present the chaotic area of the chaotic map; a; (az) should be
selected between 0 (2) and 4 (7) when as (aq) is 2.61 (3.168). The time series of
the FHRCM is seen in Fig. 1.3. It shows this map is sensitive to the initial value.

3.2 A fractional quantum logistic map for time scales

Since its introduction in 1976, the logistic map has gained popularity in academia,
particularly in the field of chaos and fractals [36-39]. Reference [40] proposes a quan-
tum logistic map coupled with the logistic map. As a three-dimensional map, it was
discovered that the quantum logistic map exhibits deeper dynamical features, making
it more suitable for use in the field of information security. However, quantum logis-
tic maps have received less attention than logistic maps. We researched the fractional
generalization of quantum logistic maps, which had never been studied previously. We
begin this section by recalling a definition from reference [41], where a generalized
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Fig. 1 Bifurcation diagram of the FHRCM for (1) o = 0.3456, v = 1.2, and a2 = 2.61, with
respect to a1, (2) ®o = 0.3456, v = 1.2, and a1 = 2.61, with respect to a2, (3) Time series of
the FHRCM for @ with a1 = 2.61,a2 = 3.168, and v = 1.2.

Hamilton Dick is introduced:

H=alatwad, + LN(aT ta)(Jo+Jp) + LV (I, JL)Ed(t —nT), (4)

VN VN

where a and af are bosonic annihilation and creation operators, respectively. We
consider that i = 1, wa = ©a/@f > 0, &y is the field of frequency, and v =
/@y is the coupling parameter [42]. In addition, J, and J4 are the atomic relative
population operator and the atomic transition operator. The commutation relations
of the fermionic operator J are:

[Ty, J_]=2J., [J., 1] = £J4, [a,af] = 1.
A Quantum Logistic Map (QLM) is a logistic map that includes quantum corrections.

Researchers set out to examine the consequences of quantum corrections J4 =<
Jir > 4+6J4, where dJ4 is a quantum fluctuation about < J4 >, and < J4 > is



the mean value of Ji. The quantum logistic map [43] is described as
Xnt1 =1(xn —22) —rYn
Yoi1 = —Yn +re P((1 — x, + 2P — z,e?P)y,, — zpx, — P2, 2,) (5)
Zni1 = —2zne?P +reP (22, — 2T 2 — TuYn — YnTn),

where < 6J410J_ >=y, , < 6J40J4 >=z, , < J; >=x,, respectively. Besides,

B3 and 7 denote the control parameters. We present a fractional version of the QLM
as follows:

CAYz(t) =7 [z(n) — 2*(n)] — ry(n) — z(n)

CAry(t) = —y(n) + re P[(1 — z(n) + €*P — x(n)e*B)y(n)
—z(m)z(n) — e*Pz(m)x(n)] — y(n) (6)

CAY2(t) = —z(n)e?P + 2ref[(n) — 2z(n)z(n)
—z(my(n) — y(m=z(n)] — z(n),

wheren =t+v—1, CAZ is the v—th Caputo-like delta difference operator, v gives
the fractional order, and a demonstrates the starting point. The explicit numerical
formula of of Eq. (6), which we denote by FQLM (Fractional Quantum Logistic Map),
is expressed as:

n I'(n—3+4+v
Tn =20 + 1y (n=j+v)

F=1 T — g1y R =y =)

n F(n_J +V) —
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+e?f —x; 1e*B)yj1 — zj_1xj_1 — Pz a1z 1] —yia}

(7)

2, = 2o + 1 n F(n B .7 + V)
TN TO) A=l Py — 4 1)
+2ref[2z;1 — 2xj 121 — Tj_1yj—1 — Yj—1%j—1] — Zj—1}.

{—zj_1€%P

To find the relation between Eq. (6) and Eq. (7), and other details, see Appendix A.
The bifurcation diagram from the FQLM is given in Fig. 2 by setting the control
parameters 7 = 5.5, b = B = 0.5, and the fractional order » = 1.2. Fig. 2.1 is
plotted for the FQLM with X for the initial value &g = 0.3456, yo = 0.4865,
zg = 0.6703 with respect to b = 3. Fig. 2.2 is plotted for X with respect to r. Fig. 2.3
is plotted for the FQLM with Y for ¢ = 0.3456, yo = 0.4865, z9 = 0.6703 with
respect to b. Fig. 2.4 is for Y with respect to r. Fig. 2.5 is plotted for the FQLM with
Z for xg = 0.3456, yo = 0.4865, zy = 0.6703 with respect to b = 3. Fig. 2.6 is
plotted for Z with respect to r. Based on Figures, we can see the chaotic area of this
chaotic map: b = 3 should be selected between 0 and 10 when » = 5.5. The time
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Fig. 2 Bifurcation diagram of the FQLM with » = 5.5, b = 8 = 0.5, x0 = 0.3456, yo = 0.4865,
zo = 0.6703, and v = 1.2 for (1) X with respect to b = 3, (2) X with respect to r, (3) Y with
respect to b = 3, (4) Y with respect to r, (5) Z with respect to b = 3, (6) Z with respect to r.

series from the FQLM for X are given in Fig. 3 with the control parameters » = 5.5,
b = 3 = 0.5, and the fractional order v = 1.2. It shows this map is sensitive to the
initial value.

3.3 A fractional quantum tent map for time scales

A quantum tent map is a tent map with quantum corrections and this quantum map is
extracted from the same Dicke Hamiltonian. So, J4 =< J4 > +0J4, and < J4 >
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Fig. 3 Time series of the FQLM for X with » = 5.5, b = 8 = 0.5, and v = 1.2.

are the same parameters.

Tn41
Yn+1
Zn+1

Tn41
Yn+1
Zn+1

The Quantum Tent Map (QTM) [13] is described as

= py
= —yn+pyn (e P +ef) p,x, <1/2
= —e?Pz, + 2uz, e’

=p(l— )
= —Yn — UYn (e_ﬁ + eﬁ) s Ty > 1/2
= —e?Pz, — 2uz,eP

where < 0J40J_ >=y, , < 0J16J >=z, , < Jy >=z,, respectively. These
equations give the lowest-order quantum corrections. Besides, 3 and p denote control
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parameters. As a fractional version of Eq. (8), we can obtain

CAYa(t) = a(t — v+ 1)(u— 1)

CATY(t) = y(t— v +1) (n(e= + ) —2) b, 2(t) < 1/2
CAYz(t) = z(t —v +1) (2ue’ —e?? —1),

CAZa(t) = p—w(t+v — 1)(1+ p)

CAavy(t) =—y(t+v—1)(2+ ple P +eP)) o ,x(t) > 1/2

CAYz(t) = —z(t+v —1) (e*? +2ueP +1),

where €AY (€ A¥) is the v—th Caputo left (right) fractional difference operator, v is
the fractional order, and a (b) is the starting (ending) point. The explicit numerical
formula of Eq. (9), which we denote by FQTM, is expressed as

1 T(G—n+v)

= T —n + 1) (@j41(p — 1))

Tn = To + 13y
1 TG—n+v)
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To find the relation between Eq. (9) and Eq. (10), and other details, see Appendix B.
The bifurcation diagram of the FQTM is given in Fig. 4 by setting the control param-
eters m = p = 2, b = 8 = 0.5, and the fractional order v = 1.2. Fig. 4.1 is plotted
for the FQTM for X with the initial value xg = 0.3456, yo = 0.4865, zo = 0.6703,
with respect to m = u, and Fig. 4.2 is for X with respect to b = 3. Fig. 4.3 is plotted
for the FQTM for Y with the value g = 0.3456, yo = 0.4865, zo = 0.6703, with
respect to b = 3, and Fig. 4.4 is for Y with respect to m = pu. Fig. 4.5 is plotted for
the FQTM for Z with the initial value g = 0.3456, yo = 0.4865, zo = 0.6703,
with respect to b = 3, and Fig. 4.6 is for Z with respect to m = u. Based on these
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Fig. 4 Bifurcation diagram of the FQTM with m = pu = 2, b = 8 = 0.5, xo = 0.3456,
yo = 0.4865, zo = 0.6703, and v = 1.2 for (1) X with respect to m = p, (2) X with respect to
b = 3, (3) Y with respect to b = 3, (4) Y with respect to m = p, (5) Z with respect to b = 3,
(6) Z with respect to m = p.

figures, we can see the chaotic area of this chaotic map. For example, m = p should
be selected between 1 and 5 when b = 3 = 0.5. The time series of the FQTM for X
is given in Fig. 5 with the control parameters m = u = 2, b = 8 = 0.5, and the
fractional order v = 1.2. Figure 5 shows the map is sensitive to the initial values.

12
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Fig. 5 Time series of the FQTM for X withm = p=2,b =3 = 0.5, and v = 1.2.

4 Improved Neural Network

Chaotic maps can be used to improve the performance of NNs by providing a method
for generating random or pseudo-random numbers that can be used for initializing
the weights and biases of the NN, as well as for introducing randomness into the
training process. This can help to prevent the NN from getting stuck in local minima
and improve its overall performance. One way to use chaotic maps in improving the
performance of NNs is by using them to generate initial values for the weights and
biases of the network. By using chaotic maps to generate these initial values, it is
possible to introduce a level of randomness that can help to prevent the network from
becoming stuck in a sub-optimal solution.

We have developed new fractional versions of the hierarchical rational chaotic map
and quantum editions of the logistic and tent maps. Our goal is to incorporate these
maps into Batch Gradient Descent (BGD), Mini-Batch Gradient Descent (MBGD),
and Stochastic Gradient Descent (SGD) algorithms. To enhance the training dynamics
of NNs, we incorporate fractional and quantum chaotic maps into the batch gradi-
ent descent (BGD) algorithm. This integration modifies the weight update rules by
embedding chaotic perturbations, which improve convergence behavior and reduce the
likelihood of local minima entrapment. The integration of chaotic or quantum maps
into NN training modifies weight updates within the gradient descent loop. Given
a weight matrix W, loss function E, learning rate «, fractional order parameter v,

13



discrete time step ¢, and chaotic/quantum map output fimap, the standard gradient

descent update,

OE
WW-—oa-—,
oW

is augmented as follows:

OFE
W+—W-—-—a«a- W + .fmap(ta v, ...).

Here, fmap represents the output of a chosen map (e.g., hierarchical rational chaotic,
quantum logistic, or quantum tent), potentially of fractional order v. This output,
calculated at each training step, either perturbs the gradient (introducing controlled
randomness to escape local minima) or dynamically modulates the learning rate.

The application varies with the gradient descent variant: in BGD, the map output
influences the global update once per dataset pass; in MBGD, it’s recalculated for
each mini-batch, enabling finer-scale variation; and in SGD, it’s computed for every
sample update, generating high-frequency perturbations.

The fractional order introduces fractional difference operators, altering the map’s
memory. The current output depends on a weighted sum of past states, injecting cor-
related variations that can smooth convergence while aiding exploration. Practically,
this approach helps escape local minima via chaotic perturbations, accelerates conver-
gence through modulated learning dynamics, and promotes better weight distribution,
suggesting improved feature representation.

4.1 Improved neural network training batch gradient descent

In this section, the NN with feed-forward and back-propagation (BP) is used. The
BP method, which is thought to provide a solution to the learning problem, uses
gradient descent, a mathematical algorithm that minimizes the cost function (error)
[44]. The steps of the improved NN training BGD algorithm are as follows:

. Inputs normalization.

. Enter iteration numbers, initial values, and control parameters for the chaotic map.

. Enter the input, hidden, and output layer’s size. (We choose 5 hidden layers. The
structure of NN is seen in Fig. 6.)

. Enter the learning factor, momentum with chaotic map, and iteration number.

. Add bias to inputs.

. Initialize the weight matrices (W) and bias vectors (V') using values generated from
a chaotic map. This promotes diversity in the initial parameter space.

. Put the weight and bias gradients, dW and §V, respectively, to zero.

. Feed-forward. Compute the output of the NN for the current input.

. Back-propagation. Using back-propagation, compute the gradients of the cost
function with respect to the weights and biases.

L, PtW =W 4+W and V =V 4 V.

. If < 100 goes to step feed forward.
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Fig. 6 The structure of NN design.

. Apply the logistic sigmoid activation function to the weighted sum of inputs (X)
and weights (W) in each hidden layer: Layer output= 1/(1 + eXWh),

. Add one to layer output.

. Multiply V.

. Calculate the Mean Squared Error (MSE) between the predicted output and the
actual target values.

The flowchart for the improved NN design, the improved BGD, is shown in Fig. 7.

4.2 Improved neural network training stochastic gradient
descent

A cost function is explicitly minimized by several NN learning algorithms. For
example, the back-propagation technique employs a gradient descent algorithm to
minimize the MSE criterion. Because the cost function is an average of all training
cases, computing its gradient necessitates a loop over all of them. The weights are
then modified once after each sweep over the training set in the complete gradient
descent process. Proper learning rates ensure that this algorithm converges to the
cost function’s local minimum. However, SGD has been proved to be faster, more
reliable, and less prone to reaching undesirable local minima than traditional gradi-
ent descent. The weights in this approach are modified after each example is shown,
based on the gradient of the loss function, i.e. the cost value for this example only
([45]). The steps of the NN training SGD algorithm are as follows:

. Inputs normalization.
. Enter the input, hidden, and output layer’s size. (We choose 5 hidden layers. The
structure of NN is seen in Fig. 6.)
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Fig. 7 The flowchart for the improved NN design.

. Enter the learning factor, momentum with chaotic map, and iteration number.

. Add bias to inputs.

. Initialize the weight matrices (W) and bias vectors (V') using values generated from
a chaotic map. This promotes diversity in the initial parameter space.

. For each training example in the dataset, do the following steps.

. Put the weight and bias gradients (§W and V) to zero.

. Feed-forward. Compute the output of the NN for the current input.

. Back-propagation. Using back-propagation, compute the gradients of the cost
function with respect to the weights and biases.

.Put W =W+ W and V =V 4 §V. Update the weights and biases using the
computed gradients and the chosen learning rate.

new parameter = old parameter — learning rate * gradient

. If © < 100 goes another training example in the dataset.
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Fig. 8 The flowchart for improved SGD.

Layer output=1/(1+eAMX.WA{T}})

| Calculate MSE |

. Apply the logistic sigmoid activation function to the weighted sum of inputs (X)
and weights (W) in each hidden layer: Layer output= 1/(1 + eX'WT).

. Add one to layer output.

. Multiply V.

. Calculate the MSE between the predicted output and the actual target values.

The flowchart for improved SGD is shown in Fig. 8. SGD works on a single training
sample at a time, in contrast to BGD, which processes the full training dataset in each
iteration, and MBGD, which processes a subset (mini-batch) of the data.

4.3 Improved neural network training mini-batch gradient
descent

MBGD presents the idea of processing only a subset of the training data in each
iteration, rather than the complete data set all at once. This subset is known as a ”
mini-batch ”. The gradient of the cost function with respect to the parameters for this
mini-batch is computed by the algorithm, and the parameters are updated accordingly.
The method is repeated until convergence or a defined iteration time is reached.

The mini-batch method strikes a balance between the effectiveness of SGD (which
uses a batch size of one) and the stability of BGD (which uses the full dataset). It
combines the benefits of both methods, providing faster convergence than BGD and
less noise in parameter updates than SGD. The steps of the NN training MBGD
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algorithm are as follows:

. Inputs normalization.

. Specify the number of neurons in the input, hidden, and output layers. In this study,
a five-hidden-layer architecture is employed (see Fig. 6).

. Enter the learning factor, momentum with chaotic map, and iteration number.

. Append a bias term (set to 1) to the input vector. This allows the network to learn
offsets for each feature.

. Initialize the weight matrices (W) and bias vectors (V') using values generated from
a chaotic map. This promotes diversity in the initial parameter space.

. Formation of mini-batch: Split the training dataset into smaller mini-batches to
facilitate parallel processing and improve training efficiency. In this work, 7 mini-
batches of size 31 are used.

. For each mini-batch, do the following steps.

. Put the weight and bias gradients (§W and V) to zero.

. Feed-forward. Compute the NN output for the input data in the mini-batch.
Calculate the cost function by comparing the projected and actual outputs.

. Back-propagation. Using back-propagation, compute the gradients of the cost
function with respect to the weights and biases.

.Put W =W + W and V = V + §V. Using the obtained gradients and the
specified learning rate, update the weights and biases;

new parameter = old parameter — learning rate * gradient

. If © < 100 goes to step formation of mini-batch.

. Apply the logistic sigmoid activation function to the weighted sum of inputs (X)
and weights (W) in each hidden layer: Layer output= 1/(1 + eX'WT).

. Add one to layer output.

. Multiply V.

. Calculate the MSE between the predicted output and the actual target values.

The flowchart for improved MBGD is shown in Fig. 9.

5 Results

In this section, the results of the performance and convergence of the NNs trained
with BGD, MBGD, and SGD, utilizing the classical and quantum chaotic maps and
the NNs trained with BGD, MBGD, and SGD, utilizing the fractional versions of the
classical and quantum chaotic maps are compared. On the other hand, the results of
the performance and convergence these two designed models and the ordinary NNs
trained with BGD, MBGD, and SGD are compared. Classical and quantum chaotic
maps which are used to improve different NNs are HRCM, QLM, QTM, and their frac-
tional versions are FHRCM, FQLM, and FQTM. Key performance metrics, including
training error, learning accuracy, convergence speed, and weight separation, are criti-
cal for evaluating model improvements.

We utilize three datasets: House Price [46] (Dataset I), Bike Sharing [47] (Dataset IT),
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Fig. 9 The flowchart for improved MBGD.

and Concrete Compressive Strength [48] (Dataset III). For house price predicting, two
variables are uploaded, one is the inputs of the house, which is a 13 * 506 matrix,
and the other variable is the house targets, which is a 1 * 506 matrix. We have 506
pieces of data related to house prices, and 13 different features are effective in deter-
mining house prices and have different values for each of 506 pieces of data. For the
concrete compressive strength dataset, the input is an 8 * 1030 matrix, and for the
bike sharing dataset, an 11 * 731 matrix.

First, we used an ordinary NN equipped with BGD to train the data and predict
the datasets. For the second step, we applied the mentioned classical and quantum
chaotic maps to initialize the velocities and weights, as well as determine the value of
the learning coeflicient (denoted by ) and the momentum coefficient (denoted by A) in
the algorithm of BGD, and then trained the data. Finally, to compare the effect of the
fractionalization of the classical and quantum chaotic maps and the greater complexity
of the aforementioned chaotic maps in data training to predict the datasets, we used
the fractional version of the classical and quantum chaotic maps in the algorithm of
BGD.

Overall, we consider seven cases, one case for the ordinary NNs trained with BGD,
MBGD, and SGD, three cases for the NNs trained with BGD, MBGD, and SGD,
utilizing the classical and quantum chaotic maps, and three cases for the NNs trained
with BGD, MBGD, and SGD, utilizing the fractional versions of the classical and
quantum chaotic maps. Figure 10 shows the accuracy of data training with BGD for
all seven cases. Figure 11 shows the cost function for all three NN designs trained
with BGD, an ordinary NN, the improved NN with the classical and quantum chaotic
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maps, and the improved NN with the fractional version of classical and quantum
chaotic maps. Different weights for these seven cases are shown in Fig. 12. All these
works are done also for other two NNs trained with MBGD and SGD. Representation
of regression and dispersion of error for MBGD model and its improved versions are
presented in Fig. 13. Cost function for first and second epoch in MBGD model, and
its improved versions are shown in Fig. 14. In Fig. 15, we present cost function for
11 different mini-batch in MBGD model and its improved versions. Cost function for
MBGD model and its improved versions is seen in Fig. 16. Weights of output layer
during training for MBGD model and improved version of it is shown in Fig. 17.
Representation of regression and dispersion of error for SGD model and its improved
version are presented in Fig. 18. Cost function for first epoch in SGD model and its
improved versions are seen in Fig. 19. Cost function for each instance in SGD model
and improved version of it is presented in Fig. 20. In Fig. 21, we show Cost function
for SGD model and improved version of it. Weights of output layer during training
for SGD model and improved version of it is shown in Fig. 22.

Tables 1-3 compare the performance of all twenty-one different NNs trained with
BGD, MBGD, and SGD models along with their improved versions based on R-
squared measure. R-squared, denoted here by R, is a statistical measure in regression
analysis that indicates the proportion of variance in the dependent variable explained
by the independent variables. It reflects how well the model’s predictions fit the data,
with higher values (closer to 1) signifying a better fit. Based on Tables:

. For dataset I, the BGD-trained NN model demonstrates improved accuracy across
all classical and quantum chaotic maps, with fractional versions further enhanc-
ing performance, particularly when using FQLM. For dataset II, the same model
shows improved accuracy with all maps except HRCM, for which the enhanced NN
achieves higher accuracy in improved versions. For dataset III, the BGD-trained
NN model shows improved accuracy across all classical and quantum chaotic maps
mentioned. The enhanced NN model using nonfractional versions of quantum
and classical maps is more accurate, except for QTM. In improved versions, the
enhanced NN based on HRCM achieves higher accuracy.

. For the MBGD model, FHRCM consistently outperforms classical map-based
nearest neighbors across datasets I, II, and III. However, the effect of fractional-
ization on quantum maps varies by dataset. In datasets I and II, non-fractional
quantum maps (QLM and QTM) are more accurate than their fractional counter-
parts (FQLM and FQTM). In dataset III, while FQLM outperforms the classical
map-based NN, the QTM is more accurate than FQTM. Generally, improvements
increase accuracy in datasets I and III, except when using FQTM.

. Classical and quantum maps (HRCM, QLM, and QTM) enhance the accuracy of
the SGD model across datasets I, II, and III. For dataset I, HRCM outperforms
FHRCM, while FQLM and FQTM outperform QLM and QTM, respectively. For
datasets II and III, all fractional maps demonstrate higher accuracy than their
non-fractional counterparts.
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Fig. 17 Weights of output layer during training for (1) MBGD model, (2) Improved BGD design
with HRCM, (3) Improved MBGD design with RCM, (4) Improved MBGD design with QLM,
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MBGD design with FQTM.
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Fig. 19 Cost function for first epoch in (1) SGD model, (2) Improved SGD design with HRCM,
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Fig. 21 Cost function for (1) SGD model, (2) Improved SGD design with HRCM, (3) Improved
SGD design with FHRCM, (4) Improved SGD design with QLM, (5) Improved SGD design with
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Fig. 22 Weights of output layer during trainingggr (1) SGD model, (2) Improved SGD design with
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Table 1 The comparison of ordinary and improved NN model performance for dataset I.

Model Training with  Designed with R Train Error « A

NN BGD 0.8607 4.711887 0.05 0

NN BGD HRCM 0.91962 3.636399 0.2216 0.1217
NN BGD FHRCM 0.93322 3.313364 0.1341 0.5667
NN BGD QLM 0.92179 3.569525 0.1388 0.2521
NN BGD FQLM 0.93437 3.259487 0.1050 0.7327
NN BGD QTM 0.90781 3.926784 0.3330 0.4007
NN BGD FQTM 0.93404 3.309084 0.2617 0.3770
NN MBGD 0.94654 2.98569 0.05 0.7

NN MBGD HRCM 0.95152 2.954052 0.0317 0.4599
NN MBGD FHRCM 0.95164 2.844372 0.0647 0.4345
NN MBGD QLM 0.95214 2.840288 0.0645 0.2402
NN MBGD FQLM 0.95242 2.977674 0.0703 0.1090
NN MBGD QTM 0.9496 2.886044 0.0359 0.7227
NN MBGD FQTM 0.9453 3.053397 0.0253 0.6582
NN SGD 0.92277 3.583878 0.05 0.7

NN SGD HRCM 0.95462 2.921868 0.7604 0.2652
NN SGD FHRCM 0.95252 2.848831 0.9817 0.5335
NN SGD QLM 0.95249 2.939511 0.7013 0.3620
NN SGD FQLM 0.9527 2.842181 0.4677 0.2971
NN SGD QTM 0.94921 2.987391 0.2779 0.2610
NN SGD FQTM 0.95518 2.849262 0.6351 0.2239

6 Comparative Statistical Analysis

To compare fractional quantum chaotic maps with their non-fractional counterparts,
we organized the models into two groups: Fractional (FQLM, FQTM, FHRCM) and
Non-Fractional (QLM, QTM, HRCM). The analysis included the metrics R, o, and
A. Synthetic data was generated for each model, assuming a normal distribution with
a 5% standard deviation and 30 samples, based on the values reported in Tables 1-3.
Independent two-sample t-tests revealed significant differences between groups for all
metrics: R(t = 3.87,p = 0.0003, Cohen’s d = 0.88), A(t = 4.45,p < 0.0001,
Cohen’s d = 1.17), and a(t = 6.21,p < 0.0001, Cohen’s d = 1.07). These results
suggest that the fractional models outperform the non-fractional ones across all three
metrics with statistically significant differences.

Figure 23 shows a rightward shift in fractional group distributions across all metrics.
Boxplots indicate higher medians and reduced variability in fractional models, with
Cohen’s d values confirming large to very large effect sizes. Fractional chaotic maps
enhance neural network training by improving predictive accuracy (higher R), accel-
erating convergence (higher ), and enabling better weight separation (higher A),
supporting the hypothesis that fractional dynamics enrich learning in gradient-based
algorithms. Histograms illustrate the distribution of R, a, and X values for fractional
and non-fractional models. Fractional models exhibit higher peaks and shifted means
compared to non-fractional models, which show lower central tendencies. This visual
representation reinforces the observed performance difference. Figure 24 shows that
fractional models have higher medians and tighter distributions across all metrics,
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Table 2 The comparison of ordinary and improved NN model performance for dataset II.

Model Training with  Designed with R Train Error « A

NN BGD 0.84603 0.215663 0.05 0

NN BGD HRCM 0.89579 0.098742 0.5154 0.5288
NN BGD FHRCM 0.89570 0.098785 0.9469 0.1193
NN BGD QLM 0.89543 0.098904 0.4393 0.7547
NN BGD FQLM 0.89573 0.098773 0.9549 0.6924
NN BGD QTM 0.89522 0.099001 0.5495 0.6560
NN BGD FQTM 0.89565 0.098773 0.7815 0.4854
NN MBGD 0.89641 0.099199 0.05 0.7

NN MBGD HRCM 0.89643 0.099154 0.0459 0.75
NN MBGD FHRCM 0.89656 0.100022 0.0556 0.8437
NN MBGD QLM 0.89656 0.099496 0.0808 0.5397
NN MBGD FQLM 0.89645 0.099316 0.0930 0.4416
NN MBGD QTM 0.89648 0.100496 0.0584 0.8586
NN MBGD FQTM 0.89641 0.0991802 0.1181 0.3074
NN SGD 0.84497 0.196358 0.0500 0.7

NN SGD HRCM 0.89574 0.098898 0.6312 0.6926
NN SGD FHRCM 0.89593 0.098906 0.8198 0.7141
NN SGD QLM 0.89561 0.098938 0.9323 0.5414
NN SGD FQLM 0.89588 0.099352 0.1136 0.9438
NN SGD QTM 0.89525 0.099096 0.8745 0.4571
NN SGD FQTM 0.89664 0.101226 0.0616 0.9830

demonstrating superior and more consistent performance with fewer outliers. The bar
chart demonstrates a statistically significant impact of the fractional group’s outper-
formance, with effect sizes of R = 0.88 (large), a = 1.07 (very large), and A = 1.17
(very large).

Histogram of R Histogram of « Histogram of A

Group M Group 175 Group
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Fig. 23 Distribution of R, &, and A values for fractional and non-fractional models.

For statistical comparison of model performances, we simulated synthetic R-value
datasets for each model-task combination using the mean R’s reported in Tables
1-3, assuming a common standard deviation of 0.01 and a sample size of 30 runs
per model. Pairwise two-sample t-tests were then performed to assess the statistical
significance of observed mean differences. The result is as follows:

House prices: MBGD+FQLM and SGD+FQTM significantly outperform
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Table 3 The comparison of ordinary and improved NN model performance for dataset III.

Model Training with  Designed with R Train Error « A

NN BGD 0.84152 9.087766 0.05 0

NN BGD HRCM 0.92063 6.566257 0.1543 0.5130
NN BGD FHRCM 0.90199 7.341919 0.1948 0.0124

NN BGD QLM 0.89885 7.442621 0.0595 0.3939

NN BGD FQLM 0.89421 7.478 0.2135 0.3159

NN BGD QTM 0.90591 7.145156 0.1875 0.1064

NN BGD FQTM 0.91409 6.8379 0.2135 0.3159

NN MBGD 0.9152 6.731752 0.05 0.7

NN MBGD HRCM 0.92146 6.522083 0.0812 0.1228

NN MBGD FHRCM 0.92221 6.489047 0.0374 0.2634

NN MBGD QLM 0.9206 6.558768 0.0291 0.3418

NN MBGD FQLM 0.92641 6.307314 0.0554 0.4093
NN MBGD QTM 0.92397 6.417392 0.0527 0.2717

NN MBGD FQTM 0.92114 6.582961 0.0612 0.7533

NN SGD 0.90858 7.008337 0.05 0.7

NN SGD HRCM 0.921 6.52918 0.5388 0.0324

NN SGD FHRCM 0.92293 6.464746 0.3404 0.2974

NN SGD QLM 0.91882 6.604425 0.0972 0.7235

NN SGD FQLM 0.92178 6.492691 0.4261 0.0548

NN SGD QTM 0.92379 6.412710 0.3681 0.0322

NN SGD FQTM 0.92382 6.410220 0.3193 0.1956
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Fig. 24 Boxplots and effect sizes comparing fractional vs non-fractional models with metrics R, o,
and A.

BGD+FQLM (p < 0.001), with no significant difference between the two fractional
variants.

Bike-sharing: Performance is similar across HRCM, QLM, and FQTM when paired
with different gradient methods (p > 0.05 for all pairwise comparisons).

Concrete strength: MBGD+FQLM  significantly outperforms BGD+HRCM
(p = 0.036), with no marked difference between fractional logistic and fractional
tent maps.

Also, we simulated synthetic datasets using each model’s reported @ and A values and
then compared fractional (FQLM, FQTM) and non-fractional (QLM, HRCM) groups
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using independent two-sample t-tests. In the synthetic data scenario, fractional maps
significantly improve accuracy (R) but do not consistently affect convergence rate
() or weight-separation regularization (A), as neither a nor A showed statistically
significant differences between fractional and non-fractional groups. This suggests the
impact of fractional maps on a and A is dataset-dependent. Figure 25 shows split
violin plots of bootstrapped a (left) and A (right) distributions for Fractional (blue)
and Non-fractional (green) groups, with circles indicating group means and black
bars representing 95% confidence intervals.

Bootstrapped Distributions of a and A
—_— Group

3.5 I Fractional
mmm Non-fractional

0.5

0.0

Parameter

Fig. 25 Split violin plots of bootstrapped « (left) and A (right) distributions for fractional and
non-fractional groups

Conclusion

The quest for improved NN performance, especially in learning and prediction tasks
involving chaotic systems, has led us to explore the potential of fractional chaotic
maps.

This study introduces a novel fractional adaptation of the hierarchical rational
chaotic map (a classical chaotic map), along with quantum versions of the logistic and
tent maps derived from the Dicke Hamiltonian. Fractional chaotic maps are incor-
porated into gradient-based NN algorithms like BGD, MBGD, and SGD to improve
performance.

Our comprehensive analysis unequivocally demonstrates the superiority of this
approach. Across all three NN algorithms, the incorporation of fractional chaotic maps
consistently outperformed their non-fractional counterparts. This improvement mani-
fested in several key metrics: reduced training error, increased learning accuracy, faster
convergence of the cost function, and better separation of weights within the networks.

Figures 10-22 provide a visual testament to the enhanced performance in the case
of BGD: Figure 10 illustrates how the NN training with BGD, based on the FQLM,
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led to a better fit to the data during training. Figure 11 demonstrates the faster
convergence of the cost function when the NN training, based on fractional chaotic
maps, with the FQLM again showing the most significant improvement. Moreover,
Fig. 12 reveals clearer weight separation in the improved NN models, particularly
those utilizing fractional chaotic maps.

Similar trends are observed for the MBGD (Figures 13-17) and SGD mod-
els (Figures 18-22). While the FQLM consistently delivered superior results for the
MBGD model, the SGD model generally favored the FQTM, with the FQLM showing
better performance in terms of cost function reduction.

Tables1-3 provide a comprehensive overview of the quantitative improvements
achieved across all NN models and chaotic map variations and reveal the optimal o
and A values identified for each map and its fractional counterpart, offering valuable
insights for future research and practical applications. NN performance using BGD,
MBGD, and SGD was compared across datasets I-III using R-squared. BGD generally
improved accuracy across datasets, especially with FQLM in dataset I and HRCM
in improved versions for dataset II. MBGD showed FHRCM consistently outperform-
ing classical maps. Fractional quantum map effects varied; non-fractional QLM /QTM
were better in datasets /11, while FQLM outperformed in dataset III. SGD’s accuracy
improved with classical/quantum maps. Fractional maps varied by dataset compared
to non-fractional maps.

Neural networks with fractional and quantum chaotic maps were evaluated against
classical networks. Fractional chaotic maps outperformed non-fractional across BGD,
MBGD, and SGD. Fractional quantum logistic/tent maps (FQLM/FQTM) had higher
R and lower error, indicating better accuracy, faster convergence, and more stable
weights. Improvements in R, o, and X\ were statistically significant (p < 0.05). Figure
23 visualizes the separation in performance metrics, highlighting the superiority of
fractional models. Future Work The promising results obtained in this study lay the
groundwork for several exciting future directions:

e Expansion of Fractional Chaotic Map Repertoire: The current work focused on
a specific fractional chaotic map. Investigating other fractional maps, such as
the fractional Hénon maps, could uncover further potential for enhancing NN
performance.

e Hybrid Chaotic Models: The integration of multiple fractional chaotic maps within a
single model could lead to even more intricate and effective optimization strategies.
Exploring these hybrid models could further push the boundaries of NN capabilities.

¢ Quantum Neural Network: The synergy between quantum chaotic maps and quan-
tum Neural Networks is a largely uncharted territory. Research in this direction
could unlock novel applications and insights in quantum machine learning.

® Broader Applications: The current study focused on three datasets. Applying this
approach to diverse domains like natural language processing, medical diagnosis,
and autonomous systems could demonstrate its broader applicability and impact.

® Theoretical Foundations: Deeper theoretical analysis is needed to fully understand
the complex interactions between fractional chaotic maps and NN dynamics. Such
insights could pave the way for even more sophisticated and tailored optimization
techniques.
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This study has demonstrated the significant potential of fractional chaotic maps for
enhancing NN performance. By exploring the outlined future directions, researchers
can continue to unlock the power of chaos in the realm of artificial intelligence, leading
to more robust, accurate, and efficient models for a wide range of applications.
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Appendix A Extracting fractional hierarchy
rational order chaotic and fractional
quantum logistic maps

Time scale calculus [49-51] provides a unified formalism for both continuous and

discrete calculus, and extended it to any closed subset, called time scale, of the real

line T. The case T = R corresponds to real analysis and the case T = Z to discrete
analysis. We set Ny (pN) is the isolated time scale, N, = {a,a + 1,a+ 2,...}, a €

RN = {b,b—1,b—2,...}, b € R) is fixed, with the convention Ny = N. The
Caputo fractional difference of a function u(t), t € Ng, is defined by [52]

CAYu(t) = A7 M MIA™u(t), t € Napm—r, m = [V] + 1, (A1)

where v > 0,v # N is the difference order and A;(m_”) is the fractional sum of
m — v order. Let u : N, — R, the fractional sum of v order is defined as [53]

—1

azuty =55 =IO ) e N, (A2

== T
_ ¥ T(t+1) . . y
where o(s) = s+ 1,t = Tr1—s)’ and T'(v) is the gamma function. By using

these mentioned consepts, the Caputo left fractional difference of u(t) is given by

t—(m—v) m—v—1
V() — (t —a(s))
CAYu(t) = Z T(m — )

s=a

AMu(s), (A3)
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where t € Ngym—n, m = [v] + 1. Consider the following equation [54]

CAYu(t) = f(t+v — Lu(t +v—1)), Aru(a) = ug, (A4)
where m = [v] + 1, kK = 0,...,.m — 1. According to the theorem in [54], its
associated discrete integral equation is described as

v—1

-«  (t—o(s)
u(t) = uo(t) + —_—
s:a;n—u F(V)

f(s+v—1u(s+v—1)), (AH)

where t € Ng4,, and the initial iteration is

ug(t) = AFu(a A6
olt) = X:Hk+n u(a). (40)
Substituting m = 1, a = 0 into Eq (A5), the following equation can be obtained
t—v v=1
o(s))

u) = o) + 3 20

f(s+v—1,u(s+v—1)). (A7)
Applying j = s + v, Eq. (A7) can be rewritten as

w(n) = uo(t) + P(11/) z": F'(n—j+v)

D e 1R TCES D

According to Eq. (A8), the explicit numerical formula of Eq. (2) is expressed in Eq. (3).
Also, according to Eq. (A8), the explicit numerical formula of Eq. (6) is given in
Eq. (7).

Appendix B Extracting fractional quantum tent
map

For v > 0, and u(t) define on Ng, the Caputo right fractional differenc [52] is defined
by

CAYu(t) = pA™ (™) VS u(t)

b —
s—o(t
I S i)

T(m — v) Veu(s), t€ p—(m-)N, m = [v] + 1.

s=t+(m—v)
(B9)
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For the following difference equation

CAYu(t) = f(t—v+1,u(t—v+1)), Veu(b) = ug, m = [v]+1, k=0,...,m—1,

(B10)
the equivalent discrete integral equation is described as

I s =)

u(t) =uo(t) + )

fs—v+Lu(s—v+1)), t€ p_mN,

s=t+v F(V)
(B11)
where V’(; = (—1)’“V’c and the initial iteration is
k
t) = b). B12

By setting m = 1,b = 0, and substituting o (t) = t+1 into Eq. (B11), the following
is obtained

u(n) = ug(t) + i (s —o()) fs—v+1lu(s—v+1)). (B13)

s=t+v F(U)
By setting j = s — v, Eq. (B13) is rewritten as

'G—n+v)
“T(j—n+1)

u(n) = uo(t) + F( ) 2 Z £+ 1L,u( +1)). (B14)

According to Equations (A8) and (B14), the explicit numerical formula of Eq. (9) is
expressed in Eq. (10).

Appendix C Overview of the abbreviations,
variables, and parameters

Table C3 represents the list of variables. The abbreviations are shown in Table C1
Overview of the adjustable control parameters are presented in Table C2.
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