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Point pattern analysis on spatially aggregated data

Abstract

Point pattern analysis is a basic but essential analysis in geography and other fields. Point pattern
analysis evaluates the spatial pattern of points using their locational data. Locational data, however, are not always
available, especially when points represent individuals. Spatial units aggregate the information of individuals to
keep their confidentiality, and existing methods of point pattern analysis cannot fully evaluate the spatial point
pattern on spatially aggregated data. To fill the research gap, we propose a new method of point pattern analysis
on spatially aggregated data. We consider the spatial patterns of points and labels, the latter of which is often called
"marked" points in spatial statistics. We propose two statistics to evaluate these patterns, defined based on spatially
aggregated data. We test the validity of the statistics through computational experiments. The results indicate the

effectiveness of the statistics in a wide variety of situations.
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1. Introduction

Point pattern analysis is a basic but essential analysis in geography and other academic fields that treat
spatial objects represented as points. Geography analyzes the spatial pattern of retail stores (Rogers (1974); Rabino
and Mastrangelo (2002); Cui and Han (2015)), restaurants (Ishizaki (1995); Prayag et al. (2012)), and hotels (Wall
et al. (1985); Luo and Yang (2013)). Ecology is interested in the spatial pattern of birds' nests (Peterson and
Gauthier (1985); Bisson et al. (2002)), forest trees (Warren (1972); Penttinen et al. (1992)), and so forth.
Epidemiology discusses the spatial pattern of disease cases (Lawson (2013); Souris (2019)). Criminology analyzes
the spatial pattern of crimes to detect the offenders' home location and to prevent crimes (Brantingham and
Brantingham (1981); Wortley et al. (2008)).

An important topic in point pattern analysis is what we call spatial point pattern (Diggle (1983); Boots
and Getis (1988)). Figures la-1c show examples of three typical spatial point patterns. Points are clustered in
Figure 1a, while points are randomly distributed in Figure 1b. Points are dispersed in Figure 1c, which is often
called a regular or repulsive pattern. Point pattern analysis evaluates point patterns, i.e., whether an observed

pattern is clustered, dispersed, or random.
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Figure 1 Spatial point patterns. (a) Clustered, (b) random, (c) dispersed.

Point pattern analysis also treats the spatial pattern of points with a binary label, often called "marked"
points in spatial statistics. We call it spatial label pattern hereafter. Examples include restaurants with/without
parking lots, houses with/without gardens, and trees with/without birds' nests. Figure 2 shows examples of spatial
label patterns. Given a spatial pattern of points, we consider whether labeled points are relatively clustered,

dispersed, or random (Cuzick and Edwards (1990); Diggle and Chetwynd (1991)).
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Figure 2 Spatial label patterns. (a) Clustered, (b) random, (c) dispersed.

The above analyses assume that the locational data of points are available. This does not always hold in
reality, especially when points represent individuals. The information of individuals is generally aggregated across
spatial units such as zip code zones and census tracts to keep their confidentiality. We can consider, however, the
spatial patterns of points even if the data are spatially aggregated. Figure 3 shows hypothetical population data
aggregated by census tracts. Figure 3a shows that individuals are clustered in central areas while individuals are

dispersed in Figure 3b.

Figure 3 Hypothetical population data aggregated by census tracts. (a) Clustered pattern, (b) dispersed pattern.

The same applies to the spatial label pattern. Figure 4 shows another hypothetical population data,
indicating the number of people over 65 in red. Our interest lies in whether people over 65 are relatively clustered
compared to the overall population pattern. Figure 4a indicates that people over 65 are clustered in five central

units, while dispersed in Figure 4b (the average proportion of people over 65 is about 1/4).



Figure 4 Hypothetical population data aggregated by census tracts. Red values indicate the number of people

over 65. (a) Clustered pattern, (b) dispersed pattern.

As seen above, visual analysis lets us consider the spatial patterns of points and labels even if the point
data are spatially aggregated. A disadvantage of visual analysis is that the results depend on the analyst and are
somewhat subjective. Quantitative analysis is necessary, which leads to more objective conclusions. Existing
methods, unfortunately, cannot fully evaluate the spatial pattern of points and labels on spatially aggregated data,
as discussed in the next section. To fill the research gap, we propose a new method of point pattern analysis. We
aim to classify statistically point patterns into three categories, i.e., clustered, dispersed, and random patterns, on
spatially aggregated data. Section 2 reviews existing studies related to the topic of this paper. Section 3 proposed
two statistics for analyzing spatially aggregated data. Section 4 tests the validity of the statistics by computational

experiments. Section 5 summarizes the conclusion and discusses the topics of future research.

2. Related works

This paper considers the four requirements that should be fulfilled by the analytical method. 1) The
method is directly applicable to spatially aggregated data. 2) The method can treat both spatial point and label
patterns. 3) The method can statistically classify point patterns into three categories, i.e., clustered, dispersed, and
random patterns. 4) The statistical power of the method is thoroughly discussed. The following discusses existing

methods in terms of these requirements.

2.1 Analysis of spatial point pattern
The nearest neighbor distance method (Clark and Evans (1954); Pinder and Witherick (1972)) and
Ripley's K-function (Ripley (1976); Ripley (1977)) are valuable tools for statistically evaluating spatial point

patterns. They compare an observed point pattern with those generated under the complete spatial randomness and



assess the statistical significance of the observed pattern. The quadrat method is also used in the analysis of spatial
point patterns (Thompson (1958); Rogers (1974)). It places a lattice on the studied region, counts the number of
points in each cell, and compares it with that obtained under the uniform distribution. The pattern is judged as
non-uniform if the null hypothesis is rejected. The above methods are effective if the locational data of points are
available. Unfortunately, point data are often aggregated across spatial units, especially when points represent
individuals. The above methods are not directly applicable to spatially aggregated data.

Another approach is to use spatial autocorrelation indices such as Moran's / and Geary's C (Cliff (1969);
Griftith (1987)). Moran's /, for instance, will show a large positive value in Figure 3a, which suggests the potential
of Moran's / to detect clustered point patterns. However, though points are dispersed, Moran's / will also show a
large positive value in Figure 3b. Moran's / and Geary's C cannot always distinguish clustered and dispersed point
patterns. In addition, their statistical power in point pattern analysis based on spatially aggregated data is unknown.
Though these indices proved effective for spatial autocorrelation analysis, it is unclear whether they continually
work on data such as shown in Figure 3.

Spatial scan statistic aims to detect point clusters (Kulldorff and Nagarwalla (1995); Kulldorff (1997)).
It draws circles of various sizes and locations, compares the point density inside and outside the circles, and
extracts circles of higher point density. Spatial scan statistic is used to detect the clusters of disease cases (Glaz et
al. (2001); Lawson (2006)), hot spots of crimes (Nakaya and Yano (2010); Shiode (2011)), hot spots of traffic
accidents (Sparks (2012); Song et al. (2018)), and so forth. Spatial scan statistic, unfortunately, does not meet our
demand. Our interest lies in the global pattern of points, as shown in Figures 1 and 2, while spatial scan statistic

aims to detect local clusters. In addition, spatial scan statistic cannot detect dispersed point patterns.

2.2 Analysis of spatial label pattern

Cuzick and Edwards (1990) develops a statistical method to evaluate the spatial label pattern. Their
method considers the random labeling as the null hypothesis, i.e., the randomization of labels without changing
the location of points. The statistic is the number of labeled points within the ith nearest points from every labeled
point. The colocation quotient proposed by Leslie and Kronenfeld (2011) is an extension of Cuzick and Edwards
(1990). It can treat the spatial relationship between more than two types of labels, which has been extended by
Cromley et al. (2014), Kronenfeld and Leslie (2015), and Kronenfeld and Leslie (2015).

These statistics, however, cannot detect dispersed label patterns such as that shown in Figure 4b since
the statistics used in these methods aim to detect only clustered label patterns. Another limitation is that they

basically assume point data. This prohibits them from being applied to spatially aggregated data.

As seen above, existing methods do not fully satisfy our demand. A primary weakness is that they are
not effective for detecting dispersed patterns. We thus develop a new statistical method for point pattern analysis

based on spatially aggregated data.



3. Method
Suppose a region E consisting of L spatial units ={Ui, U, ..., Ur}. Each unit contains points whose
numbers are given by {ni, no, ..., nr}. The total number of points is denoted by N. Area(O) indicates the area of

spatial object O.

3.1 Analysis of spatial point pattern
This subsection considers the analysis of spatial point patterns. We aim to evaluate whether an observed
point pattern is clustered, dispersed, or random. To this end, we randomly place w circles of radius 7 in such a way

that they overlap Z. The ith circle is denoted by C;. We define a measure
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The measure g4 represents the estimated number of points in C;. The second term considers the case where C; is
not fully contained in Z. This term extrapolates the data outside = by using the average density of points. When
C; is fully contained in E, the second term equals zero, and g equals the first term of Equation (1).

The measure g represents the overall degree of point clustering. If points are clustered, z; greatly varies
among the circles. If points are dispersed, 1 will show similar values. To evaluate the variation in 4, we use the
median absolute deviation with a slight modification (Andrews et al. (1972); Hampel (1974); Rousseeuw and

Croux (1993)). The original version is
@5 =med, |lui - medi:ui| .
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We replace the median of z; with its mean to increase the statistical power:
Ps = medi |:ui _/7|

“4)
The statistic ¢s represents the variation in z;. We perform a Monte Carlo simulation to evaluate the statistical
significance of observed @s. The null hypothesis is the complete spatial randomness, i.e., N points are randomly
distributed in Z. We randomly locate N points, count the number of points in each unit, and calculate ¢s using the

above procedure. The probability distribution of @s permits us to evaluate the statistical significance of the



observed pattern, i.e., whether points are statistically clustered or dispersed.

The radius r works as a parameter representing the geographic scale of analysis (Lam and Quattrochi
(1992); Ruddell and Wentz (2009)). A large value gives us a macroscale perspective, while a small value allows
us to discuss the local spatial pattern in detail. Ripley's K-function shows that point patterns can be evaluated as
clustered and dispersed at different scales. We thus recommend trying various values to assess the spatial point
patterns from various scale perspectives. The choice of w depends on the computer environment. A large w

increases the statistical power but also increases the computing time.

3.2 Analysis of spatial label pattern

This subsection considers the analysis of spatial label patterns. We aim to evaluate whether an observed
label pattern is clustered, dispersed, or random. Each point is either labeled or unlabeled. The number of labeled
points in U; is /. We randomly place circles of radius 7 in such a way that they overlap with E and contain at least
a single point. The ith circle is denoted by C:.

We define a measure

Area(C, NU,
T
(%)
where 7 is the average density of labeled points in E:
>
= > Area(U,)
(6)

The measure 7; represents the estimated number of labeled points in C;. The second term complements the data
outside = if C; is only partially contained in E. When C; is fully contained in =, the second term equals zero, and
71 equals the first term of Equation (5). The estimated proportion of labeled points in C; is given by

n

u .

The measure &; represents the overall degree of label clustering. The measure x; greatly varies among the circles

K. =

l

if labeled points are clustered, while the variation is small when labeled points are dispersed. We define a statistic

representing the variation by
@, =med, |k, —i|.

The statistic ¢y is large if x; greatly varies, while it is small when the variation is small. We perform a Monte Carlo
simulation to test the statistical significance of ¢;. The null hypothesis is that points are randomly labeled, where

we randomize labeled points without changing the number of points in each unit. The simulation gives us the



probability distribution of ¢z, which allows us to evaluate the statistical significance of the observed pattern, i.e.,

whether labels are statistically clustered or dispersed.

4. Application
This section tests the validity of the statistics @s and ¢ through computational experiments. Subsections

4.1 and 4.2 evaluate ¢s and @y, respectively.

4.1 Analysis of spatial point pattern
To evaluate the validity of ¢s, we generate clustered/dispersed point patterns and use @s to test whether
it successfully judges them as clustered/dispersed. This gives us the statistical power of ¢s, a measure of its

effectiveness. The outline of experiments is as follows:

Algorithm ASPP (Analysis of Spatial Point Pattern)
Step 1:  Define a spatial unit system in =.
Step 2:  Locate 1000 points in =.
Step 3:  Count the number of points in each spatial unit.
Step 4:  Calculate the statistical significance of @s.
Step 5:  Evaluate the point pattern.
Step 6:  Repeat Steps 2-5 1000 times.

Step 7:  Calculate the proportion of point patterns evaluated to be significant at a five percent level.

Step 1 defines a spatial unit system used for spatial aggregation as in Step 3. We used two Voronoi
diagrams based on 100 generators as spatial unit systems. Generators are randomly distributed in Voronoi diagram
V1, while they are clustered around the center of = in Voronoi diagram V>. Spatial units gradually become larger
from the center to the outer areas in />. We adopted this unit system since we often observe similar systems in the
real world, i.e., spatial units are smaller in urban areas, while larger in suburban and rural areas. Figure Al in the
appendix shows these Voronoi diagrams.

Step 2 locates 1000 points in =. We generated clustered point patterns at Step 2 to test the ability of @s
to detect clustered patterns. We used the Thomas process with a slight modification (Thomas (1949); Daley and
Vere-Jones (1988)). Thomas process first generates "mother points" and locates "daughter points" around the
mother points. Daughter points form a clustered point pattern. The following is the detail of our approach at Step
2:

Algorithm GCPP (Generate Clustered Point Patterns)
Step 2a: Locate mother points randomly in E.

Step 2b: Choose randomly a mother point.



Step 2¢:  Locate a daughter point around the chosen mother point according to a normal distribution.

Step 2d: Repeat Steps 2b-2c until 1000 points are located.

The number of mother points and the standard deviation of the normal distribution are denoted by M and o,
respectively. We represent the clustered point pattern obtained by Algorithms ASPP and GCPP as PPc(M, o).
Figure A2 shows examples of clustered point patterns.

To evaluate the ability of @s to detect dispersed point patterns, we generated dispersed point patterns at
Step 2. We used the Matern's Type II point process, which prohibits points from being located within a
predetermined distance (Matern (1960); Moller and Waagepetersen (2003)). The following is the details of this

process:

Algorithm GDPP (Generate Dispersed Point Patterns)
Step 2a: Locate a point in =.
Step 2b: If the point is not located within the distance dmin from all the existing points, keep the point.
Step 2c:  Repeat Steps 2a-2b until 1000 points are located.

We denote dispersed point patterns generated by Algorithms ASPP and GDPP as PPp(dmin). Figure A3 shows
examples of dispersed point patterns.

We use either Algorithm GCPP or GDPP as Step 2 of Algorithm ASPP. Steps 3-5 evaluate each point
pattern, and we repeat these steps 1000 times, as shown in Step 6. Step 7 calculates the proportion of point patterns
assessed to be significant at a five percent level. This is the statistical power of @s, which we denote Power(@s).
1-Power(ps) is equal to the probability of Type II error.

To perform the above computational experiments, we wrote a program in C++ and ran it on an 19-
12900U CPU 2.40 GHz, RAM 128 GB computer running Windows 10 Professional. All the experiments finished
within ten minutes. Concerning the number of circles w, we compared the results obtained where w=100, 500, and
1000 in some cases. We found that w=100 and 500 gave different results, but the difference was insignificant
between w=500 and 1000. The following shows the results where w=500.

Table 1 shows Power(ps) in clustered point patterns. The statistical power of 0.8 is often said to be
desirable in statistics (Zodpey (2004); Myors et al. (2010); Kraemer and Blasey (2015)). Table 1 shows that s
generally satisfies this requirement, especially when 7=0.05 and 0.10. The point pattern becomes less clustered
with an increase of M and o, which decreases Power(ps). We can confirm this in Table 1, e.q., PPc(3, 0.1) gives
better result than PPc(3, 0.4) and PPc(4, 0.1) where »=0.10. Power(gs) also decreases with an increase in 7. This
is probably because a large r generates circles not fully contained in E that require the extrapolation by g in
Equation (1). Voronoi diagrams used for spatial aggregation does not seem to affect the results. /1 gave better
results in some cases, while > was better in other cases.

Table 2 shows Power(os) in dispersed point patterns. Power(ps) is larger than 0.9 in all cases, which



supports the ability of ¢@s to detect dispersed point patterns. A decrease in dyi» generates less dispersed point
patterns, which decreases Power(ps). The statistic s, however, is still effective when d,;,,=0.0005. The choice of

Voronoi diagrams does not seem to affect the results again.

Table 1 Power(ps) in clustered point patterns PPc(M, 6). M and & indicate the number of mother points and the
spatial dispersion of daughter points, respectively. The upper rows use Voronoi diagram V1, while the lower rows

use Va.

Pointpattern  PP(3,0.1)  PP.3,0.2) PP(3,04) PP.(4,0.1) PP(4,02) PP.(4,04) PP(50.1) PP(502) PPJ5, 04)

r=0.05 1.000 0.998 0.936 1.000 1.000 0.994 1.000 0.984 0.876
=0.10 1.000 0.984 0.814 0.998 0.970 0.888 1.000 0.974 0.834
r=0.20 1.000 0.922 0.762 0.886 0.746 0.626 0.984 0.846 0.474
r=0.05 1.000 0.998 0.934 1.000 0.992 0.884 1.000 0.998 0.848
=0.10 1.000 0.994 0.804 1.000 0.966 0.782 0.998 0.940 0.812
r=0.20 0.996 0.928 0.756 0.992 0.866 0.644 0.982 0.860 0.606

Table 2 Power(ps) in dispersed point patterns PPp(dmin). dmin indicates the minimum distance between points. The

upper rows use Voronoi diagram Vi, while the lower rows use V5.

Point pattern ~ PP,(0.0020)  PP,(0.0010) ~ PP,(0.0005)

r=0.05 0.970 0.956 0.946
7=0.10 0.958 0.944 0.928
7=0.20 0.956 0.924 0.919
=0.05 0.954 0.950 0.946
r=0.10 0.954 0.949 0.930
r=0.20 0.952 0.946 0.920

4.2 Analysis of spatial label pattern
This subsection evaluates the validity of ¢; through computational experiments. We generate
clustered/dispersed label patterns and use ¢, to test whether it successfully judges them as clustered/dispersed.

The outline of experiments is as follows:

Algorithm ASLP (Analysis of Spatial Label Pattern)
Step 1:  Define a spatial unit system in =.
Step 2:  Choose a point pattern consisting of 1000 points in =.
Step 3:  Label a certain proportion of points.
Step 4:  Count the labeled and unlabeled points in each spatial unit.
Step 5:  Calculate the statistical significance of ;.
Step 6:  Evaluate the point pattern.
Step 7:  Repeat Steps 3-6 1000 times.



Step 8:  Calculate the proportion of label patterns evaluated as significant at a five percent level.

Like Algorithm ASPP, Algorithm ASLP generates two Voronoi diagrams at step 1. Step 2 chose the
clustered point pattern PPc(5, 0.2), the dispersed point pattern PPp(1.0), and a random point pattern, which we
denote PPx. To test the ability of ¢ to detect clustered label patterns, Step 3 generates clustered label patterns. We
adopted a procedure similar to the Thomas process. We first choose mother points and label them. Let &; be a
variable representing the relative distance from the ith mother point, initially set to one. We randomly select a
mother point (assume it is the ith mother point), label its dith nearest point, and add a random variable between 0
and A to J;. As we repeat this process, labeled points gradually spread around each mother point. The following is

the detail of our approach at Step 3:

Algorithm GCLP (Generate Clustered Label Patterns)
Step 3a: Choose mother points from a given point pattern and label them.
Step 3b: Set o=1 for all the mother points.
Step 3c:  Choose a mother point and its dith nearest point.
Step 3d: If the point is already labeled, go to Step 3c.
Step 3e: Label the point.
Step 3f:  6=d5+Rand(A).
Step 3g:  Go to Step 3c.
Step 3h: Repeat Steps 3c-3g until enough points are labeled.

Function Rand(A4) generates a random value between zero and A. Let p be the proportion of points to be labeled.
We denote the clustered label pattern as LPc(p, A). Figure A4 shows examples of clustered label patterns generated
by Algorithms ASLP and GCLP.

We use a procedure similar to Matern's Type II process to generate dispersed label patterns. We randomly
choose a point. If it is not labeled, we check whether the point is not nearer to all the labeled points than their ith
nearest points. Variable i plays a role in keeping the relative distance between labeled points. If the point is not
closer to all the labeled points, we label it. If not, we calculate Rand(1.0) and label the point if the obtained value
exceeds 0.5. We introduce this random process to relax the strict requirement imposed by i. The following is the

details of Step 3:

Algorithm GDLP (Generate Dispersed Label Patterns)
Step 3a: Choose a point.
Step 3b: If the point is already labeled, go to Step 3a.
Step 3c: If the point is not nearer to all existing labeled points than their ith nearest points,

label the point and go to Step 3a.

10



Step 3d: If Rand(1.0) is larger than 0.5, label the point and go to Step 3a.
Step 3e:  Go to Step 3a.
Step 3f: Repeat Steps 3a-3e until enough number of points are labeled.

We denote the dispersed label pattern as LPp(p, i), where p is the proportion of points to be labeled. Figure AS
shows examples of dispersed label patterns generated by Algorithms ASLP and GDLP.

We use either Algorithm GCLP or GDPL at Step 3 of Algorithm LPA. We repeat Steps 3-6 1000 times
to obtain the proportion of label patterns evaluated to be significant at a five percent level at Step 8. It is the
statistical power of ¢, which is denoted by Power(or).

We wrote a program in C++ and ran it in the same computer environment as the previous subsection.
Tables 3 and 4 show Power(¢;) in clustered and dispersed label patterns, respectively. Power(¢;) is larger than 0.8
in most cases, which supports the validity of ¢;. Labels become less clustered with an increase of A in Table 3,
while labels become less dispersed with a decrease of i in Table 4. Power(¢.) reduces in both cases, which is
consistent with the results shown in Tables 1 and 2. An increase in 7 also reduces Power(¢.). A difference from
Tables 1 and 2 lies in Power(¢.) when 7=0.20, i.e., Power(p;) is larger than Power(¢s) in many cases. This is
probably because label pattern analysis excludes empty circles, which are more likely to occur around the
boundary area. As mentioned in the previous subsection, they are often only partially contained in Z and reduce
Power(@s). Label pattern analysis excludes such circles; thus, Power(op;) is still large when »=0.20. Concerning
the proportion of labeled points, p=0.50 generally shows better results than p=0.25. The difference, however, does

not seem significant. The spatial pattern of points and Voronoi diagrams do not significantly affect the results.
Table 3 Power(¢q;) in clustered label patterns LPc(p, A). p and A indicate the proportion of labeled points and the

maximum value of randomly generated values, respectively. The upper rows use Voronoi diagram V7, while the

lower rows use V5.
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Pointpattern  PP.(5,0.2)  PP(5,02) PP5,02) PP,1.0) PP (1.0) PP (1.0) PP, PP, PP,
Label pattern ~ LP(0.25,2) LP.0.25,3) LP.(0.25,4) LP(0.25,2) LP(0.25,3) LP(0.25,4) LP(0.25,2) LP(0.25,3) LP0.25,4)

1=0.05 0.953 0.952 0.933 0.964 0.962 0.962 0.990 0.988 0.984
=0.10 0.898 0.831 0.829 0.956 0.930 0.909 0.949 0.947 0.907
=0.20 0.891 0.804 0.803 0.882 0.880 0.882 0.913 0.887 0.882
1=0.05 0.937 0.922 0.929 0.962 0.929 0.953 0.985 0.975 0.968
=0.10 0.887 0.844 0.832 0.897 0.856 0.816 0.898 0.896 0.883
=0.20 0.854 0.813 0.804 0.810 0.807 0.796 0.840 0.809 0.834

Pointpattern  PP,(5,0.2)  PP.5,0.2) PP(502) PP1.0) PP (1.0) PP (1.0) PP, PP, PP,

Label pattern ~ LP0.50,2) LP.(0.50,3) LP.(0.50,4) LP.(0.50,2) LP.0.50,3) LP0.50,4) LP(0.50,2) LPL0.50,3) LP.(0.50,4)
=0.05 0.936 0.934 0.918 0.998 0.970 0.930 0.993 0.972 0.931
=0.10 0.969 0.883 0.856 0.948 0.902 0.893 0.971 0.948 0.918
=0.20 0.894 0.833 0.824 0.894 0.832 0.816 0.905 0.852 0.785
1=0.05 0.939 0.970 0.917 0.996 0.917 0.905 1.000 0.960 0.916
=0.10 0.960 0.951 0.848 0.924 0.869 0.859 0.976 0.862 0.851
=0.20 0.823 0.817 0.813 0.841 0.829 0.819 0.824 0.805 0.803

Table 4 Power(¢;) in clustered label patterns LPp(p, i). p and i indicate the proportion of labeled points and the
minimum relative distance between labeled points, respectively. The upper rows use Voronoi diagram V', while

the lower rows use 7.

Pointpattern  PP(5,02)  PP(5,02) PP(5,02) PP(1.0) PP (1.0) PP (1.0) PP, PP, PP,

Label pattern ~ LP(0.25,4) LP(0.25,3) LP(0.25,2) LP(0.25,4) LP(0.25,3) LP(0.252) LP(0.25,4) LP,0.25,3) LP(0.25,2)
=0.05 0.985 0.972 0.967 0.960 0.957 0.952 0.954 0.949 0.948
=0.10 0.927 0.913 0.906 0.931 0.930 0.918 0.923 0.887 0.858
=0.20 0.862 0.860 0.837 0.923 0.898 0.874 0.859 0.856 0.803
=0.05 0.990 0.978 0.972 0.981 0.969 0.955 0.976 0.961 0.944
=0.10 0.936 0.935 0.908 0.923 0.919 0.864 0.901 0.899 0.869
=0.20 0.864 0.851 0.848 0.847 0.825 0.815 0.817 0.810 0.798

Pointpattern  PP(5,0.2)  PP(5,0.2) PP.5,0.2) PP 1.0) PP (1.0) PP (1.0) PP, PP, PP,

Label pattern ~ LP,(0.50,4) LP,(0.50,3) LP,(0.50,2) LP,0.50,4) LP,0.50,3) LP,0.50,2) LP,0.50,4) LP,0.50,3) LP,(0.50,2)
1=0.05 0.974 0.947 0.931 0.953 0.931 0.923 0.939 0.926 0.902
=0.10 0.934 0.895 0.889 0.929 0.901 0.880 0.902 0.897 0.864
=0.20 0.868 0.832 0.811 0.900 0.858 0.840 0.876 0.855 0.809
1=0.05 0.943 0.943 0.903 0.934 0.928 0.920 0.929 0.928 0.887
=0.10 0.892 0.852 0.844 0.860 0.857 0.821 0.877 0.849 0.838
=0.20 0.851 0.838 0.810 0.813 0.811 0.803 0.838 0.815 0.806

5. Conclusion

This paper has proposed a new method of point pattern analysis on spatially aggregated data. A strength
of our method is that it is effective even if the locational data of points are unavailable, which is not satisfied by
existing methods. We proposed two statistics ¢s and ¢;, for analyzing spatial point and label patterns, respectively.
Computational experiments showed that the statistical power of these statistics is large enough in most cases,

which supports the effectiveness of the statistics. The statistics ¢@s and ¢, successfully detected clustered and
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dispersed patterns of points and labels.

The proposed method meets the four requirements mentioned in Section 2. 1) It is directly applicable to
spatially aggregated data. 2) It can treat both spatial point and label patterns. 3) It can statistically point patterns
into three categories, i.e., clustered, dispersed, and random patterns. 4) The statistical power of the method is
thoroughly discussed. The proposed method, however, is not free from limitations. We will discuss them and
extensions for future research.

Firstly, more efficient methods are necessary for evaluating the statistical significance of ¢sand ¢;. We
employed Monte Carlo simulations in the experiments, and fortunately, all the experiments finished within ten
minutes. However, an increase of points and spatial units clearly increases the computing time. The best solution
is to derive analytical forms of the probability distribution of ¢s and ¢, under the null hypothesis. However, it is
not clear whether we can derive them by a mathematical procedure. Another option is to improve the efficiency
of Monte Carlo simulation by developing faster subroutines used in our programs. This might be a realistic solution.

Secondly, the minimum number of points per spatial unit needs further discussion. In our experiments,
we used 1000 points and 100 spatial units, i.e., one unit contains ten points on average. In some cases, we tried
from 1 to 10 points per spatial unit in some cases for @s, and five points seemed enough to assure the statistical
power. The minimum number of points, however, heavily depends on the spatial point pattern and the radius of
circles. Further experiments are necessary to cover a wider variety of situations.

Thirdly, label pattern analysis considers two types of points, i.e., labeled and unlabeled. The colocation
quotient (Leslie and Kronenfeld (2011)), on the other hand, can treat more than two types of points. Given many
types of points, the colocation quotient evaluates the spatial proximity between every pair of point types. The
statistic ¢, unfortunately, is not directly applicable to the cases of more than two types of points. We should extend
our method to treat these cases in future research.

Fourthly, an extension of Moran's / seems worth considering. Moran's I cannot evaluate Figure 3b as
dispersed since it uses the randomization of the number of points as the null hypothesis. Suppose that the complete
spatial randomness is the null hypothesis instead. Moran's / calculated under the complete spatial randomness will
probably be larger than that of Figure 3b, and hence Moran's / will evaluate Figure 3b as dispersed. Though we

have not yet discussed this approach in detail, it seems an interesting extension.

Data and code availability statement

The programs used in Section 4 are available on Figshare at
https://figshare.com/articles/dataset/Point_pattern_analysis/25999918
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Figure A2 Clustered point patterns PPc(M, ) generated by Algorithms ASPP and GCPP. M and o represent the

number of mother points and the standard deviation of the normal distribution, respectively.
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Figure A5 Dispersed label patterns LPp(p, i) generated by Algorithms ASLP and GDLP. Red points represent

labeled points. p and i are the proportion of points to be labeled and the minimum distance between labeled

points, respectively.
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