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Conventions

We set ¢ = h = kp = 1 unless explicitly stated. Metric signature (—,+,+,+). “Observed”
frequencies/temperatures are with respect to the laboratory (or asymptotic) time coordinate.
All vectors in the internal time plane are dimensionless. Boldface denotes spatial tensors when
needed.

1 Axioms, definitions, and immediate consequences (Note S1)

Axiom 1 (Unit-time vector (constancy)). There ezists a two-component time vector T =
(T;.,T;) € RQZO with invariant norm

T|=1 < T?’+T?=1. (1)

Axiom 2 (Pulsed realization). Time unfolds as a sequence of discrete pulses {f(")}nez with
wa

different direction.

‘ = 1. Between pulses, the vector vanishes; at each pulse it reappears with a (possibly)

Axiom 3 (No pure axis (irreducible blend)). Let 9 be the polar angle of T™, so 7" = cos 9,
Ti(n) =sin®¥™. For all pulses
0<9™ <7 (2)

Thus neither component ever vanishes; there is no purely unitary nor purely dissipative pulse.

Definition 1 (Coupling to observables). Ezperimental (instrumental) observables couple pre-
dominantly to T,; phenomenological/entropic observables couple to T;. The perceived flow of

time tracks the sequence {Ti(n)}; clock readings track {Tr(n)}.

Remark 1 (State dependence). The direction ¥(x) may depend on contextual parameters
(curvature, acceleration, entropy rate, environment), while the norm (1) is invariant.

Parametrization. Write
T = (cos ¥, sin ), 0<¥ <3, (3)

Define the lapse renormalization

A() = Vcos2 ¥ + £ sin 0, k>0, (4)



and its log-derivative
(k — 1) sin¥ cos

cos2 ¥ + ksin? 9

g99(9) := Oy In A(9) = ()

Useful identities:
OyInT, = —tand, Oy InT; = cot . (6)

Consequences. Axiom 3 implies 7;.,T; € (0,1), hence (i) no exactly unitary pulse; (ii) no
exactly frozen dissipation. This yields the intrinsic decoherence floor once open-system dynamics
are written in GKSL form (Sec. 3).

2 Redshift renormalization: derivation and weak-field bounds
(Note S2)

2.1 General static spacetimes

For a static metric with Killing time ¢, the GR redshift between emission (e) and observation (o)
is
—Gtt (LUO) (7)

(1 " Z)GR N _gtt(xe) ’

a standard textbook result [1]. In our framework the physical lapse is rescaled by A(?):

g — A)? gu. (8)
Therefore

ve _ A[9(@o)] | —gut(wo)

bt = T A\ “gulze) )

2.2 Schwarzschild specialization

For ds* = — (1 —rg/r) dt* + (1 — 7“5/1")_1d7‘2 + 7r2dQ?,

142 = A y (10)

2.3 Weak-field expansion and null tests
With —gy ~ 1+ 2® (Newtonian potential, |®| < 1),

Vo 2
Aln e Aln A + 2}? + O(®7). (11)

Given a fractional sensitivity o, over baseline L,

oy/L
l90(9)]

Vertical comparisons use geodesy or local gravimetry to subtract A®, while fiber-linked or
co-located clocks exploit common-mode rejection to isolate Aln A [2-8].

N

S VIS
|99 (0)]

(12)

2.4 Comments on s and regularity

If Kk = 0, A(¥) = cos? can be arbitrarily small as ¥ — 7/2 (but never zero by Axiom 3).
Choosing k > 0 keeps A(¥) > /K sind, avoiding near-vanishing lapse factors.



Illustration (Prediction 1). See Fig. 2: synthetic regression and GR—subtracted residuals
visualize the Aln A channel and the bounds of Eq. (12).

3 Open quantum dynamics: GKSL structure from the axioms
(Note S3)

3.1 From pulsed projection to GKSL

Axiomatically, each pulse contributes a reversible increment along 7, and an irreversible increment
along 7;. For a coarse-grained time step At that spans many pulses, linearity and complete
positivity of reduced dynamics (Born—-Markov—secular assumptions when appropriate) give a
GKSL generator [9-11]:

pr=—iT:[H p) + T;Ds(pe), T} +T7 =1, (13)
with quantum detailed balance
Dg(p) = Z'Yw (prLL - % LLLw,p}> » Yw = e_ﬁw')’—l-w- (14)
w

Axiom 3 enforces T; > 0, hence irreversibility is never exactly switched off.

3.2 TLS example and the intrinsic floor
For a two-level system (TLS) with splitting €,
ngs — Tz F\2/ac + anv7 - F;nin > T’z 1—“2/&6. (15)

3.3 Bounding 7; in practice

Measure I'y as a function of a control parameter that scales bath occupation/spectral density
(e.g., temperature, engineered reservoir strength, readout power), fit I'§"V, and extrapolate to
r$™ — 0. With an independently calibrated I'5%¢, obtain

Fmin

T, < =2 (95% C.L.). (16)
I‘\2/aC

INustration (Prediction 2). See Fig. 3: regressions and bootstrap summaries quantify the
intercept T;1'5*¢ and the bound in Eq. (16).

3.4 Thermodynamic consistency

Spohn’s inequality implies monotonic decay of relative entropy and non-equilibrium free energy
with a rate proportional to T; [11, 12]:

d d

5 Pillps) = =Tio(p) <0, — Flp) = - ; o(pt) < 0. (17)

4 Horizon thermality and analogue tests (Note S4)

4.1 Euclidean regularity

Near a static Killing horizon with surface gravity xse, Euclidean time must be periodic with
period Bproper = 27/Ksg [13, 14]. The proper-time increment relates to the laboratory time as
dTproper = A(0) dt,, so

A(Vs) Ksg

o = ADyar) 21" (18)
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GR is recovered when 1 is constant.

4.2 Analogue platforms and ratio tests

Water tanks, fiber optics, and BEC horizons probe Hawking kinematics and correlations [15-21].
To test (18), compare otherwise identical runs a, b with controlled changes that co-vary with :

7@ AW /AG)
b b b '
78 Aw®)/Awd)

(19)

5 Cosmological background and perturbations (Note S5)

5.1 Effective action and equations

Adopt a time-only disformal coupling for matter:
gfg =Gguw + (A(Q?)2 - 1)uuul,, (20)

with u,, a unit timelike one-form (e.g., ADM normal). The total action reads

M2 M2
S = ;/d4x¢?gR - /d4x¢?g [219 0,000 =V (0)| + ST, g™ (9)].  (21)

Varying 9 yields
MZO9 - V'(9) = AW)A'(9) T uyu,. (22)

5.2 FRW background

In FRW, with dr = A(?) d7,, the standard scalarfield cosmology follows:

= — - — bl = 1 1
py = P L V@), py="MP V@), §+3HI+ V(D)= AN por. (23)
M My
Equation-of-state:

M2 ;2 _

py 5V = V(V)
Wy =—= 35— - (24)

P S92 4V (9)

5.3 Linear perturbations and forces

Fluctuations obey
1
§0:  (O—mls)d9 = A4 dp, (25)
U
with m2; = V" (0) — 05(AA") p/M?2. A fifth-force correction o g3/M3 is Yukawa-suppressed for
Mmegr > 1.

Ilustration (Prediction 5). Figure 4 shows H(z)/Hacpm(z) from the FRW integration (left,
with a zoomed inset) and the corresponding wy(z) (right) for representative (k, A), illustrating
the background drag from AA’ in Eq. (22).

6 Time-direction tomography and correlated noise (Note S6)

6.1 Linear response of observables

Small fluctuations 49 modulate frequencies and rates via

W (D) 00, %F = cot 7 §9). (26)

w



6.2 Network model and cross spectra

For N sensors (clocks and/or qubits) at locations x;,
yi(t) = ¢; 09(x4,t) + ny(t), ci € {—g9(9;), cot V;}. (27)
Cross-power spectra satisfy, for ¢ £ j,
Sij (f) 2= cicj Sy(f) + 0i:5n, (f)- (28)

A maximum-likelihood or Bayesian fit to {S;;} across frequencies reconstructs Sy(f) and
tests spatial correlations. Co-located heterogeneous pairs (clock+qubit) over-constrain the
sign/magnitude of ¢;. Clock-network correlation analyses can follow pipelines developed for
ultralight-field searches [5, 6, 22, 23].

Illustration (Prediction 6). Figure 5 displays (left) the recovery of the common-field PSD
Sy(f) from cross spectra versus the injected truth, and (right) a band-averaged magnitude-
squared coherence matrix across sensors, both derived from the linear responses in Eq. (26) and
the network model in Eq. (27). Figure 6 provides complementary network-level views.

7 Parameterizations, priors, and identifiability (Note S7)

Baseline parameters. Today’s background 9y € (0,7/2); coupling balance x > 0; kinetic
scale My; potential V() (e.g., quadratic near minimum, cosine, or slow-roll plateau).
Degeneracies. Redshift tests constrain gg(J) gradients, while decoherence floors constrain
T; = sin¥; together they bound complementary functions of ¥/. Cosmology probes a mixture of
(My, V) with background drag AA’p.

Priors. Positivity (M2 > 0, A > 0), endpoint exclusion (J ¢ {0,7/2}), and mildness of gy
today (to satisfy local tests). For V(1) use minimally structured priors.

8 Statistical procedures and uncertainty (Note S8)

8.1 Clock redshift bounds

Use (11) and (12) with Allan deviations mapped to o, at the averaging time of the comparison
[3]. For vertical comparisons, subtract A® from geopotential models or local gravimetry. Report
bounds on |AJ| and |VY| at 68/95% C.L.

8.2 Decoherence floor

Fit I's vs. control parameter using heteroscedastic weighted least squares; perform leave-one-out
cross-validation to guard against model bias in I'S"™. Propagate fit covariances to the ratio
bound (16). Engineered-reservoir strategies follow Myatt et al. [24].

8.3 Network tomography

Estimate cross-spectra with Welch averaging; use a multivariate Gaussian likelihood in frequency
space for {5;;(f)}. Nuisance terms: sensor-specific noise floors, clock drifts, and transfer-function
calibration [5, 6, 25, 26].



9 Consistency checks and absence of pathologies (Note S9)

No ghosts. The scalar ¢ is canonical with positive kinetic term Mg > 0.
GR limit. Constant ¢ reduces to pure GR after redefining time by tpnys = A(J9) t [1].

Thermodynamic consistency. QDB ensures KMS stationarity and Spohn’s inequality;
T; > 0 scales rates but does not violate the second law [11, 12, 27, 28].

Laboratory consistency. For x > 0 and ¥ bounded away from endpoints, A(¥) is regular
and monotone between the axes; no singular lapse factors occur.

10 Extended notes and worked examples (Note S10)

10.1 Worked weak-field null test

Two identical clocks at heights separated by Ah give
Aln 22 ~ A® + gy(9) AW, (29)

Ve

with A® ~ g Ah/c?. Using o, = 1 x 10718 at 10%s and Ah = 0.5m,

See [2, 3, 29-31].

10.2 TLS spectroscopy protocol

Tune the bath temperature and engineered-reservoir strength to collapse T'S® — 0. Measure T'J1"
and compare to I'j*¢ inferred from geometry/couplings (or from extrapolated 7" — 0 scaling).
Quote T; from (16). See [24, 32, 33].

10.3 Analogue horizon ratio test

In BEC, vary the flow profile to change the near-horizon A(¥y,y) while keeping rgg fixed (within
calibration). Measure Ty, via spectral fits and pair correlations in two settings (a,b); test the
predicted ratio. See [15-21].

11 Distinctiveness and relation to other frameworks (Note S11)

This Note expands the “Distinctiveness” paragraph in the Main by placing the present proposal
alongside several well-known ideas. In brief: the time-direction field introduced here is internal
(lives in a two—dimensional auxiliary plane with coordinates (7, 7;)), has fixed norm T2 + T? = 1,
and its direction ¥(x) simultaneously (i) rescales physical lapse factors in gravity via A(¢) and
(ii) weights coherent versus dissipative evolution in open quantum dynamics via the GKSL/KMS
structures.

A. Versus Einstein—/Ather and Horava gravity

EA and HL modify spacetime via a new vector/foliation; here T is internal and couples to
intervals only through A(¢) while also weighting GKSL dynamics [9-11, 27, 28, 34, 35].



B. Versus the Thermal Time Hypothesis

TTH ties flow to modular automorphisms without altering metric intervals [36]; our A(1) rescales
intervals and yields falsifiable redshift /decoherence predictions.

C. Versus two-time physics

2T adds a macroscopic time dimension [37, 38]; here no extra spacetime dimension appears—the
“second direction” is internal.

D. Versus discrete-time ideas

Chronons and causal sets implement discreteness in spacetime [39, 40]; here discreteness resides
(if at all) in the pulses of an internal unit vector, with a smooth GKSL/GR limit after coarse
graining.

E. Summary table

Framework New spacetime Modifies metric Couples to
d.o.f.? intervals? GKSL/KMS?

Einstein—/Ether [34] Yes (ut) Yes No

Horava gravity [35] Yes (foliation) Yes No

Thermal Time Hypothesis [36] No No Via modular
theory

Two-time physics [37, 38] Yes (extra time)  Yes No

Chronon [39] No (discrete t) Yes No

Causal set [40] Yes (atoms) Yes No

This work No (internal T) Yes (via A(¥)) Yes (weights
1, T;)

Table 1: Contrasts between the present internal time-direction framework and related ideas.
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Figure 1: Theory primitives (Notes S1-S2; supports Predictions 1-6). (left) Geometry of the internal unit-time
vector T' = (T, T;) = (cos®,sin ) restricted to the open quarter circle 0 < ¢ < 7/2 (Axioms 1-2). This encodes the
irreducible blend of coherent (7)) and dissipative (T;) directions that later weights GKSL dynamics (Note S3). (right)
Lapse renormalization A(9) = v/cos2 9 + ksin? ¥ with a 68% Monte-Carlo ribbon over . The special case k = 1 yields
A =1 (pure-GR normalization); x # 1 tilts the balance and induces the logarithmic response gy = 9y In A used in the
redshift renormalization (Note S2), the linear responses of observables (Note S6), and the cosmological background drag
(Note S5).
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Figure 2: Prediction 1 — Clock redshift renormalization (Note S2). Synthetic weak-field comparisons demonstrate

how Aln A appears as a residual after GR subtraction in Eq. (11). (left) Weighted regression linking the measured fractional
frequency shift to the modeled GR contribution plus a free Aln A term; unity slope corresponds to the GR mapping, while
the fitted offset captures the putative A(¢) contribution across baselines. (middle) Joint credibility for the regression
parameters (e.g. slope and offset), highlighting the constraint on Aln A that maps to |AY| < oy /|gs(9)| via Eq. (12). (right)
GR-subtracted residuals versus control (height or potential), isolating the additional channel Aln A; bands show +10 about
the best fit. Together these panels visualize the pipeline used for vertical/fiber-linked null tests in Note S2.

Bootstrap violin summaries
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Figure 3: Prediction 2 — Irreducible decoherence floor (Note S3). Open-system fits recover the intrinsic limit

implied by Axiom 3 through Eq. (15). (left) Representative regression of the measured dephasing rate I's versus a control
that tunes the environmental channel (temperature, engineered reservoir strength, readout power), with extrapolation to
'™ — 0; the intercept estimates T; I'y?°. (middle) Nonparametric uncertainty from bootstrap resampling of the full
regression procedure (point clouds/paths show many refits), quantifying robustness against heteroscedastic noise and model
choice. (right) Violin/summary of the resulting intercept distribution, reported as a bound on 7T; through Eq. (16). This
implements the practical protocol described in Note S3 and the statistics workflow in Note S8.



Background expansion: ratio to ACDM
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Figure 4: Prediction 5 — Cosmology (background; Note S5). (left) background expansion ratio H(z)/Hacpwm(z)
obtained from the FRW system in Note 5, with an inset magnifying z€[1072,1071] to expose the ~ 10~ 3-level separations
among scenarios (set by the A(9¥) drag term in Eq. (22) and the FRW equations). (right) the corresponding equation of

state wy(z) from the same runs. These curves illustrate small, structured departures that precision BAO/SN datasets could
test.

Band-averaged sensor coherence

Temporal-noise spectrum: common-field recovery
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Figure 5: Prediction 6 — Correlated temporal-noise signatures (Note S6). (left) recovery of the common-field

PSD Sy(f) (solid) from cross spectra of a heterogeneous sensor network using Eq. (27); the dashed curve is the injected
truth. (right) band-averaged magnitude-squared coherence matrix across sensors showing the expected correlation pattern
from a shared 69(t) driver; see the linear responses in Eq. (26).
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Correlated sensors: pairwise projections (subsampled)
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Figure 6: Network views for correlated time-direction noise (Note S6; supports Prediction 6). (left) Band-
averaged magnitude-squared coherence between all sensor pairs, computed from Welch-averaged cross spectra over a fixed
frequency window (Note S6). The unity diagonal reflects autospectra; off-diagonal contrast encodes the common §9(t)
drive through S;; ~ cic;Sy with ¢; € {—go(J;),cotD;} (Egs. (26)—(27)). (right) Pairwise projections of (demeaned,
standardized) time-series segments for selected channels, illustrating correlated structure and relative signs consistent with

the c;jc; pattern. These diagnostics complement Fig. 5, where the same cross-spectral information is used to recover the
common-field PSD Sy (f).
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Data and code availability

All calculations are analytical. Synthetic-data generators and analysis scripts for the redshift null
tests, decoherence-floor fits, horizon ratio tests, cosmology backgrounds, and network tomography
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are available in the data directory and will be deposited upon submission and archived upon

publication.
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