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Abstract

As a successful practice of the quasi-Monte Carlo method in computer experi-
ments, uniform design aims to distribute points evenly on a restricted domain.
Such a point set has low discrepancy and has enjoyed increasing popularity
in applications. However, most designs obtained by the numerical optimization
algorithms in literature are just nearly uniform, thus there is significant room
for improvement. This paper reviews the existing work on uniform designs and
then characterizes their structure. Deterministic construction methods for uni-
form designs with any number of levels are theoretically proposed, which break
through a common limitation of setting the level number to be a prime or a
prime power. Based on the above, we provide a systematic optimization algorithm
to search for uniform designs under more general parameters for practical use.
Numerical experiments show that the performance and runtime of the proposed
algorithm are far superior to existing ones.

Keywords: Good lattice point set, Optimization method, Quasi-Monte Carlo
method, Wrap-around L2-discrepancy
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1 Introduction

Quasi-Monte Carlo (QMC) methods have been successfully used for high-dimensional
integrals arising in many applications. Mathematicians have applied this method into
approximate numerical calculations for multiple integrals (Harase 2015). The key to a
QMC method is to find a set of evenly distributed points in the space. Uniform design,
formally proposed by Fang (1980); Wang and Fang (1981), is an important type of
QMC methods. It has been widely employed in numerous areas, such as the establish-
ment of multiple interpolation formulas, the approximate solutions of systems of some
integrals or differential equations, the global extremes of the functions, the approx-
imate representation points for some multivariate distributions, and some problems
for statistical inference, including multivariate normality test and the sphericity test
(Fang et al. 2006; Winker and Fang 1997). Uniform designs also play a significant role
in the field of the experimental design. Such designs have a number of desirable statis-
tical properties, such as admissibility, minimaxity and robustness (Fang et al. 2006). In
contrast to classical experimental designs such as orthogonal arrays, uniform designs
are practically useful because they can investigate many high-level factors simultane-
ously using fairly economical experimental runs. Thousands of industrial experiments
with unknown models have effectively verified the rationality and feasibility of uniform
designs; see Fang et al. (2018) for details.

The wrap-around L2-discrepancy (WD), introduced by Hickernell (1998), is a pop-
ularly used uniformity measure and provides a productive way to construct uniform
designs. A design with WD-value arriving at its minimum is called uniform under
WD (Fang et al. 2005). It was shown that constructing uniform designs is an NP-hard
problem (Zhou et al. 2012). The construction methods are able to be mainly divided
into deterministic construction methods and numerical optimization algorithms. The
former is dedicated to theoretically obtaining designs with WD-value arriving at or
asymptotically arriving at the lower bound; while the latter relies on existing fast algo-
rithms to find designs with relatively small discrepancy quickly, and the resulted ones
are usually nearly uniform.

As a popular used deterministic construction method, the good lattice point (GLP)
method, proposed by Korobov (1959) for numerical evaluation of multivariate inte-
grals, is the first theoretical method used for constructions of point sets with low
discrepancy. The designs generated by GLP method are called the GLP sets. It was
further proved that GLP sets tend to have low discrepancy (Hua and Wang 1981).
The promotions of GLP method are gradually emerging, such as the GLP method
with a power generator (PGLP) (Korobov 1959) and the cutting method (Ma and
Fang 2004). The level permutation was shown to be able to improve the space-filling
property of regular designs (Tang et al. 2012; Zhou and Xu 2015). The GLP method
was further extended by linear codes (Qi et al. 2023), based on which a determinis-
tic construction for uniform designs was provided when the number of levels is prime.
Nevertheless, the existing literature still lacks construction methods for the cases of
the level number being a non-prime or a non-prime power.

Many numerical optimization methods, such as the simulated annealing algorithm
(Joseph and Hung 2008; Morris and Mitchell 1995), the threshold-accepting heuris-
tic method (Fang et al. 2018; Winker and Fang 1997) and the integer programming
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method (Fang and Ma 2001; Zhou et al. 2013), have been used to search uniform
designs. Among these, the cutting method is compatible with WD due to its wrap-
around property (Ma and Fang 2004). It cuts out a Latin hypercube design (LHD)
with lower WD-value from a larger existing uniform one. Besides, one of the most effi-
cient procedures for searching uniform designs in reality is a package in the statistical
software R, named “UniDOE” developed by Zhang and Li (2017), which is based on
a stochastic and adaptive threshold-accepting algorithm with flexible initialization,
adaptive threshold and stochastic evolution. It is able to find a nearly uniform design
in a short period of time; while as the design size increases, the runtime increases
exponentially with the searched WD-value far away from its lower bound.

In this paper, we reveal the stability of the structure of uniform designs, and
provide several deterministic construction methods for uniform designs whose WD-
values directly arrive at the lower bound, including cases in which the level number is
not a prime or a prime power. Moreover, a fast calculation for WD-value is given. Based
on above, we propose a systematic optimization method (SOM) for searching nearly
uniform designs with WD-value close to the lower bound under general parameters.
Such an optimization method is easy to implement, and obtains better uniformity
than the existing algorithms. The experimental results show that SOM is much more
effective and more time saving than the UniDOE package.

The organization of this paper is as detailed below. Section 2 presents the nec-
essary notations and existing popular construction methods. Section 3 characterizes
the structure of uniform designs, and Section 4 proposes deterministic constructions
for them, even when the level number is not prime or prime power. In Section 5, we
display the flow of SOM and describe its details. Section 6 compares the optimization
effect and the runtime of the SOM and the UniDOE package under the same param-
eters. Conclusions and discussions are given in Section 7. For brevity, all proofs are
included in Appendix.

2 Preliminaries

2.1 Notations

An asymmetrical (ormixed-level) design ofN runs, n factors and with levels s1, . . . , sn,
is denoted by an (N, s1 · · · sn)-design D = (dkl)N×n. It is a set of N row vectors, or an
N×nmatrix where each row corresponds to a run and each column to a factor. The lth
column takes the values from Zsl = {0, . . . , sl−1} where l = 1, . . . , n. An (N, s1 · · · sn)-
design is balanced (or U-type), denoted by U(N ; s1 · · · sn), if each level appears equally
often in every column, which requires N to be a multiple of s1, . . . , sn. Denote the set
of all U(N ; s1 · · · sn)’s as U(N ; s1 · · · sn). If sl is equal to each other, i.e. s1 = · · · =
sn = s, an (N, sn)-design is called as symmetrical. A Latin hypercube design (LHD)
is a symmetrical balanced design with N = s. For an LHD with N runs, an s-level
balanced array can be obtained by replacing {i(N/s), i(N/s)+1, . . . , (i+1)(N/s)−1}
by the integer i for i ∈ Zs = {0, . . . , s − 1} where N is a multiple of s, and this is
referred to as the level-collapsion method. By mapping i→ (2i+ 1)/(2sl) for i ∈ Zsl ,
the rows of a U(N ; s1 · · · sn) are transformed to N points in Cn = [0, 1]n. Denote
the transformed design as Ũ(N ; s1 · · · sn) and the corresponding set as Ũ(N ; s1 · · · sn).
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A design D ∈ U(N ; s1 · · · sn) is called a uniform design under the predetermined
discrepancy measure, if it has the minimum discrepancy value over U(N ; s1 · · · sn),
i.e. its discrepancy arrives at the lower bound. For the sake of distinction, we refer to
a design with discrepancy value close to the lower bound as nearly uniform. In this
paper, we mainly focus on the common-used wrap-around L2-discrepancy (WD).

Next we take an overview of the relevant previous work on WD. For a design
D = (dkl)N×n ∈ U(N ; sn), its WD-value usually refers to that of the transformed
form D̃ = (xkl)N×n ∈ Ũ(N ; sn). Its squared WD-value is detailed below,

WD2(D) = −

(

4

3

)n

+
1

N2

N
∑

k=1

N
∑

j=1

n
∏

l=1

(

3

2
− |xkl − xjl|+ |xkl − xjl|

2

)

. (1)

Obviously, WD is a function of products of 3/2− |xkl − xjl| (1− |xkl − xjl|)’s, where
the values of |xkl − xjl|’s is limited to a specific set for a balanced design (Fang et al.
2005). Note that we have |dkl − djl| (s− |dkl − djl|) = s2 |xkl − xjl| (1− |xkl − xjl|),
which naturally induces the connection between WD and the Lee distance. For two
elements d1, d2 ∈ Zs, their Lee distance is defined as Lee(d1, d2) = min(|d1 − d2| , s−
|d1 − d2|); see Zhou et al. (2008) for details and its derived Lee discrepancy. More
precisely, the distance |d1 − d2| and s− |d1 − d2| have the same meaning under WD.
Taking s = 5 as an example, |dkl − djl| = 1 or 4 results in the same value of
|xkl − xjl| (1− |xkl − xjl|) as 1× (s− 1) = 4× (s− 4). Then WD can be studied more
thoroughly and conveniently by the Lee distance, and the definition of equivalence
columns is proposed (Qi et al. 2023).

Definition 1. For the column vectors v ∈ Z
k×1
s and sk = (s, . . . , s)⊤ of length k, we

call v and sk − v as a pair of equivalence columns, denoted as Ev = {v, sk − v}.

For convenience, let Ev = {v} if sk = 2v and E0k = {0k}. An equivalence
of this sort classifies and pairs the all possible column vectors from Z

k×1
s . For

instance, (4, 3, 2, 1, 0)⊤ and (4, 5, 6, 7, 0)⊤ in Z
5×1
8 form an equivalence column pair,

and (4, 4, 4, 4, 4)⊤ is self-equivalent. It is evident that the equivalence column of any
column vector always exists and is unique. Moreover, if two columns are equivalent,
the Lee distances between any two corresponding rows are the same. For (4, 3, 2, 1, 0)⊤

and (4, 5, 6, 7, 0)⊤ when s = 8, Lee(3, 1) = Lee(5, 7) and Lee(2, 0) = Lee(6, 0). This
causes that the equivalence columns contribute equal values in the calculation of WD.
Next, the count of equivalent columns is established. For a vector v ∈ Z

N×1
s , the

occurrences of Ev in a design D = (v1, . . . , vn) ∈ Z
N×n
s is recorded as

σEv
(D) =

n
∑

l=1

I(vl ∈ Ev). (2)

Let σv(D) = σsk−v(D) = σEv
(D) for simplicity. Notably if k = 1, a column vector

simplifies to an element. Correspondingly, the levels i and s − i in Zs are termed
a pair of equivalence elements, recorded as ei = {i, s − i}. Naturally, es/2 = {s/2}
when s is even and e0 = {0}. For example when s = 6, there are four pairs of

4



equivalence relations in Z6, e0 = {0}, e1 = {1, 5} = {1,−1}, e2 = {2, 4} = {2,−2} and
e3 = {3} = {−3}. Here we still use the symbol σ to represent the occurrences of ei in a
row. Specifically, for the kth run rk = (dk1, . . . , dkn) in an s-level designD = (dkl)N×n,
let σi(rk) = σs−i(rk) = σei(rk) =

∑n
l=1 I(dkl ∈ ei). For the run r = (1, 3, 0, 2, 1, 0, 1)

in the sense of s = 4, it is concluded that σ0(r) = 2, σ1(r) = σ3(r) = 4 and σ2(r) = 1.
According to the previously mentioned symbols, a particular row difference between
design points is in the position to be given.

Definition 2. For an (N, sn)-design D, we say that D satisfies the row difference
condition, if the difference between any two distinct rows rk and rj, rkj = rk − rj ∈
Z
1×n
s , satisfies

{

σ0(rkj) = ∆1, σ1(rkj) = · · · = σ s−1
2
(rkj) = 2∆2, odd s;

σ0(rkj) = ∆1, σ1(rkj) = · · · = σ s

2−1(rkj) = 2∆2, σ s

2
(rkj) = ∆2, even s,

(3)

where ∆1 = (N − s)n/[(N − 1)s] and ∆2 = Nn/[(N − 1)s].

This row difference (3) pushes forward an immense influence on the later research.
In addition, the squared WD-value of a Ũ(N ; sn) has a lower bound, provided by Fang
et al. (2005),



























































LB(WD2) = −

(

4

3

)n

+
1

N

(

3

2

)n

+
N − 1

N

(

3

2

)∆1

×

{[

3

2
−

2(2s− 2)

4s2

]

· · ·

[

3

2
−

(s− 1)(s+ 1)

4s2

]}2∆2

, odd s;

LB(WD2) = −

(

4

3

)n

+
1

N

(

3

2

)n

+
N − 1

N

(

3

2

)∆1
(

5

4

)∆2

×

{[

3

2
−

2(2s− 2)

4s2

]

· · ·

[

3

2
−

(s− 2)(s+ 2)

4s2

]}2∆2

, even s.

(4)

On this basis, a sufficient condition for WD-value arriving at the minimum can be
succinctly reformed as below (Fang et al. 2005).

Lemma 1. For an (N, sn)-balanced design D, WD2(D) arrives at the lower bound
(4), i.e. D is uniform under WD, if D satisfies the row difference condition (3).

Notice that Lemma 1 reveals the sufficiency but not the necessity. If a design does
not meet (3), this does not mean that its WD-value fails to arrives at the minimum,
because the lower bound (4) is not tight under some parameters. That is, (4) is always
less than or equal to the actual minimum; and when WD2 arrives at (4), this lower
bound represents the minimum. Through Lemma 1, the uniformity verification has
shifted from the complicated calculation of WD to a simple counting of row differences,
which facilitates the judgment of whether a design is uniform.
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Additionally, for some hyperparametric experiments with particularly multiple fac-
tors but limited number of runs, we apply a currently popular design, component
orthogonal array (COA), to arrange a uniform experimental plan. A COA, denoted
by COA(λN(N − 1), N), is a [λN(N − 1)] × N matrix, where each row is a permu-
tation of ZN , and for any two columns, each of the level combinations (i1, i2) with
i1 ̸= i2 ∈ ZN appears λ times as a row; see Huang (2021) for details. Because of the
pairwise balance between any two columns in the orders, COAs have broad generality
for the order-of-addition models.

2.2 Existing constructions for uniform designs

This subsection introduces some popular constructions for uniform designs, including
deterministic construction methods and numerical optimization methods. Existing
uniform design tables have been mainly collected on the Web site http://web.stat.
nankai.edu.cn/cms-ud/UD/UniformDesign.html.

2.2.1 Deterministic construction methods

For the one-factor experiments within a continuous range of levels on [0, 1], the set of
shifted points with equal spacing in between them is recommended by Fang and Ma
(2001). While for the cases of multiple factors, the canonical design space Cn = [0, 1]n

is too complicated and the discrepancy is in general a multimodal function on this
space, which makes traditional optimization methods infeasible. To overcome this
difficulty, the considered candidate set of designs is often chosen to be a well-structured
subset of all possible ones. Symmetrical balanced designs from U(N ; sn) are often
employed as the candidate design space.

Here we briefly introduce the GLP method, the PGLP method and their pro-
motion by Qi et al. (2023). The key idea of the GLP method is to use a generator
vector r = (d1, . . . , dn). For k = 1, . . . , N , the kth row of the design is obtained by
kr = (kd1, . . . , kdn), mod N , where the operation modulo N causes elements to fall
into {0, . . . , N − 1}. When dl and N are coprime, i.e. their greatest common divi-
sor gcd(dl, N) is 1, the lth column becomes a permutation of {0, . . . , N − 1}. Note
that there is always a row of a GLP set being (0, . . . , 0). However, choosing the best
generator vector in the GLP method is time-consuming even for moderate N . It is
suggested using generator vectors of the form r = (1, d, . . . , dn−1), mod N , where
gcd(dl, N) = 1 for l = 1, . . . , n−1 and d < N (Korobov 1959). Such a method is called
PGLP method, and has been successfully applied by Wang and Fang (1981) in search-
ing low discrepancy designs. It is suitable for finding some nearly uniform designs with
many runs but few factors. Obviously the power generator vector r = (1, d, . . . , dn−1)
satisfying the above requirements is usually not unique. Here we denote the maximum
length of all possible generator vectors in the PGLP method as γ(N). Obviously, this
method can only be implemented when the required column numbers does not exceed
γ(N). Nevertheless, neither the GLP method nor the PGLP method can guarantee
that the resulted discrepancy is minimized. Qi et al. (2023) extended the generator
vector to an m-dimensional generator matrix by linear codes. For an sm full factorial
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design X on Zs with a prime s, a generator matrix G is formed by selecting multi-
ple columns from X⊤ according to their equivalent column relationships, and then
the product D = XG is calculated on Zs. The resulted designs, as they proved, are
uniform under WD. The example below illustrates their ideas.

Example 1. For the (9, 32)-full factorial design X,

X =

(

0 0 0 1 1 1 2 2 2
0 1 2 0 1 2 0 1 2

)⊤

,

and two alternative generator matrices G and Gh,

G =

(

0 0 1 1 1 2 2 2
1 2 0 1 2 0 1 2

)

, Gh =

(

0 1 1 1
1 0 1 2

)

,

Da = XG and Db = XGh as below are checked to satisfy the row difference condition
(3) and are thus uniform under WD,

Da = XG =





























0 0 0 0 0 0 0 0
1 2 0 1 2 0 1 2
2 1 0 2 1 0 2 1
0 0 1 1 1 2 2 2
1 2 1 2 0 2 0 1
2 1 1 0 2 2 1 0
0 0 2 2 2 1 1 1
1 2 2 0 1 1 2 0
2 1 2 1 0 1 0 2





























, Db = XGh =





























0 0 0 0
1 0 1 2
2 0 2 1
0 1 1 1
1 1 2 0
2 1 0 2
0 2 2 2
1 2 0 1
2 2 1 0





























.

As expected, if the generator matrix degenerates to a row vector, i.e. m = 1, the
resulted design actually becomes a uniform GLP set.

2.2.2 Numerical optimization methods

Up to present, most existing uniform designs with general parameters are attained
through numerical optimization approaches. Despite the difficulty of searching the
global optimal design with the minimum discrepancy in the discrete point set of RNn,
plenty of scholars have made significant contributions to finding nearly uniform designs
on the candidate set by heuristic global optimization algorithms, as introduced in
Section 1. Such strategies sacrifice the minimum discrepancy to make the problem
tractable. However, they are seldom efficient for large-scale designs due to the com-
putational complexity, but large-scale designs are desired for computer experiments;
for example, many simulation models involving hundreds of factors were employed by
Morris (1991). Therefore, there is significant room for improvement in reducing the
discrepancy and the runtime.

For designs with flexible parameters, especially for large-scale ones, we make use
of the cutting method. For a large even moderate size of factors n, the GLP method
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fails to generate a uniform design, as the maximum factor size has to be less than
ϕ(N)/2 + 1 where ϕ is the Euler function (Fang et al. 2018). While a nearly uniform
LHD U(N ;Nn) with a non-prime N can be cut out from a larger one, as Ma and
Fang (2004) suggested. Concretely, for an existing uniform LHD D0 ∈ U(p; p

n), where
p ≥ N and p or p+1 is a prime, let P be a proper range of [0, 1]n such that there are N
points of D̃0 fell on P , and denote the set of these N points as D. From the theory of
QMC methods, it is clear that D is uniformly scattered over P. Therefore, the problem
shifts to choosing a suitable rectangle P in [0, 1]n, and after which the selected N
points form a uniform or nearly uniform design D by linear transformations. It should
be mentioned that the rectangle has wrap-around property; see Ma and Fang (2004)
for details.

Many of the existing nearly uniform design tables are searched out by the UniDOE
package in R, which is highly favored by engineers in practical projects. The input
parameters include the run size N , the column size n, the number of levels s, the
chosen discrepancy and the iterations, where N has to be a multiple of s. This package
is able to search for a nearly uniform design relatively quickly. However, in practical
applications, it has been found that this algorithm is extremely susceptible to the
initial design and thus often falls into unfavorable local optima, whose WD-value is
often far from its minimum.

3 Properties of uniform designs

This section focuses on uniform designs satisfying the row difference condition (3),
proposes detailed descriptions of their structure and provides several construction
methods, especially when factors are multitudinous. Firstly, the scale of a uniform
design is characterized as below.

Corollary 1. If an (N, sn)-balanced design D satisfies the row difference condition
(3), then











n = λ

(

N − 1

2

)

, if N is odd,

n = λ (N − 1) , if N is even,

(5)

where λ is a positive integer.

Corollary 1 is a generalization of Proposition 3 of Qi et al. (2023). This result
establishes a keynote that, the allowable values for N and n are restricted when a
uniform design satisfying (3) exists. For a given N , the minimum factor size for the
experiment is recommended to be (N − 1)/2 or N − 1, depending on that N is odd or
even. Furthermore, the same-scale uniform designs can be juxtaposed into one whose
column number is increased several-fold. As an example, an (N, s2n)-design (D,D)
with doubled column size is uniform, based on the assumption that the (N, sn)-design
D satisfies (3). While it disregards the confounding among factors, so the juxtaposed
designs usually require appropriate row permutations before column juxtaposition.
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When n comes to be more flexible, the required design is able to be cut out from the
one after some necessary random row permutations and column juxtapositions. For
instance, if a (9, 311)-nearly uniform design is needed and here a (9, 34)-uniform one
XGh has been obtained, as in Example 1, we firstly get a (9, 312)-uniform design D0 =

(XG
(1)
h , XG

(2)
h , XG

(3)
h ) where XG

(i)
h is a random row permutation design of XGh, and

select the optimal 11 columns from D0. Of course, setting D0 = (XG,XG
(1)
h ) is also

advisable, in whichXG is the (9, 38)-design in Example 1. Here
(

12
11

)

cutting frequencies
may be acceptable, but the computations will become unbearable as the design size
increases. The conclusion below provides a method to greatly reduce computational
complexity of this problem.

Theorem 1. If an (N, sn1)-design D1 satisfies the row difference condition (3), arbi-
trarily juxtapose an (N, sn2)-design D2 to D1, then for the resulted design (D1, D2)
with n = n1+n2 columns, there is a linear relationship between the squared WD-values
of (D1, D2) and D2. Here WD2([D1, D2]) is equal to

−

(

4

3

)n

+
1

N

(

3

2

)n

+Ks

[

WD2(D2) +

(

4

3

)n2

−
1

N

(

3

2

)n2
]

, (6)

where Ks is equal to



















(

3

2

)∆1
{[

3

2
−

2(2s− 2)

4s2

]

· · ·

[

3

2
−

(s− 1)(s+ 1)

4s2

]}2∆2

, odd s;

(

3

2

)∆1
(

5

4

)∆2
{[

3

2
−

2(2s− 2)

4s2

]

· · ·

[

3

2
−

(s− 2)(s+ 2)

4s2

]}2∆2

, even s,

(7)

and ∆1 = (N − s)n1/[(N − 1)s] and ∆2 = Nn1/[(N − 1)s].

Clearly, WD2([D1, D2]) is proportional to WD2(D2) as Ks is always positive. Then
before column juxtapositions, we only need to focus on the uniformity of D2. Such as
an example in which a (9, 34λ+3)-uniform design with a positive integer λ is required,
we can firstly cut out an optimal (9, 33)-sub-design from XGh, and then juxtapose it

and a (9, 34λ)-design D1 = (XG
(1)
h , . . . , XG

(λ)
h ) to form the final nearly uniform one.

Compared with the previous example, this scheme reduces the calculation frequency
from

(

12
11

)

to
(

4
3

)

. In fact, the cutting frequency is irrelevant to the scale of D1, because
the runtime is only spent cutting out D2 from XGh. Figure 3 in Section 6 shows this
point. Additionally, the cutting frequency

(

4
3

)

here can be reduced to once. That is, it
is able to be directly constructed rather than selected out.

Corollary 2. If an (N, sn)-balanced design D0 satisfies the row difference condition
(3), deleting any column of D0 results in the same WD-value. Denote the resulted
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(N, sn−1)-balanced design as D, then if s is odd,

WD2(D) = −

(

4

3

)n−1

+
1

N

(

3

2

)n−1

+
N − s

Ns

(

3

2

)∆1−1 [
3

2
−

2(2s− 2)

4s2

]2∆2

· · ·

[

3

2
−

(s− 1)(s+ 1)

4s2

]2∆2

+
2

s

(

3

2

)∆1
[

3

2
−

2(2s− 2)

4s2

]2∆2−1

· · ·

[

3

2
−

(s− 1)(s+ 1)

4s2

]2∆2

+ · · ·

+
2

s

(

3

2

)∆1
[

3

2
−

2(2s− 2)

4s2

]2∆2

· · ·

[

3

2
−

(s− 1)(s+ 1)

4s2

]2∆2−1

;

and if s is even,

WD2(D) = −

(

4

3

)n−1

+
1

N

(

3

2

)n−1

+
N − s

Ns

(

3

2

)∆1−1 (
5

4

)∆2
[

3

2
−

2(2s− 2)

4s2

]2∆2

· · ·

[

3

2
−

(s− 2)(s+ 2)

4s2

]2∆2

+
1

s

(

3

2

)∆1
(

5

4

)∆2−1 [
3

2
−

2(2s− 2)

4s2

]2∆2

· · ·

[

3

2
−

(s− 2)(s+ 2)

4s2

]2∆2

+
2

s

(

3

2

)∆1
(

5

4

)∆2
[

3

2
−

2(2s− 2)

4s2

]2∆2−1

· · ·

[

3

2
−

(s− 2)(s+ 2)

4s2

]2∆2

+ · · ·

+
2

s

(

3

2

)∆1
(

5

4

)∆2
[

3

2
−

2(2s− 2)

4s2

]2∆2

· · ·

[

3

2
−

(s− 2)(s+ 2)

4s2

]2∆2−1

,

where ∆1 = (N − s)n/[(N − 1)s] and ∆2 = Nn/[(N − 1)s]. Moreover, WD2(D)
converges to the lower bound (4) if N →∞, i.e. D is asymptotically uniform.

By this result, when an (N, sn−1)-uniform design happens to be needed, any dele-
tion of one column in D0 is practicable. Continuing with the assumption that a
(9, 311)-nearly uniform design is required, we gain a (9, 312)-uniform design D0 =

(XG
(1)
h , XG

(2)
h , XG

(3)
h ) and delete any column directly. In this way, the squared WD-

value is 6.46314. Under the same parameters, that obtained through UniDOE package
with 2000 iterations is 6.52417, and the lower bound LB(WD2) = 6.41505. Obviously,
our result is closer to the minimum. Corollary 2 implies that, even if a minor modi-
fication is conducted on uniform designs, their structure ensures that the uniformity
will not change much, notably when they are of a large size. However, it should be
emphasized that if two or more columns are randomly deleted from D0, the resulted
sub-designs usually have different WD-values, as the level combinations of the deleted
columns may be diverse. Conversely, if we arbitrarily add a balanced column to a
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uniform design, the WD-values of all possible resulted ones are the same and con-
verge asymptotically to the minimum (4). The added column should avoid aliasing
with effects valued in the original design. The end of this section reveals that, uniform
designs with equivalent structures are able to be split into two uniform sub-ones.

Corollary 3. For an (N, sn)-design D with an even n and without repetitive columns,
if D can be split into to two (N, sn/2)-designs, D = (D1, D2), satisfying that for any
column in D1, there is an equivalent column corresponding to it one by one in D2,
then D satisfies the row difference condition (3) if and only if both sub-designs D1

and D2 satisfy (3).

If the column size n0 ≤ n/2 is required in practice, then for an n-column design D
with the above specific structure, the wanted (N, sn0)-nearly uniform one can be cut

out from D1 or D2, reducing the cutting frequency from
(

n
n0

)

to
(

n/2
n0

)

.

4 Deterministic constructions for uniform designs

with any level

For prime-level factorials, the GLP method was extended by linear codes (Qi et al.
2023) and plenty of uniform designs were constructed. Nonetheless, there are currently
few deterministic constructions for non-prime-level cases. This section is committed
to filling this gap. One prevailing way to arrange input settings of quantitative factors
is to use LHDs. Here COA is regarded as a tool to construct a uniform LHD with any
level.

Theorem 2. For a positive integer λ, if an (s, sλs(s−1))-LHD D is a transpose of a
COA, i.e. D⊤ is a COA(λs(s− 1), s), then WD2(D) arrives at its minimum (4).

Example 2. Consider a (5, 520)-LHD D below, obviously D⊤ is a COA(20, 5),

D =













0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
2 3 4 0 1 4 0 1 2 3 1 2 3 4 0 3 4 0 1 2
4 0 1 2 3 3 4 0 1 2 2 3 4 0 1 1 2 3 4 0
3 4 0 1 2 1 2 3 4 0 4 0 1 2 3 2 3 4 0 1
1 2 3 4 0 2 3 4 0 1 3 4 0 1 2 4 0 1 2 3













.

It can be checked that D satisfies (3), and thus it is uniform under WD.

The constructions of COAs with any number of components, breaking through the
limitation that the component number was usually a prime or a prime power, has
been proposed by Huang (2021). Therefore, uniform designs with any level number
can be correspondingly constructed by Theorem 2. Despite this fact, it comes at the
cost of an excessive number of factors, because a COA often introduces too many runs.
For example, the minimum run size of a COA with 6 components is 60 (Yang et al.
2021), which means its transposition, a uniform LHD with 6 runs, includes at least 60
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factors. It is generally less considered in real experiments. The following constructions
contribute to the reduction of factor size.

Corollary 4. Add a level to the end of each column of the transpose of a COA(λs(s−
1), s), then the squared WD-value of the resulted (s + 1, (s + 1)λs(s−1))-LHD arrives
at its minimum (4).

A (6, 620)-uniform LHD can be obtained by adding a level to the end of each column
of the (5, 520)-LHD in Example 2. The column size is reduced to 20 from 60, whose
effect is quite impressive. Next, we try to further reduce the scale (6, 620) to (6, 610).
For an odd prime s, the following construction halves the factor size in Theorem 2
and Corollary 4.

Construction 1.

Step 1. For an odd prime s, construct an s × [s(s − 1)] array, namely D0, whose
rows are labeled with all elements in Zs and whose columns are labeled by the s(s− 1)
polynomials over Zs of degree one.
Step 2. Denote the polynomials (in the variable x, say) in Step 1 as ϕ1, . . . , ϕs(s−1).
For l = 1, . . . , s(s − 1), ϕl can be expressed in the form kx + a with k = 1, . . . , s − 1
and a = 0, . . . , s − 1. The element of D0 in the row labeled i ∈ Zs and the column
labeled ϕl is defined to be ϕl(i), i.e. the value of the polynomial ϕl at i.
Step 3. Divide these s(s − 1) polynomials into two groups such that for any k =
1, . . . , s − 1, (1) the polynomials {kx, kx + 1, . . . , kx + (s − 1)} appear in the same
group; (2) the polynomials kx+ a1 and (s− k)x+ a2 appear in different groups with
a1, a2 = 0, . . . , s− 1. Use either group to form an s× [s(s− 1)/2] matrix, named D1.
Step 4. If needed, an additional level can be added at the end of each column in D1,
that is, a run (s, . . . , s) is added to D1. Denote the resulted (s+1, (s+1)s(s−1)/2)-design
as D2.

Here D0 is just the transpose of a COA(s(s − 1), s), which is the same as that
created by Construction 1 of Huang (2021), so the first two steps propose a specific
construction for an (s, ss(s−1))-uniform LHD, as an application of Theorem 2. Consid-
ering that s is an odd prime, for any polynomial ϕl1 in the set {ϕ1, . . . , ϕs(s−1)}, there
always exists a ϕl2 such that ϕl1 + ϕl2 = 0. As an example, for the polynomial 2x+ 1
when s = 5, 3x+4 makes the sum of these two polynomials equal to 0, regardless of the
value of x. Consequently, D0 can always be split into to two (s, ss(s−1)/2)-sub-designs,
ensuring the feasibility of Step 3.

Theorem 3. For the (s, ss(s−1)/2)-D1 and (s + 1, (s + 1)s(s−1)/2)-D2 obtained by
Construction 1, both WD2(D1) and WD2(D2) arrive at the minimum (4).
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Example 3. Let D0 be the (5, 520)-LHD in Example 2. Then Construction 1
constructs a (5, 510)-LHD D1 by Step 3, and a (6, 610)-LHD D2 by Step 4,

D1 =

































0 2 4 3 1
1 3 0 4 2
2 4 1 0 3
3 0 2 1 4
4 1 3 2 0
0 4 3 1 2
1 0 4 2 3
2 1 0 3 4
3 2 1 4 0
4 3 2 0 1

































⊤

, D2 =

































0 2 4 3 1 5
1 3 0 4 2 5
2 4 1 0 3 5
3 0 2 1 4 5
4 1 3 2 0 5
0 4 3 1 2 5
1 0 4 2 3 5
2 1 0 3 4 5
3 2 1 4 0 5
4 3 2 0 1 5

































⊤

.

Here D1 and D2 both satisfy (3) and are uniform under WD.

In line with Corollary 1, the minimum column size of a uniform LHD with 6 runs is 5
in theory. But due to the distinctiveness of non prime and non prime powers, the above
(6, 610)-LHD is currently the best choice. Fortunately when s = 4, a (4, 43)-uniform
LHD obtained by Construction 1 minimizes the column size.

The above discuss the constructions of uniform LHDs, but more common situations
with N ̸= s in practice are still an urgent need to be addressed. Next, we apply the
level collapsion to the previously obtained designs for more general options of s.

Corollary 5. If an (s, sλs(s−1))-LHD D0 is the transpose of a COA, i.e. D⊤
0 =

COA(λs(s−1), s) where s = ks0 and k ≥ 2, collapse the level s to s0, then the resulted

(s, s
λs(s−1)
0 )-design D is balanced and WD2(D) arrives at its minimum (4).

Notice that s0 is able to be any divisor of s, which results in a flexibility. In fact,
the level collapsion also works for other uniform LHDs obtained previously.

Corollary 6. For the (s+1, (s+1)λs(s−1))-LHD from Corollary 4 or the (s+1, (s+
1)s(s−1)/2)-LHD from Construction 1, if s + 1 = ks0 where k ≥ 2, collapse the level
s+1 to s0, then the resulted (s+1, s0

λs(s−1))- or (s+1, s0
s(s−1)/2)-design D is balanced

and WD2(D) arrives at its minimum (4).

The proof of Corollary 6 is quite similar to that of Corollary 5, so it is omitted
here. As Huang (2021) pointed out, a COA(s(s − 1), s) with λ = 1 always exists for
an odd prime s. This implies that the column size of D in Corollary 6 can be reduced
to s(s − 1)/2, which is not unbearable. Given that odd prime numbers plus 1 are all
composite, Corollary 6 thus has wide applicability.
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Input: (N,n, s, T )
where N is a multiple of s

Is s a prime?

Q1 Q2 Q3

Case 1 Case 2 Case 3 Case 4

Output:
a uniform or nearly uniform design D;

the squared WD-value of D;
a hint for updating parameters

Yes

No

No No

Yes Yes Yes

No

Notes:
1. “Q1”means that “Is N a power of s?”
2. “Q2”represents that “Is n ≤ γ(N) and N/n > 10?” where γ(N) is the maximum
length of all possible generator vectors in the PGLP method.
3. “Q3”means that “Is N − 1 a prime with N > 3 and n or n − 1 or n + 1 mod
(N − 1)(N − 2)/2 = 0?”

Fig. 1 Flowchart of SOM

5 SOM for uniform designs

This section offers a systematic optimization method (SOM) to seek uniform or nearly
uniform designs. Its flowchart is detailed in Figure 1, in which different processes
determine the applications of different theories. It always assumes that N is a multiple
of s in the input parameters (N,n, s, T ). Here T is the maximum of iterations, with
the fact that the actual iterations in SOM is always less than or equal to T . In each
case, SOM outputs a uniform or nearly uniform design, its squared WD-value, and a
hint of updating parameters for better results.

For some parameters, as in Case 1, Case 2 and Case 3, SOM firstly constructs a
uniform design with N runs, and then cuts out the required n columns. With respect
to more general parameters in Case 4, SOM firstly constructs a uniform GLP set
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with larger size, and then cuts both rows and columns to get the desired nearly uni-
form design. Logically, the larger the parameter, the better the effect, assured by the
structure of uniform designs.

Case 1: Cutting columns from a GLP set or its promotion
When s is a prime andN is a power of s, a uniform design, withN−1 columns when

s = 2 and with (N − 1)/2 columns when s is odd, is able to be directly constructed,
referring to Corollary 1 and Qi et al. (2023). In the following, the optimization method
in which s is an odd prime will be thoroughly analyzed; and that where s = 2 is quite
similar and is thus omitted. Denote the above (N, s(N−1)/2)-uniform design as XGh.
Since the factor size n is arbitrary, it is divided into three situations below for analysis.

If n mod (N − 1)/2 = 0, an effective idea is to obtain (XG
(1)
h , . . . , XG

(λ)
h ) where

λ = 2n/(N − 1) and XG
(i)
h is a random row permutation design of XGh. Its squared

WD-value, equal to the minimum (4), is directly given. Moreover, a hint “This WD-
value arrives at its minimum!” is provided. And if n+1 or n− 1 mod (N − 1)/2 = 0,
by Corollary 2 and its generalization, we randomly remove or add a balanced column

on the (N, sn+1)- or (N, sn−1)-uniform design (XG
(1)
h , . . . , XG

(λ)
h ) to gain an (N, sn)-

nearly uniform one. The squared WD-value is also directly provided, with a hint
“Setting the column size as n+1 (or n−1) will be a better choice!”. For example, if a
(9, 37)-nearly uniform design is required, remove one column from the (9, 38)-uniform

design (D
(1)
b , D

(2)
b ) where Db = XGh as in Example 1. The resulted squared WD-value

is 0.96708, compared with 0.97684, that searched out by UniDOE package through
2000 iterations, and the lower bound 0.95172 under the same parameters.

In the two situations above, in which the required design is directly constructed,
the search time is saved and the WD-value is equal to or extremely close to the lower
bound. Note the output designs are not always the same, since that there is a row
permutation step. But its impact is almost able to be ignored.

While if 1 < n mod (N − 1)/2 < [(N − 1)/2 − 1], it is necessary to juxtapose
some XGh’s to cover (N,n), from which the required design is cut out. Let λ =
min{i : i × (N − 1)/2 ≥ n}, so that n0 = λ(N − 1)/2 covers n. Let D = (D1, D2)

where D1 = (XG
(1)
h , . . . , XG

(λ−1)
h ) and D2 is a sub-design with n′ = n− (λ− 1)(N −

1)/2 optimal columns cut out from XG
(λ)
h . Now by Theorem 1, the problem becomes

choosing the optimal n′ columns from XG
(λ)
h , and there are

(

(N−1)/2
n′

)

selecting plans
overall, leading to a long runtime. In reality, the selection range can be reasonably
reduced. We refer to and improve the cutting method (Ma and Fang 2004). List all
consecutive sorted n′ numbers in {1, . . . , (N−1)/2} as the required column labels, and

pick these corresponding columns in XG
(λ)
h . This scheme reduces the computations

from
(

(N−1)/2
n′

)

to (N−1)/2−n′+1 = (N−2n′+1)/2. Note that the actual iteration in
SOM is min{T, (N −2n′+1)/2}, which means that if T < (N −2n′+1)/2, SOM only
compares the first T candidate sub-designs. It ensures that the runtime of SOM will
not be too long. Although the candidate sets are greatly reduced, the actual numerical
simulations show that there is little difference in the uniformity of obtained designs.
Finally, a hint “Setting the column size as (λ− 1)(N − 1)/2 or λ(N − 1)/2 will be a
better choice!” is given. For example, to get a (9, 310)-nearly uniform design, regard
the (9, 34)-design Db in Example 1 as XGh and gain a (9, 38)-design D1. Next, we
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traverse all sets of consecutive sorted column labels with a length of n′ = 10− 8 = 2
in the list {1, 2, 3, 4} and obtain {1, 2}, {2, 3} and {3, 4}, then choose the one with the
minimum WD-value from these 3 sub-designs of Db (if T ≥ 3), recorded as D2. The
squared WD-value of (D1, D2) is 4.09795, compared with 4.10989, that searched out
by the UniDOE package through 2000 iterations, and the lower bound 4.04843 under
the same parameters.

Case 2: Cutting columns from a PGLP set
Case 1 is extremely effective for input parameters of N/n ≤ 2, but it may be

powerless when N/n is large. Here we apply the PGLP method to make up for this
shortcoming. Denote the set of all possible lengths of generator vectors as {L1, L2, . . .}.
Then the PGLP method becomes available only when n ≤ γ(N) = max{L1, L2, . . .}.
Under the assumptions of Case 2, an (N,Nγ(N))-nearly uniform PGLP set can be
constructed, denoted as D0. Then we select the optimal n columns from D0 and
collapse the level N to s, similar to the third situation in Case 1. Note that here the
actual iteration in SOM is min{T, γ(N)− n+ 1)}. Finally, we recommend increasing
s if N > s; or setting N and s to a larger prime if N = s.

For example, to obtain an (1002, 100260)-nearly uniform design, we have
{L1, L2, L3} = {166, 83, 2}, so 60 = n ≤ γ(1002) = 166. Let D0 be an (1002, 1002166)-
nearly uniform LHD by the PGLP method. The squared WD-value of the optimal
60 columns cut out from D0 is 35737930 (T = 200), compared with 36023529, that
searched out by the UniDOE package through 2000 iterations, and 36624577, that
cut out from an (1009, 1009504)-uniform LHD by the following Case 4, and the lower
bound 33712325 under the same parameters. A hint “Setting N and s as 1009 will be
a better choice!” is given.

Case 3: Cutting columns from a transposed COA
For multi-factor experiments, the column size n is often much larger than the row

sizeN . Under these parameters, applying the constructions in Section 4 is ideal. Record
the uniform LHD with N runs and (N − 1)(N − 2)/2 columns in Construction 1 as
XGh. Implement the necessary random row permutations, column juxtapositions and

level collapsions to gain a uniform design D0 = (XG
(1)
h , . . . , XG

(λ)
h ) with N runs and

s levels. If n mod (N − 1)(N − 2)/2 = 0, D0 is exactly the desired result. Its squared
WD-value, equal to the minimum (4), is directly given, and we provide a hint “This
WD-value arrives at its minimum!” While if n+1 or n−1 mod (N−1)(N−2)/2 = 0,
we randomly remove or add a balanced column on D0 with n + 1 or n − 1 columns.
The squared WD-value is also directly given by Corollary 2, with a hint “Setting the
column size as n+ 1 (or n− 1) will be a better choice!”.

Case 3 is similar to Case 1 and requires no runtime for searching. For instance, if a
(6, 69)-uniform design is needed, it can be gained by deleting one column of the (6, 610)-
uniform one from Theorem 3. Its squared WD-value is 2.22554; while under the same
parameters, the searched design by the UniDOE package through 2000 iterations has
a squared WD-value 2.25353, and the lower bound is 2.21982. Notice that the strategy
in Case 3 is also effective when N = s is a prime. But in this case, the transposed
COA is a column juxtaposition of some uniform GLP sets, as a special circumstance
of Case 1. Additionally, the condition “n or n−1 or n+1 mod (N −1)(N −2)/2 = 0”
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ensures that the structure of the resulted design will not differ significantly from D0.
If this condition is not met, Case 3 is often less effective than following Case 4.

Case 4: Cutting both rows and columns from a larger-size GLP set
For more general parameters (N,n, s), we firstly cut out a nearly uniform LHD

from a larger existing uniform one, and then collapse the level N to s to gain the
needed design. This cutting method is always able to be implemented, no matter s
is prime or not. The primary task is to find a suitable uniform LHD to cover (N,n).
Let p = min{i : N < i and i is a prime} and p is clearly odd. Then a (p, pp−1)-
and a (p, p(p−1)/2)-uniform LHD, still recorded as XG and XGh respectively, can be
constructed by the GLP method (Qi et al. 2023). Unlike Case 1 which only utilizes
XGh, the discussions below consider both XG and XGh.

If 0 < n mod (p−1) ≤ (p−1)/2, firstly juxtapose as many XG’s as possible after
random row permutations and then juxtapose a random row permutation design of
XGh to form a preliminary design D0. Specifically, let λ = max{i : i × (p − 1) < n}

and obtain D0 = (XG(1), . . . , XG(λ), XG
(1)
h ) with n0 = (λ + 1/2)(p − 1) columns.

While for other situations, i.e. if n mod (p − 1) = 0 or > (p − 1)/2, just juxtapose
as many XG’s as possible to form D0. Denote λ = min{i : i × (p − 1) ≥ n} and get
D0 = (XG(1), . . . , XG(λ)) with n0 = λ(p − 1) columns. After acquiring a (p, pn0)-
design D0, list all consecutive sorted N numbers in {1, . . . , p} as the required row
labels and such n numbers in {1, . . . , n0} as the required column labels; then pick the
corresponding rows and columns in D0 to form sub-designs. The levels of such sub-
designs at present are bound to be in a mess, so we have to reorder them in each
column and collapse N levels to s. Next, choose the optimal one with the minimum
WD-value from min{T, (p−N + 1)(n0 − n+ 1)} alternative sub-designs. The limited
iteration prevents the runtime of SOM from being too long. Here we cut both rows
and columns simultaneously, which is essentially consistent with the idea of Ma and
Fang (2004). Finally, if N = s, a hint “Setting N and s as p will be a better choice!”
is given; while if N ̸= s, we recommend increasing the level s.

6 Numerical examples

Numerical experiments not only compare the squared WD-values obtained by SOM,
the UniDOE package in R and the lower bound (4) under the same parameters,
recorded as WDSOM , WDUniDOE and LB respectively; but also compare their run-
time with the same iterations. Notice that LB is set to be the maximum of 0 and (4),
as LB is always non negative. In order to display the optimization effect (OE) more
intuitively, a reasonable criterion

OE =







0, if WDUniDOE = LB;

WDUniDOE −WDSOM

WDUniDOE − LB
× 100, if WDUniDOE > LB,

(8)

is proposed. Similar criterion can be found in Joseph and Hung (2008). As expected,
0 ≤ OE ≤ 100. The larger OE is, the closer WDSOM is to LB compared to WDUniDOE .
Notice that when WDUniDOE = WDSOM > LB, the designs found by two methods
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share the same uniformity, but it does not imply that they are not optimal although
OE = 0. For instance, WDSOM and WDUniDOE with 2000 iterations under the input
parameter (N,n, s) = (9, 2, 3) are both 0.04973, which is greater than LB = 0.04467,
and the gained designs are both (9, 32)-full factorial ones. However, as Zhou et al.
(2012) pointed out, a full factorial design has the minimum WD-value over U(N ; sn).
Such a phenomenon is because that LB is usually not tight enough.

Fig. 2 Optimization effect

Numerous numerical examples have been conducted, as depicted in Figure 2. The
iteration parameter T is 2000 for both WDSOM and WDUniDOE . The first two sub-
graphs mainly show OEs of Case 1. As n increases, OE intermittently equals 100 like
a harmonic wave, and the amplitude gradually decreases, leading to a steady trend
towards 100. When N = s = 59 for example, a uniform design with n = 29, 58, 87, . . .,
whose squared WD-value equals to LB, is directly constructed, so its OE is 100. When
n approaches these values, the obtained designs still retain the uniform structure well,
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so their OEs are close to 100. The middle two subgraphs mainly correspond to Case
4, which are similar to the first two ones. But the amplitude is not particularly sig-
nificant due to the row cutting in Case 4. Additionally, OEs of Case 2 and Case 3
have actually been included in the middle subgraphs. For instance, when n ≤ 13 and
N = s = 207, there is a range of OE significantly greater than 0. This is because
the designs cut out by the PGLP method perform well under WD when the row-
column ratio is very large, as pointed out by Case 2. And when N = s = 12 and
n = 54, 55, 56, 109, 110, 111, . . ., the design is directly constructed by Case 3, with its
OE close to 100. The last two subgraphs respectively portray the situations where N
increases with n unchanged and N and n increase proportionally. When N increases
with n unchanged, few columns are cut out from a larger PGLP set , which leads to
an unstable structure. As N increases, OE is generally greater than 0 and fluctuates
upward. While in the last subgraph, overall SOM is better than UniDOE package.
Especially when N = 2n, this ratio is extremely close to n = (N −1)/2 in Corollary 1,
and thus its OE gradually approaches 100.

At last, we compare the runtime of our SOM and the UniDOE package under the
same iterations, outlined in Figure 3. It is widely recognized that the time complexity
of calculating WD-value by (1) is O(N2n), which is time-consuming. SOM converts its
calculation from a simple loop to a matrix operation to shorten runtime. The specific
algorithm based on R is given as Algorithm 1.

Considering that the maximum iterations T in the input parameters of SOM only
limits the upper bound of iterations, rather than the actual iterations, the iterations of
UniDOE package here is set to be the same as the actual iterations of SOM, in order to
compare the runtime of these two more fairly and reasonably. Particularly, when SOM
directly constructs the design, the corresponding iteration of UniDOE package is set
to be 1. In Figure 3, it is apparent that SOM takes less time than UniDOE package.
The former exhibits the staged changes as n increases, because the direct construction
under some parameters takes no runtime. For example in the first sub-figure, when
N = s = 197, the runtime tends to 0 if n = 97, 98, 99, 195, 196, 197. When n changes
from 99 to 100, SOM immediately changes from direct construction to cutting out
the optimal 100 columns from an (197, 197196)-uniform LHD with cutting frequency
of 196− 100+ 1 = 97 times. When n gradually increases from 100 to 194, the cutting
frequency drops from 97 to 3. Therefore, its runtime always increases rapidly and then
slowly decreases to 0 in each stage. The runtime of SOM is always bound by a trend
as n changes. This ensures that the runtime will not explode even if abundant factors
are required, guaranteed by Theorem 1.

When N increases with n unchanged and N and n increase proportionally, the
maximum iterations T of SOM and that of UniDOE package in the last two sub-
graphs are both set to be 100. It is easy to see that, the runtime of UniDOE package
shows an obvious linear growth trend with the increase of design scale; while the
average runtime of SOM is much less than that of UniDOE package. Additionally,
it is worth mentioning that in the actual use of UniDOE packages, the iterations
typically take several thousand or even more, rather than dozens or hundreds here.
When the iteration is set to be less than 2000, WDUniDOE is generally worse than
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Algorithm 1 A fast calculation for WD

Require: A balanced design D0

Ensure: The squared WD-value of D0

1: function WD2(D0)
2: N ← nrow(D0)
3: n← ncol(D0)
4: if n == 0 then

5: result← 0
6: else

7: s← apply(D0, 2, max)
8: if max(s) ≥ 1 then

9: if min(apply(D0, 2, min)) == 0 then

10: s← s+ 1
11: t← matrix(rep(s, each = N), nrow = N, byrow = TRUE)
12: D ← (D0 + 0.5)/t
13: else

14: t← matrix(rep(s, each = N), nrow = N, byrow = TRUE)
15: D ← (D0 − 0.5)/t
16: end if

17: else

18: t← matrix(rep(s, each = N), nrow = N, byrow = TRUE)
19: D ← D0

20: end if

21: L← vector(“list”, N − 1)
22: for i in 1 : (N − 1) do
23: X1 ← matrix(rep(D[i, ], N − i), nrow = N − i, byrow = TRUE)
24: A← X1 −D[(i+ 1) : N, ]
25: L[[i]]← sum(apply(3/2− abs(A) +A2, 1, prod))
26: end for

27: S ← sum(unlist(L))
28: result← −(4/3)n + (3/2)n/N + 2 ∗ S/(N2)
29: end if

30: return result
31: end function

that in Figure 2. So in summary, SOM runs faster than UniDOE package under the
same iteration, and the resulted designs of SOM are far more uniform.

7 Conclusions and discussions

This paper firstly characterizes uniform designs with the minimum WD-values and
proposes deterministic constructions for uniform designs with any level. On the basis
of these, we provide SOM for searching nearly uniform designs with WD-values closer
to the minimum. Numerical experiments show that SOM is far superior to UniDOE
package and approaches the lower bound more quickly.
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Fig. 3 Runtime(s)

For parameter inputs with large row-column ratio N/n, there may has a lot of
room for improvement, which is worth for future study.
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Appendix A Proofs

Proof of Corollary 1: Let N = ks. If s is even, then ∆1 = (k − 1)n/(N − 1) and ∆2 =
kn/(N − 1) should be both integers by (3). So n = kn − (k − 1)n is a multiple of N − 1.
Similarly when s is odd, ∆1 and 2∆2 are integers, resulting in 2n = 2kn− 2(k− 1)n being a
multiple of N−1. Therefore, if s and k are both odd, then N−1 is even and n = λ(N−1)/2;
while if s is odd but k is even, N − 1 is odd and n = λ(N − 1). □

Proof of Theorem 1: For the design [D1, D2] = (xkl)N×n, we have that WD2([D1, D2]) =

−(4/3)n +
∑N

k,j

∏n
l=1(3/2 −

∣

∣xkl − xjl
∣

∣ +
∣

∣xkl − xjl
∣

∣

2
)/N2 = −(4/3)n + (3/2)n/N +

∑N
k ̸=j

∏n1

l1=1 (3/2 −
∣

∣xkl1 − xjl1
∣

∣ +
∣

∣xkl1 − xjl1
∣

∣

2
)
∏n

l2=n1+1 (3/2 −
∣

∣xkl2 − xjl2
∣

∣ +
∣

∣xkl2 − xjl2
∣

∣

2
)/N2. Given that any two runs in the (N, sn1)-design D1 satisfy (3), it is obvi-

ously that
∏n1

l1=1(3/2−
∣

∣xkl1 − xjl1
∣

∣+
∣

∣xkl1 − xjl1
∣

∣

2
) is a constant for any k and j, recorded

as Ks. And combined with the the expression of WD2(D2) by (1), the result is natural. □

Proof of Corollary 2: Given that the distance distribution between any two rows in a
balanced design satisfying (3) is fixed, the WD-values of the resulting sub-designs are clearly
the same after removing any column. For a balanced s-level column, each level is repeated

N/s times. So when s is an odd, among the total
(N
2

)

element pairs, there are
(N/s

2

)

× s =

N(N − s)/(2s) pairs with Lee distance equal to 0, and N2/s pairs with Lee distance equal to
1, 2, . . . , (s− 1)/2 respectively. Based on (4), it is easy to obtain the expression of WD2(D).
And when s is even, the idear is similar. Next, we prove that D is asymptotically uniform.
When s is odd, the lower bound of an (N, sn−1)-design, LB(WD2) in (4), can be obtained.
Considering that (N−1)/N = (N−s)/(Ns)+(2/s)× [(s−1)/2], LB(WD2) can be expressed
as

LB(WD2) =−

(

4

3

)n−1

+
1

N

(

3

2

)n−1

+
N − s

Ns

(

3

2

)

(N−s)(n−1)
(N−1)s

P
2N(n−1)
(N−1)s

+
2

s

(

3

2

)

(N−s)(n−1)
(N−1)s

P
2N(n−1)
(N−1)s + · · ·+

2

s

(

3

2

)

(N−s)(n−1)
(N−1)s

P
2N(n−1)
(N−1)s ,

where P = [3/2 − 2(2s − 2)/(4s2)] × · · · × [3/2 − (s − 1)(s + 1)/(4s2)]. Note that the total
(s − 1)/2 terms from the fourth term to the last term are completely identical. Then we
compare WD2(D) and LB(WD2) term by term. Specifically, the comparison between the
third terms of two is scaled as follows,

(3/2)
(N−s)n
(N−1)s

−1
P

2Nn

(N−1)s

(3/2)
(N−s)(n−1)

(N−1)s P
2N(n−1)
(N−1)s

=

(

3

2

)−
N(s−1)
(N−1)s

P
2N

(N−1)s ≤

[

(3/2)
s−1
2

]

2N
(N−1)s

(3/2)
N(s−1)
(N−1)s

= 1.

And the ratio between the fourth terms of two is as follows,

(3/2)
(N−s)n
(N−1)s

[

3/2− 2(2s− 2)/(4s2)
]

2Nn

(N−1)s
−1

Q
2Nn

(N−1)s

(3/2)
(N−s)(n−1)

(N−1)s P
2N(n−1)
(N−1)s
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=
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,

where Q = [3/2 − 4(2s − 4)/(4s2)] × · · · × [3/2 − (s − 1)(s + 1)/(4s2)]. Let N = ks. Then
N → ∞ naturally leads to s → ∞, so we have (N − s)/[(N − 1)s] = (k − 1)/(N − 1) → 0
and (3/2)/(3/2 − 1/s) → 1. The comparisons of the other items are similar. Therefore,
WD2(D)/LB(WD2) ≤ 1 is concluded. Obviously WD2(D) ≥ LB(WD2), resulting in
WD2(D) → LB(WD2). While s is even, the proof is similar. □

Proof of Corollary 3: The necessity is guaranteed by the property of column juxtapo-
sition. As for the sufficiency, the distribution of the row difference in D1 is the same as
that of D2 according to the condition. So if D satisfies (3) with the parameters ∆1 =
(N − s)n/[(N − 1)s] and ∆2 = Nn/[(N − 1)s], then the difference of any two rows in D1 or
D2 satisfies (3) with ∆1 = (N − s)n/[2(N − 1)s] and ∆2 = Nn/[2(N − 1)s]. □

Proof of Theorem 2: Considering the combinatorial properties of a COA, for any two
rows of D, we always have σ0 = 0, σ1 = · · · = σ(s−1)/2 = 2λs if s is odd, and σ1 = · · · =
σ(s−2)/2 = 2λs and σs/2 = λs if s is even. It can be easily verified to satisfies (3). □

Proof of Corollary 4: The transpose of a COA(λs(s − 1), s), denoted as D0, is a sub-

design of the resulting (s + 1, (s + 1)λs(s−1))-LHD, denoted as D. For any two rows in D0

with s levels, σ0 = 0 and σ1 = 2λ(s− 1) in the sense of s+1 levels. The occurrences of other
equivalence elements can be similarly obtained, which satisfies (3) in the sense of s+1 levels.
On the other hand, for any row in D0 and the added row (s, s, . . . , s) in D, the conclusion
also holds, guaranteed by the balance of COA. □

Proof of Theorem 3: D0 in Construction 1 is always able to be split into to two
(s, ss(s−1)/2)-sub-designs, one of whom is D1. Then by Corollary 3, D1 satisfies (3) and is
thus uniform. As for D2, Step 3 in Construction 1 ensures that each row in D1 is balanced,
then the discussion for D2 is similar to the proof of Corollary 4. □

Proof of Corollary 5: The balance of D is guaranteed by that of D0. Assuming that λ = 1,
any two runs of D0 can be expressed as a juxtaposition of the following,

(

d d · · · d d · · · d
0 1 · · · d− 1 d+ 1 · · · s− 1

)

,

where d = 0, 1, . . . , s − 1. After the level collapsion from s to s0, any two runs of D can be
expressed as k repeated juxtapositions of the following,

(

d0 · · · d0 · · · d0 · · · d0 · · · d0 · · · d0
0 · · · 0 · · · d0 · · · d0 · · · s0 − 1 · · · s0 − 1

)

,

where 0, . . . , d0 − 1, d0 + 1, . . . , s0 − 1 are repeated k times respectively and d0 is repeated

k − 1 times. Then for any two runs of the (s, s
s(s−1)
0 )-design D, σ0 = (k − 1)ks0 = (k − 1)s,
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σ1 = · · · = σ(s0−1)/2 = (2k)ks0 = 2ks when s is odd, and σ1 = · · · = σs0/2−1 = 2ks and
σs0/2 = ks when s is even. The discussion is similar when λ ≥ 2. Note that in sense of new
parameters, ∆1 = (N − s0)n/[(N − 1)s0] = (s − s0)[λs(s − 1)]/[(s − 1)s0] = λ(k − 1)s and
∆2 = Nn/[(N − 1)s0] = s[λs(s− 1)]/[(s− 1)s0] = λks and so on. It can be checked that D
satisfies (3) as above. □
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