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Abstract: In this paper, we introduce a "CFT factory" – a novel algorithm of method-13

ically generating 2D lattice models that would flow to conformal field theories (CFTs) in14

the infrared. We realise these models by engineering the boundary conditions of 3D topo-15

logical orders (SymTOs) described by string-net models. The critical points are induced16

by a commensurate condensation of non-commuting anyons. Our structured method gen-17

erates an infinite family of critical lattice models, including the A-series minimal models,18

and uncovers previously unknown critical points. Notably, we discover at least three novel19

CFTs (with central charge c ≈ 1.3, 1.8, and 2.5) that preserves the Haagerup symmetries,20

in addition to recovering previously reported examples. The non-invertible symmetries pre-21

served at these points are dictated by a novel "refined condensation tree". The condensation22

trees, together with a generalised Kramers-Wannier (KW) duality, predict large swathes23

of phase boundaries and sieves out second order phase transitions. This predictive power24

is illustrated not only in well-studied examples, such as the 8-vertex model associated with25

the A5 category, but also in new cases involving Haagerup symmetries, validated by an26

improved symmetry-preserving tensor-network renormalization group method. The criti-27

cal couplings are precisely encoded in algebraic data (the Frobenius algebras and quantum28

dimensions of unitary fusion categories), thereby establishing a powerful and systematic29

route to the discovery and potential classification of new CFTs.30
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Introduction31

Critical lattice models are an exceedingly economical way of encoding conformal field the-32

ories (CFTs). Their systematic construction offers a promising avenue to classifying and33

solving for novel CFTs – a long-standing open problem, even in two dimensions where34

much more is understood. Ideally, a successful framework of critical lattice models should35

sufficiently constrain the models by physical principles (such as symmetries or matter con-36

tent), such that the landscape can be explored in a controlled way. However, this goal37

faces two major challenges: First, engineering the desired physical properties of a lattice38

model is difficult; second, in the thermodynamic limit, generic lattice models tend to realize39

gapped phases, among which phase transitions are typically first order. To recover a CFT,40

a notorious challenge is to isolate second-order critical points.41

Over the past five decades, significant efforts have been made to detect patterns in42

critical couplings. In some cases, criticality is observed in Kramers-Wannier (KW) self-dual43

models such as the Ising model. The notion of discrete holomorphicity [1–4] also provides a44

hint of the underlying patterns. About twenty years ago, a different line of progress emerged45

with the discovery of the so-called “golden chain” [5], a series of lattice models that were46

found to exhibit criticality protected by non-invertible symmetries. This model, along47

with a broad family of its generalizations [6–8] (often described by the “strange correlator”48

construction1), provides a concrete realization of the topological holographic principle [14–49

23]. In this framework, a transfer matrix with specified non-invertible symmetries can50

be expressed as the path integral of a higher-dimensional topological order (a symTO or51

symTFT), with appropriate boundary conditions. This so-called “sandwich construction”52

translates the search for CFTs with given (generalised) symmetries into the search for53

critical boundary conditions of the associated symTO. Although this problem remains54

open, recent progress has recast many integrable lattice models as strange correlators [6–55

8, 24, 25].56

In this work, we propose a systematic solution to the decades-long challenge of con-57

structing 2D critical systems. We establish a CFT factory: a systematic procedure for58

engineering boundary conditions in any given 2+1D string-net (SN) model [26], thereby59

generating infinite classes of 1+1D critical lattice models. By extending insights from60

models like the generalised golden chain, we connect the physics of competing anyon con-61

densations to criticality. This allows us to control the minimal set of (often non-invertible)62

symmetries preserved in the construction, making it possible to systematically scan through63

the space of models and generate novel CFTs with specified symmetries.64

The central mechanism of our factory, rooted in the topological holographic principle65

[5–8], is that the partition function of a 2D critical model can be realized as the overlap66

between a 2D gapped string-net wavefunction |Ψ⟩SN(F ) and a specially designed boundary67

state ⟨Ωcritical|:68

Z2D critical = ⟨Ωcritical|Ψ⟩SN(F ). (1)

1The strange correlator was first introduced in [9] to detect SPT phases, and later shown to be equivalent

to studying non-trivial boundary conditions of 3D topological models. More recently, it has found diverse

applications in constructing 1+1D phases, e.g. [10–13].
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Here, |Ψ⟩SN(F ) is a string-net model constructed from an input unitary fusion category69

(UFC) F . The bulk topological phase described by this model has anyon types given by70

the simple objects of the Drinfeld center Z(F ). We implement this model on a truncated71

square lattice (Fig. 1), where the vertex-plaquette equality in number plays an important72

role.73

It was argued [27, 28] and proved rigorously [29] at least in the case of the 2D Ising74

model, that when a pair of non-commuting topological defects (which arises as anyons in75

the 3D symTO) remain unbroken (or uncondensed), the 2D model is either degenerate or76

gapless. In our construction, criticality emerges when this boundary state ⟨Ωcritical| enforces77

a commensurate balance of competing anyon condensates. The critical couplings and phase78

boundaries acquire a simple algebraic interpretation through the properties of the input79

F . Specifically, the condensates are characterised by Frobenius algebras within F . When80

competing anyons are commensurate in one unit cell, it turns out globally ⟨Ωcritical|Ψ⟩SN(F )81

produces the partition function of a critical lattice model. By studying the competition of82

three competing condensates, we also produce analytical prediction of the location of phase83

boundaries. This is achieved by adjusting the amount of a third competing condensate in84

a way that does not disturb the equilibrium between the other two. The Hu–Geer–Wu85

(HGW) extension [30] of the Levin–Wen model proves to be a powerful tool to prepare86

condensates in a unit cell, as it resolves the internal spaces of anyons and allows for a finer87

analysis of their condensation [31, 32].88

Meanwhile, we introduce a refined condensation tree to systematically track how the89

bulk symmetries are spontaneously broken, allowing us to predict the symmetries of the90

resulting CFT and engineer second-order phase transitions. Furthermore, many of the91

critical points we identify are shown to be self-dual under a generalised KW duality.92

We demonstrate the power and validity of this framework with several key examples.93

As a first test, our approach naturally recovers an infinite family of well-known 2D models,94

including the A-series integrable models. In the 8-vertex models (duals of the Ashkin–Teller95

model) related to the A5 string-net model, we analytically recover critical points previously96

known only through integrability and nearly determine the entire global phase diagram.97

We then showcase its predictive power by constructing novel lattice models with exotic98

Haagerup symmetries, including new critical theories not yet reported in the literature.99

Across all tested examples, our analytical predictions show excellent agreement with100

highly accurate numerical results obtained using an improved symmetric Renormalization101

Group (sym-RG) method [8, 33, 34]. This combination of analytical theory and numerical102

verification provides a robust new pathway for exploring critical phenomena in 2D lattice103

systems.104

Note that the form of ⟨Ω| that recovers a RG fixed point, be it topological or conformal,105

is not unique. The universality of fixed points implies that many UV features in the lattice106

would be washed out under RG. Therefore, the seed state ⟨Ωcritical| that produces a CFT107

fixed point is not unique. The essence of our construction is to provide an algorithm to108

create a seed state that is destined to flow to a CFT in the infrared using only the category109

describing the symmetries of the CFT. This is thus a systematic CFT factory.110
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Fig. 1: The truncated square lattice and its dual triangulation {∆}.

Results111

In our explicit construction of the strange correlator (1), the string-net model |Ψ⟩SN(F ) is112

expressed as a projected entangled pair states (PEPS) in terms of quantum 6j symbols113

[7, 8]. This is reviewed in the supplementary materials, where |Ψ⟩SN(F ) is broken down114

into a collection of triangles, and each triangle is given by the quantum 6j symbol of the115

input category F . It can be interpreted as a 3D path-integral over a solid handle-body116

(say a solid ball), such that its boundary (say a sphere) is the 2D surface on which the117

lower dimensional theory is defined, as illustrated in Fig. 2. The state ⟨Ω| can thus be118

understood as boundary conditions imposed on the 2D boundary of the 3D path-integral119

encapsulated in |Ψ⟩SN(F ).120

We want to construct a special state ⟨ΩCritical| whose overlap with a string-net ground121

state |Ψ⟩SN(F ), given input category F , is a critical 2D partition function.122

Fig. 2: Geometry of the strange correlator as a 3D path-integral. The Levin-Wen ground

state |Ψ⟩SN(F ) has a 3D TQFT realisation, which is chosen to be a sphere for concreteness.

The state ⟨Ω(R)| essentially determines the boundary condition of the 3D solid as a PEPS

state. Its dependence on different couplings is denoted schematically by R. Their overlap

produce a 2D partition function as in (1) on the surface of the ball. The inner hole (in

brown) is up to a topological boundary condition for general sandwich construction, which

in our current case is equivalent to filling up the hole.
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In the square-octagon lattice shown in Fig. 1, the unit cell takes the shape of . We123

will be considering (almost) tensor product states. Namely, the global state ⟨Ω| we consider124

can be constructed by specifying the state on the unit cell . First we construct a state125

in a unit cell with one type of anyon condensate characterised by a Frobenius algebra A126

in F . Each A describes a Lagrangian condensate in the topological order Z(F ) encoded127

in the F -string-net model. A Lagrangian condensate L is a maximal condensate in Z(F )128

that breaks the topological phase to the trivial vacuum state.129

A unitary Frobenius algebra A in F is a (possibly composite) object in F :130

A =
⊕

a∈F

naa, na ∈ N, (2)

equipped with an algebra multiplication expressed as a cyclically symmetric function fA :131

A
3 → C. That is, it is specified by a complex-valued tensor fAabc∗, for a, b, c ∈ A. Here,132

na ∈ N is the multiplicity of simple object a ∈ F enrolled in A. To avoid clutter, the133

discussion here is limited to na ≤ 1, although it can be readily generalised. Similarly, a134

right module of a Frobenius algebra A in a UFC F is a (possibly composite) object135

MA :=
⊕

x∈F

mxx,

equipped with an algebra action encoded by a module function ρMA
: A ⊗ MA

2 → C.136

Similarly ρMA
is specified by a collection of complex numbers [ρMA

]abc for a ∈ A and137

b, c ∈ MA. The properties of the algebra multiplication fA and module function ρMA
are138

reviewed in the supplementary materials. It is crucial to point out that they can be solved139

algorithmically given F . Now, explicitly a condensed state in one unit cell is given by140

⟨Âi|MAi
:=

1

N(Ai,MAi
)
⟨ A

MA

| =
1

N(Ai,MAi
)

∑

a∈A

∑

x,y,u,v∈MA

〈
a

x y

vu

∣∣∣ [ρMA
]axy([ρMA

]auv)∗. (3)

The four external slanted edges each carries a right module MA of A, and the horizontal/141

vertical edge between the slanted ones carries A itself. As shown in the supplementary142

material, this state is equivalent to a topological state describing the Lagrangian condensate143

characterised by A within one RG step as described in [33] for any choice of module MA144

of A. We propose that the normalisation N(Ai,MAi
) for the condensed state is given by145

N2
(A,MA) ≡ ⟨ A

MA

| A

MA

⟩ = d2
MA

dA, (4)

where146

dA =
∑

a∈A

na da, dMA
=

∑

x∈MA

mx dx. (5)

This normalisation – the most natural one in a fusion category F – follows from taking147

trace of the unit cell and its conjugate in the category F , as depicted in Fig. 3.148
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Fig. 3: Calculation of vertex normalization. In the second and third step we used the def-

inition of module and algebra respectively. See the review in the supplementary materials

for more detail.

A generic state involving the competition of multiple (normalised) Lagrangian conden-149

sates Li, each characterised by a Frobenius algebra Ai, is then given by the following linear150

combination:151

〈
{(ri,Ai,MAi

)}
∣∣ =

∑

i

ri⟨Âi|MAi
, (6)

where we require that

MAi
= MAj

for all i, j appearing in the collection. This condition ensures that different unit cells do152

not interfere with each other, so we can tune individual unit cell to criticality and preserve153

the criticality globally. This is checked and discussed in further detail in the supplementary154

materials.155

We propose that the location of the phase transition point between two competing156

anyon condensations Li and Lj corresponding respectively to the Frobenius algebra Ai157

and Ai is given by the state.158

〈
(Ai,MAi

),(Aj ,MAj
)

∣∣
critical

= ⟨Âi|MAi
+ ⟨Âj |MAj

. (7)

Suppose the module M is shared by more than two phases. Then, there are phase bound-159

aries between each pair of condensates. The phase boundary between a given pair of160

condensates characterised by Ai and Aj can be obtained by adding to the condensate the161

perpendicular component to the vector connecting Ai and Aj of another condensate Ak.162

Specifically, we propose that a large part of the phase boundary between Ai,j (all the way163

up to a small vicinity of higher critical point between Ai,j,k) can be traced out by state164

⟨Cij(p)| with a real parameter p as165

⟨Cij(p)| = ⟨Cij | + p

(
⟨Âk| − ⟨Âk|Bij⟩

⟨Bij |Bij⟩⟨Bij |
)
, (8a)

where166

⟨Bij | = ⟨Âi| − ⟨Âj |, (8b)

such that167

⟨Âi|Cij⟩p = ⟨Âj |Cij⟩p. (8c)
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The inner product is identical to the one used in (4). Physically, we are pouring into the168

cell Ak while preserving the balance between Ai,j . For a generic phase diagram so obtained,169

we further derive the sufficient condition (eq. (17) in the Methods section) for all phase170

transitions therein to be second-order. These are the central results of the current paper. In171

the following, we will apply these results to different string-net models to generate explicit172

critical lattice models.173

Critical States with Two Competing Condensates174

For any given input category F , consider a module M and the action ρM exactly shared by175

two algebras Ai,j . The overlap between the string-net ground state with the boundary given176

by pairwise-competition (7) produces a critical lattice model. There are several classes of177

examples listed below and summarised in the tables 1-3 below.178

1. Take F = Ak+1 for k ∈ Z>0. For a given k it has k + 1 simple objects {0, 1, · · · , k}.179

For each k ≥ 2, 1 ⊗ 1 = 0 ⊕ 2. There are exactly two algebras, A0 = 0 and180

A1 = 0 ⊕ 2 sharing the module consisting of the simple object 1. Their algebra181

multiplications and module functions are supplied in the supplementary material.182

Applying equation (7) reproduces the critical A-series integrable lattice models at183

second order phase transitions, which flows to the A-series minimal CFTs with central184

charge c = 1− 6
(k+1)(k+2) in the thermodynamic limit [7, 33]. At k = 2, this reproduces185

the 2d classical Ising model at critical temperature β = βc = (ln 1 +
√

2)/2 [6–8, 33].186

2. Take F = Zp for all positive prime integers p. The simple objects are the Zp group187

elements {0, · · · , p−1}. Each Zp has exactly two Frobenius algebras Ae = 0 and Am =188

⊕p−1
i=0 i, corresponding to pure electric condensate and pure magnetic condensate, in189

the Z(Zp) topological order described by the Zp string-net model. They share the190

module M = Am, i.e., Am is its own module and also Ae’s module. Substituting into191

(7) produces the N -state Potts model at critical point, which is again the critical192

Ising model at p = 2, and for p = 3 this is the critical 3-state Potts model. Both193

of these are sitting at second order phase transitions. Note that for p ≥ 5, these194

are critical points known to correspond to first order phase transitions. For p = 5,195

this is a weak first order transition related to a complex CFT [35, 36], whose central196

charge’s real part can be detected by our sym-RG method. (See further discussion197

in the Methods section. )198

3. Take F = H3, a category related to the Haagerup subfactor [37, 38]. The set of199

simple objects is {1, α, α2, ρ, αρ, α2ρ}. More details of the Haagerup category are200

supplied later and also in the supplementary material. Here, we note that for object201

ρ, ρ⊗ρ = 1⊕ρ⊕αρ+α2ρ. This is a module shared precisely by two algebras A0 = 1202

and A1 = 1⊕ρ⊕αρ+α2ρ. Substituting these to (7) is likely to produce the Haagerup203

anyon chain proposed in [25]. Our numerics however shows an approximate CFT with204

c ≈ 2.1 that seems unstable to further RG, which needs extra future scrutiny.205

4. One can consider other pairs of competing condensates in H3. Between A0 above206

and A2 = 1 ⊕ α ⊕ α2, we can pick a common module given by A2 itself. In this207
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case, one can readily check numerically that the transfer matrix from (7) yields the208

3-state Potts model, and this is the same model considered in [39]. There are three209

other mutually conjugated algebras A4,5,6 (details to be given later). The critical210

points between them and the A0 yields three similar CFTs. Their central charge are211

computed by our RG algorithms to be c ≈ 1.3.212

Critical States with More Competing Condensates and Phase Boundaries213

We can also consider module M such that there are multiple algebras sharing the module,214

with the interpolation (6). For visual convenience, we mainly consider a sector with 3215

competing algebras, i.e., moving in a phase space with two independent couplings up to an216

overall normalisation. Below are two classes of examples.217

The A5 strange correlator218

The UFC A5 has simple objects {0, 1, 2, 3, 4}. We shall focus on three Frobenius algebras219

(to be determined shortly) sharing the common module M = 2. Since220

2 ⊗ 2 = 0 ⊕ 2 ⊕ 4,

the unit cell is three-dimensional, with basis vectors ⟨ i

2
| for i ∈ {0, 2, 4}. This choice221

corresponds to the 8-vertex model [7], or equivalently the Ashkin-Teller model [40–42].222

There are four Frobenius algebras containing {0, 2, 4}. As evident in the refined con-223

densation tree (Fig. 10), every Frobenius algebra includes elements from this set. At first224

sight, this might suggest that all such phases could appear under RG flows as we vary the225

relative weights of the basis states. But one can check that only three algebras sharing the226

same (right) module M = 2 actually emerge:227

A0 = 0, A2 = 0 ⊕ 4, A3 = 0 ⊕ 2 ⊕ 4. (9)

Details of these algebras are given in the supplementary materials.228

Again, the three pairwise competition points defined in (7) are all exactly second-229

order. Moreover, we plot the complete phase diagram in this two-dimensional parameter230

space with our symmetry-preserving RG method. It is shown in Fig. 4, adopting the231

parametrization232

⟨(x, y, z)| ≡ x⟨ 0

2
| + y⟨ 2

2
| + z⟨ 4

2
|. (10)

The phase boundaries separating every pair of gapped phases are all second-order, and233

thus appear distinctly in the color plot of the central charge. In particular, two of the234

critical lines correspond to critical Ising CFT: one from the competition between A0,2, and235

the other from A2,3. These two lines intersect at the tri-critical point and merge into a236

self-dual c = 1 critical line associated with the competition between A0 and A3. We also237

observe that the two c = 0.5 Ising critical lines bend towards the c = 1 critical line near238

the tri-critical point – a feature that will reappear in other examples.239

The thickness of the CFT lines, however, make it somewhat ambiguous where the240

precise location of the tri-critical point is. The A5 model can be mapped to the isotropic241
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Fig. 4: Phase diagram of competing Frobenius algebras A0,2,3 with the slanted edge in the

unit cell colored by the common module M = 2 in A5, colored in numerically determined

central charge corresponding to ⟨1, y, z| as in (10). Each phase is marked by one of the

nomalised states Ai. The three phases are separated by critical lines with central charge

c > 0. Dotted lines are the predicted critical states given in (11), derived from (8). A

little above the tri-critical point, the two Ising lines are extremely close to each other (their

distance is around 3 ∗ 10−5 at z = 0.35), which merge into a fake c = 1 line. See the

supplimentary materials for how we determine the tri-critical point.

Ashkin–Teller model, whose tri-critical point has been located via integrability. Translating242

back to the A5 model, the tri-critical point is located at ⟨C03|, corresponding to the equilib-243

rium state we constructed between A0 and A3. A magnified phase diagram obtained from244

the converged local tensor, together with the numerical determination of the tri-critical245

point, shows a much clearer match of the numerical tricritical point with ⟨C03|. These are246

presented in the supplementary materials. We now compare these phase boundaries to the247

predictions proposed in (8), which are obtained explicitly as248

⟨C02(y)| = ⟨1, y,
√

2 − 1|,
⟨C23(y)| = ⟨1, y, (2 +

√
2)y − 1|, (11)

⟨C03(y)| = ⟨1, y,−
√

2y + 1|.

These boundaries are shown as dotted lines in the plot. They agree well with the numerical249

phase boundaries everywhere except in a small region near the tri-critical point.250

It is convenient to consider a triangular sub-region of Fig. 4 and map it to the vector251

space spanned by
(
⟨Â2| − ⟨Â0|

)
and

(
⟨Â3| − ⟨Â0|

)
as shown in Fig. 5. The three vertices252

correspond to the RG fixed-point condensate states ⟨Â0,2,3|. Notably, |C02⟩y and |C03⟩y are253

symmetric about |C23⟩y, which is manifest in this ternary diagram. With the inner product254

defined as above, the pairwise competition points are located at the midpoints of the255

triangle’s sides, and the predicted phase boundaries are given by its perpendicular bisectors.256

For the remainder of the paper, we will adopt this ternary phase diagram presentation, as257

it facilitates direct comparison with analytical predictions.258
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Fig. 5: Ternary phase diagram of Frobenius algebras A0,2,3 with module M = 2 in category

A5. Each vertex marks one of the three nomalised states as labelled in the figure, and any

point within the triangle represents a weighted sum of these states. The three phases are

seperated by the critical lines with central charge c > 0. These critical lines coincide well

with the three perpendicular bisector of the triangle all the way up to a small region close

to the tricritical point.

3-algebra competition in the Haagerup H3 strange correlator - New CFT alert259

The UFC H3 has seven Frobenius algebras as follows:260

A0 = 1, A1 = ρ⊗ A0 ⊗ ρ = 1 ⊕ ρ⊕ αρ⊕ α2ρ,

A2 = 1 ⊕ α⊕ α2, A3 = ρ⊗ A2 ⊗ ρ = (1 ⊕ ρ⊕ αρ⊕ α2ρ) ⊗ (1 ⊕ α⊕ α2),

A4 = 1 ⊕ ρ⊕ αρ, A5 = α⊗ A4 ⊗ α2 = 1 ⊕ αρ⊕ α2ρ,

A6 = α2 ⊗ A4 ⊗ α = 1 ⊕ ρ⊕ α2ρ.

Their modules and further details are in the supplementary materials.261

According to these data, one can construct critical points from pairs of Frobenius262

algebras readily as in (7), some of which have been given above. Below are more non-263

exhaustive examples of competitions between these Frobenius algebras. Again, the location264

of all phase boundaries agrees amazingly well with the general prediction (8). The critical265

points are summarised in the tables 4 and 5 below. The central charges for new CFT266

candidates are numerical values, suggested by an ≈ sign. We also color them red for267

clarity.268

1. Competitions among A4,5,6 – New CFT alert We first look at the three Frobe-269

nius algebras A4,5,6, related by conjugation by objects {1, α, α2} that forms the270

Z3 ∈ H3 subcategory. Each algebra Ai=4,5,6 has a module MAi
with the same object271

ρ⊕αρ⊕α2ρ but equipped with different module functions. Their interpolations still272

take the form of (6) and plotted in the ternary Fig. 6, where this Z3 permutation273

symmetry is evident. Since the module functions for MA4,5,6
are different, we have274

essentially turned on many different couplings and do not expect their pair compe-275

titions to generate second-order phase transitions. Indeed, the RG generates highly276
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fluctuating numerical central charge, which is also seen in our simulation of the Z5277

model that corresponds to a weak first-order phase transition. We are thus led to278

conjecture that a fluctuating central charge is in fact a manifestation of279

the weak first order phase transitions in the proximity of a complex CFT.280

Here, such fluctuations of the central charge in the vicinity of the critical point is281

even visible in the phase diagram. Along the phase boundaries, there are double line282

structures, with their centers of 0 central charge being the real phase transition lines.283

It is also pleasantly surprising that the tri-critical point, which corresponds284

precisely to the equal weight summation of the three condensates, seems285

to be a novel CFT of c ≈ 2.5. A more accurate determination of the central charge286

of this CFT and its spectrum will be reported elsewhere.287

2. Competitions between A0 vs A4,5,6 – New CFT alert As mentioned above,288

A4,5,6 are Z3 permutated. The pair competition between A0 and Ai for i = 4, 5, 6289

produces the same critical point. For each i, as always possible because A0 = 1 ∈ Ai,290

we can pick the algebra Ai itself as the common module with A0. The common291

ancestor between A0 and any of the A4,5,6 goes all the way up to Z(H3). We find that292

the pair-competition indeed produces a second-order phase transition that respects293

the full Z(H3) symmetry. This is checked numerically, and we found a novel294

critical point at c ≈ 1.3, and potentially a new CFT in the IR. Details of this295

model will be reported elsewhere.296

3. We can also include any number of these six algebras A0,1,2,4,5,6 in the interpolation297

(6) , where we pick for each of them the common module ρ+αρ+α2ρ. We can keep298

any three phases in the interpolation and again plot ternary phase diagrams as in Fig.299

7 and 8, still with vertices corresponding to the gapped RG fixed points. Because300

the phase diagram retains the permutation symmetry between A4,5,6, we will include301

them collectively in the diagram. The algebras A1,2/A4,5,6 do not share any module302

function, and they appear to produce indeed a first-order phase transition. The CFTs303

between other pair-competetions are already given above. The tri-critical points304

provide various new critical points that potentially corresponds to new305

CFTs. There are three tri-critical points with c ≈ 1.8, one of which is plotted in306

Fig. 7. There are two tri-critical points with c ≈ 2.1, one of which is plotted in Fig.307

8. Results with better accuracy will be reported elsewhere.308
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Fig. 6: The ternary phase diagram of interpolating Frobenius algebras A4,5,6 in the H3

UFC. The slanted edges are colored by modules containing object ρ⊕αρ⊕α2ρ. Each phase

is marked by one of the nomalised states Ai. The tri-critical point is a CFT with c ≈ 2.5.

Equal weight summation of any pair of condensates does not produce a CFT. There are

two traces of non-zero central charges for each of the first-order phase transitions. The

actual phase transition lines sit at the center of these double lines. This may suggest a

possible complex CFT at the vicinity of a weak first order as mentioned in the Z5 strange

correlator. Improved accuracy and further simulations of the novel CFT will be reported

elsewhere.

Fig. 7: The ternary phase diagram of interpolating Frobenius algebras A0,2,(4,5,6) in the

H3 UFC. The slanted edges are colored by modules consisting of object ρ ⊕ αρ ⊕ α2ρ.

Each phase is marked by a nomalised states Ai. The three phases are seperated by the

critical lines with central charge c > 0. CFT between A0 and A2 is the critical 3 state

Potts model with c = 0.8. CFT between A0 and any of A4,5,6 has c ≈ 1.3. Tri-critical

point has c ≈ 1.8. Phase transition point between A2 and any of the A4,5,6 is first-order.

Appearance of non-zero central charges on the first order line are numerical fluctuations.

Improved accuracy at the first order phase boundary and details of the novel CFTs will be

reported elsewhere.
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Fig. 8: The ternary phase diagram of interpolating Frobenius algebras A0,1,(4,5,6) in the

H3 UFC. The slanted edges are colored by modules containing object ρ⊕ αρ⊕ α2ρ. Each

phase is marked by one of the nomalised states Ai. It is very close to a equilateral triangle

but not. CFT between A0 and any of A4,5,6 has c ≈ 1.3. The tri-critical point has c ≈ 2.1.

The phase transition between A0 and A1 is debatable; please see main text for details.

Phase transition between A1 and any of the A4,5,6 is first-order. There are two traces of

non-zero central charges. The vague one conincides with the actual phase transition line.

The more clear one may suggest a possible complex CFT at the vicinity of the weak first

order transition, similarly to the situation of the Z5 strange correlator. Improved accuracy

and further simulations of the novel CFT will be reported elsewhere.

Table 1: Critical points of pair competition in Z2,3,4,5

Cat Z2 Z3 Z4 Z5

Ai 0 0 0 0 ⊕ 2 0

Aj 0 ⊕ 1 0 ⊕ 1 ⊕ 2 0 ⊕ 2 0 ⊕ 1 ⊕ 2 ⊕ 3 0 ⊕ 1 ⊕ 2 ⊕ 3 ⊕ 4

M 0 ⊕ 1 0 ⊕ 1 ⊕ 2 0 ⊕ 2 0 ⊕ 1 ⊕ 2 ⊕ 3 0 ⊕ 1 ⊕ 2 ⊕ 3 ⊕ 4

Dunit 2 3 2 4 4 5

Type Second order First order

CFT
Ising

c = 0.5

3-Potts

c = 0.8

Ising

c = 0.5

4-Potts

c = 1

Ising

c = 0.5
−
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Table 2: Critical points of pair competition in A2,3,4

Cat A2 A3 A4

Ai 0 0 0 0 ⊕ 2 0 ⊕ 3

Aj 0 ⊕ 1 0 ⊕ 2 0 ⊕ 2 0 ⊕ 3 0 ⊕ 1 ⊕ 2 ⊕ 3 0 ⊕ 3 0 ⊕ 1 ⊕ 2 ⊕ 3

M 0 ⊕ 1 1 1 0 ⊕ 3 1 ⊕ 2

Dunit 2 2 2 2 4 3 4 4

Type Second order

CFT
Ising

c = 0.5

tri-Ising

c = 0.7

Ising

c = 0.5

Ising ⊗ tri-Ising

c = 1.2

Ising

c = 0.5

tri-Ising

c = 0.7

Table 3: Critical points of pair competition in A5

Cat A5

Ai 0 0 ⊕ 4 0 ⊕ 2

Aj 0 ⊕ 2 0 ⊕ 4 0 ⊕ 2 ⊕ 4 0 ⊕ 2 0 ⊕ 2 ⊕ 4

M 1 2 2 1 ⊕ 3 2 1 ⊕ 3∗ 1 ⊕ 3∗∗

Dunit 2 2 3 3 3 4 4

Type Second order First order

CFT
3-Potts

c = 0.8

Ising

c = 0.5

4-Potts

c = 1

Ising ⊗ 3-Potts

c = 1.3

Ising

c = 0.5

3-Potts

c = 0.8
−

∗ uses a connected module function while ∗∗ uses a disconnected one for the algebra 0 ⊕ 2.

Table 4: Critical points of pair competition in H3

Cat H3

Ai A0 A1 A2 A4,5,6

Aj A1 A2 A4,5,6 A2 A4,5,6 A4,5,6 A(5,6),(4,6),(4,5)

M ρ⊕ αρ⊕ α2ρ

Dunit 4 3 3 6 6 5 5

Type Second order First order

CFT c ≈ 2.1
3-Potts

c = 0.8
c ≈ 1.3 −

The central charges for new CFT candidates are numerical values, suggested by an

≈ sign and colored red.
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Table 5: Tri-critical points of multipartite competitions in H3

Cat H3

Ai A0 A0 A0 A1 A1 A0 A2 A4

Aj A1 A2 A1 A2 A4,5,6 A5

Ak A2 A4,5,6 A4,5,6 A4,5,6 A(5,6),(4,6),(4,5) A6

M ρ⊕ αρ⊕ α2ρ

Dunit 6 5 6 8 8 5 7 7

Type Second order First order Second order

CFT c ≈ 1.8 c ≈ 1.8 c ≈ 2.1 − − c ≈ 1.8 c ≈ 2.1 c ≈ 2.5

The central charges for new CFT candidates are numerical values, suggested by an ≈ sign

and colored red.
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Discussion309

In this paper, we have shown that non-commuting condensates could force the boundary of310

the 3D SymTO into criticality, thus generating 2D critical lattice models algorithmically.311

These models are well defined non-perturbatively, UV complete, and satisfy all the physical312

consistency conditions, such as modular invariance automatically. Our construction thus313

systematically generate novel CFTs that can be read off either by analytical analysis in the314

presence of integrability, or at least numerically. This could offer a powerful alternative315

route to the bootstrap program.316

Our work lays key foundations for the Landau paradigm for lattice models. It is317

well known to be very difficult to write down an effective theory that incorporates given318

non-invertible symmetries that at the same time also carries detailed infrared dynamics319

of phase transitions. Such an effective theory description lies at the heart of the Landau320

paradigm because it allows a systematic method of constructing explicit and computable321

models, at least approximately. There, one focuses on the order parameters, which are322

generically limited to only a handful of fields and whose effective action can be written down323

systematically according to symmetries and scaling dimensions, that ultimately get reduced324

to a countable number of terms. To render the strange correlator equally powerful, we need325

to find the counterpart of order-paremeter field in the context of the strange correlator.326

Our answer to this question is essentially the anyon creation operator in a unit327

cell. (See also a companion paper [43] for explicit construction of order parameter fields.)328

Moving in phase space now corresponds simply to moving the vev of the order parameter329

in terms of the anyon condensate, thus providing physical handles in introducing different330

perturbations, and we can move in phase space in a physical and controlled manner. The331

mathematical framework of tensor category plays an essential role in making physical332

predictions here – suggesting that it is capturing crucial structures of phase transitions.333

Methods334

Condensation Tree and Determining the Amount of Symmetries Preserved335

Anyon condensation is mathematically described by a twist-free, commutative, separable336

Frobenius algebra (CSFA) in the symTO characterised by the UMTC Z(F ). One twist-337

free CSFA2
A1 can be a sub-algebra of a bigger one A2, i.e., A1 ⊂ A2. When this occurs,338

A2 can be condensed in two steps: first condensing anyons in A1, then condensing some339

other unconfined anyons over the A1 condensate to obtain the aggregate A2 condensate.340

Therefore, the sub-algebra A1 can be considered as a parent of A2. Such considerations341

produce a hierarchy of condensates [14, 20, 44] that can be conveniently arranged as a tree,342

which was dubbed a Hasse diagram [44], where each node corresponds to a condensable343

algebra, and an edge connects one node to a subalgebra node. Lagrangian algebras are344

those twist-free CSFAs corresponding to maximal condensates – such that the resultant345

phase is topologically trivial – that would appear as bottom nodes of the tree. That is,346

2We use a bold letter A for a CSFA in the output data Z(F ) of the HGW model, compaired with the

curly letter A for a Frobenius algebra in an input UFC F .
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we start from the trivial twist-free CSFA including only the identity object, which is a347

sub-algebra to all other algebras, as the top node of the tree and grow the tree downwards.348

The key refinement of our condensation tree over Hasse diagrams previousely consid-349

ered [44] is the inclusion of Morita equivalent Frobenius algebras in the input category F350

as physically distinguishable condensates. While these algebras correspond to the same351

set of condensed anyons in the output theory, they produce physically distinguishable352

gapped phases [32, 33, 43], such that non-trivial phase transitions between them can in353

fact occur, as is evident in the previous discussion. They correspond to distinct symmetry354

breaking patterns that arise from non-trivial internal degrees of freedom of the condensing355

anyons[31, 32, 43], and such details are made explicit in the HGW model. Meanwhile, we356

note that intermediate phases where some non-maximal set of anyons condensed in the357

output theory can be described by sub-category3
K of the input category F [32]. This is358

natural since a non-trivial condensate would take the bulk symTO to a child topological359

order, and the corresponding degrees of freedom on the lattice is expected to be reduced to360

some subset of F . When the condensate Li in the symTO is Lagrangian, the corresponding361

HGW string-net model is projected effectively down to one-dimensional, reflecting the fact362

that the corresponding condensed phase is topologically trivial. In the condensed phase,363

each edge is projected to the chosen Frobenius algebra Ai corresponding to Li. For in-364

stance, if we select the trivial Frobenius algebra A0 = 1, the resulting child model has only365

a single physical state, where every edge is labeled by the trivial degree of freedom 1. We366

are now ready to introduce the refined condensation tree as follows. Each node is labeled367

by a subcategory K of F . Note that the identity object of a subcategory K is, in general, a368

composite object in F unless K is a full subcategory. The requirement that K possesses an369

identity object is precisely the requirement that there exists a separable Frobenius algebra370

– after all, the defining property of a separable Frobenius algebra is that the composite371

object A is strictly associative under fusion, and that “bubbles” (trivial summands) can be372

freely included or removed. Thus, the identity object of K is given by a Frobenius algebra373

A, and the remaining objects in K are precisely the bimodules over A.374

Two nodes are connected by an edge if the identity object of Ki, given by a Frobenius375

algebra Ai, is a subalgebra of the identity object Aj of Kj , and Aj can be obtained from376

Ai as a Frobenius algebra in the subcategory Ki.377

The above statements are essentially rephrasing the relation between two nodes in the378

original Hasse diagram – namely that a node is connected to another if the latter phase379

can be obtained from the former by anyon condensation. The refined condensation tree380

contains more nodes in general.381

Here are a few examples. The simplest example is the symTO corresponding to the382

doubled Ising model. Recall that there are three objects denoted 1, σ, ψ in the input Ising383

UFC, and there are two connected Frobenius algebras A0 = 1 and A1 = 1 ⊕ ψ. The384

corresponding refined condensation tree is shown in Fig. 9.385

A more interesting example is the condensation tree for k = 4. In the refined conden-386

3A simple object of K may be a nonsimple object of F .
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K = F = A3 ,

identity = A0 = 0

Z(A3) = Doubled Ising TO

K = VecZ2 = {0, 2}
identity = A0 = 0

Z(K) = Z(Z2) = toric code

K = {0} = I,

identity = A0

L = 11̄ ⊕ ψψ̄ ⊕ σσ̄

electric condensate

1 ⊕ e

Condense (σσ̄, ψ) = e

K = {0 ⊕ 2} = I,

identity = A1

L = 11̄ ⊕ ψψ̄ ⊕ σσ̄

magnetic condensate

1 ⊕m

Condense (σσ̄,1) = m

Condense ψψ̄

Fig. 9: Condensation tree for the doubled Ising TO. Each link is graced with the output

bulk anyons that condensed. Each node is a subcategory and also the corresponding output

condensed phase.

sation tree for the symTO Z(A5),387

L0 = ⊕4
i=0īi, L1 = (0 ⊕ 4)(0 ⊕ 4) ⊕ 2 22̄. (12)

At the bottom of Fig. 10, we express each Lagrangian algebra also as comprised of anyons388

in the intermediate condensed phase Z(S3). The latter has 8 different anyons, and they389

are related to the anyons of Z(A5) as shown in the following table.390

It is evident from a refined condensation tree that there is a notion of distance between391

Frobenius algebras. Down the tree, nodes denote symTO with more symmetries sponta-392

neously broken by anyon condensation. The minimal amount of symmetry preserved in the393

critical state obtained from the competing pair of Frobenius algebras—assuming that we394

managed to choose appropriate modules M to sieve out first order phase transitions – is395

determined by the first common ancestor node of the pair. The topological exci-396

tations carried by the symTO of the ancestor node are the minimal set of symmetries that397

are preserved by the gapless phase. The resulting CFT may exhibit emergent symmetries398

beyond those of the ancestor node but cannot have fewer.399

Let us revisit the examples we have considered to illustrate these ideas.400

1. Critical theory from the doubled Ising symTO In the case of the Ising spin401

model (or the A3 model), the first common ancestor of A0 and A2 is the node cor-402

responding to Z(Z2), as shown in Fig. 9. Therefore the minimal set of topological403

symmetries is characterised by the toric code order, which has 3 non-trivial topo-404

logical excitations corresponding to a Z2 electric charge, a magnetic flux, and their405
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A5

Z(A5)

{0, 2, 4} = RepS3

Z(S3)

{0, 4}

= RepZ2

Z(Z2)

{A0 = 0}

L0

A ⊕ F ⊕ D

(D, 0)

{A2 = 0 + 4}

L1

A ⊕ B ⊕ 2F

(F, 4)

(F, 0)

{0 + 2 + 4, 0 − 2 + 4}

= VecZ2

Z(Z2)

{A3 = 0 + 2 + 4}

L0

A ⊕ F ⊕ D

(D, 2)

(F, 4)

{0 + 4, 21, 22}

= RepZ3

Z(Z3)

{A4 = 0 + 21 + 22 + 4}

L1

A ⊕ B ⊕ 2C

2(C, 2)

(B, 4)

{0 + 2, 2 + 4}

= VecZ2

Z(Z2)

{A1 = 0 + 2}

L0

A ⊕ C ⊕ D

(D, 0)

(C, 2)

44̄

(B, 4) (F, 0) (B, 4)

Fig. 10: The condensation tree for the Doubled A5 symTO. In the second layer of arrows

we indicate the intermediate condensing anyons using anyon labels in Z(S3) to avoid clutter.

In the last layer, we also include the condensate as anyons in the Z(S3) phase. As we move

down the tree, simple anyons in the partially condensed symTO corresponding to the lower

nodes are composites in the parent nodes. Hence, the condensing anyons expressed in terms

of Z(S3) anyon that label the bottom layer of arrows are only representatives of a group of

anyons in Z(S3) that are identified in the child Z2 and Z3 nodes. The second index in the

bracket indicates the microscopic degrees of freedom that take part in the condensation.

The meanings of these symbols are explained in the previous section.

bound state. The actual symmetry of the Ising CFT is enlarged to the full Ising406

category, describable by the top node.407

2. Critical theories from the A5 symTO408

(a) The first common ancestor of A0 and A2 is Z(Z2). Their competition is identical409

to the case of the Ising spin model and we expect the critical point to be the410

Ising CFT. Similarly, the competition of A2 and A3 is also expected to be Ising.411

(b) The first common ancestor of A2 and A3 is Z(Z3). As we discussed above, the412

electric/magnetic competition in Z(Z3) in a unit cell produces the 3-state Potts413

model. This is indeed inherited in the competition between A2 and A3.414

(c) The competition between A0 and A3 should produce a CFT that sees at least415

symmetries in Z(S3), which is their common ancestor. This is indeed confirmed.416

The critical point constructed by their equilibirum point is given by a free boson417

CFT with c = 1.418

(d) The competition between A0 and A4 should also produce a CFT that preserves419

at least the symmetry imposed by Z(S3). In fact, this CFT is the minimal420

model in the A series at k = 4, with c = 4/5. Its complete set of topological421

symmetries are in fact characterised by Z(A5).422
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Z(RepS3) Anyon Type Z(RepS3) Dyon Type Z(A5) Dyon Types

A (A, 0) (00̄, 0), (44̄, 0)

B (B, 4) (04̄, 4), (40̄, 4)

C (C, 2) (22̄, 2)

D
(D, 0) (11̄, 0), (33̄, 0)

(D, 2) (11̄, 2), (33̄, 2)

E
(E, 2) (13̄, 2), (31̄, 2)

(E, 4) (13̄, 4), (31̄, 4)

F
(F, 0) (22̄, 0)

(F, 4) (22̄, 4)

G (G, 4) (02̄, 2), (42̄, 2)

H (H, 4) (20̄, 2), (24̄, 2)

Table 6: Relation between Z(RepS3) anyons and Z(A5) anyons.

These examples completely confirm our expectations by means of our refined condensation423

trees.424

Cutting Down Phase Space to Avoid First Order Phase Transitions425

As aforementioned, when competing anyons are at a tie, it is expected that the resultant426

phase is either gapless or degenerate. The latter corresponds to first order phase transitions427

from the perspective of the 2D classical statistical lattice model. Usually at a first order428

phase transition between two phases, the free energies of the respective phases become429

equal, and that is the classical interpretation of degeneracies in the 1+1 D quantum model.430

In our construction of the lattice model, we focus on a unit cell with 5 edges. The431

dimension of phase space is thus reduced to roughly speaking |F |5, where |F | denotes the432

number of simple objects of F . A generic state ⟨Ω| on our unit cell is far from any RG fixed433

point. The interpolation (6) at first sight involves a small number of couplings compared434

with |F |5. Under RG, however, all other linear combination of the fusion channels in the435

unit cell could be invoked, i.e., the dimension of possible couplings is much greater than436

the number of gapped phases nearby described by Frobenius algebras. In such cases, there437

would be plenty of room for first order phase transitions.438

In principle, as in the golden chain and other cases considered in [5–8], the strange439

correlator construction imposes (non-invertible) topological symmetries in the 2D theory.440
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Nonetheless, it is generally unclear how to ensure that the symmetry is not broken spon-441

taneously in the quantum spin-chain by ⟨Ω|.442

To exclude first-order phase transitions or degeneracies, the key is to reduce the di-443

mension of phase space as much as possible: We need to reduce the number of new fusion444

channels that are generated under RG in much of the space of couplings. Choosing a cou-445

pling sourcing a specific gapped phase described by a Frobenius algebra in the unit cell,446

it would quickly converge to the gapped fixed point state (3) under RG, i.e., a coupling447

turned on for a given Frobenius algebra is essentially located within the basin of attraction448

under RG to a fixed point. In such a case, new fusion channels are not generated. In other449

words, it is desirable to choose (6), such that we are restricted to fewer attraction basins450

for the space of couplings we explore.451

One could count the dimension of couplings introduced as follows. The coefficient452

of each state
∑

x,y,u,v∈M

〈
a

x y

vu

∣∣∣ [ρMA
]axy([ρMA

]auv)∗ for a fixed a where a ∈ Ai consti-453

tutes an independent coupling in this reduced phase space. NA is the number of objects454

in A. Recall that to decouple different unit cells, we required that all MAi
considered455

in a competition of condensates share the same set of module objects. As such, we can456

simply denote this common module by M ; however, for the most generic case, the alge-457

bra actions of Ai and Aj on M may differ. In such a case, any basis element in each458

Frobenius algebra Ai introduces an independent linear combination of the fusion channel459

∑
x,y,u,v∈M

〈
a

x y

vu

∣∣∣ [ρMA
]axy([ρMA

]auv)∗. For a certain basis element a ∈ Ai∩Aj , when it acts460

identically as an element of Ai and as an element of Aj on M , a single linear combination461

of fusion channel is attached to this element a. We refer to such a shared basis element a462

a perfectly shared element, and if the common elements of all algebras are perfectly shared463

on M , we term M a perfect common module for these algebras. Therefore, we can count464

the dimension Dunit of vector space in a unit cell as follows:465

Dunit =
∑

i

NAi
−

∑

perfectly shared a

(N common
a − 1), (13)

where N common
a is the number of algebras Ai having a perfectly shared element a. For466

example, if a is perfectly shared by two algebras acting on M , N common
a = 2. In particular,467

the identity object on anyM is always a perfectly shared element of all Frobenius algebras of468

a UFC. So for n algebras sharing a module, N common
identity = n. Since the overall normalisation of469

the state ⟨Ω| is physically irrelevant in the strange correlator, Dunit −1 gives the dimension470

Dc of phase space – the number of independent couplings – introduced in the ansatz, i.e.,471

Dc = Dunit − 1. (14)

For two competing algebras only, the number of degrees of freedom introduced in a472

unit cell is reduced to473

Dunit(Ai,Aj) = NAi
+NAj

−Nperfectly shared a, (15)

where Nperfectly shared a directly counts the number of perfectly shared element a ∈ Ai ∩Aj .474
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There is a special case in which the Dunit is reduced most drastically, That is to475

choose a perfect common module M of all competing Frobenius algebras Ai. This can be476

typically achieved when the competing algebras are ordered as sub-algebras of one another:477

· · · ⊂ Ai ⊂ Aj ⊂ Ak. Suppose Ai ⊂ Aj , they must share a common ancestor in the refined478

condensation tree, where the identity object of the sub-input-category K ⊂ F is given by479

the smaller Frobenius algebra Ai. In the said special case,480

Dunit(· · · ⊂ Ai ⊂ Aj ⊂ Ak) = NAk
. (16)

That is, the number of degrees of freedom is simply given by the number of objects in the481

largest algebra among all algebras sharing the same perfect common module M .482

One can show that the choice of perfect common module M is immaterial: Within483

one step of symmetric RG (as discussed in the Methods section), ⟨Ω(M)| constructed from484

interpolations of normalised Frobenius algebras with module M in each unit cell reduces485

to the same state ⟨Ω| for all choices of M , up to overall normalisations depending on the486

quantum dimension of M .487

Now for a choice of perfect common module M shared only by nM different Frobenius488

algebra among all competing ones, we note that all other gapped phases corresponding to489

Frobenius algebras not sharing M would not occur under RG. The RG attraction basins490

would be restricted to those gapped phases that share this M . This is an effective method491

to reduce the possibilities of gapped phases showing up in the reduced phase space.492

If Dc = Dunit − 1 is larger than the number nM of algebras Ai sharing the module M493

(1 ≤ i ≤ nM , and nM is the number of gapped phases allowed in the reduced phase space),494

there is naviely still room for degeneracies and thus room for first order phase transitions.495

We thus arrive at the following sufficient condition for second order phase transitions:496

All phase transitions in a phase diagram are forced to be second order if497

nM > Dc. (17)

When (17) is satisfied, the number of competing anyon condensates is greater than the498

number of independent degrees of freedom within a unit cell that can be varied. Therefore499

consider tuning a pair of condensates to be commensurate, changing the weight of any of500

the Dc − 1 independent coefficients correspond to moving in a direction towards another501

condensate that cannot be condensed at the same time as the pair anyway, leaving no room502

for degeneracy.503

One can check this condition for the A-series minimal models for all k discussed above.504

There, Dc = 1 and nM = 2, and the critical points are all second order, and flow to the505

A-series minimal models in the thermodynamic limit. The N -state Potts models can be506

constructed from the ZN string-net model. The critical point is located at the transition507

point exactly as predicted in (7), from a competition between the Frobenius algebra Ae = 0508

corresponding to all electric condensate, and Am = 0 ⊕ 1 ⊕ · · · ⊕ N − 1 corresponding to509

all magnetic condensate. In this case, Dc = N and nM = 2 wherever N is prime. It is510

well known that for N ≥ 5, the critical point is first order, consistent with the counting511

here. One can also check with the critical models following from the Haagerup string net512
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model discussed above, and find that indeed they are consistent with the rule here. Note513

that our condition for second-order phase transition is only sufficient, not necessary, so it is514

overly strong and could potentially leave out many CFTs. For example in the case for ZN515

where N = 3, i.e., the 3-state Potts model, by our counting, the commensurate state of Z3516

could potentially give a first-order phase transition, but it is in fact a well-known second517

order transition. This also happens in the Haagerup models, in which novel continuous518

transitions are confirmed numerically even though we have not cut down the phase space519

sufficiently. We believe that our condition can be relaxed in the future.520

Generalised Kramers-Wannier Duality521

The Kramers-Wannier duality is a duality transformation in statistical mechanics that522

relates the ordered and disordered phases of a system. The phase transition point between523

these two phases coincide with the self-dual point, where the system often exhibits critical524

behavior. For example, in the classical Ising model, the KW duality relates the high- and525

low-temperature phases. The critical temperature is found to coincide with the self-dual526

point. In ZN lattice models, KW duality refers to a Fourier-type transform of couplings527

[45–47]. In these cases, the KW duality is essentially the electromagnetic duality, which528

exchanges the electric and magnetic charges of the global ZN symmetry of the lattice529

model. (N = 2 for the Ising model.)530

In our construction, it turns out that these KW dualities known in the literature531

can be understood as a transformation that maps the original strange correlator on the532

square-octagon lattice to a strange correlator on the dual lattice. An advantage of using533

the square-octagon lattice is that its dual lattice has the same shape: The dual lattice534

exchanges the squares and octagons of the original lattice. This exchange is achieved by535

making an F-move on every octagon edge, as shown in Fig. 11 with the example of Ak+1536

series. The F -move used here is applicable to any trivial Morita class: for any A = X⊗X∗
537

with M = X, we have538

(18)

There is thus a self-dual point in the interpolation between A = 0 and A = X ⊗539

X that is invariant under KW. In the case of the A-series CFTs, the self-dual point is540

⟨ 0

1
| + d1−1√

d2

⟨ 2

1
|, which exactly matches the critical points obtained by the equal sum of541

normalized states.542

We can also apply (18) to analyze the competition between A0 = 1 and A1 = ρ⊗ ρ in543

the H3 with ρ as a perfect common module. The duality transformation maps ρ-squares to544

ρ-octagons, and the double ρ-lines on an octagon edge is equivalent to
∑

i∈ρ⊗ρ

√
di

d
i lines.545

Then we can verify that the system is self-dual when the octagon edge takes the state546

|1⟩ +
1√

3d+ 1

(
|1⟩ +

√
d|ρ⟩ +

√
d|αρ⟩ +

√
d
∣∣∣α2ρ

〉)
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Fig. 11: Generalised KW duality for the Ak+1 category. The common module is 1 and the

competing Frobenius algebras are A1 = 0 and A2 = 0⊕2. Under KW duality the 1-squares

are mapped to 1-octagons, and the positions of squares and octagons are exchanged. The

horizontal and vertical octagon edges are exchanged under KW. The double 1-line on the

octagon edge is equivalent to algebra A2 ending on the module M = 1. So we see that the

two gapped phases given by A1 and A2 are KW dual to each other. The self-dual point

is obtained by requiring that the unit cell is invariant under an F-move, which exactly

matches critical point obtained by the equal sum of normalised states.

This self-dual point again coincides precisely with the point calculated by (7).547

This duality can even be applied to compute tri-critical points, via a double-layer548

construction. We consider interpolating among A0,2,3 in A5 withM = 2 as an example. The549

unitcell is three dimensional with basis | i

2
⟩, i ∈ {0, 2, 4}. The KW duality is performed550

by doing an F-move on every octagon edge. This operation is represented by:551

| 0

2
⟩ F−→ 1

2

(
| 0

2
⟩ +

√
2| 2

2
⟩ + | 4

2
⟩
)
,

| 2

2
⟩ F−→ 1√

2

(
| 0

2
⟩ − | 4

2
⟩
)
,

| 4

2
⟩ F−→ 1

2

(
| 0

2
⟩ −

√
2| 2

2
⟩ + | 4

2
⟩
)
.

As explained in Fig. 11, F -moves map the vertical edges to horizontal edges. After doing552

F -moves, we have implicitly shifted the lattice by a unit cell, shifting our focus on the553

vertical edges shown on the right-hand side.554

In what follows, we denote the basis | i

2
⟩ by |i⟩. Under the normalization where555

|0⟩ has a coefficient of 1, the parameter space is two-dimensional, with a generic point556

represented as |0⟩+y|2⟩+z|4⟩. The KW duality acts as a transformation on this parameter557

space, mapping it onto itself. The KW self-dual points correspond to the fixed points of558

this transformation. In this case, the self-dual points lie along a line in the parameter559

space, given by the equation:560

z = −
√

2y + 1. (19)

The phase boundary between A0 and A2 completely lie on the KW self-dual line561

and ends at the tricritical point as in Fig. 4. The A0 phase is centered at the point562
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Fig. 12: Double layer of Ising models.

(y = 0, z = 0), and the A2 phase is centered at the point (y =
√

2, z = 1). The interpolating563

line connecting the two points intersects the KW self-dual line at the point (y =
√

2
3 , z = 1

3),564

which is exactly the critical point constructed by the equilibrium state of A0 and A2.565

Next, we show how the A5 model is related to two copies Ising models and derive the566

critical points and the tricritical point in the phase diagram. The simple object 2 in A5567

is the two dimensional irrep of Rep(S3). This fact motivates us to split the simple object568

2 into two quasi-objects 21 and 22 with quantum dimensions equal to 1[31, 32, 43]. We569

make two assumptions about the quasiobjects and show that under these assumptions we570

can decompose the system into two Ising models and calculate precisely the critical points571

and the tricritical point.572

Assumption 1: as quasiobjects

2 = 21 ⊕ 22, 22 ⊗ 22 = 0, 4 ⊗ 21 = 22, 4 ⊗ 22 = 21

Assumption 2: as states in local Hilbert space

1√
2

(|21⟩ + |22⟩) = |2⟩, 1√
2

(|21⟩ − |22⟩) =
1√
2

(|0⟩ + |4⟩) .

For the current strange correlator the module is 2, and up to a global constant we can573

add a loop labeled by 2 in all the squares, this turns the module to 2 ⊗ 2. Under our574

assumption, the module is now 2 ⊗ 2 = 0 ⊕ 21 ⊕ 22 ⊕ 4 = (0 ⊕ 22) ⊗ (0 ⊕ 4). For the575

octagon edge, we temporarily use a new parametrization (a and b) and later will show576

how to map it to the previous one (y and z). The state on the octagon edge is set to be577

(|0⟩ + a|22⟩) (|0⟩ + b|4⟩) = |0⟩ + b|4⟩ + a|22⟩ + ab|21⟩.578

In this way, we have rewritten the system into two layers of Ising models, see Fig. 12.579

The Ising model has two Frobenius algebras, and we can use the perfect common module σ580

on the square edge. We already know that the Ising model reaches the critical point when581

the octagon edge is tuned to ⟨ 1

σ
| + (

√
2 − 1)⟨ ψ

σ
|. In the current double layer system,582

we identify 0 as 1Ising, and 22 or 4 as ψIsing in each layer. The first layer represents the583

competition between 0 and 22, while the second layer represents the competition between 0584

and 4. The two Ising phase transition lines correspond to the individual critical points for585

each individual layer. When a = b =
√

2 − 1, the two layers are both at the critical point,586

and the system is self-dual. The system simply stacks two critical Ising models, so the587

central charge is c = 1/2+1/2 = 1. In the original parametrization, this point corresponds588
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to y =
√

2
3 and z = 1

3 , which is exactly the tricritical point at which the two Ising phase589

transition lines coalesce.590

Symmetry Preserving RG of the Strange Correlator591

Our construction of the CFT factory is based on the strange correlator formalism. In this592

approach, a partition function Z is defined as the overlap between a string-net ground state593

|Ψ⟩ and a tensor network state ⟨Ω| 4(Fig. 13):594

Z = ⟨Ω|Ψ⟩. (20)

Our choice of ⟨Ω| is a tensor network built from local tensors TABC
abc :595

⟨Ω| =
∑

{A,B,C}

∏

µ

TABC
abc (µ)⟨{a, b, c}|. (21)

The auxiliary indices A,B,C ∈ {1, 2, . . . , dχ} (blue lines) are summed over all triangles,596

while the physical indices a, b, c (black lines) are labeled by simple objects and contract597

with the string-net state |Ψ⟩. Orientation of the fusion rules is indicated by arrows. For598

convenience, we use an orthonormal basis {|{a, b, c}⟩} to denote these open legs. The index599

µ denotes different triangles.600

The string-net ground state admits a tensor-network representation involving tetrahe-601

dron symbols [7, 48–50]:602

|Ψ⟩ =
∑

{i,j,k}

√
da di

∏

µ

[
a b c

i j k

]
(µ) |{a, b, c}⟩. (22)

Here the red indices i, j, k are summed over all simple objects in the category. The tetra-603

hedron symbols are related to 6j-symbols of the UFC by604

[
a b c

i j k

]
=

1√
dedf

[F abi
j ]ck = Gb∗a∗c

ji∗k .

Combining |Ψ⟩ with ⟨Ω|, the partition function factorizes into local weights:605

Z =
∑

{a,b,c},{A,B,C},{i,j,k}

∏

µ

zABC
abc,ijk(µ), (23)

where606

zABC
abc,ijk(µ) = 4

√
d2

i djd2
kdadbdc T

ABC
abc (µ)

[
a b c

i j k

]
(µ). (24)

We adopt a gauge where tetrahedron symbols are both unitary and tetrahedrally sym-607

metric.5. Unitarity implies608

∑

f

dedf

[
a b e

c d f

] [
a b e′

c d f

]∗
= δee′N e

abN
d
ec, (25)

4We restrict to real tensors throughout. With complex tensors, conjugation of neighboring tensors would

be required, leading to a checkerboard arrangement that ensures reality of the partition function.
5Generalization to F -symbols without tetrahedral symmetry is possible, though the RG equations be-

come more involved. We leave this study to future work.
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Fig. 13: The strange correlator ⟨Ω|Ψ⟩. (a) Local tensor TABC
abc of state ⟨Ω|. (b) Local

tensor of state |Ψ⟩, constructed from tetrahedron symbols and quantum dimensions. (c)

Their contraction defines the strange correlator. Blue indices are summed within ⟨Ω|, red

indices within |Ψ⟩, while black physical indices contract between the two.

while tetrahedral symmetry gives identities such as609

[
a b e

c d f

]
=

[
a∗ e b
c f d

]
=

[
e b∗ a
f d c

]
=

[
a f d

c∗ e b

]
. (26)

With this symmetry, the pentagon equation takes the form610

[
a b e

c d f

] [
a b′ e′

c′ d f

]
=
∑

x

dx

[
a b e

x e′ b′

] [
e′ x e

c d c′

] [
b′ x b

c f c′

]
. (27)

The essential virtue of the strange correlator is that deformations of the network ⟨Ω| are611

precisely the categorical F -moves guaranteed by tetrahedron symbols. Different lattice612

discretizations are related by these moves, making the construction inherently symmetry-613

preserving. This feature enables the following RG procedure. In each RG step, four tensors614
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Fig. 14: RG step: four tensors T are combined into an intermediate tensor M , which is

then decomposed into two new tensors T̃ via SVD. Red legs indicate tetrahedron-symbol

contractions and are not part of T or M .

T are contracted into an intermediate tensor M , which is then factorized by singular value615

decomposition (SVD) into two renormalized tensors T̃ (Fig. 14).616

We begin by rewriting the product of four tetrahedron symbols as follows.617

∑

j

dj

[
a1 b1 c1

i1 j k1

] [
a1 b2 c2

i2 j k1

] [
a2 b3 c1

i1 j k2

] [
a2 b4 c2

i2 j k2

]

=
∑

j

dj

∑

e1

de1

[
a1 b2 c2

e1 c1 b1

] [
c1 e1 c2

i2 j i1

] [
b1 e1 b2

i2 k1 i1

]
∑

e2

de2

[
a2 b4 c2

e2 c1 b3

] [
c1 e2 c2

i2 j i1

] [
b3 e2 b4

i2 k2 i1

]

=


∑

j

dj

[
c1 e1 c2

i2 j i1

] [
c1 e2 c2

i2 j i1

]
 ∑

e1,e2

de1
de2

[
a1 b2 c2

e1 c1 b1

] [
b1 e1 b2

i2 k1 i1

] [
a2 b4 c2

e2 c1 b3

] [
b3 e2 b4

i2 k2 i1

]

=
∑

e

√
de

[
b1 e b2

i2 k1 i1

] [
b3 e b4

i2 k2 i1

](
√
de

[
a1 b2 c2

e c1 b1

] [
a2 b4 c2

e c1 b3

])
. (28)

Here, the second row is due to (27), and the fourth line is due to (25) and a sum over δe1e2
.618

We combine the factors in brackets with tensor T to get an intermediate tensor M :619

MB1B2B3B4

b1b2b3b4e =
A1,A2,C1,C2∑

a1,a2,c1,c2

√
da1

da2
dc1
dc2
de

[
a1 b2 c2

e c1 b1

] [
a2 b4 c2

e c1 b3

]
TA1B1C1

a1b1c1
TA1B2C2

a1b2c2
TA2B3C1

a2b3c1
TA2B4C2

a2b4c2
.

(29)

A new tensor T̃ is then obtained by applying a singular value decomposition (SVD) to620

the tensor M ,621

MB1B2B3B4

b1b2b3b4e =
∑

E

T̃B1EB2

b1eb2
T̃B3EB4

b3eb4
. (30)

This procedure is practically implemented via gradient-descents based loop-TNR [51] to622

search for an optimal approximation within a given bond dimension of the new index E.623

In total, each RG step is expressed as624

E∑

e

√
de

[
b1 e b2

i2 k1 i1

] [
b3 e b4

i2 k2 i1

]
T̃B1EB2

b1eb2
T̃B3EB4

b3eb4
=
A1,A2,C1,C2∑

a1,a2,c1,c2,j

√
da1

da2
dc1
dc2
dj
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[
a1 b1 c1

i1 j k1

] [
a1 b2 c2

i2 j k1

] [
a2 b3 c1

i1 j k2

] [
a2 b4 c2

i2 j k2

]
TA1B1C1

a1b1c1
TA1B2C2

a1b2c2
TA2B3C1

a2b3c1
TA2B4C2

a2b4c2
. (31)

The original form of the strange correlator is preserved after a complete RG step, with625

each tensor T flowing to T̃ . The categorical symmetry, as imposed by the 3D bulk that is626

carried throughout the RG process, is thus preserved in the RG procedure. The orientated627

fusions at the new vertices are b1 ⊗ e → b2 and b3 ⊗ e → b4. One can alternatively obtain628

b2 ⊗ e′ → b1 and b4 ⊗ e′ → b3 by applying a different set of the pentagon equation in 28.629

In our setup, a unit cell typically consists of two local T tensors. The initial tensor630

for the RG flow can be considered as the tensor M in (29) and (30). Consequently, an631

initial decomposition step of (30) is performed. Explicitly, for unit cells corresponding to632

(6), where each ⟨ Ai

MAi

| is weighted by parameter ri, the initial tensor M is633

Mb1b2b3b4e =
∑

i

ri[ρMAi
]eb1b2

([ρMAi
]eb3b4

)∗. (32)

Here, auxiliary legs Bi are omitted in M . For general initial tensors, Bi and possibly also634

E account for multiplicities if a simple object bi or e appear multiple times in MA or A. In635

present cases, the multiplicity is no more than 1, so the initial tensor has trivial auxiliary636

legs. During the RG procedure, the auxiliary legs’ effective bond dimensions can increase,637

reflecting the growing entanglement among the local tensors.638

Computing the Phase Diagram639

If the initial tensor corresponds to a single Frobenius algebra, the RG flow converges in one640

step to its multiplication fA, which is a fixed point tensor. General gapped-state tensors641

flow to one of these fixed points, providing an order parameter that distinguishes phases.642

Phase diagrams obtained this way show excellent accuracy even at minimal bond dimension643

dχ = 1 (Fig. 15), illustrating the efficiency of the categorical symmetric RG.644

Central charges are extracted from transfer matrices built from coarse-grained tensors,645

following [52]. In practice, bond dimensions dχ = 4–20 are used, depending on the model.646

Central charges typically stabilize after ∼ 6 RG steps, with each step taking 5–15 seconds647

on a Tesla V100 GPU.648

Central charges can also be represented as phase diagrams whenever the phase tran-649

sitions are governed by CFTs. For conventional first-order phase transitions, the central650

charge is expected to vanish. In practice, however, we also encounter weak first-order tran-651

sitions that are very close to second-order ones [35, 36]. In such cases, the computed central652

charge typically remains finite after a moderate number of RG steps (about 10–20, depend-653

ing on the model), which explains the appearance of nonzero residuals at some first-order654

phase boundaries.655

A further characteristic is that certain first-order transitions exhibit oscillatory behav-656

ior in the extracted central charge—both along the RG flow and across the phase diagram.657

In the 5-state Potts model, we read off an oscillatory central charge around an average658

value of c ≈ 1.1 at the first order phase transition point, consistent with the real part of659

the associated complex CFT. The latter has been identified as c ≈ 1.138 ± 0.021i [53, 54].660
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Fig. 15: Ternary phase diagram for the interpolation of algebras A0,2,3 under module 2

of the A5 category. Different colors correspond to different converged fixed-point tensors,

computed with dχ = 1. This illustrates the role of the fixed-point tensor as an order

parameter, highlighting the precision of our RG scheme even at a small bond dimension.

In the phase diagram, the oscillations manifest as two closely separated lines on the critical661

boundary, as illustrated in Fig.6 and Fig.8. We conjecture that such oscillatory central662

charges signal the proximity of complex CFTs.663

While our present algorithm already achieves high resolution for the phase diagrams,664

there remains considerable room for improving the extraction of critical data. We leave665

more elaborate developments to future work.666

Comments on More Complicated Boundary Conditions and Enlarging the Unit667

Cell668

A salient question is how to generalise our construction to other lattices. Our choice of669

square lattice is to ensure that there is an equal number of plaquettes and vertices, making670

the equal weight summation of competing condensates a natural location of criticality671

because we need not to distinguish fluxons and chargeons, which supposedly reside on on672

vertices and in plaquettes respectively. For more generic lattices, we suspect that the equal673

mixture of competing condensates may not always generate a critical state globally. The674

correct relative weights may depend on the ratio of plaquettes and vertices in the given675

lattice. This certainly deserves future exploration.676

Another important question is how to explore the effect of enlarging the unit cell.677

In this paper, we have chosen a minimal unit cell, and explored the phase space of678

theories by varying couplings within the unit cell, which is obviously only a small corner of679

possible theories that realise the given symmetries. Hence, two paramount questions are680
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Fig. 16: The ternary phase diagram of interpolating the Frobenius algebras A0 = 0,A1 =

0 ⊕ 2,A2 = 0 ⊕ 3 with module 1 ⊕ 2 in category A4. They are all subalgebras of A3 =

0⊕1⊕2⊕3. Each phase is marked by one of the three nomalised states Ai. The three phases

are seperated by the critical lines with central charge c > 0. This is another illustration of

the double-layer structure, see main text for details.

1) what the possible systems that can be realised within this restricted phase space are,681

and 2) how to systematically enlarge the space of theories that one explores.682

To the first question, we observe that when the phase subspace gets smaller, the central683

charge of the resultant critical point also appears to be smaller. For example, the A-series684

were realised by picking a module that essentially reduce the phase space in the unit cell685

to 2-dimensions. In that case, the central charge of the resultant critical point seems to be686

smaller than that with the same choice of unit cell but a large phase space. The number of687

degrees of freedom involved in the unit cell seems to be related to the central charge of any688

realised critical point. We suspect that the “canonical” CFT for a given symTO proposed689

in [22] can always be realised from models constructed in the unit cell.690

This observation can be qualitatively explained by the generalised KW duality. As one691

increases the dimension of the subspace, the degrees of freedom often fall into decoupled692

multi-layer system, a direct generalisation of the double-layer structure described in the693

text. The CFT at the critical point of the multi-layer system is a tensor product of the694

CFTs of each critical layer; hemce, the central charge is larger. Apart from the exmaples695

above, a c = 1.2 CFT is observed in category A4 as plotted in Fig. 16. This CFT is696

realised in a subspace of 4 dimensions. From the generalised KW duality, this system697

can be decomposed into a double layer, each bearing a 2-dimensional subspace. The two698

layers contribute a c = 0.5 CFT and a c = 0.7 CFT when both layers are tuned to its699

respective critical point. The observed c = 1.2 CFT should simply be the stacking of the700

two single-layer CFTs.701

As the chosen unit cell’s size increases, one expects that the strange correlator should702

be able to describe more complicated CFTs carrying the symmetries with larger central703

charges. We considered a larger unit cell as shown in Fig. 17.704

We observe that generalised KW duality can effectively search for critical points here.705
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Fig. 17: Example of a larger unit cell. The blue region is the unit cell of the anisotropic

state ⟨Ω|, of which the horizontal and vertical edges are in general different. If ⟨Ω| is

isotropic, then the unit cell is the green region, which is discussed extensively in the text

above.

The KW duality exchanges squares with octagons and swaps horizontal edges with vertical706

ones. On enlarging the unit cell to accomodate the anisotropic ⟨Ω|, the n-dimensional707

phase space is promoted to a 2n-dimensional phase space. In general, the critical self-dual708

manifold in the n-dimensional phase diagram is promoted to a critical self-dual manifold709

with higher dimensions in the 2n-dimensional phase diagram. The extra dimensions of the710

critical manifold are often irrelevant to the CFT. We have checked this in the case of Ising,711

Fibonacci, and Ak categories and the results will be presented elsewhere.712

Larger unit cells can be converted to an entangled ⟨Ω| state and computed by the same713

numerical RG process. We have not yet looked into a more general ansatz to systemati-714

cally produce critical models for ⟨Ω| that carries entanglement. This and other important715

questions will be discussed elsewhere.716
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