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I. TOPOLOGICALLY PROTECTED QUANTUM
SKYRMIONS AGAINST TURBULENCE.

It can be demonstrated from equation (6) in the main
text that the skyrmion number remains invariant un-
der coordinate transformations. Therefore, to prove the
topological robustness of quantum skyrmions against tur-
bulent disturbances, it suffices to show that the influ-
ence of turbulence on quantum states can be expressed
in terms of coordinate transformations.

After turbulent evolution, the quantum state can be
expressed as:

|Ψ⟩ = λ1 |LGl1⟩A |H⟩B + λ2 |LGl1⟩A |V ⟩B
+ λ3 |LGl2⟩A |H⟩B + λ4 |LGl2⟩A |V ⟩B ,

(S.1)

where λi represents the normalized complex coefficients.
The impact of quantum state evolution on subsequent
analysis is primarily manifested in:

µ′(r, ϕ) =
λ2 |LGl1(r)|+ λ4 |LGl2(r)| ei(l2−l1)ϕ

λ1 |LGl1(r)|+ λ3 |LGl2(r)| ei(l2−l1)ϕ

= f ′(r, ϕ)eiΦ
′(r,ϕ),

(S.2)

where f ′(r, ϕ) = |µ′(r, ϕ)|, Φ′(r, ϕ) = arg(µ′(r, ϕ)).
Given that the turbulent perturbation terms make direct
analytical solutions exceptionally challenging, we instead
employ a coordinate transformation approach. Based on
the principle of topological invariance, it suffices to con-
struct a conformal transformation satisfying the following
equation to simplify the problem.

µ(r1, ϕ1) = µ′(r, ϕ). (S.3)
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Considering the mathematical properties of Laguerre-
Gaussian beams[1], the following simplification can be
adopted:

ε(r) =
|LGl2 (r)|
|LGl1 (r)|

=

√
|l1|!
|l2|!

(√
2r

ω0

)|l2|−|l1|

, (S.4)

where ω0 represents the beam waist. The solution can be
obtained through coordinate transformation as follows:

r1 =
ω0√
2
·

[√
|l2|!
|l1|!

·
(
λ1

λ2
·
∣∣∣∣λ2 + λ4ε(r)e

i(l2−l1)ϕ

λ1 + λ3ε(r)ei(l2−l1)ϕ

∣∣∣∣)
1

|l2|−|l1|
]

ϕ1 =
1

l2 − l1
arg

(
λ2 + λ4ε(r)e

i(l2−l1)ϕ

λ1 + λ3ε(r)ei(l2−l1)ϕ

)
.

(S.5)
The topological invariance of the skyrmion number un-
der coordinate transformations fundamentally underlies
the intrinsic robustness of quantum skyrmions against
turbulent perturbations.

II. QUANTUM STATE TOMOGRAPHY

To accurately obtain complete information about the
quantum state, we employed a maximum likelihood
estimation-based quantum state tomography technique
in our experimental research[2]. According to the fun-
damental principles of quantum information theory, any
density matrix satisfying the conditions of being Hermi-
tian, non-negative, and unit-trace can be uniquely ex-
pressed in the following form through Cholesky decom-
position:

ρ̂ideal (⃗t) =
T (⃗t)†T (⃗t)

Tr
{
T (⃗t)†T (⃗t)

} . (S.6)

For an n-qubit quantum system, the matrix T (t) is a
2n × 2n matrix characterized by 4n parameters t =
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FIG. S1: (a)-(c) present the quantum state tomography reconstruction results of skyrmions under varying
turbulence intensities, Ω = 2w/r0. (d)-(f) corresponding texture structures.

t1, t2, ..., t4n. Specifically:

T (⃗t) =


t1 0 0 0

t2n+1 + it2n+2 t2 0 0
...

. . .
...

t4n−1 + it4n · · · t2n+1−4 + it2n+1−3 t2n

 .

(S.7)
The crucial next step involves iteratively optimizing the
parameter set t based on experimental data nν obtained
from measurement operators Π̂ν , in order to reconstruct
the density matrix estimate that most closely approxi-
mates the true quantum state. More precisely, the op-
timal parameter set t is determined by minimizing the
following objective function:

L(⃗t) = 1

2

4n−1∑
ν=0

[
Tr
{
Π̂ν ρ̂ideal (⃗t)

}
− nν

]2
nν

. (S.8)

We successfully prepared the quantum skyrmion state in
experiments, which can be expressed as:

|Ψ⟩ = |0⟩A|H⟩B + |1⟩A|V ⟩B , (S.9)

where |0⟩ and |1⟩ represent the topological charge num-
bers of OAM, respectively. The experimentally recon-
structed density matrices under varying turbulence in-
tensities are presented in Figure S1(a)-(c), exhibiting dis-
tinct structural characteristics that correlate with turbu-
lence strength. Upon successfully reconstructing the den-

sity matrix ρ through quantum state tomography, we ob-
tain complete statistical information about the quantum
state. To quantitatively characterize the entanglement
properties of the system, we employ the widely-used en-
tanglement measure for biphoton systems – Concurrence,
defined as follows:

C(ρ) = max {0, λ1 − λ2 − λ3 − λ4} , (S.10)

where λi are the eigenvalues in descending order of the
operator R =

√√
ρ ρ̃

√
ρ, with ρ̃ = (σy ⊗ σy)ρ

∗(σy ⊗
σy), σy represent the Pauli-Y operator. The concurrence
ranges continuously from 0 for separable states to 1 for
maximally entangled states.

Based on the reconstructed density matrix, we can
further analyze the spin texture characteristics of quan-
tum skyrmions and calculate their topological charge
(skyrmion number). The quantum Stokes parameters
can be quantitatively analyzed through the following fun-
damental expressions:[3]:

Sj = Tr (|r̄⟩A ⟨ r̄|A ⊗ σB,jρ) (S.11)

The experimentally measured density matrix exhibits
skyrmion textures as shown in the Figure S1(d)-(f),
demonstrating clear topological characteristics in the
spin configuration. Upon accurately obtaining the quan-
tum Stokes parameters, the skyrmion number of the
quantum skyrmion can be determined.
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III. SIMULATION OF ATMOSPHERIC
TURBULENCE

In our experimental framework, we model atmospheric
turbulence as refractive index fluctuations induced by mi-
croscopic temperature and pressure variations. These
perturbations initially manifest as phase fluctuations
that evolve into compound phase-amplitude modulations
during optical propagation. Our implementation em-
ploys the thin phase screen approximation, where the
turbulence strength ischaracterized by the dimensionless
ratio Ω = 2w/r0, with w representing the second mo-
ment beam waist and r0 denoting Fried’s atmospheric
coherence length parameter, given by [4, 5]:

r0 = 0.185

(
λ

C2
nz

)3/5

, (S.12)

where C2
n is the refractive index structure constant, λ is

the wavelength and z is the channel length. The strength
of turbulent media can be quantitatively characterized by
the Strehl ratio (SR). Under the single phase-screen ap-
proximation model, its mathematical expression is given
by:

SR ∼=
1

[1 + (2w/r0)]
5/3

. (S.13)

Given the stochastic nature of atmospheric refractive
index fluctuations, a statistical description is essential.
In this study, we adopt two approaches. Due to its com-
putational efficiency, we made use of a spatial frequency
domain approach for the quantum measurements. This
approach makes use of fast Fourier transforms (FFTs)
to generate random spectral components based on a pre-
scribed power-law spectrum. The methodology centers
on implementing the Fourier transform of the refractive
index covariance function. In the Fourier domain, the
power spectral density of refractive index fluctuations is
expressed as:

Φn(κ) = 0.0033C2
nk

−11/3. (S.14)

This formulation represents the renowned Kolmogorov
power spectral density model, where k denotes the spa-
tial frequency. The power spectral density function
provides the fundamental basis for optimally simulat-
ing atmospheric turbulence effects through stochastic
sampling of spatial frequency components. The imple-
mentation involves generating turbulence phase screens
via Fourier-domain synthesis, achieved by encoding the
Fourier transform of the product between the power spec-
trum and a complex random field.

The phase screens corresponding to different turbu-
lence strengths are presented in Figure S2(a)-(c). In our
experimental setup, we employ a spatial light modulator
to perform projective measurements on photon A, which
necessitates the implementation of a composite grat-
ing incorporating three distinct components: (i) vortex

phase grating, (ii) blazed grating, and (iii) turbulence-
modulated grating, as schematically illustrated in Figure
S2(d)-(g).
The classical simulations and experiments made use

of Noll phase screens. The spectral domain is popular
due to its computational efficiency achieved by leverag-
ing optimized FFT algorithms. However, this approach is
known to overestimate the high frequency spatial contri-
butions and underestimate the low frequency components
of turbulence [6]. This results in high frequency inten-
sity perturbations in the propagation of optical beams
leading to higher noise and falsely increases the number
of phase and polarization singularities that are detected.
In contrast, the Noll phase screens make use of Zernike
which form a complete and orthogonal set of the unit
disk and are commonly used in simulated and real world
adaptive optics applications to correct for the wavefront
aberrations induce by atmopsheric turbulence. They are
given analytically by, The analytical form for the Zernike
polynomials is therefore given as follows [7],

Zeven j(r, θ) =
√
n+ 1Rm

n (r)
√
2 cos (mθ)

Zodd j(r, θ) =
√
n+ 1Rm

n (r)
√
2 sin (mθ)

Zj(r, θ) =
√
n+ 1Rm

0 (r) ,

}
m ̸= 0 ,

m = 0 ,
(S.15)

where r is the radial coordinate and θ is the azimuthal
coordinate. The radial component is given by,

Rm
n (r) =

(n−m)/2∑
s=0

(−1)s(n− s)!

s![(n+m)/2− s]![(n−m)/2− s]!

(S.16)
The polynomials have a known covariance in Kolmogorov
turbulence [8, 9], which can be used to randomly sam-
ple weighting coefficients to build phase screens that sta-
tistically replicate the effects of atmospheric turbulence.
Such an approach is computationally slower but shows
better agreement with theoretical predictions of the Kol-
mogorov model. Full details in the implementation of
this method can be found in Ref. [10].

IV. CALCULATION OF SKYRMION NUMBER
FROM EXPERIMENTAL DATA

Contour integral calculation of the skyrmion
number. Typical approaches to calculating the wrap-
ping number of given field involve directly computing the
surface integral. Due to the severe distortions induced by
atmospheric turbulence on the beams’ intensity profile,
we made used of an alternative approach initially pro-
posed by McWilliam et al. [11]. This approach involves
using a contour integral to reframe the computation as
follows,

N =
1

2

∑
j

S(j)
z Nj − S̄∞

Z N∞

 , (S.17)
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FIG. S2: Grating configurations. (a)-(c) respectively display dynamic grating diffraction patterns under three
turbulence regimes: weak (Ω = 0.2), moderate (Ω = 0.6), and strong (Ω = 1.2). (d) shows a vortex phase grating

with topological charge l = 1. (e) presents a blazed grating. (f) display grating patterns with (Ω = 1.0). (g) depicts
the composite grating pattern (1920×1080 pixels) ultimately loaded onto the spatial light modulator.

where Nj is the charge of individual phase singularity at

position j in the field Sx + iSy, S
(j)
z is the value of the

Stokes parameter Sz at the point j, N∞ is the result of

the contour integral at infinity and S
(∞)
z is the value of

the Stokes parameter Sz as r → ∞. Any of the Stokes
parameters (S1, S2 and S3) can take the place of Sz,
with the other two ordered taking the place of Sx and Sy.

Classical and quantum stokes parameters. In or-
der to make use of Equation S.17, the Stokes parameters
must be determined from experimental measurements.
In the case of quantum skyrmions, the Stokes parameters
are simply the observables of the Pauli matrices which
can be calculate from the experimentally reconstructed
density matrix σB,j as follows,.

Sj = ⟨| −→rA⟩ ⟨−→rA | ⊗σB,j⟩ =
〈
ΨB|A

∣∣σB,j

∣∣ΨB|A
〉
. (S.18)

Classical Stokes parameters are obtained through tradi-
tional Stokes polarimetry using six experimentally mea-

sured polarization intensity projections,

s0 = IH + IV (S.19)

s1 = IH − IV (S.20)

s2 = ID − IA (S.21)

s3 = IR − IL . (S.22)

The subscripts H, V, D, A, R and L represent horizontal,
vertical, diagonal, antidiagonal, right circular and left cir-
cular polarizations respectively. A polarization sensitive
camera was able to measure the four linear polarization
intensity projections. A quarter-wave plate was placed
in from the of the camera in order to measure the cir-
cular intensity projections [12]. Equation S.17 requires
the locally normalized Stokes parameters Sj which were
computed from the experimentally obtained Stokes pa-
rameters sj according to,

Sj =
sj√

s21 + s22 + s23
(S.23)
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Polarization singularities. The contour integral can
be taken over one of three polarization fields,

P1 = S2 + iS3 (S.24)

P2 = S3 + iS1 (S.25)

P3 = S1 + iS2 . (S.26)

While all three are theoretically equivalent, numerical
and practical considerations may cause one choice to per-
form far more reliably than others. In this work. P1

exhibited erratic behaviour over various realizations as
compared to P2 and P3 and so was excluded. Once
the polarization field were obtained, the positions and
charges of the phase singularities of these fields were de-
termined using a numerical equivalent to the curl ∇×
operation (first proposed in Ref [13]) termed the circula-
tion D. The circulation is defined as,

Dm,n = d
2 (Gm,n

x +Gm,n+1
x +Gm,n+1

y +Gm+1,n+1
y

− Gm+1,n+1
x −Gm+1,n

x −Gm+1,n
y

− Gm,n
y ) . (S.27)

Here, Dm,n represents the value of the circulation of the
pixel in the n-th row and m-th column. Gm,n

x and Gm,n
y

are the phase gradient in the horizontal and vertical
direction of the pixel in the n-th row and m-th column,
respectively and d is the pixel size. Typically, the circu-
lation will return a 0 value if there is no singularity at
that pixel and a nonzero value if there is. The magnitude
of the circulation indicates the charge of the singularity
and the sign indicates the direction/handedness of the
singularity. These values were then substituted into
Equation S.17 to calculate N.

V. POST-PROCESSING OF CLASSICAL
EXPERIMENTAL DATA

The local normalization of the Stokes parameters in
Equation S.23 is necessary to ensure the accurate calcu-
lation of the wrapping number. However, it also results
in the amplification of random noise in low intensity re-
gions of experimental data. This noise can be caused by
ambient environmental light and the shot noise of the
detector. If it is not considered or filtered off, it will arti-
ficially increase the number of polarization states present
the measurement and result in an inaccurate determina-
tion of the skyrmion number. We therefore implemented
a standard post-processing procedure following the one
outlined in the supplementary of Ref. [14] that was cal-
ibrated on unaberrated beams for each of the configura-
tions tested: near-field, far-field and single phase screen

propagation. The parameters in each case were kept con-
stant irregardless of the turbulence strength or incident
N , ensuring the measurement system and procedure was
agnostic of the specific topology or turbulence strength.
For the near-field results, an intensity based threshold

was implemented. The singularities of the polarization
field was calculated, and any singularity found in regions
where the measured intensity was below the noise floor
were disregarded. To determine the noise floor, regions
near the edges of the captured CCD images, far removed
from the generated beam, were isolated and the intensity
values averaged. The average noise value over multiple
measurements was found to be ≈ 3% of the maximum
intensity. Therefore, any singularity detected in regions
with intensities lower than 3% of the maximum beam sig-
nal were disregarded from the calculation of the skyrmion
number. This was kept constant for all of the near-field
measurements. The far-field measurements implemented
the same intensity based threshold and also included a
low-pass 2D Gaussian filter with kernel of standard de-
viation σ = 1220 m−1. The far-field saw the manifesta-
tion of the high frequency intensity features due to the
propagation of the light. These high frequency intensity
features result in additional singularities which affect the
wrapping number calculation, thus necessitating the need
for the Gaussian filter. The kernel size and threshold
were kept constant for all of the far-field measurements.
The propagation results made use of an intensity thresh-
old of 3% and Gaussian filter with kernel σ = 732 m−1

which again was kept constant for all of the propagation
measurements.

VI. PARAMETERS FOR MULTIPLE PHASE
SCREEN SIMULATIONS

The multiple phase screen simulations were performed
in MATLAB. We made use of an initial grid size of
1024 × 1024 pixels with pixel size δx = 160 µm. The
maximum radius of the Zernike polynomials was set
to Rmax = 82 mm and 128 Zernike modes were used
in the construction of the turbulence phase screens.
The skyrmions were generated through vectorial com-
binations of LG beams, with the embedded Gaussian
beam waist w0 = 25 mm. The length of the channel
was L = 1 km with a spacing of ∆z = 200 m be-
tween the five screens. Channels with Rytov variances
σ2
R = 1.0, 1.5, 2.0, 2.5 and 3.0 were tested, with corre-

sponding Fried parameters for each unit cell being r0,s =
50, 39, 33, 29 and 26 mm respectively and thus total chan-
nel Fried parameters of r0 = 19.0, 14.9, 12.6, 11.0 and
9.85 mm respectively. Each simulation saw 100 inde-
pendent, random realizations for each of the five phase
screens.
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