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I. NUMBER OF CLASSICAL GROUND STATES

We derive an estimate for the dimension n of the con-
strained Hilbert space in which C = 0 for all eight-site
clusters centered around . Particularly, for a system
with Nsites spins we express n as n = bNsites and calcu-
late the base b.

A simple estimate, following from Pauling counting ar-
guments approximates n as n ≈ 3NsiteskNsites/2 with the
total number of spin-1 Ising configurations given as 3Nsites

and defining k as the ratio between the number of all
configurations satisfying C = 0 for one cluster and
the total number of 38 Ising configurations in one clus-
ter. Furthermore, Nsites/2 is the number of constraints.

This approximation gives b ≈
√
41/27 = 1.232.

More rigorously, we may also determine b by systemati-
cally calculating upper and lower bounds. For estimating
an upper bound of b, we consider systems with periodic
boundaries and Nsites = L× L sites. Specifically, we de-
termine n for L = 4 and L = 6 by exhaustively generating
all states in the constrained subspace. We note that for
L > 6 this becomes numerically too difficult due to the
large number of states. The obtained values are given
in Table I together with the base b calculated through

b = n1/L2

. The base b for L = 6 is smaller than for
L = 4 and therefore the value b = 1.541 for L = 6 can be
used as an upper bound.

A lower bound of b is found by determining the exact
number of states that are obtained by applying fluctuator
moves in the configuration of Fig. 1(a). This state has

a
√
10×

√
10 unit cell indicated by red dashed lines and

it has one flippable cluster per unit cell (their centers
are marked by red dots). Importantly, these flippable
clusters do not overlap such that they can be flipped
independently. Furthermore, under the condition that
flippable clusters do not overlap, their density (one flip-
pable cluster per 10 sites) is maximal in this state. Since
each flippable cluster can be in three different configura-
tions, fluctuator moves starting from Fig. 1(a) can gener-
ate 3Nsites/10 different states in the constrained subspace,
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Number of states n b = n1/L2

L = 4 6859 1.737

L = 6 5800827 1.541

TABLE I. Dimension n of the constrained subspace for a sys-
tem with periodic boundaries and Nsites = L×L sites, where
L = 4 and L = 6. The third column shows the base b defined
by n = bNsites .

yielding the lower bound b = 31/10 = 1.116. In total, one
finds

b = 1.329± 0.213, (1)

where the error margins range up (down) to the upper
(lower) bounds, which agrees with the Pauling estimate.
We note that in the case of spin-1/2, the Pauling estimate
is found to be surprisingly inaccurate, see Ref. [1] for
details.

II. HILBERT SPACE FRAGMENTATION

The dynamics generated by the fluctuators F and F†

does not cover the full constrained subspace of the spin-1
spiderweb model, but splits it into many dynamically dis-
connected sectors. This property, referred to as Hilbert
space fragmentation is known from other fracton models
[2–8]. Here, we prove the existence of Hilbert space frag-
mentation for the spiderweb model, i.e. that the number
of dynamically disconnected sectors grows exponentially
with the number of sites. While we focus on the case of
spin 1, we note that this argument holds for any spin, in
particular also spin-1/2, see Ref. [1].
For our proof we consider a new type of fluctuator

F shown in Fig. 1(b). Its action on a 14-site cluster
flips 12 of these spins by two units of angular momen-
tum (i.e. locally acts as S+

i S+
i or S−

i S−
i ) but does not

change the two center spins [marked with numbers 1 and
2 in Fig. 1(b)]. Importantly, F is defined in a way that
it annihilates states where the center spins 1 and 2 are
not equal or when they are both in Sz = 0 configura-
tions. This may be enforced, via the simple projector[
1− 1

4 (S
z
1 − Sz

2 )
2
]
× (Sz

1 )
2
(Sz

2 )
2
. In the illustrated case,

mailto:nilsf.niggemann@gmail.com


2

the center spins have Sz = 1, however, our arguments
also apply to the case where they are in Sz = −1 config-
urations.

If one only considers the net changes ∆Sz
i at these 14

sites, the fluctuator F is identical to F F F ′F ′ acting
on two eight-site clusters centered around the sites and

′ ( and ′ are those sites that both have the sites 1
and 2 as their nearest neighbors). Therefore, F and C
commute for all which means that F operates within
the constrained subspace. However, if one now considers
the consecutive execution of the four operators F , F ,
F ′ , F ′ one finds that there is no order in which these
operators can be applied such that they act like F , since
they always annihilate the state in Fig. 1(b). This is
due to the condition that the two center spins 1 and 2
fulfill Sz

1 ̸= 0, Sz
2 ̸= 0 and Sz

1 = Sz
2 . In other words,

the action of the double fluctuator F on these 14 sites
cannot be expressed as the sequential action of F and
F ′ . Consequently, the two 14-site states in Fig. 1(b) are
in different Hilbert space sectors under the action of F
(and F†).
The property that F creates new Hilbert space sectors

is often no longer given if the motif in Fig. 1(b) is part of
a larger system with more than 14 sites. This is because
in a larger system it may be possible to express F as

F = · · · F · · · F · · · F ′ · · · F ′ · · · , (2)

where “· · · ” denotes fluctuator moves F on other sur-
rounding eight-site clusters. To prove the exponential
scaling of the number of Hilbert-space sectors it is, how-
ever, sufficient to find one periodic state with the motif in
Fig. 1(b) and where F cannot be expressed via elemen-
tary fluctuators F as in Eq. (2). Such a configuration is
shown in Fig. 1(c) which has a 4× 4 unit cell containing
the motif in Fig. 1(b). Another configuration with this
property is discussed in Ref. [1]. Note that the action

of the double fluctuator F† is illustrated in the center
4 × 4 unit cell of Fig. 1(c). Importantly, none of the

states obtained by applying F (†)
in different unit cells

has eight-site clusters that can be flipped by F or F†.

Consequently, the action of F† in any 4 × 4 unit cell
leads to a new Hilbert space sector. A lower bound for
the number of sectors can now be estimated as 2Nsites/16,
demonstrating its exponential scaling with system size.
However, note that each of these sectors is trivial in the
sense that it contains only a single state.

We emphasize that in a generic spin-1 configuration
with the 14-site motif in Fig. 1(b) the action of F will
usually not result in a new sector because F can be ex-
pressed as in Eq. (2). In the rare exceptions [Fig. 1(c)] the
creation of new Hilbert space sectors via F is only possi-
ble because the 14-site motif is trapped in an environment
with inactive or severely limited F -dynamics (e.g. due
to the absence of local Sz

i = 0 states). Stated differently,
we could not find a spin-1 state where the application of
F creates a new sector while the F -dynamics in these
sectors is connected and can spread over the whole sys-

FIG. 1. (a) Spin configuration with the largest density of non-
overlapping flippable eight-site clusters, to estimate a lower
bound for the dimension of the constrained subspace. (b)
Definition of the double fluctuator F . Note that the two
sites 1 and 2 are not flipped by F . (c) 4 × 4 periodic state

where the action of F† in any unit cell leads to a new Hilbert
space sector. (d) Single Sz-string charge. (e) Single Sz-string
dipole. (f) Elementary string-dipole move generated by ap-

plying the fluctuator F† on the eight-site clusters around the
red dots. (g) Rules for string-dipole moves. While the top and
middle moves are allowed, the process at the bottom is forbid-
den due to the spin-1 constraint |Sz

i | ≤ 1. (h) Example of a
sequence of paired string charges for proving the existence of
subextensively many Hilbert-space sectors from string states
in the spin-1 system.

tem. We could generally not identify any mechanism to
construct exponentially many Hilbert space sectors that
have non-trivial dynamics. We therefore conclude that
while spin states like in Fig. 1(c) can be used to prove the
existence of exponentially many sectors, they are highly
artificial and the total number of states they contain only
cover a small part of the constrained Hilbert space.

On the other hand, there exists a way to construct sub-
extensively many sectors (i.e., whose number scales expo-
nentially with the linear system size L) which have non-
trivial and collective dynamics, possibly hosting a fracton
spin liquid. Their construction is based on the string-like
configuration on sublattice 1 shown in Fig. 1(d). In the
following, we define the operator G| =

∏
S+, which cre-

ates such a string when acting on a homogeneous Sz
i = 0

state. We assign a ‘string-charge’ Q = ±1 to these states,
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indicating whether the strings are built from Sz
i = 1 or

from Sz
i = −1 states. We call such configurations ‘Sz-

strings’ and mark them with green balls (for Q = +1)
or violet balls (for Q = −1) in Fig. 1(d)-(h). The term
‘charge’ in this context should not be confused with the
fractonic matter charges ρ. All configurations with one
or more strings are translation invariant in y-direction
and fulfill all constraints C = 0. The following discus-
sion only considers such translation invariant states and
treats them as representative states for the entire Hilbert
space sectors they belong to, in which y-translation in-
variance of individual states is typically broken. In a
similar way, our arguments also hold for horizontal or
diagonal strings (note, however, that a diagonal string
has to be defined on sublattice 2 in order to respect all
ground state constraints).

The operator G| does not commute with the conserved
subdimensional magnetizations M⧹⧹⧹, M⧸⧸⧸ in Fig. 2 of the
main text and thus cannot be constructed by repeated
applications of F . Therefore, adding a Sz-string gen-
erates a new Hilbert-space sector. Next, we consider a
string-dipole consisting of a Q = +1 string and a Q = −1
string as shown in Fig. 1(e) which is created by the op-

erator G|1G
†
|2 . Since such operators can also not be built

from individual fluctators F , because this would require
fractional fluctuator moves (see discussion in Fig. 2 of
Ref. [1]), adding a string-dipole gives again rise to a new
Hilbert space sector. The simplest change of one string
configuration into another, which does not create a new
Hilbert space sector is the translation of a string-dipole
in the perpendicular direction as shown in Fig. 1(f). This
string-dipole move can be generated by applying fluctu-

ators F† on the eight-site clusters around the red dots
in Fig. 1(f) and corresponds to the insertion of a string-
quadrupole.

Importantly, however, this motion of string dipoles is
restricted by the spin constraint Sz

i ∈ {−1, 0, 1}. To see
this we summarize the rules for string moves in Fig. 1(g)
where we only show the effective one-dimensional system
of green/violet string charges along the x-direction and
omit the y-direction. The move illustrated in the top
panel of Fig. 1(g) is just the elementary dipole translation
of Fig. 1(f). The middle panel of Fig. 1(g) also shows an
allowed elementary dipole move where the ‘+−’ dipole
in the sequence ‘+ − +’ is moved to the right by one
lattice spacing involving the annihilation of a positive
and negative string-charge. On the other hand, as shown
in the bottom panel of Fig. 1(g), a ‘+−’ dipole cannot
be moved to the right when it is blocked by another ‘−’
string charge, as this would generate sites with Sz

i = −2.
Therefore, a string dipole cannot be moved across a single
string-charge by fluctuator moves F .

This blocking effect in the motion of string-dipoles due
to the spin length constraint gives rise to a subextensive
scaling of the number of Hilbert-space sectors. To under-
stand this and to estimate a lower bound for the number
of sectors we consider a subset of all possible string con-
figurations in which all arrangements of string charges

FIG. 2. (a) 90◦ rotated version of the diagonal stripe state
in Fig. 3(a) of the main text. (b) Difference ∆Sz

diag between
the diagonal stripe states in Fig. 3(a) of the main text and in
(a). (c) Spin changes ∆Sz from the application of F in one
eight-site cluster. (d) Multiplicities of the applications of F
to generate ∆Sz

diag in (b).

(Q = −1, Q = 0 or Q = +1) occur in nearest neigh-
bor pairs of equal charges [see Fig. 1(h) for an example].
Importantly, dipole motion is completely blocked in all
of these states due to the forbidden process in the bot-
tom panel of Fig. 1(g) such that different states cannot
be transformed into each other by F moves. Therefore,
each of these paired string configurations can be regarded
as a representative state in distinct Hilbert-space sectors.
The number of these configurations scales subextensively
as 3Lx/2 where the base 3 stands for the three possible
charges Q = −1, Q = 0 or Q = +1 and the factor 1/2 in
the exponent is due to the pairing of strings.
Crucially, in contrast to the extensively many sectors

constructed via the double moves F , the subextensively
many sectors from string configurations usually allow for
non-trivial, collective dynamics with overlapping fluctua-
tor moves F . We expect that all states in the subexten-
sively many string sectors altogether cover a much larger
part of the constrained Hilbert space than the sectors
from F -moves.

III. DYNAMICALLY DISCONNECTED
DIAGONAL STRIPE SECTORS

Here we show that 90◦ rotated versions of the diago-
nal stripe state lie in dynamically disconnected sectors

under the action of F and F†. This property explains
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the broken 90◦ rotation symmetry of the spin structure
factor in Fig. 5(a) of the main text and shows that this
asymmetry is not a consequence of spontaneous lattice
symmetry breaking, but rather due to the asymmetry of
the diagonal stripe state itself.

In Fig. 2(a) we show a 90◦ rotated version of the di-
agonal stripe state in Fig. 3(a) of the main text. For the
system to tunnel between both states, the z-components
of the spins have to change by the amount illustrated in
Fig. 2(b), where ∆Sz

diag is the difference between the di-

agonal stripe state in Fig. 3(a) of the main text and the
one in Fig. 2(a). In a tunneling process this difference

has to be generated by repeated actions of F (or F†)
on the different eight-site clusters . As an example, the
change ∆Sz from F for one particular eight-site cluster

is illustrated in Fig. 2(c). The problem of describing
this tunneling process with F can be considered as a
linear algebra problem that consists of finding a linear
combination of the eight-site changes ∆Sz in Fig. 2(c)
that yields ∆Sz

diag in Fig. 2(b). It needs to be taken into

account that the Nsites/2 fluctuators F on all clusters
are not linearly independent but have rank Nsites/2− 1,
as discussed in detail in Sec. II.B in Ref. [1]. There-
fore, to find a unique solution, one of the fluctuators F
needs to be omitted to ensure that the other fluctuators
F form a set of basis vectors for the local moves in the
constrained subspace. Here, without loss of generality,
we have omitted the fluctuator in row 1, column 2 (when
counted from the bottom left corner) of the lattice array
in Fig. 2. The solution to express ∆Sz

diag via local fluctu-
ators, obtained by simple matrix inversion, is illustrated
in Fig. 2(d) where the numbers a on the sublattice 2 sites

correspond to the multiplicities (F )a with which the
integer spin changes ∆Sz in the eight-site clusters have
to be applied. Importantly, these multiplicities contain
non-integer a = ±1/2 values, showing that fractional ap-
plications of F would be needed to tunnel between both
states. In other words, no sequential applications of F
exist that can realize this process and, consequently, both
diagonal stripe states lie in different Hilbert space sectors.
This result is independent of the choice of fluctuator F
that is omitted in the set of basis vectors.

We note that in addition to 90◦ rotated versions of
diagonal stripe states, also time-reversed (Sz → −Sz)
versions exist. However, time-reversed partners of diag-
onal stripe states are found to be in the same Hilbert
space sector, which implies that the diagonal stripe or-
der at µ < 0.8J ′ in Fig. 4 of the main text is associated
with spontaneous time-reversal symmetry breaking.

IV. MAXIMALLY FLIPPABLE STATES IN THE
6× 6 SECTOR

The observation of broken ergodicity at low µ in the
sector of the 6 × 6 state in Fig. 3(c) of the main text
is related to the system’s inability to exhibit 4 × 4 or-
der: While the 6×6 state has a large number of flippable
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FIG. 3. (a) One of the maximally flippable states found in
the 6×6 sector and (b) its corresponding spin structure factor
S(q).

clusters, numerical results indicate that other, more com-
plicated, configurations exist in this sector with an even
larger number. These configurations, such as the one
shown in Fig. 3(a), and configurations related by lat-
tice symmetries, are separated by large energetic bar-
riers for small µ, leading to exceedingly large autocor-
relation times. At larger values µ, energetic barriers
are lowered, while fluctuations between larger networks
of spin configuration are favorable, allowing for ergodic
quantum tunneling within the entire sector. In order
to find this configuration, we initialized 3840 indepen-
dent GFMC simulations at µ = 0 with a single walker
and recorded each configuration encountered. To con-
firm that the correct solution was found, we repeated
this procedure five times, finding equivalent configura-
tions (up to lattice translations). The result is shown in
Fig. 3(a), featuring a phase separation effect with a large
domain with a 4 × 4 order. By computing S(q) for this
configuration [Fig. 3(b)], we may explain the features at
q = (π/L, π/L) and symmetry-related points in Fig. 6(a)
of the main text, as a result of the large size of the mag-
netic domains. On the other hand, this configuration
still shows a strong peak at q = (π, π) which is however
difficult to resolve in Fig. 6(a) of the main text due to
the considerable uncertainties resulting from the broken
ergodicity.

V. DETAILS ON THE EFFECTIVE RANK-2
U(1) FIELD THEORY

Our Maxwellian field theory in Eq. (9) of the main text
is derived by expressing the spin flip operators in H2 in
terms of rotor variables S±

i =
√
2e±ıAα

i where Aα
i takes

the role of a generalized ‘vector’ potential. The operators
Aα

i (which follow the convention that α = xy when i is on
sublattice 1 and α = xx when i is on sublattice 2) are the
components of a trace-free and symmetric matrix-valued
field, i.e., Axx

i = −Ayy
i and Axy

i = Ayx
i . Furthermore, Aα

i

is compact, i.e., its eigenvalues lie in the interval [0, 2π].
The z-components of the spins Sz

i take the role of a con-
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jugate integer-valued matrix electric field Sz
i = Eα

i with
[Aα

i , E
α
i ] = ı. Note that when i is on sublattice 1 (2),

we also use the notation Axy
i ≡ Axy (Axx

i ≡ Axx) and
equivalently for Eα

i . With these definitions H2 has the
form

H2 ∼ −
∑

cosB ∼ +
∑

B2 (3)

where B is defined for each cluster as given in Eq. (8)
of the main text and the rightmost expression in Eq. (18)
of the main text represents the expansion of H2 in low-
est non-trivial order in B . Furthermore, in order to
suppress electric field states Eα

i /∈ {−1, 0, 1}, a term
∼
∑

i(E
α
i )

2 in the field theory is required. Together with
the RK potential ∼

∑
N 2 this yields the effective field

theory in Eq. (9) of the main text. An important prop-
erty of this theory that distinguishes it from conventional
U(1) gauge theories is the absence of electromagnetic du-
ality. This is already evident from the different properties
of the electric and magnetic fields where the former is a
matrix while the latter is a one-component object.

Note that our mapping to an effective field theory
could, in principle, also be applied to the spin-1/2 spider-
web model. This would require a change of the (irrele-

vant) prefactor
√
2 in Eq. (6) of the main text and a redef-

inition of the electric field to ensure that it only assumes
integer values. The resulting field theory, known e.g. from
spin-1/2 quantum spin ice, is called ‘frustrated’ [9] due
to the lack of a well-defined vacuum of electric fields. On
the other hand, our field theory for a spin-1 system has
the advantage of a unique vacuum state corresponding to
the homogeneous Sz

i = 0 configuration.
The field theory has a local gauge freedom that follows

from the rank-2 Gauss’ law and amounts to the invariance
under the operation [10]

U(f ) = exp

(
ı
∑

f C

)
(4)

where f is an arbitrary function defined for each cluster
or, stated differently, f is located on sublattice 1. To

see this, we use

C = Exx
1
+Exy

2
−Exx

3
−Exy

4
+Exx

5
+Exy

6
−Exx

7
−Exy

8
(5)

and rearrange the sum in the exponent of Eq. (4), yield-
ing

U(f ) = exp

[
ı
∑

Exy(f
2
− f

4
+ f

6
− f

8
)

]
×

exp

[
ı
∑

Exx(f
1
− f

3
+ f

5
− f

7
)

]
. (6)

Here, the labels a and a use the convention explained
below Eq. (2) of the main text where, e.g., f

1
is a site

to the right of the center of a cluster, such that f
1
is

still defined on sublattice 1 (center of a cluster). Since

Quantities on sublattice 1 Quantities on sublattice 2

(= center of clusters): (= center of clusters):

C (constraint) F (fluctuator)

ρ (fractons) B (magnetic field)

Axy, Exy Axx, Exx

(fields of U(1) theory) (fields of U(1) theory)

f (gauge transformation) N 2 (RK potential)

TABLE II. Definitions of the two sublattices of the spiderweb
model and location of different quantities.

exp(ıθEα
i ) with θ ∈ R shifts Aα

i → Aα
i + θ, the operation

in Eq. (6) can be written as

Axy → Axy + f
2
− f

4
+ f

6
− f

8
,

Axx → Axx + f 1 − f 3 + f 5 − f 7 . (7)

By simple bookkeeping of all terms it can be checked
that Eq. (8) of the main text is indeed invariant under
this transformation.
In Table II we list all the quantities occurring in the

spiderweb model and in the effective field theory and we
specify the sublattice on which they are defined.
The gauge transformation in Eq. (7) becomes more

transparent in a continuum description where it reads

Axy → Axy + 4∂x∂yf,

Axx → Axx + (∂2
x − ∂2

y)f. (8)

Using the continuum definition of the magnetic field in
Eq. (8) of the main text,

B = −4∂x∂yA
xx + (∂2

x − ∂2
y)A

xy, (9)

the invariance of B under the gauge transformation in
Eq. (8) is immediately obvious. The special property of
Eq. (9) is that B is constructed from second derivatives of
Axx and Axy. This is in contrast to a three-dimensional
scalar charge rank-1 or rank-2 U(1) gauge theory where
one derivative is sufficient to construct a gauge invari-
ant magnetic field [11]. The relation between B and Aµν

in Eq. (9) also makes the lack of Lorentz-invariance of
the effective field theory apparent. To see this, we con-
sider the system’s Lagrangian L which contains a term
∼ (∂tA

µν)2 with a first derivative in time describing the
electric field contribution (Eµν)2. Furthermore, L con-
tains a term ∼ B2 which, according to Eq. (9), contains
second spatial derivatives. This unequal treatment of
space and time is incompatible with Lorentz invariance.
Returning to the lattice version of our rank-2 U(1)

gauge theory [see Eq. (9) of the main text], this Hamilto-
nian describes a Gaussian theory whose eigenmodes can
be calculated analytically. To this end we rewrite Aα

i and
Eα

i in terms of bosonic operators aαi , (a
α
i )

†,

Aα
i =

1√
2

[
aαi + (aαi )

†] , Eα
i =

1√
2ı

[
aαi − (aαi )

†] ,

(10)
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which fulfill the standard commutation relation
[aαi , (a

α
i )

†] = 1. Furthermore, we Fourier-transform
the bosonic operators using

aαi =

√
2

Nsites

∑
q

eıq·riaα(q) . (11)

Here, ri is the real-space position of site i and the sum
only includes momenta q in the first Brillouin zone. Note
that our model consists of two inequivalent sublattices
such that the first Brillouin zone can, for example, be
chosen as qx ∈ [−π/2, π/2], qy ∈ [−π, π]. With these
definitions, Heff from Eq. (9) of the main text can be
written as

Heff =
∑
q

A†(q)HeffA(q) , (12)

where A(q) is a four-component operator

A(q) = (axy(q), axx(q), [axy(−q)]
†
, [axx(−q)]

†
) (13)

and the 4× 4 matrix Heff is given by

Heff = KV T
+ V+ +WV T

− V− +
U

4


1 0 −1 0

0 1 0 −1

−1 0 1 0

0 −1 0 1


(14)

with

V± = (cx − cy, 2sxsy,±(cx − cy),±2sxsy) (15)

and cµ = cos qµ, sµ = sin qµ with µ = x, y.
According to the standard procedure of a Bogoliubov

transformation, to solve the model, we need to rewrite
Heff in terms of Bose operators C(q) for the eigenmodes,

C(q) = (c1(q), c2(q), c
†
1(q), c

†
2(q)) (16)

where C(q) = J (q)A(q) such that (J †)−1HeffJ−1 is di-
agonal. Note that, to preserve the bosonic commutation
relations of C(q), the 4 × 4 matrix J (q) needs to be a
paraunitary transformation that satisfies J †gJ = g with
g = diag(1, 1,−1,−1) [12]. A subtlety arises because of
the gauge invariance of Heff which manifests in a bosonic
zero mode. Since a paraunitary transformation J (q) is
not defined in this case, we introduce an additional term
in the Hamiltonian of the form 2d

∑
i(A

α
i )

2 which breaks
gauge invariance and which allows us to explicitly cal-
culate J (q). The gauge-invariant limit d → 0 can be
recovered at the end of the calculation. The transforma-
tion matrix J (q) is found to be

J (q) =
1√

8(L2
1 + L2

2)
×

×


L1ξ+ L2ξ+ −L1ξ− −L2ξ−
−L2λ+ L1λ+ L2λ− −L1λ−

−L1ξ− −L2ξ− L1ξ+ L2ξ+
L2λ− −L1λ− −L2λ+ L1λ+

 (17)

with

ξ± =

(
U

d

)1/4

± 2

(
d

U

)1/4

, (18)

λ± =
√
2

[(
η2
η1

)1/4

±
(
η1
η2

)1/4
]
, (19)

η1 = d+K
[
(cx − cy)

2 + 4s2xs
2
y

]
, (20)

η2 =
U

4
+W

[
(cx − cy)

2 + 4s2xs
2
y

]
, (21)

and L1, L2 are the components of the constraint vec-
tor [1], given by

L1(q) = −4 sin qx sin qy ,

L2(q) = 2(cos qx − cos qy) . (22)

Diagonalizing Heff with J leads in the limit d → 0 to
a zero mode due to the system’s gauge freedom and a
single photon mode with the dispersion

ω(q) = 2
√
η1η2

= 2
√
K
[
(cx − cy)2 + 4s2xs

2
y

]
×

×
√

U

4
+W

[
(cx − cy)2 + 4s2xs

2
y

]
. (23)

This photon dispersion is gapless at q = (0, 0) and q =
(π, π). An expansion of ω(q) around these two points
yields for U ̸= 0 in lowest non-vanishing order

ω(q) ≈
√

KU

4

√
q4x + 14q2xq

2
y + q4y . (24)

This function is quadratic in any radial direction away
from the gapless points, however, it does not have a con-
tinuous rotation symmetry around these points, as dis-
cussed in Sec. II.A in Ref. [1]. On the other hand, exactly
at the RK-point U = 0, the photon dispersion becomes
quartic at long wavelengths,

ω(q) ≈
√

KW

4

(
q4x + 14q2xq

2
y + q4y

)
. (25)

Another prediction of the field theory is the spin struc-
ture factor

S(q) = 1

Nsites

∑
i,j

⟨Sz
i S

z
j ⟩eıq·(ri−rj), (26)

which can be obtained by expressing the spin operators
Sz
i in terms of aαi , (a

α
i )

† bosons [Eq. (7) of the main text
and Eq. (10)], transforming them into the eigenbasis of
C bosons using the matrix J and exploiting that the
groundstate is free of any photon excitations. For d → 0
this yields

S(q) =
√

η1
η2

(L1 − L2)
2

L2
1 + L2

2

=

√
K(cx − cy + 2sxsy)

2√
(cx − cy)2 + 4s2xs

2
y

√
U
4 +W

[
(cx − cy)2 + 4s2xs

2
y

] .
(27)
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Note that for fitting this function to numerical results,
we need to define only two truly independent fitting pa-
rameters (A, r) via (K,W,U) = (4A2, 1, r), where A only
modifies the structure factor by a global scaling, which
cannot be fixed by sum rules for spin 1, and r tunes the
relative strength of the RK potential. In the RK limit
U → 0 where η1/η2 = K/W is a constant, this expres-
sion becomes (up to a prefactor) identical to the classical
spin structure factor in Gaussian approximation given

by Sclass(q) =
(cx−cy+2sxsy)

2

(cx−cy)2+4s2xs
2
y
[1]. This is expected be-

cause at the RK point a ground state can be constructed
by an equal weight superposition of all Sz

i basis states
in a given Hilbert space sector, similar to a classical
(non-coherent) superposition. Furthermore, at W = 0
when η2 = U/4 is a constant, the spin structure fac-
tor in Eq. (27) corresponds to the classical result, mul-
tiplied by the photon dispersion ω(q) which suppresses
the fourfold pinch points around their center. The inter-
polation between both limits is determined by the term

√
U/4 +W

[
(cx − cy)2 + 4s2xs

2
y

]
in the denominator of

Eq. (27). For finite W > 0 there is a threshold momen-
tum qc (which decreases with increasing W ) above which
the W -term dominates and the spin structure factor re-
sembles the classical one. On the other hand, for q ≲ qc
the U -term dominates and the spin structure factor is
suppressed.
The photon dispersion ω(q) and the spin structure fac-

tor S(q) of the 90◦ rotation symmetry broken field theory
with the additional term in Eq. (12) of the main text fol-
low straightforwardly from Eq. (23) and Eq. (27) by the
replacement

U → U [1 + 2p(1 + cos(qx − qy))], (28)

where p = U ′/U . As pointed out in the main text, we
define the independent parameters (A, r, p) by the rela-
tion (K,W,U,U ′) = (4A2, 1, r, pr), for fitting the spin
structure factor of the asymmetric field theory.
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