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Supplementary Methods

1 Stochastic Emulator

Here we describe in detail the first part of our climate modeling framework, the lin-
ear stochastic emulation. In summary, the emulator takes as input a time series of the
global mean temperature T, (¢) and outputs a time series of the local state of the cli-
mate w(x,t) = [u1,us, uz, us] " = [U(z,t),V(x,t), T(x,t),Q(x,t)]" where U,V,T,Q
are the zonal and meridional wind speeds, temperature and humidity respectively and
the spatial dimensions = (6, ) are the longitude and latitude, § € [—7 /2,7, 2] and
© € [0,27). The time step size of ¢ is three hours for ERA5 dataset and one day for
the CMIP6 MPI model. Consistent with the formulation of modern climate models —
and to reduce the data to a manageable size — our model operates at a fixed altitude,
and thus the spatial dimension is 2D. We focus here exclusively on the near-surface
climate, but our model could be directly applied to any altitude.

Stated succinctly, our approach consider a principal component analysis (PCA)
of the climate data u(z,t) = > ;a;(t)¢;(x) and attempts to model the temporal
coefficients a;(t) for a given spatial basis ¢;(x). Our emulator is therefore built on
three fundamental assumptions:

1. The PCA basis ¢;(x) computed from the climate during a sufficiently long
time period (e.g. historical and SSP5-8.5 scenario) remains an efficient basis for
describing other future climate change scenarios;

2. The seasonal mean and variance of the coefficients a;(t) vary linearly with global
mean temperature.

3. The statistics of daily fluctuations, given the season, are independent of the year
and the climate change scenarios.

The construction of the emulator can be divided into two distinct steps: dimensionality
reduction and stochastic modeling of PCA time series. The emulator is then nudged
towards the observation data to facilitate machine-learning-based debiasing. We now
describe each of these steps in detail.

1.1 Dimensionality Reduction

First we describe how the spatial PCA basis ¢;(x), which provides the structure for
our emulator, is computed. Given a dataset consisting of N years, we extract the
climatological mean wu(x,t), defined as phase-average of w on the same calendar day
(e.g. Jan 1st),

N—
1
Nz w(@, t+nT), 1<t<T. (1)
n=0
, where the period T is one year. When the emulator is trained on the daily maximum
data from the MPI model, the climatological mean (1) only quantifies the seasonal
cycle. For the three-hourly ERA5 data, @ accounts for not only the seasonal variation
but also the diurnal cycles. To obtain the scaling of each state variable, we compute
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the global-and-time-averaged standard deviation,

1/2

.
op = [TIS /0 /S (g (@, 1) — g (w, 1))? cos 0dbdpdt| | @)

The notations 7 and S are the duration of training window and the Earth’s surface,
respectively. The data are then centered to have zero climatological mean and scaled
by the global standard deviation,

up (e, t) = (uk (e, t) — Uk (,1)) [og k- 3)

Now that each component of ¢;, has the same order of magnitude, we construct its
spatial covariance function,

1 T
Rov(@.a’) = 7 [ (@ u (e 0 k=123 @

The PCA modes are acquired by solving the eigenvalue problem,

/ ZRjk(nw*Wk(a:*)cos 0dfde = \opj(x), j=1,2,3,4, (5)
5k

This set of equations has multiple solutions (A(*), czS(i)), 1 =1,2,3,..., which are the
PCA eigenvalues and mode shapes, respectively. Without loss of generality we rank
the eigenpairs such that the eigenvalues, which represent variance, satisfy Ay > Ay >

. > A7. The temporal PCA coefficients which govern the time dependence of the
spatial PCA modes are found by projecting the normalized fluctuation field onto d)(i),

a;(t) = /5 Xk:u;(x,t) () cos Bddep. (6)

The state of the climate can then be expressed as superposition of PCA modes,

u(, 1) = (. 0) + 00 3 ai(t)o) (). (7)

When the number of PCA modes I is equal to the number of grid points or the
number of snapshots, whichever is smaller, we recover the full field, and any smaller
value of I represents a truncation. In this work, we always retain 500 PCA modes,
which represent 79.6% of the total variance of 1979-2018 ERA5 data and 78.2% of
1950-2100 MPI data. To reiterate, we assume that the climatological mean @y (x,t),

global standard deviation oy 1, and PCA mode shapes (b,(f) are unchanged with time



or future scenarios. As a result, we focus purely on modeling a;(t), and the emulated
state is written as,

500

s, ) = (@, 1) + 00 3 i(1)0}) (). (8)

Here the notations with * are emulated quantities.

1.2 Stochastic emulator of PCA time series
1.2.1 Seasonal Decomposition

Our goal is to construct a time series of a,(t) that statistically resembles the reference
data a;(t). Although we have removed the climatological mean, the statistics of a;(t)
still exhibit seasonal variation that is important to take into account. Therefore, we
divide a;(t) into four seasons a, ;(t) — of approximately equal length — and model them
separately where the additional subscript s = 1,2, 3,4 represents winter (Dec-Feb),
spring (Mar-May), summer (Jun-Aug) and autumn (Sep-Nov). The number of days
in each season is 90, 92, 92, and 91 respectively.

1.2.2 Formulation and Estimation of Model Parameters

We postulate a decomposition of the time series of PCA coefficients,
dsw’(t) = [is,i (Ts,g) + 05, (T&g) ﬁs,i(t)a (9)

which is a superposition of the seasonal mean fis; and fluctuations parameterized
through an envelope of the seasonal variance 67 ,. The seasonal mean and variance
are assumed to be functions of the global mean temperature T ,, defined as the
seasonal average of the daily T;,. The time-dependent daily fluctuations in each season
are modelled as autoregressive Gaussian processes fjs ;(t). We will now discuss the
formulation and computation of each of these terms in detail.

Linear Regression of Seasonal Mean and Variance. For each season s and each
mode ¢, in the nth year, we compute the T , as well as the seasonal mean p,; and
variance o2 ; of the PCA coefficients of the reference data as;(t). Note that for each
5,1, and n, the mean p,; and variance aii are constants — we generally omit explicit
notation of the year n to avoid notational clutter. Grouping these values by season
s and mode ¢ allows us to perform a linear regression using {usi(n),Ts4(n)} and

{02,(n), Ty 4(n)}
/:['S,i(Ts,g) = ﬁs,i,O + ﬁs,i,lTs,g
63,1-(7},9) ={si,0 + Gs,inTs g, (10)

an assumption which is justified by the linear trends which have been observed in data
by a number of sources [1, 2] and illustrated in figure 1.
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Time Lagged Cross-Mode Covariance. After extracting the linear trends of the
seasonal mean and standard deviation in response to the global mean temperature,
we remove these trends from the true PCA coefficients, resulting in the residuals
Nsi = (Gsi — fis,i) /0s. To accurately capture the spatio-temporal dynamics, our
model must reflect not only the contemporaneous correlations between different modes,
e.g. 1s,1(t) and ns 2(t), but also their correlations across time. To this end, we define
the time-lagged cross-mode covariance,

1
2. (m) = 7 ) n,(tnl (¢t +mAt)dt, m=0,1,... M, (11)

where 17, = [15,1,7s,2, - - - ,ns,m]—r is the vector of fluctuations of each PCA mode,
MAt is maximum time lag considered, and 7T, represents the set of time indices
corresponding to season s across all training years.

Now we want to model the observed fluctuations 7, ;(t) as a multivariate Gaussian
process 7, ;(t), which has the same covariance matrix X(m) as ns;(t). To further
simplify our notation, the subscript s will be omitted. Mathematically, we seek to
construct an autoregressive model of order M,

A(t) = @it — At) + Woiy(t — 2A8) + - + O i(t — MAL) +€e(t)  (12)

where the noise term is a multivariate Gaussian random vector € ~ A (O,f{). The
unknown matrices \ill, \1127 R \ilM, R are solved such that the simulated process (12)
satisfy the given covariance matrices with different time lags 3(0), X(1),... (M A%).
By multiplying both sides of (12) by 7)(t — iAt) and averaging in time, we can derive
a set of equations, the so-called Yule-Walker equations,

=1 (13)

S(M—-1)S(M—-2) - (0) 1| =00

which may be readily solved for the ¥ ; [3]- The corresponding noise covariance is then
given by
M
R=3%(0)- > ¥,%(m). (14)
m=1
After solving equations (13,14), the matrices \i’l, 'i’g, R \ilM, R are substituted

into the autoregressive model (12) to simulate the daily fluctuations. The complete
procedures for running the emulator are summarized in Algorithm 1.

1.3 Nudging the Stochastic Emulator

The stochastic emulator introduced previously was designed to capture the second-
order statistics of the leading PCA modes. While this emulator has demonstrated



Algorithm 1 Stochastic emulator of global climate.

Input: Temporal evolution of global mean temperature T, (¢)
Output: Emulated statistics of climate variables

Step 1: Emulate seasonal mean and variance;

e Compute seasonal global mean temperature T , for each season s;

e For each mode i, predict the seasonal mean fi, ;(Ts,4) and variance 62 (T ).
Step 2: Generate stochastic daily fluctuations;

e At every time step ¢, sample a Gaussian random vector € ~ N (0, R);

e Compute the vector autoregressive process 7)(¢) according to equation (12).
Step 3: Construct time series of spatial fields;

e Combine seasonal mean and variance with daily fluctuations to obtain a;(t);

e Multiply PCA coefficients by their mode shapes and superpose all the modes;

e Denormalize by o4 and @ to compute U, V, T, @ in physical space (8).
Step 4: Estimate statistics of interest;

e Average the spatial fields of U, V, T, Q over window to calculate statistics;

o If needed, input Ty(¢) from a different ensemble member, repeat steps 1-3 and
average over multiple members.

effectiveness in representing the conditional Gaussian distribution of certain variables,
such as temperature [4], it inherently struggles to reproduce the non-Gaussian charac-
teristics of climate data, including extreme events associated with higher-order PCA
modes. A common approach to addressing this limitation involves using machine-
learning models to debias the emulator. However, due to the stochastic nature of
the emulated spatiotemporal data, instantaneous matches with reference data are not
achievable. For instance, an emulated wind speed field on January 1st, 2025, would
significantly differ from the corresponding ground truth dataset, whether sourced from
ERAS5 or CMIPG6. Ideally, an infinite ensemble of realizations could be produced by the
emulator, enabling selection of instances closest to reference observations for training
a debiasing model. However, this method is impractical. A more realistic alternative
is the nudging approach [5-8], where the emulator is forced by the deviation from
the reference data to produce a time series of fields that approximately maintain the
emulator’s statistical characteristics while closely aligning with the observed ground
truth. Herein we interpret how to nudge the stochastic emulator. In the following, we
detail how to implement nudging within the stochastic emulator framework.
Recall the formulation of the emulator (8,9),

&s,i(t) = /:Ls,z' (Ts,g) + &s,i (Ts,g) f]s,i(t) (15>
500
s, ) = (@, 1) + 00 3 i(1)0}) (). (16)

The only stochastic component is the time series of daily fluctuations 7 ;. All other
parts are deterministic and constructed to align with the reference data. Therefore we
focus on nudging 7js ;, given the true fluctuations 7, ;. Hereafter we omit any subscripts
to simplify the notation.
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The nudged emulator, denoted as v, is designed to follow the dynamics of the
free-running emulator 7, while driven by the deviation from the reference data,

b= ). (1

The relaxation time scale 7 is a constant that is independent from the season or the
PCA mode. Equation (17) has a closed-form solution,

v(t) =v(0)e V" + /t e~ (t=9)/7 (ﬁ(s) + in(s)) ds. (18)

0

The time derivative term f] is approximated using the first-order Euler scheme and
computed from the free-running emulator data. Combining the nudged time series of
daily fluctuations v with seasonal mean and variance, we obtain the complete nudged
PCA time series and the spatiotemporal fields,

ag;(t) = fis;i (Ts,g) + 75,0 (Ts,g) Us,i(t) (19)
500

(@, t) = (@, t) + oy Y al By (). (20)
=1

The interpretation of nudging and the selection of 7 have been thoroughly discussed
in [9]. Briefly speaking, the relaxation timescale T serves to separate the time scales
between slow and fast dynamics. The feedback term in equation (17) drives the slow
dynamics of v towards the reference trajectory n in the state space, while allowing
the fast dynamics of v to freely evolve. Thus, when pairs of the nudged and reference
data are used for training a machine-learning model, we are essentially learning a map
that corrects the fast features of the imperfect emulator and improve the performance
on extreme events. In our case, the relaxation timescale is set as 7 = 6hrs, consistent
with previous work [10]. Minor adjustments of 7, such as to 3 or 12 hours, do not
significantly alter the results.

The feedback term in (17), although driving the nudged emulator towards the
reference, introduces artificial dissipation not present in the free-running emulator.
Such an effect leads to a distribution of nu and ¢” that is slightly different from the
free-running emulator. In order for a neural network trained on the nudged dataset to
generalize to unseen free-running emulator data, this discrepancy must be remedied.
To this end, we rescale the nudged solution ¢” in each season so that its mean and
variance match those of the free-running emulator ¢ at each grid point.

2 Machine Learned Debiasing

2.1 Conditional Score-based Diffusion model

Here we describe the training strategy and network architecture used in the ML
correction step of our model. Our model relies on the framework introduced by



Barthel Sorensen et al. [10], which aims to learn a deterministic map from the nudged
trajectory to the reference trajectory,

w=F(q"). (21)

In practice, such a mapping is not necessarily deterministic. There could exist multiple
reference state u that are close to the same nudged state §”. Therefore, we generalize
this framework by learning a conditional probability distribution function,

p(u]q"). (22)

If the mapping is actually deterministic, the conditional probability distribution will
collapse to a Dirac delta function d(w — F (¢"”)). Once the conditional PDF (22) is
learned, we can provide the free-running emulation g as the conditional information
to generate debiased estimations of the state variables w,

w(z,t) ~ Go 2 [q(, 1)) (23)

Although learning and sampling high-dimensional PDFs were long considered
intractable, these tasks have recently become practical thanks to advances in deep gen-
erative models. In this study, we adopt conditional score-based diffusion model [11, 12]
that has been demonstrated effective for geophysical datasets [13]. Other frameworks,
such as flow matching [14] and stochastic interpolant [15], could likewise address the
debiasing problem considered here. The choice of the generative model is beyond the
scope of this work and will be investigated in the future.

Our implementation of score-based diffusion model follows that of Bischoff and
Deck [13]. To simplify the notation, we will use g to represent the nudged emulation
q”. The diffusion model consists of a forward diffusion process, which maps the data
distribution to normal distribution, and a reverse denoising process that transforms
Gaussian noise to a sample or image of the climate state. Specifically, given an initial
condition u(t = 0) ~ pgata(u|q) drawn from the training data, the forward diffusion
process is defined by the stochastic differential equation (SDE),

du = g(t)dW, (24)

where the diffusion coefficient g(t) is a non-negative prescribed function and W is a
Wienner process. Note that the diffusion time t is within [0, 1] and should be distin-
guished from the physical time ¢. At any time t, the solution to the SDE (24) is a
“noised” image u(t), which follows a normal distribution conditioned on u(0),

u(t) ~ N (u(0), 0*(1)) = p(u(t)[u(0)), (25)

where the variance o2(t) depends on g(t),
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The marginal distribution of u(t) after integrating out u(0) is defined as p¢(u(t)|q),
which is generally non-Gaussian. The diffusion coefficient g(t) is chosen such that at
t = 1, the variance o(t = 1) has much larger magnitude than the original u(t = 0).
Therefore, u(t = 0) has lost all memory of initial condition, and

pu(D)[u(0)) = p(u(1)) = N(0,0%(1)). (27)

According to Anderson’s theorem [16], the reverse of equation (24) is also a diffusion
process, running backward in time and governed by the following SDE,

du = —g*(t)s(u, q, )dt + g()dW, (28)
where W is a reverse-time Wienner process, and s(u, t) is the conditional score,

s(u,q,t) = Vylogp(u(t)|q). (29)

If we have access to the score for all t, we can derive the reverse diffusion process,
simulate it from t = 1 to t = 0, and generate samples that follow the data distribu-
tion. To this end, we approximate the score by a neural network, sy(u, q, t), which is
obtained by minimizing the score-matching loss or Fisher’s divergence,

1
Lsn(0) = 3Ei~vo) (72O Vulogpe (ula) — so(u,q, O3], (30)
u(t),a~pe(u(t)la)

where U (0, 1) stands for a uniform distribution from 0 to 1. However, the loss function
(30) cannot be directly optimized, since the true conditional score Vy logp; (u|q) is
unknown. Taking advantage of the Gaussian property of the forward diffusion process
(25,27), [11] showed that Lgas is equal to the following loss up to an additive term,

1
£0) = 3Eivo) 720 IVulogpe (w(®)u(0)) = so(w a, 93] (31)
u(0),q~p(uolq)
u(t)~p(u(t)[u(0))

This expression only involves V, log p¢ (u(t)|u(0)) which can be computed analytically
from the forward diffusion process.

Once the conditional score is learned through training, it can be substituted into
the backward SDE (equation 28) to generate a debiased sample. The backward SDE
is simulated using Euler-Maruyama scheme. The complete procedures of training and
sampling are summarized in Algorithm 2.

2.2 Network Architecture and Training Parameters

Before feeding the emulation and reference data into the diffusion model, we remove the
true climatological mean and scale each variable (U, V, T, Q) by twice its own globally-
averaged standard deviation. In other words, we focus on correcting the fluctuation
fields provided by the emulator, and each variable is scaled to the same order of

10



Algorithm 2 Conditional score-based diffusion model.

Training
Input: Reference data and nudged emulation {u;,q;} ~ p(u|q)
repeat
u(0),q ~ p(ulq)
t~U(0,1)
u(t) ~ p(u(t)|u(0)
Take gradient descent step on Vy [O‘Q(f) [IVulog pe (u(t)|u(0)) — sgp(u, q, t)Hg}
until converged
Output: Trained neural network sg(u, q,t).
End
Sampling
Input: Snapshot of emulated state q
u(1) ~ N (0,0%(1))
for t=1to 0do
Evaluate sg(u(t), q, t)
u(t — A = u(t) + 2(0)s(u, g, YA g(t) (W(1) - Wit — AD)

t+—t—At
end for
Output: Debiased snapshot i = u(t = 0)

End

magnitude. Regarding the diffusion coefficient g(t) in equation (24), we adopt the
“variance-exploding” schedule,

t
Omax Omax
t) = Oumin 21 , 32
g( ) 7 (O'min ) ©8 < Omin ) ( )

where opin = 0.01 and oyax is chosen as the maximum 2-norm distance between any
two snapshots of u.
The neural network architecture we adopted is a U-Net [13, 17], denoted as

so(u,q,t) =U(X, t6). (33)

The first input X is a tensor of size (N7, Na, Cyy,), where (N7, No) are longitude and
latitude dimensions, and Cj,, is the number of channels. In our case, C;, = 8, including
(U,V,T,Q) from the nudged emulation and reference data, respectively. The output
of our U-Net is another tensor of size (N1, No, Cyyt). The number of output channels
is Cyyt = 4. The U-Net architecture consists of

1. A lifting layer which increases the number of channels form Cj, to 32;

2. Three downsampling convolutional layers, each of which reduces the spatial
dimension and increase the number of channels by a factor of 2;

3. Eight residual blocks [18] to promote continuity in the latent space;
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4. Three nearest neighbor up sampling layer and convolution layers which mirror the
downsampling operations;
5. A Final projection layer that decreases the number of channels to Cy;.

3 Data Post-processing and Evaluation Metrics

This section provides detailed definitions and calculation methods for all statistics
and metrics presented in the main figures. Given that the climatological mean w(x,t)
(equation 1) is assumed known, our analysis focuses on evaluating the statistics of the
fluctuation fields, u—u. This approach enables a clearer comparison between reference
statistics and GEN? prediction. In the following subsections, the fluctuations from the
climatological mean, u — u, will be simply written as u for notational convenience.

3.1 Single-point and two-point statistics

Without loss of generality, we use the zonal wind speed U(x,t) as an example. To
evaluate the statistics of U at location @, we perform a time average (e.g. from 1979
to 2018 for ERAS dataset). If we have N; time steps available, the mean and standard
deviation are computed as,

Ny Ny
1 1
pu (e, t5) = FZU(m,tj) and oy (x) = | T3 D (U, ty) — po(, t5))*.
t i t— L
(34)
To obtain the unbiased skewness, we first compute
N
N% Zj:l (U, t;) — po(x, tj))g
SU(J:) = N 5 3/2° (35)
(3 20 W@ ty) = o (@,1,))°)
which is then substituted into
Ny (Ny — 1
ey = YN D @, (36)
t
The calculation of unbiased kurtosis also consists of two steps:
1 Ny 4
>y o (U(x,t;) — x,t;
kU(w) _ N; E]_l ( ( J) /’[’U( J)) 5, (37)
Ny 2
(3 X0 W@ ty) = o (@,1,))°)
Ny —1
kY : ((N; + Dy (x) — 3(Ny — 1) +3). (38)

() = (N —2)(N; = 3)

12



At the same location @, the correlation coefficient between two variables U and V'
are defined as,

cov (U(z,t),V(x,t))

PUY) = e 0(@,0), U (@, ) cov (V. D), V(. 0)) (39)
where cov (U(x,t), V(x,t)) is the time-averaged covariance between U and V.
The two-point correlation coefficient of U is defined as,
cov (U(xg,t),U(x,t
(U 0). U(a) = (o, 1), Ot 1) (10)

cov (U(xg,t),U(xg,t)) cov (U(z,t),U(x, b))

The anchor point @ is selected as major cities (e.g. Boston, Hong Kong) in figure 3,
6 and in section ?7.

The global root-mean-square error (RMSE) of an arbitrary statistic Q (e.g. in
figure 5 and table 3,4) is defined as,

RMSE(Q) = [; /S (Q(H,ga,t) - Q(e,cp,t)fcosedad@} 1/2, (41)

where Q is the GEN?2 prediction and Q is the reference statistics.

3.2 Wheeler-Kiladis spectrum

The Wheeler-Kiladis spectrum is computed following the procedure described in
Wheeler and Kiladis [19], Kiladis et al. [20]. Given data as a function of longitude, lat-
itude, and time [(6, ¢, t) the latitude range is first truncated to ¢ € [—15°,15°]. Then
for each latitude ¢;, and time t; the Fourier spectrum is computed in the azimuthal
direction 6 giving rise to a azimuthal wavenumber m. Then for each ¢; and m; the
time series of data is split into a series of overlapping segments. Following [19, 20] we
set the length of each segment to 96 days and the overlap to 65 days. Each segment
is then detrended using a linear fit and Fourier transformed in time - giving a tempo-
ral frequency f. After averaging over all latitudes and all temporal segments, the raw
Wheeler-Kiladis spectra are shown in figure 2.

Due to the strong “redness” of the spectra, detailed features corresponding to the
equatorial waves are obscured. To better identify the ridges of the spectra, we first
apply a 1-2-1 filter ten times to obtain a much smoother “background” spectra. Then
the raw spectra in figure 2 are divided by the background [19]. The results, as shown
in figure 2(c) of the main manuscript, more clearly show the spectral peaks that
correspond to different types of equatorial waves. Note that the spectra in our results
should not be directly compared against the plots in [19]. The reason is that their
analysis was based on the long-wave radiation data, which are proxy for cloudiness,
whereas our analysis focuses on near-surface zonal wind speed.
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599 Supplementary Notes

600

601 To illustrate the debiasing capabilities of the ML correction step, we show in figure 3
602 the bias in the 97.5% quantile, predicted with or without ML correction. As explained
603 at the beginning of Appendix 3, the statistics are evaluated for the fluctuation fields.
604 Before applying ML correction (middle column), the error of the conditional Gaussian
605  emulator is already moderately accurate. For example, the error of T" at most locations
606 is within 3K, and the highest error is within 3K. The ML model (right column)
607 consistently reduces the error of all the state variables at almost all the locations. A
608  more quantitative comparison is provided in table 1,2. The bias in standard deviation,
609  quantile, skewness, and kurtosis are all significantly reduced by ML correction.

610 The bias reduction in two-point correlations are shown in figure 4. We select Lagos
611 and Tehran for visualization, because the bias of the conditional Gaussian emulator
612 is more pronounced at these two locations. Top panels in figure 4 are the bias of the
613 conditional Gaussian emulator, without ML correction. Bottom panels are the bias of
614  GEN? prediction.

615 Table 3 and 4 summarize the error of two-point correlations at more locations,
616 gelected from different regions and climate over the world. At most locations, the
617  conditional Gaussian emulator already achieves an accurate prediction, with RMSE
618 Jower than 0.03. After applying ML correction, the errors are significantly reduced
619 at all the locations considered. These results demonstrate the robustness of the ML

620  correction.
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Supplementary Figures 645
646
647
648
649
650
651
652
653
654
655
Supplementary Fig 1 Linearity of PCA coefficients as functions of the global mean 656
temperature. Jun-Aug mean of (a) the first and (b) second PCA coefficients in each year of MPI 657
dataset, from 1950 to 2100, plotted versus the global mean temperature. Red dots: true seasonal mean 658

obtained from the historical and SSP5-8.5 scenario. Green dots: SSP1-2.6 scenario. Black dashed line:
linear regression; Solid line: machine-learned function. 659
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Supplementary Fig 2 Raw Wheeler-Kiladis spectrum of zonal wind. Spectra are computed 688
using 1979-2018 ERAS5 reference data and GEN? prediction. These spectra are normalized by the 689
“background power” to obtain the spectra in figure 2(c) of the main manuscript. 690
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Bias Reduction in 97.5% Quantiles
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Supplementary Fig 3 Machine-learning correction of the bias in quantiles. Left column:
97.5% quantile of zonal wind, meridional wind, temperature, computed from reference data. Middle
column: bias of conditional Gaussian emulation. Right column: bias of “GEN?2” approach.
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Bias Reduction in 2-Point Correlation From ML Correction

Lagos Tehran
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Supplementary Fig 4 Machine-learning correction of the bias in two-point correlations.
Bias in two-point correlations of zonal wind and temperature, centered at Lagos and Tehran. Contour
plots represent bias relative to reference ERA5 data. Panels labeled “Gauss. Emul.” correspond to
predictions of the conditional Gaussian emulator only (no ML correction) and “GEN?” represents
the full model prediction (with ML correction) .
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83 Supplementary Tables
4

Statistics

RMSE of U stats
Em. GEN?2 Change

RMSE of V stats
Em. GEN?2 Change

Std
97.5% quantile

0.43 0.15 -65%
1.14 0.46 -60%
0.41 0.19 -53%

0.47 0.13 -73%
0.99 0.33 -66%
0.27 0.14 -48%

790 Skewness

791 Kurtosis 0.84 0.57 -33% | 0.68 0.46 -33%

Supplementary Table 1 RMSE of single-point statistics of U,
792 V. RMSE is defined as equation (41). Columns labeled as “Em.” are the
793 RMSE of the prediction of conditional Gaussian emulator, and “GENZ2”
794 is the full-model prediction. “Change” columns are the relative error
795 change from conditional Gassuain emulator to GEN?, more precisely,
796 (RMSE(GEN?) — RMSE(Em.))/RMSE(Em.).

797
798
799
800

RMSE of T stats RMSE of @ stats

801 Statistics
Em. GEN? Change | Em. GEN? Change

802 Std 0.23 0.10 56% | 0.19 0.05 2%
803 97.5% quantile | 0.67 0.35 -48% | 0.46 0.17 -63%
804 Skewness 0.34 0.20 -42% | 0.50 0.27 -47%
05 Kurtosis 0.89 0.68 -24% | 1.78 1.38 -23%

306 Supplementary Table 2 Same as table 1, but for temperature 7' and

807 <
808
809
810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
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Anchor point g

RMSE of p(U(zo),U(x))

RMSE of p(V (o), V(x))

City Lon(E) Lat(N) Em. GEN2? Change Em. GEN? Change
Boston -71.1 42.4 | 0.016 0.009 -43% | 0.018 0.008 -53%
Los Angeles -118.2 34.1 | 0.028 0.011 -62% | 0.026 0.009 -67%
Chicago -87.6 41.9 | 0.020 0.008 -59% | 0.017 0.008 -54%
Houston -95.4 29.8 | 0.020 0.009 -57% | 0.017 0.009 -48%
Kansas City -94.6 39.1 | 0.022 0.008 -64% | 0.017 0.008 -51%
London -0.1 51.5 | 0.018 0.009 -50% | 0.019 0.008 -60%
Anchorage -149.9 61.2 | 0.019 0.012 -36% | 0.021 0.009 -58%
Paris 2.4 48.9 | 0.019 0.009 -53% | 0.019 0.008 -57%
Athens 23.7 38.0 | 0.024 0.010 -57% | 0.022 0.009 -60%
Moscow 37.6 55.8 | 0.024 0.010 -58% | 0.022 0.008 -66%
Stockholm 18.1 59.3 | 0.022 0.010 -57% | 0.020 0.008 -61%
Tokyo 139.7 35.7 | 0.017 0.008 -51% | 0.017 0.009 -48%
Hong Kong 114.2 22.3 | 0.026 0.009 -64% | 0.025 0.009 -65%
New Delhi 77.1 28.6 | 0.028 0.010 -64% | 0.028 0.010 -65%
Tehran 51.4 35.7 | 0.030 0.011 -63% | 0.034 0.010 -70%
Astana 71.5 51.2 | 0.022 0.009 -60% | 0.022 0.009 -60%
Cairo 31.2 30.0 | 0.029 0.009 -70% | 0.027 0.008 -69%
Cape Town 18.4 -33.9 | 0.018 0.009 -50% | 0.022 0.009 -60%
Lagos 3.4 6.5 | 0.043 0.015 -65% | 0.040 0.009 -78%
Kisangani 25.2 0.1 | 0.047 0.015 -69% | 0.036 0.009 -76%
Mombasa 39.7 -4.0 | 0.041 0.018 -55% | 0.038 0.010 -74%
Sydney 151.2 -33.9 | 0.020 0.009 -56% | 0.020 0.008 -58%
Brasilia -47.9 -15.8 | 0.029 0.012 -58% | 0.044 0.010 -78%
Bogota -74.1 4.7 | 0.054 0.023 -57% | 0.034 0.017 -49%
Buenos Aires -58.4 -34.6 | 0.020 0.009 -55% | 0.019 0.009 -54%

Supplementary Table 3 RMSE of two-point correlation of U, V. Columns labeled as
“Em.” are the RMSE of the prediction of conditional Gaussian emulator, and “GEN?” is the

full-model prediction. “Change” columns are the relative error change from conditional
Gassuain emulator to GEN?2, more precisely, (RMSE(GEN2) — RMSE(Em.))/RMSE(Em.).
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915
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920

Anchor point xg

RMSE of p(T(zo), T (x))

RMSE of p(Q(z0), Q(x))

City Lon(E) Lat(N) Em. GEN2? Change | Em. GEN? Change
Boston -71.1 42.4 | 0.017 0.012 -30% | 0.016 0.009 -43%
Los Angeles -118.2 34.1 | 0.021 0.011 -48% | 0.022 0.010 -54%
Chicago -87.6 41.9 | 0.014 0.010 -29% | 0.017 0.009 -46%
Houston -95.4 29.8 | 0.019 0.014 -28% | 0.015 0.008 -47%
Kansas City -94.6 39.1 | 0.014 0.010 -30% | 0.016 0.009 -45%
London -0.1 51.5 | 0.023 0.010 -55% | 0.022 0.011 -49%
Anchorage -149.9 61.2 | 0.026 0.013 -48% | 0.026 0.014 -48%
Paris 2.4 48.9 | 0.023 0.010 -54% | 0.023 0.012 -47%
Athens 23.7 38.0 | 0.018 0.012 -35% | 0.023 0.009 -60%
Moscow 37.6 55.8 | 0.017 0.011 -36% | 0.021 0.010 -51%
Stockholm 18.1 59.3 | 0.021 0.010 -53% | 0.021 0.011 -49%
Tokyo 139.7 35.7 | 0.019 0.011 -40% | 0.015 0.009 -39%
Hong Kong 114.2 22.3 | 0.023 0.014 -41% | 0.020 0.011 -46%
New Delhi 77.1 28.6 | 0.031 0.018 -43% | 0.022 0.011 -47%
Tehran 51.4 35.7 | 0.030 0.018 -42% | 0.033 0.010 -68%
Astana 71.5 51.2 | 0.017 0.011 -32% | 0.026 0.011 -59%
Cairo 31.2 30.0 | 0.031 0.014 -55% | 0.027 0.008 -69%
Cape Town 18.4 -33.9 | 0.022 0.012 -45% | 0.022 0.010 -55%
Lagos 3.4 6.5 | 0.094 0.018 -81% | 0.034 0.013 -63%
Kisangani 25.2 0.1 | 0.072 0.015 -79% | 0.046 0.011 -77%
Mombasa 39.7 -4.0 | 0.100 0.023 -77% | 0.059 0.015 -75%
Sydney 151.2 -33.9 | 0.025 0.012 -52% | 0.021 0.010 -53%
Brasilia -47.9 -15.8 | 0.042 0.013 -68% | 0.030 0.012 -62%
Bogota -74.1 4.7 | 0.092 0.026 -71% | 0.054 0.025 -53%
Buenos Aires -58.4 -34.6 | 0.019 0.012 -38% | 0.017 0.010 -42%
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Supplementary Table 4 Same as table 3, but for temperature 7" and humidity Q.
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