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1 Nonequilibrium dynamics of GEP in terms of the
Maxwell–Bloch equations

The key element of the single-photon laser serving as the entangled photon generator
is the graphene quantum dot depicted in Fig. 1.

When considering the graphene quantum dot laser, we focus mainly on the carrier
capture and relaxation dynamics. For the sake of simplicity, we do not discuss multi-
mode behavior, such as mode hopping and competition, and thus assume a single-mode
microcavity laser. Besides, we disregard all transverse field effects. In this limit, the
laser field equation may be written as

E (z, t) =
1

2
E (t)u (z) exp (−iωt) + c.c., (1)

where z is the position along the laser axis, t is the time, E (t) is a slowly varying
complex electric field amplitude, ω is the laser frequency, and u (z) is the passive
resonator eigenfunction. The Maxwell–Bloch equations (4)–(6) describe the coupled
laser field and gain medium. The system includes the reduced laser field wave equation
complemented by the semiconductor Bloch equations for the active region [1]. In terms
of the Maxwell–Bloch equations in assumption of slowly varying amplitude and phase
we have

dE (t)

dt
= −γcE (t) +

iωΓ

εb
P (t) , (2)

where γc is the cavity linewidth, εb is the background permittivity, Γ is the optical
mode confinement factor. The slowly varying complex polarization amplitude, P (t),
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Fig. 1 The graphene laser setup with low-dimensional electron states in the quantum-dot (0D),
nanoribbon (1D), and metal electrodes (2D).

entering Eq. (2) is defined for the thin metal electrodes representing the quantum-
well layers embedding the quantum dots. The connection between the classical optical
properties and the quantum mechanical formulation is given by

P (t) =
∑
α,β

µ∗αβpαβ (t) , (3)

thereby establishing the relationship between P (t) and the microscopic polarization
amplitude pαβ . In Eq. (3), α and β are the electron and hole states of the dots. We
neglect the quantum-well transitions that are typically detuned from the laser field.

The microscopic polarization amplitude pαβ is obtained by solving the quan-
tum mechanical semiconductor Bloch equations. For an active laser structure, these
equations are derived using a Hamiltonian for the combined system of graphene quan-
tum dots and thin metal electrodes, which represent the quantum wells [2]. We use
the Maxwell–Bloch equations obtained in the screened Hartree–Fock limit [1]. They
describe the time evolution of the microscopic polarization pαβ(t), and the level
populations of electrons neα(t) and holes nhα(t)

dpαβ
dt

= −iωαβnpαβ − iΩR
αβn

[neα + nhβ − 1] +
∂pαβ
∂t
|col , (4)

dneα
dt

=
[
ip∗αβΩR

αβ + c.c.
]
− γdnrneαn +

∂neα
∂t
|col , (5)

dnhβ
dt

=
[
ipαβΩR

αnβ + c.c.
]
− γdnrnhβ +

∂nhβ
∂t
|col . (6)

In Eqs. (4)–(6), the nonradiative and spontaneous emission carrier loss processes are
approximated by the effective rate γdnr. The terms ∂/∂t |col represent the collision
contributions that are explained below. The details of derivations may be found in
textbooks [1]. In Eqs. (4)–(6), we take into account the contributions from many-body
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interactions via a renormalized transition energy ~ωαβ , the renormalization of the
Rabi energy ΩR

αnβ
due to the screened Hartree–Fock contributions, and the many-body

interaction giving rise to collisions causing dephasing of the polarization and relaxation
of the population distributions neα and nhβ . In this approximation, we use microscopic
relaxation rates in the screened Hartree–Fock equations instead of solving the full
microscopic equations. Because the relaxation rates are computed independently of
the integration of dynamic equations, this allows a considerable reduction in numerical
demands. Contrary to the conventional effective rate treatment [3], the benefit of this
approach is that it adequately describes scattering effects under lasing conditions.

Let us briefly discuss how the microscopic rate approximation is related to the full
microscopic description, whose features are incorporated phenomenologically into our
GL model. One example is polarization dephasing by collisions, whose quantum kinetic
treatment, besides diagonal, also includes nondiagonal terms in ∂pαβ/∂t |col. In the
lasers, the nondiagonal contribution is important for correctly describing the lineshape
of gain and absorption spectra over a wide frequency range, and hence it cannot be
neglected. Therefore, we account for both contributions appropriately. In the lasing
conditions, when the lasing frequency is close to the gain peak and the intracavity
carrier density is close to the threshold value, one can approximate the combined
effect of diagonal and nondiagonal dephasing by introducing a simple rate. Ideally,
the respective rate is obtained as a best fit to the numerical result when computing
absorption/gain spectra, including diagonal and nondiagonal dephasing. This allows
us to approximate the polarization dephasing term in the quantum-dot laser model [2]

∂pαβ
∂t
|col= −γpαβ , (7)

where γ is the effective dephasing rate [1]. The microscopic polarization amplitude is
then determined by solving the quantum mechanical semiconductor Bloch equations.

The non-classical light source consists of GL emitting single photons. By coupling
two or more different GLs, one obtains a far more efficient analog of the SPDC devices
in quantum optics. They allow the generation of the signal and idler photons used in
quantum sensing, quantum teleportation, or remote interqubit coupling. By utilizing
the coupled GLs, one no longer needs the SPDC approach. In GEP on Fig. 1 of main
text, a short rectangular voltage pulse Vbias(t) generates three electromagnetic beams
with distinct frequencies as schematically depicted in Figs. 1, 2 of main text. One
component is the THz beam (I1) idler, while the second and third components are the
identical signal beams (S1,2) with the same frequency in the optical (VL) region. The
last two beams, S1,2, serve two different functions: the second beam S1 participates
in the immediate THz sensing process, as explained below, while the third beam S2

acts as the etalon signal directed straight to the output. Graphene quantum dots
are promising candidates for on-demand generation of single photons and entangled
photon pairs in various applications. However, their brightness becomes minimal due
to total internal reflection at the interfaces. One way to overcome this limitation is to
use a dielectric antenna structure [4]. With the antennas [4, 5], the photon extraction
in GL is strongly increased in a broad spectral range.
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Below, we briefly discuss the carrier capture and relaxation dynamics. We use a
common reference for all the energies and chemical potentials, that is, the bottom
of the quantum well. For the relaxation of a nonequilibrium carrier distribution, we
study the relaxation of a nonequilibrium electron distribution generated by a pump
pulse that matches a bulk state transition in our system. Immediately after the pump
pulse, the electron populations in the quantum-dot, quantum-well, and bulk states,
respectively, are driven by collisions toward distributions described by Fermi-Dirac
functionsf (ε, µ, T ) = 1/(exp ((ε− µ)/(kBT ))+1) where ε is the energy of the state, µ
is the electrochemical potential, kB is Boltzmann’s constant and T is the temperature.
The relaxation occurs on several characteristic time scales.

1) The fastest processe are scarrier–carrier collisions that involve continuous states
in the quantum-well regions, i.e., in two (superscript 2) of the two subsystems (well,
dot). These collisions drive the respective populations to quasi-equilibrium, so that

{ne,α, ne,k⊥} → {ne,α, f
(
εe,k⊥ , µ

(2p)
e , T2p

)
}, (8)

where the label 2p marks the properties that are associated with the plasma (p) in

the quantum-well regions. Below we discuss how µ
(2p)
e and T2p are determined.

2) On the slowest time scale, the carrier–phonon collisions relax the quasi-
equilibrium distributions in the quantum-well region from the temperature T2p to the
lattice temperature Tl

{ne,α, f
(
εe,k⊥ , µ

(2p)
e , T2p

)
} → {ne,αn , f

(
εe,k⊥ , µ

(2l)
e , Tl

)
}, (9)

where we introduce an auxiliary electrochemical potential µ
(2l)
e for the quasi-

equilibrium distributions, because of the temperature change.
Using the above phenomenological description of electron relaxation in the

quantum-dot laser structure, and assuming that the process is similar for the hole
populations, for the occupation in the quantum-dot states we have

∂nσ,α
∂t

| col = −γ(2)c−c

[
nσ,α − f

(
εσ,α, µ

(2p)
σ , T2p

)]
−γ(2)c−p

[
nσ,α − f

(
εσ,α, µ

(2l)
σ , Tl

)]
− γnrnσ,α, (10)

where γ
(2)
c−c and γ

(2)
c−p are the effective relaxation rates for the entire (dot and well) car-

rier population by carrier–carrier and carrier–phonon collisions, respectively. Besides,
we include a nonradiative loss term with an effective rate of γnr. Likewise, the equation
of motion for the quantum-well populations is

∂nσ,k⊥

∂t
= −γ(2)c−c

[
nσk⊥ − f

(
εσk⊥ , µ

(2p)
σ , T2p

)]
− γ(2)c−p

[
nσk⊥ − f

(
εσk⊥ , µ

(2l)
σ , Tl

)]
,(11)
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where γ
(2)
c−c is the effective rate for the relaxation of the quantum-well populations

due to carrier–carrier and carrier–phonon collisions, respectively, γqwnr and γbnr are the
effective nonradiative carrier loss rates.

Above, we introduced the pump contribution as

Λσk =
J (t)

ehbNpσ
f (εσk, µ

p
σ, Tl) (1− nσk) , (12)

where J is the injected current density when the pump pulse is applied, f (εσk, µ
p
σ, Tl),

hb, and Npσ are the steady-state electron or hole population and density in the absence
of the laser field, and the factor (1− nσk) accounts for blocking the pump due to the
exclusion principle. The bias pulse Vb (t) shifts the electron energy εα in the dot.

Solving the Maxwell–Bloch equations (4)–(6) with the relaxation contributions
given by (11)–(12) requires knowing the Fermi–Dirac distributions at each time step.
Let discuss how it is determined. When only the quantum-well and bulk populations
are in quasi-equilibrium, the corresponding Fermi–Dirac distributions are obtained
from the conditions

Nq
σ +N b

σ =
nqw
A

∑
k⊥

f
(
εσk⊥ , µ

(2p)
σ , T2p

)
+
hb
Vb

∑
k

f
(
εσk, µ

(2p)
σ , T2p

)
, (13)

nqw
A

∑
k⊥

εσk⊥nσ,k⊥ +
hb
Vb

∑
k

εσknσk

=
nqw
A

∑
k⊥

εσk⊥f
(
εσk⊥ , µ

(2p)
σ , T2p

)
+
hb
Vb

∑
k

εσkf
(
εσk, µ

(2p)
σ , T2p

)
, (14)

and

Nq
σ +N b

σ =
nqw
A

∑
k⊥

f
(
εσk⊥ , µ

(2l)
σ , Tl

)
+
hb
Vb

∑
k

f
(
εσk, µ

(2l)
σ , Tl

)
. (15)

We empasize that the transport of carriers between the different regions is considered
as an integral part of the capture and relaxation processes due to carrier–carrier and
carrier–phonon collisions.

In the numerical calculations, Eqs. (13) and (14) are solved for µ
(2p)
σ and T2p,

and (15) yields µ
(2l)
σ . The label p indicate that the properties are associated with

the plasma in the quantum-well and quantum dot regions while l marks the lattice
properties. All the summations in these equations are performed numerically. We use
the gauge to verify that the summations are performed to the necessary accuracy is
to examine the extent to which total (matter and radiation field) energy is conserved.
The results are shown in Fig. 3 of main text. From Fig. 3 of main text one can see that
the time dependencies of µ(2l), µ(2p) and T2p are expressed as four solutions (A-D) of
the nonlinear equations (13)–(15). The solutions (A-D) correspond to four different
nonequilibrium states inside GQD.
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Below, we require that the radiation field energy change due to stimulated emission
equals the energy change associated with changes in electron and hole populations,
with a deviation less than 2%. This assumes that the solution of Eq. (15) is accurate.
The adequacy of these calculations to the microscopic theory is observed under the
following conditions. (i) The deviations from quasi-equilibrium are not too large. (ii)
The effective relaxation times differ from each other, ensuring that the relaxation
behavior demonstrates distinct properties of the different stages described earlier. That
is not always the case for the collisions involving discrete states, the effective rates

γ
(2)
c−c and γ

(2)
c−p can be over an order of magnitude slower than γ

(2)
c−c and γ

(2)
c−p [6, 7].

The effective relaxation rates used in our simulations are introduced as follows. For
the quantum-well regions, the rates γ

(2)
c−c and γ

(2)
c−p are selected to fit the model to the

microscopically calculated relaxation of the disturbed system back to a Fermi–Dirac
distribution. Although there is a good overall agreement during the relaxation process,
there are slight deviations of the shape of the spectral bump or hole. The deviations,
however, only partially influence the nonequilibrium gain under the respective condi-
tions. Typical room temperature effective relaxation rates for metal plates extracted
from microscopic calculations are approximately 1 to 2 × 1013 s−1 for carrier–carrier
collisions, and approximately 0.2 to 1× 1012 s−1 for carrier–phonon collisions [14].

However, a similar comparison between approximate and microscopic treatments
for a quantum-dot structure is not accurate because of a lack of a reliable numerical
analysis of a complete microscopic model for the inhomogeneously broadened graphene
quantum-dot structure shown in Fig. 1 of main text. Without such a comparison,

the effective relaxation rates γ
(2)
c−c and γ

(2)
c−p are obtained by using the real parts of

the scattering coefficients in the second Born approximation for carrier–carrier and
carrier–phonon collisions, respectively. Currently, there is uncertainty concerning these
values within the range 1010 s−1 to 109 s−1 at room temperature.

2 The maximum conversion efficiency of graphene
quantum dot laser

Let us evaluate the maximum conversion efficiency ηGL of GL. It is well known that
SL [9–11] emitting conventional photons achieve over 30% peak ex-facet electrical-to-
optical power conversion efficiency ηZ and stable far-field output with 75% coupling
efficiency to PM fiber in a butterfly package. In the case of GL, emitting the single
THz and optical photons, the generated power might be lower. To evaluate the the
conversion efficiency, ηZ, of GL in generating the entangled idle and signal photons,
we adopt an analytical model that depends on the output power level P, pump pulse
duration tpulse, and the cavity length l [12, 13]. The applicability of the mentioned
optimization scheme was discussed earlier [12, 13] to consider high-power diode lasers
based on sub-monolayer InAs/GaAs quantum dots (QDs). Our aim here is to establish
the dependence between the internal characteristics of GL and their efficiency.
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Power conversion efficiency ηZ is defined as the ratio of the output optical power
P from diode facets to the electrical input

ηZ (P, l) =
P
I

1

Vt−o + IRs−r
, (16)

where the drive current is I = P/η + Ith is applied to achieve the output power
P. The threshold current Ith depends on the cavity length l, on the differential effi-
ciency η, the diode turn-on voltage is Vt−o, and on the series resistance of GL, Rs−r.
Following Refs. [12, 13], to find the optimum diode length lopt we use the condition
∂ηZ(P, l)/∂l |P=const= 0. For the given power P, the solution of the last equation
defines the maximum ηmax

Z (P) of the conversion efficiency. The above matching
condition [12, 13] is rewritten in the form

Z(2Rs−r +
Vt−o
I

) + I
dRs−r
dl

= 0, (17)

where we defined Z ≡ dI/dl |P=const. The magnitude of Z depends on P and l.
Basically, due to variations of Ith and ηZ with l, the behavior of Z is complex. However,
it becomes simplified for the GL geometry by using model expressions for lopt and
ηmax
Z (P). For GL, we use the linear dependence between threshold current density,
jth, and modal gain, ζ

ζ = θ (jth − j0) . (18)

Above we assumed that ζ < ζsat, where ζsat is the saturated gain, θ is the differential
gain (with respect to current density), and j0 is current density at the transparency.
Then we get

Z =
Pαi
η0r

+ w
(αi
r

+ j0

)
, (19)

where η0 is the internal differential efficiency, αi is the internal loss, r =
(1/2) ln(1/R1R2), R1,2 are the facet power reflectivities. One receives expressions
for the optimum GL cavity length, lopt, and for the maximum conversion efficiency,
ηmax
Z (P) by substituting Eq. (19) into (18). One gets

lopt =
I0P

Z
√

1 +Q2
, ηmax

Z (P) =
P

Vt−oI0P

Q(
1 +
√

1 +Q
)2 , (20)

whereQ = wVt−o/ρsZ and I0P = P/η0+wr/β are length-independent parameters. The
actual experimental GQD setup, like proposed in Fig. 1A of main text, is designed if the
real device parameters are available. Unfortunately, there is a shortage of experiments
on GL yet. Up to date, we can use projected parameters extracted from our earlier
experimental works on the carbon nanotube quantum dot devices [4, 15, 22].

The estimated cavity length and facet reflectivities are used to evaluate the per-
formance of the entangled photon generators like those sketched in Figs. 1, 2 of main
text. On the one hand, by substituting the actual experimental parameters of the GQD
laser, such as specific resistance and internal loss, one can facilitate the maximum con-
version efficiency for the practically desired level of power output. On the other hand,

7



Eq. (20) allowed optimizing the laser structure for high-efficiency operation by esti-
mating the relative importance of different internal parameters. For estimations we
use the internal differential efficiency as η0 = 1.31 W/A, ρs = 1.244×10−4Ω· cm2, and
the differential gain for current density β = 0.06 cm/A. To estimate the one-photon
output optical power from diode facets (the GL generated power) with the pulse dura-
tion tpulse = 3.5 ps we use the following parameters. For the one idle photon we take

Pi = hfi/tpulse=0.33 nW, V
(i)
bias = hfi/e = 4 mV, Ii = Pi/V (i)

bias = 82 nA. Then, in

the case of interest Z → 0, for the iddle GL one finds l
(i)
opt = 2.6 mm, I

(i),0
P = 2.5 µA,

η
(i)max
Z→0 ' 0.07. Besides, for the signal GL we use Vt−o = V

(s)
bias = 2.7 V, Ps=0.2 µW,

Is = 80 nA that gives l
(s)
opt = 4 µm, I0P = 2.6 µA, η

(s)max
Z→0 ' 0.03.

On the one hand, the energy of solitary i- and s-photons generated by GL is
lower than the energy of multiple photons generated by conventional semiconducting
quantum dot lasers (SL) [9]. Respectively, the maximum conversion efficiency ηGL

of GL is always lower than ηSL of SL [9]. Namely, for an idle THz photon, η
(i)
GL is

estimated as ∼ 7%, while for an signal optical photon η
(s)
GL ' 3%. Thus, in either case,

the estimated η
(i,s)
GL is lower than ηSL ∼ 50% reported in Ref. [9]. On the other hand,

the GL generation is ∼ 104 times more efficient than the traditional SPDC method,
whose efficiency is typically below 4×10−6.

3 Efficient generation of entangled photons with the
graphene quantum dot lasers

Let us outline the microscopic mechanism of sensing with undetected THz photons. Up
to now, for this purpose, one frequently uses spontaneous parametric down-conversion
(SPDC), which is also referred to as parametric fluorescence or parametric scatter-
ing [18–21]. SPDC is a nonlinear, instantaneous optical process that converts a photon
of higher energy (namely, a pump photon) into a pair of photons (namely, signal and
idler photons) of lower energy, in accordance with the principles of energy conserva-
tion and momentum conservation. The total energy of the signal and the idler photons
is equal to the energy of the pump photon. A recognized shortcoming of this approach
is that the conversion efficiency of SPDC is rather low, not exceeding 4×10−6 of
incoming photons for periodically poled lithium niobate (PPLN) in waveguides. Thus,
when using the weak idle and signal beams, observing the ”induced coherence without
induced emission” is difficult. Besides, it requires a careful and complex tuning of the
experimental setup. To improve the efficiency of the entangled photon generation pro-
cess, we suggest replacing the SPDC-based method with a device involving graphene
quantum dot lasers (GL) that have demonstrated remarkable perspectives in terms of
efficiency, compact size, and flexibility [9–11].

We assume that a short rectangular pump pulse V i,sbias(t) excites simultaneously
two GLi1 and GLs1 (here i and s stand for idle and signal respectively), as depicted
in Figs. 1, 2 of main text. The third GLs2 is excited independently and serves to
generate an ethalon optical signal S2 of the same frequency as S1, and is used just
to retrieve the signatures of the test sample. Let us first discuss the wave interaction
in the active regions of GLi1 and GLs1. When the pump pulse harmonics Ep,l (r, t)
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match the quantized level spacing ∆i,s in the active regions of GLi,s, the respective

GLi,s generate the coherent electromagnetic waves Ê
(−)
i,m (r, t) and Ê

(−)
s,q (r, t), where

indices l,m, q label three mutually orthogonal directions in space, while the indices p,
i, and s stand for the pulse, idle, and signal respectively. The coupling between the

three waves, Ep,l (r, t), Ê
(−)
i,m (r, t) and Ê

(−)
s,q (r, t) occurs as follows. For instance, after

the pump pulse V ibias(t) generates the laser emission in GLi, the excited coherent wave

Ê
(−)
i,m (r, t) causes a feedback influence βi(t)Ê

(−)
i,m (r, t) on the pump signal itself, where

βi(t) is obtained from the solution of the Maxwell–Bloch equations. Thus, the feedback
influence modifies the initial pulse form of V i,sbias(t). This already modified pulse Ṽ i,sbias(t)
acts on the other GLs, thereby transferring the quantum state information from GLi to
GLs. Accordingly, the same interaction mechanism takes place to transfer the quantum

information from GLs to GLi. Although the waves Ê
(−)
i,m (r, t) and Ê

(−)
s,q (r, t) do not

interact with each other directly, the significant interaction arises in the course the
generation process of the idle and signal beams. The Hamiltonian is expressed [18–21]
in the interaction picture as

Ĥint (t) =

∫
D

d3rκ̃lmqEp,l (r, t) Ê
(−)
i,q (r, t) Ê(−)

s,m (r, t) + h.c., (21)

where κ̃ is evaluated from the solution of the Maxwell–Bloch equations (4)–(6) and

describes an effective coupling between the electric fields, Ê
(−)
s (r, t) and Ê

(−)
i (r, t) are

the negative frequency parts of the quantized electric fields associated with the signal
and idler, respectively, D is the volume of the GL active region, h.c. implies Hermitian
conjugation, and there is summation over the repeated indices l,m, q. The active area
of GL refers to the region where light amplification occurs, primarily due to stimulated
emission from GL. The quantum dot confines electrons and holes in all three spatial
dimensions, leading to unique electronic and optical properties. The active region is
constructed to maximize the interaction between GL and the optical mode, enabling
its operation.

The pump, the signal and the idler fields oscillate at different frequencies. In gen-
eral, the GL generation efficiency depends on these frequencies. The Hamiltonian in
Eq. (21) is therefore often expressed by decomposing the electromagnetic fields into
several modes. The positive frequency part of a quantized electric field inside GL can
be represented by the expression

Ê(+) (r, t) =
∑
k,σ

α (k, σ) exp [i (k · r− ωt)] ek,σâ (k, σ) , (22)

where σ = 1, 2, labels two directions of polarization, ω is the frequency, k is the wave
vector, ek,σ represents two generally complex, mutually orthogonal unit vectors such

that ek,σ · k = 0, α (k, σ) = i
√

~ω/ (2ε0n2 (k, σ)L3), ε0 is the electric permittivity of
free space, n (k, σ) is the refractive index of the anisotropic, nonlinear GL, L3 is the
quantization volume, and â (k, σ) is the photon annihilation operator for the mode
labeled by (k, σ). Let us also decompose the pump field inside GL into plane wave
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modes and express it in the form

Ep (r, t) =
∑
kp,σp

Vp (kp, σp) exp [i (kp · r− ωpt)] ekp,σp . (23)

The Equations (21)–(23) are written in general forms. For the sake of simplicity,
we use assumptions that are appropriate to our GEP device. First, we assume that
the signal and the idler can be treated as beams with uniform linear polarization both
inside and outside of GL. Then, we drop the summation over the polarization indices
σpj , σsj , σij and use

α
(
ksj , σsj

)
≈ α

(
ωsj
)

, α
(
kij , σij

)
≈ α

(
ωij
)

, (24)

One can now replace the annihilation operator â (k, σ) with â (k), the number state
|k, σ〉 with |k〉 and the effective coupling between the electric fields κ̃lmq with a scalar
quantity κ̃. The quantum state of light generated by GL is given by

|ψ (t′)〉 = |vac〉+

[
1

i~

∫ t′

0

dtĤint (t)

]
|vac〉+ . . . (25)

where |vac〉 is the vacuum state and t′ is the interaction time.
We assume that the graphene quantum dot lasers GLi1 (THz idle), GLs1 (optical

signal), and GLs2 (ethalon optical signal) are pumped by the same rectangular beam
P1. The THz idler beam, I1, generated by GLi1 is transmitted through the scan matrix
and enters the test sample. Then I1 is aligned with the idler beam, I2, that is the
output after passing the test sample. The optical signal beams S1 and S2 emmited
respectively by GLs1 and GLs2 are also generated by the same pump pulse as the
THz idler beam, I1. The second beam S2 will later serve as ethalon to retrive the test
sample image. To mix the THz idle beam I2 with the optical signal beams S1 one
uses the dichroic mirror DM1. The combined beam I2 + S1 output of DM1 is directed
to separate it into modified signal beam S′1 and the idle beam I1 that is disposed.
In the next step, by using a beam-splitter, BS, the optical beam S′1 is superposed
with the ethalon optical beam S2 to retrieve the test sample information. One of the
outputs of the beam splitter is detected by an EMCCD camera. Suppose that the
pump fields at the two GLs are given by the complex electric field vectors Ep1 (r1, t2)
and Ep2 (r2, t2), expanded in the form given by Eq. (23). From Eqs. (22), (23), (24)
and (25) it follows that the quantum state of light generated by each individual GL
is given by the formula (cf. [18–21])

|ψj (t′)〉 = |vac〉+
t′D

i~
∑
kpj

∑
ksj

∑
kij

κ̆
(
ωpj , ωsj , ωij

)
exp

[
i
(
kpj − ksj − kij

)
· r0j

]

×sinc

[(
ωsj + ωij − ωpj

) t′
2

]{ 3∏
n=1

sinc

[(
kpj − ksj − kij

)
n

ln
2

]}
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×
∣∣ksj〉sj ∣∣kij〉ij ] + . . . (26)

where j = 1, 2 labels the two GLs, κ̆
(
ωpj , ωsj , ωij

)
= Vpj

(
kpj
)
·

α∗
(
ksj
)
α∗
(
kij
)

exp
[
i
(
ωsj + ωij − ωpj

)
t′/2

]
,
∣∣ksj〉sj = â†sj

(
ksj
)
|vac〉sj ,

∣∣kij〉ij =

â†ij
(
kij
)
|vac〉ij , and sinc[x] = sinx/x ≈ x; the sinc terms lead to the two phase match-

ing conditions associated with the process of GEP-generated entangled photons. We
assume that the volume integration is carried out over the GL active region represent-
ing a rectangular parallelepiped of sides l1, l2, l3 with its center located at the point
r0j .

Except for the newly introduced wave interaction mechanism, the calculations
below are similar to conventional SPDC-based theory [18–21]. We reproduce it just for
convenience, keeping in mind that the laser-induced interwave coupling is considerably
stronger than SPDC. If the beam I1 is perfectly aligned with the beam I2, for each

mode present in the quantized field Ê
(+)
I1

(r, t) of I1 there exists an equally populated

mode in the quantized field Ê
(+)
I2

(r, t) of I2. The condition of perfect alignment of the
idler beams is

âI2 (ki) = âI1

(
k̃i

)
exp

[
iφi

(
k̃i

)]
(27)

where the mode k̃i is the output of test sample and is aligned with the mode ki that

is generated at GLi1; φi

(
k̃i

)
is a phase factor gained by the mode k̃i. When the

diffraction limits are neglected, there is a full correspondence between ki and k̃i.
The above classical formulation illustrates the quantum mechanical problem. The

quantized field decomposes into several plane wave modes, assuming that one point
on the test sample can transmit and reflect only one specific mode of the quantized
idler field. Thus, a single point on the test sample acts as a beam splitter only on
one particular idler mode. In terms of quantum mechanics, the alignment condition
becomes

âI2 (ki) =
[
T
(
ρk̃i

)
âI1

(
k̃i

)
+R′

(
ρk̃i

)
â0

(
k̃i

)]
exp

[
iφi

(
k̃i

)]
(28)

where we introduced T
(
ρk̃i

)
as the transmission coefficient of the object at the point

ρk̃i
, R′

(
ρk̃i

)
is the reflection coefficient at the same point when illuminated from

the opposite direction, â0 is the vacuum field at the point on the object, φi

(
k̃i

)
is

the phase term, and there is the normalization condition |T |2 + |R′|2 = 1. When the
object is absent (T = 1 and R′ = 0), Eq. (27) and Eq. (28) coincide with each other.

When neglecting the diffraction, the positive frequency part of the quantized field
at the camera can be expressed as

Ê(+)
s (ρks , t) ∝ exp

[
−iω̃s

(
t− L1 (ks)

c

)]
âs1 (ks) , (29)
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where Lj (ks) is the optical path traveled by the mode labeled by ks from GLj to the
camera (propagation inside the GLs has been neglected), |ks| = ω̃s/c.

For the sake of simplicity, we assume that the pump beams are well collimated,
uniformly polarized, and narrow-band with mean frequency ω̄p. In this case, the pump
field at the GLj can be represented by Vpj exp[i(kp · r−ω̄pt)]. We choose the direction
of kp to be along the direction of the optical axis. We assume that GLs are with sides
below 10−3 m of length; then we use that the wave vectors correspond to certain respec-
tive optical wavelengths. This means that the terms sinc

[(
kpj − ksj − kij

)
n
ln/2

]
in Eq. (26) contribute only when kpj − ksj − kij ≈ 0. The respective spatial
phase matching condition kpj ≈ ksj + kij is fairly accurate. Moreover, the term
sinc

[(
ωsj + ωij − ω̄p

)
t′/2

]
in Eq. (26) leads to the temporal phase matching condition

ω̄p ≈ ωsj + ωij .
The photon counting rate [21] at a point ρkS

in the camera is

R (ρks
) ∝ 〈Ψ| Ê(−)

s (ρks , t) Ê
(+)
s (ρks , t) |Ψ〉 (30)

where |Ψ〉 = |ψ1 (t′)〉 + |ψ2 (t′)〉 and the quantized field is given by Eq. (29). Apart
from a proportionality constant one gets [18] the key equation of the theory of imaging

R (ρks
) ≈ |Vp1 |

2
+ |Vp2 |

2
+ 2 |Vp1 | |Vp2 |

∣∣∣T (ρk̃i

)∣∣∣
× cos[φs2 (ks)− φs1 (ks)− φi (ki)

− arg
[
T
(
ρk̃i

)]
+ φp + ks · r0 + C0] (31)

where k̃i denotes a wave vector that is the mirror image of the wave vector ki = kp−ks
with respect to the optical axis, |kp| = ω̄p/c, |ks| = ω̄s/c, |ki| = ω̄i/c, ρk̃i

is the

point on the object that is illuminated by the idler mode k̃i, φsj (ks) = ω̄sLj(ks)/c,
φp = arg [Vp2 ]− arg [Vp1 ], and C0 represents all other phase terms.

Using the above equations, one derives conditions for constructive and destructive
interference. Furthermore, one can observe that the information of the object appears
only in the interference term. This suggests that the imaging process is purely quantum
mechanical.
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