
Hijrah Search Optimizer: A Spiritual Migration-
Inspired Metaheuristic Algorithm for Solving
Engineering Design Problems
Moh Nur Sholeh 

Diponegoro University
Linda Karlina 

National Taiwan University of Science and Technology

Research Article

Keywords: Hijrah search optimizer, Metaheuristic algorithm, Optimization, Opportunity control
mechanism, Engineering design problems

Posted Date: September 18th, 2025

DOI: https://doi.org/10.21203/rs.3.rs-7334045/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

Additional Declarations: No competing interests reported.

https://doi.org/10.21203/rs.3.rs-7334045/v1
https://doi.org/10.21203/rs.3.rs-7334045/v1
https://doi.org/10.21203/rs.3.rs-7334045/v1
https://creativecommons.org/licenses/by/4.0/


Hijrah Search Optimizer: A Spiritual Migration-Inspired Metaheuristic 
Algorithm for Solving Engineering Design Problems 

Moh Nur Sholeh1*, Linda Karlina2 

1Department of Civil and Planning, Diponegoro University, Semarang, Indonesia 

2Graduate Institute of Applied Science and Technology, National Taiwan University of 

Science and Technology, Taipei, Taiwan 

 

*Corresponding author: Moh Nur Sholeh, Ph.D. 
Assistant Professor, Department of Civil and Planning, Diponegoro University, Semarang, 

Indonesia 

Address : Jl. Prof. Soedarto, SH., Tembalang, Semarang 50275, Indonesia 

E-mail address : mns@live.undip.ac.id 

Orchid ID : 0000-0002-2795-9540 

 

Linda Karlina 

Ph.D. Student, Graduate Institute of Applied Science and Technology, National Taiwan 

University of Science and Technology, Taipei, Taiwan 

Address : No. 43, Sec. 4, Keelung Rd., Taipei, 106, Taiwan (ROC) 

E-mail address : D11122802@mail.ntust.edu.tw; lindakarlinans@gmail.com  

Orchid ID : NA  

mailto:mns@live.undip.ac.id
mailto:D11122802@mail.ntust.edu.tw
mailto:lindakarlinans@gmail.com


1 

 

Hijrah Search Optimizer: A Spiritual Migration-Inspired Metaheuristic 1 

Algorithm for Solving Engineering Design Problems 2 

Abstract 3 

This study develops the Hijrah Search Optimizer (HSO), a novel metaheuristic algorithm 4 

inspired by the Islamic concept of hijrah, the spiritual migration from unfavorable conditions 5 

(Makkah) toward a better state (Madinah). The simulation of migration behavior includes 6 

strategies such as moving openly, moving covertly (following a guide and taking an unusual 7 

route), and opportunity control mechanisms that switch between these movements, culminating 8 

in convergence upon arrival at a better state. HSO is evaluated using a comprehensive set of 9 

mathematical benchmark functions and applied to a series of engineering design problems. 10 

These benchmark functions are used to validate HSO’s performance, which is compared with 11 

several well-known metaheuristic algorithms. The results demonstrate that HSO outperforms 12 

existing algorithms in solving mathematical benchmark functions including thirty standard 13 

functions and CEC-2020 test suite. Additionally, HSO is successfully applied to engineering 14 

design problems, including welded beam and truss structure designs, where it not only achieves 15 

superior performance but also requires fewer objective function evaluations. These findings 16 

indicate that HSO is a promising metaheuristic algorithm for solving complex optimization 17 

problems. 18 

Keywords: Hijrah search optimizer; Metaheuristic algorithm; Optimization; Opportunity 19 

control mechanism; Engineering design problems.  20 
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1. Introduction 21 

The pursuit of optimal solutions has attracted significant interest from the research 22 

community, owing to its vital role in addressing complex, real-world optimization problems. 23 

Optimization is fundamentally an iterative improvement process that seeks the best 24 

configuration within a given search space. These spaces are often characterized by challenging 25 

properties such as multimodality, non-convexity, non-differentiability, and the presence of 26 

various constraints [1]. Depending on the nature of their variables, binary, discrete, continuous, 27 

permutation-based, or structured, optimization problems require customized strategies to 28 

navigate effectively. Such challenges are prevalent in a wide range of domains, including 29 

engineering [2, 3], scheduling [4, 5], computer vision [6], feature selection [7, 8], image 30 

processing [9], industrial system modeling [10], and among others. To address these complex 31 

tasks, researchers have increasingly turned to metaheuristic optimization algorithms. 32 

Metaheuristic algorithms have emerged as powerful, general-purpose methods capable 33 

of solving high-dimensional and nonlinear problems. Typically, these algorithms begin with a 34 

population of randomly generated solutions, which are iteratively refined using intelligent, 35 

parameterized operators. These operators facilitate a balance between exploration, searching 36 

new areas of the solution space, and exploitation, refining known good solutions [11, 12]. 37 

Notable advantages of MH algorithms include their derivative-free nature, simplicity, 38 

adaptability, and strong global search capabilities, which allow them to avoid being trapped in 39 

local optima [13]. Inspired by processes in nature, physics, society, and behavior, MH 40 

algorithms are often referred to as nature-inspired algorithms. These can be broadly categorized 41 

into swarm-based, evolutionary-based, physics- or chemistry-based, and socially- or human-42 

inspired methods [14, 15], which are discussed in detail in Section 2. 43 

Despite their shared structure and guiding principles, the effectiveness of MH algorithms 44 

can vary significantly depending on the problem landscape, a reality supported by the No Free 45 

Lunch (NFL) theorem [16, 17]. Therefore, continuous innovation remains essential in 46 

developing new algorithms that better balance exploration and exploitation for specific 47 

optimization tasks. Many existing metaheuristic (MH) algorithms have drawn inspiration from 48 

human group behaviors, such as teamwork in sports [18], decision-making in social 49 

communities [19], and collaborative problem-solving in organizations [20], mimicking 50 

collective intelligence and coordination strategies. While these behavior-inspired approaches 51 

have demonstrated success, there remain opportunities to explore new sources of inspiration 52 

that capture different aspects of the optimization process. 53 
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This study proposes the Hijrah Search Optimizer (HSO), a novel metaheuristic algorithm 54 

designed to address optimization problems. Inspired by the Islamic concept of hijrah, the 55 

spiritual migration from unfavorable conditions (Makkah) to a better state (Madinah), HSO is 56 

benchmarked against recent and widely used metaheuristic algorithms. However, according to 57 

the No Free Lunch theorem [xx], no algorithm can universally outperform others across all 58 

problems. Therefore, it is essential to carefully analyze and adapt metaheuristic algorithms to 59 

specific problem domains to enhance their efficiency and effectiveness. 60 

The key contributions of this study are as follows: 61 

• A novel metaheuristic algorithm, Hijrah Search Optimizer (HSO), is developed, inspired 62 

by the migration behavior of agents moving from unfavorable conditions to a better state. 63 

• An opportunity control mechanism is introduced to enhance efficiency by dynamically 64 

switching between open movement during exploration and covert movement during 65 

exploitation. 66 

• HSO's performance is validated using thirty benchmark functions and the CEC-2020 test 67 

suite. 68 

• Comprehensive statistical analyses, including the Wilcoxon signed-rank test and Friedman 69 

rank test, are performed to compare HSO with other leading algorithms. 70 

• HSO is applied to real-world engineering design problems, such as welded beam and truss 71 

structure designs, and is benchmarked against reference algorithms. 72 

• Experimental results confirm that HSO achieves superior performance, outperforming 73 

competing algorithms in both benchmark tests and engineering applications. 74 

The rest of this paper is organized as follows: Section 2 provides a review of related 75 

metaheuristic algorithms. Section 3 introduces the HSO algorithm, including its inspiration 76 

and mathematical formulation. Section 4 presents experimental results and a comparative 77 

performance analysis. Section 5 concludes the paper and discusses future research directions. 78 

2. Related Metaheuristic Algorithms 79 

Metaheuristic algorithms have emerged as powerful tools for solving complex 80 

optimization problems across diverse domains. These algorithms are generally inspired by 81 

natural, biological, physical, or social processes and are designed to balance exploration (global 82 

search) and exploitation (local search) in the solution space. Over the years, various 83 

metaheuristics have been developed, ranging from evolutionary-based and swarm-based 84 

methods to those inspired by human behavior and cultural practices. Metaheuristic algorithms 85 

are generally classified into four major categories: evolutionary algorithms (EAs), swarm 86 



4 

 

intelligence (SI) algorithms, law-based algorithms, and human-inspired algorithms [21]. 87 

Evolutionary algorithms are modeled on biological evolution and employ operators such as 88 

crossover, mutation, and selection. Swarm intelligence algorithms are inspired by collective 89 

animal behaviors, such as foraging, flocking, or territorial interactions, to navigate the search 90 

space efficiently. Law-based algorithms are founded on mathematical, physical, or chemical 91 

principles to guide the search process. Human-inspired algorithms draw on social behaviors, 92 

decision-making processes, and collaborative dynamics observed in human societies. 93 

Representative algorithms from each of these categories are summarized in Table 1. 94 

Table 1. Categories and examples of metaheuristic algorithms 95 

Category Algorithms Authors Year Inspiration 

Evolutionary 
algorithms 

Genetic Algorithm (GA)  Holland [22] 1992 Natural selection and genetics 

Differential Evolution (DE)  Price [23] 1996 
Population-based differential 
mutation and crossover 

Biogeography-Based 
Optimization (BBO) Simon [24] 2008 Migration and distribution of 

species 

Pine Cone Optimization 
Algorithm (PCOA) 

Anaraki & Farzin 
[25] 2024 Pine tree reproduction 

Swarm 
intelligence 
algorithms 

Particle Swarm Optimization 
(PSO) 

Kennedy & Eberhart  
[26] 1995 

Bird flocking and fish 
schooling 

Grey Wolf Optimizer (GWO) Mirjalili et al. [27] 2014 
Hunting strategy of grey 
wolves 

Salp Swarm Algorithm (SSA) Mirjalili et al. [28] 2017 Swarming behavior of salps 

Tuna Swarm Optimization 
(TSA) Xie et al. [29] 2021 

Foraging behavior of tuna 
swarm 

Spider Wasp Optimizer 
(SWO) 

Abdel-Basset et al. 
[30] 2023 

Behavior of the female spider 
wasps 

Birds-of-Paradise Search 
(BPS) Sholeh & Linda [31] 2025 

Behavior of birds-of-paradise 
in tropical rainforest 

Law-based 
algorithms 

Gravitational Search 
Algorithm (GSA) Rashedi et al. [32] 2009 Laws of gravity and mass 

Electromagnetic Field 
Optimization (EFO) 

Abedinpourshotorban  
et al. [33] 2016 

Electromagnet in different 
polarities 

Archimedes Optimization 
Algorithm (AOA) Hashim et al. [34] 2021 Archimedes’ Principle 

Prism Refraction Search 
(PRS) Kundu et al. [35] 2024 

Light refraction through a 
prism 

Human-
inspired 
algorithms 

Teaching-Learning-Based 
Optimization (TLBO) Rao et al. [36] 2011 Teaching-learning process  

Human Mental Search (HMS) 
Mousavirad & 
Ebrahimpour-
Komleh [37] 

2017 
Online auction bidding 
strategies 

Doctor and Patient Optimizer 
(DPO) Dehghani et al. [38] 2020 

Process of treating patients by a 
physician 

Political Optimizer (PO) Askari et al. [39] 2020 
Multi-phased process of 
politics 

Driving Training-Based 
Optimization (DTBO) Dehghani et al. [40] 2022 

Driving lessons and instructor 
training 

Divine Religions Algorithm 
(DRA) Mozhdehi et al. [41] 2025 Religious societies 
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3. Hijrah Search Optimizer 96 

This section describes the inspiration behind, and the mathematical simulations involved 97 

in, the Hijrah Search Optimizer. 98 

3.1. Inspiration 99 

The Hijrah Search Optimizer (HSO) is inspired by the historical event of hijrah, the 100 

migration of the Prophet Muhammad and his companions from Makkah to Madinah. This 101 

migration was not a single event but a structured process involving different strategies and 102 

phases. Before the Prophet's own migration, some of his companions had already migrated in 103 

small groups and openly traveled to Madinah. Their migration represented an early phase of 104 

movement toward a better state, despite facing risks and challenges along the way. 105 

The Prophet’s own migration, however, was executed with a higher level of strategy and 106 

caution. It involved covert planning, including hiding in the Cave of Thawr for three days to 107 

avoid pursuers, following an unusual route guided by an experienced tracker, and moving 108 

primarily under the cover of night. This phase reflects adaptive behavior in response to threats, 109 

ensuring survival while maintaining progress toward the destination. Upon arrival in Madinah, 110 

the migrants formed cooperative bonds with the local inhabitants, known as the Ansar 111 

(helpers), establishing a unified and strengthened community. This phase symbolizes 112 

convergence and stability, where the search reaches its goal and consolidates gains. 113 

The hijrah walk process, with its combination of open migration, covert movements, and 114 

final convergence, mirrors the key components required in an optimization algorithm: 115 

exploration, exploitation, and convergence. In the proposed HSO, the search process is 116 

modeled in three main phases: 117 

(a) Open movement phase: Inspired by the early companions' migration, this phase 118 

emphasizes exploration, allowing agents to traverse broad solution spaces in search of 119 

promising areas. 120 

(b) Covert movement phase: Reflecting the Prophet's strategic migration, this phase focuses 121 

on exploitation, where agents refine their search within narrowed regions, guided by 122 

opportunity control mechanisms to switch between paths. 123 

(c) Convergence phase: Echoing the settlement and cooperation in Madinah, this phase 124 

drives the search process toward stability and optimal solutions, ensuring that agents gather 125 

and consolidate around the best-found positions. 126 

Thus, the HSO algorithm captures the essence of the hijrah journey, transforming it into 127 

a structured search mechanism for solving complex optimization problems. Fig. 1 illustrates 128 
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the overall steps of the algorithm. In the next subsection, the migration-inspired behaviors are 129 

mathematically modeled and integrated into the HSO framework. 130 

 131 

Fig. 1. Hijrah search behavior from Makkah to Madinah 132 

3.2. Mathematical Model for HSO Algorithm 133 

3.2.1. Initialization Process 134 

The initialization of agent populations is commonly performed through random 135 

generation. However, this approach often suffers from limited diversity, which can slow 136 

convergence and increase the likelihood of entrapment in local optima. To overcome these 137 

limitations, the present study replaces conventional random initialization with a logistic chaotic 138 

map, aiming to enhance population diversity and mitigate the risk of premature convergence, 139 

as formulated in Eq. (1): 140 

 𝐴௜+1 = ߚ ∗ 𝐴௜ ∗ (1 − 𝐴௜), 0 ≤ 𝐴௜ ≤ 1 (1) 141 

where 𝐴௜ represents the logistic chaotic position value of the ݅-th agent, with 𝐴0 ∈ (0,1), 142 𝐴0 ∉ {0.0, 0.25, 0.5, 0.75, 1.0}. The parameter ߚ is fixed at 4.0 to ensure that the generated 143 

values remain within the interval [0,1] [42]. After evaluating the fitness of the initial population, 144 

HSO determines the global best solution (𝐴௕௘௦௧), which indicates the optimal agent position 145 

within the search space. 146 
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3.2.2. Open Movement 147 

The open movement reflects the spirit of hijrah, where agents seek better opportunities 148 

by moving towards promising areas in the search space. This movement encourages agents to 149 

explore globally while avoiding stagnation. The direction of open movement is determined by 150 

the vector difference between the current agent and a randomly selected agent from the 151 

population, as illustrated in Fig. 2. Eq. (2) simulates the open movement mechanism. 152 

 153 

Fig. 2. Simulation of open movement from Makkah to Madinah 154 

 𝐴௜௧+1 = 𝐴௜௧ + ݀݊ܽݎ ∗ 𝐴௠ప௚௥௔௧௘⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ (2) 155 

where 𝐴௜௧+1 is the updated position of the agent, 𝐴௜௧ represents the current position of the 156 

agent, ݀݊ܽݎ is a random factor scaled according to the number of decision variables. The term 157 𝐴௠ప௚௥௔௧௘⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ defines the directional movement of the agent toward more promising regions of the 158 

search space, as detailed in the following Eq. (3): 159 

 𝐴௠௜௚௥௔௧௘ = ௩ݎ ∗ 𝐴௠௘௔௡ − 𝐴௕௘௦௧ (3) 160 

Here, 𝐴௠௘௔௡ is the average position of all agents in the population, and 𝐴௕௘௦௧ refers the 161 

best-known position found so far. The variable ݎ௩ is a random coefficient that modulates trade-162 

off during migration and is defined in Eq. (4): 163 

௩ݎ  = [0,1]ݎ ∗ ௉்
 (4) 164 

In this equation, [0,1]ݎ is a random number uniformly distributed between 0 and 1, ܲ 165 

denotes the number of migration points (which is set to 3 in this study), and ܶ represents the 166 

migration period, set to 4 to correspond to the seasonal migration cycle (i.e., one year). 167 

Substituting Eq. (3) and Eq. (4) into Eq. (2) results in the full migration update formula: 168 

 𝐴௜௧+1 = 𝐴௜௧ + ݀݊ܽݎ ∗ [0,1]ݎ)) ∗ ௉்) ∗ 𝐴௠௘௔௡ − 𝐴௕௘௦௧) (5) 169 
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This formulation incorporates the concept of collective movement towards better regions 170 

of the search space, where agents are guided not only by the best-found solution but also by 171 

the average position of all agents, promoting both exploration and exploitation throughout the 172 

optimization process. The random coefficient ݎ௩ introduces variability into the migration 173 

dynamics, allowing for enhanced exploration in the early stages of the search and more focused 174 

exploitation in later stages. 175 

3.2.3. Following a Guide During Secret Movement 176 

In secret movement, all agents perform both passive (following a guide) and active 177 

(taking an unusual route) movements. Initially, when the opportunity to emigrate is more 178 

favorable, most agents exhibit follow a guide motion. Over time, they increasingly exhibit take 179 

an unusual route motion. 180 

An agent (݆) is randomly selected, and the vector from the desired agent (݅) to the 181 

designated agent (݆) is used to determine the movement action. The goal is for each agent to 182 

move in a better direction towards targets. The direction of action and the updated location of 183 

the agent are simulated by Eqs. (6) and (7), respectively, with their movement illustrated in 184 

Fig. 3. This action is to effectively exploit the one-on-one search space. 185 

 186 

Fig. 3. Direction of agents following a guide during secret movement 187 

The movement vector, (݉⃗⃗݁ݒ݋ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗), is calculated as the difference between the new position, 188 𝐴௜௧+1, and the current position, 𝐴௜, as follow: 189 

⃗⃗݁ݒ݋݉  ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝐴௜௧+1 − 𝐴௜௧ (6) 190 

The movement vector is then scaled by the random factor ݀݊ܽݎ and the direction vector 191 

(݀ଓ⃗⃗⃗⃗⃗⃗ݎ ), defined as: 192 

⃗⃗݁ݒ݋݉  ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = ݀݊ܽݎ ∗ ݀ଓ193 (7)  ⃗⃗⃗⃗⃗⃗ݎ 
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The step vector is determined based on the fitness values of agent 𝐴௜ and agent 𝐴௝, 194 

according to Eq. (8). 195 

 ݀ଓ⃗⃗⃗⃗⃗⃗ݎ = {𝐴௝௧ − 𝐴௜௧  ݂݅ ݂(𝐴௜) ≥ ݂(𝐴௝)𝐴௜௧ − 𝐴௝௧  ݂݅ ݂(𝐴௜) < ݂(𝐴௝) (8) 196 

If the fitness of agent 𝐴௜ is greater than or equal to the fitness of agent 𝐴௝, the action 197 

vector points from agent 𝐴௜  to agent 𝐴௝. Conversely, if the fitness of agent 𝐴௜ is lower than the 198 

fitness of agent 𝐴௝, the action vector points from agent 𝐴௜ to agent 𝐴௝. Finally, the updated agent 199 

position, 𝐴௜௧+1, is calculated by adding the approach vector to the current position, as shown in 200 

Eq. (9). 201 

 𝐴௜௧+1 = 𝐴௜௧ + ݀݊ܽݎ ∗ {𝐴௝௧ − 𝐴௜௧  ݂݅ ݂(𝐴௜) ≥ ݂(𝐴௝)𝐴௜௧ − 𝐴௝௧  ݂݅ ݂(𝐴௜) < ݂(𝐴௝) (9) 202 

By following the guide mechanism, agents move towards promising areas based on 203 

fitness comparison, enhancing local exploitation and aiding optimal solution search during the 204 

hijrah walk. 205 

3.2.4. Taking an Unusual Route During Secret Movement 206 

In the context of the HSO algorithm, this phase is inspired by the strategic decision-207 

making and actions undertaken during the Hijrah journey. Just as the early agents carefully 208 

navigated unfamiliar territories to ensure safety and discover new opportunities, the agents in 209 

HSO engage in taking an unusual route to intensify exploitation within promising areas of the 210 

search space. This movement simulates the behavior of a strategic salesperson, actively seeking 211 

the best prospects, adapting their route, and positioning themselves to secure optimal outcomes. 212 

It balances aggressive exploration with careful adjustment, reflecting the adaptability and 213 

foresight demonstrated during the Hijrah. 214 

 215 

Fig. 4. Simulation of taking an unusual route from Makkah to Madinah 216 
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The taking an unusual route movement is mathematically modeled using a set of 217 

trigonometric functions that enable dynamic and directional adjustments: 218 

ߙ  = −1 + 2 ∗  219 (10) [0,1]ݎ

ߩ  = [0,1]ݎ ∗ ݁௥[0,1]  (11) 220 

1ߠ  = ߩ ∗ sin(ߙ) (12) 221 

2ߠ  = ߩ ∗ cos(ߙ) (13) 222 

Here, ߙ is a randomly distributed angle in the range [−1,1], ߩ is the adaptive radius 223 

controlling the movement scale, and ݁ is the base of the natural logarithm. The variables 224 1ߠ 

and 2ߠ represent the directional displacement components based on the agent’s movement 225 

behavior. 226 

The magnitude of the movement, representing the agent’s strategic selling behavior, is 227 

calculated as: 228 

 𝐴௥௢௨௧௘⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 1ߠ| −  229 (14) |2ߠ

The agent's updated position in the next iteration is then given by: 230 

 𝐴௜௧+1 = 𝐴௜௧ + ݀݊ܽݎ ∗ 𝐴௥௢௨௧௘⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ∗ (ܷ௕ −  ௕) (15) 231ܮ

Substituting Eq. (14) into Eq. (15), we get the final update formula: 232 

 𝐴௜௧+1 = 𝐴௜௧ + ݀݊ܽݎ ∗ 1ߠ| − |2ߠ ∗ (ܷ௕ −  ௕) (16) 233ܮ

This formulation ensures that each agent dynamically adjusts its direction and range of 234 

movement based on the current landscape of solutions. The analogy of a direct-selling strategy 235 

emphasizes agility, precision, and contextual awareness, enabling agents to identify and pursue 236 

the most promising areas of the search space, just as early agents strategically identified the 237 

best routes and communities during their migration. 238 

3.2.5. Action Control Mechanism 239 

In the HSO algorithm, agents perform two types of movements: open movement and 240 

secret movement. The open movement represents the initial exploration phase, where agents 241 

migrate freely to discover promising areas in the search space. As the hijrah process progresses, 242 

agents switch to secret movement, which consists of two strategies: following a guide and 243 

taking an unusual route. 244 

To control the transition between these strategies, the action control mechanism is 245 

applied. This mechanism uses an action control function ௙ܿ(௧) and a threshold constant ܿ0(௧). 246 

The function ௙ܿ(௧) generates random values fluctuating between 0 and 1 over time, as shown in 247 

Eq. (17) and Fig. 5. When ௙ܿ(௧) exceeds ܿ0(௧), agents perform open movement, focusing on 248 
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safe and directed search. When ௙ܿ(௧) falls below ܿ0(௧), they shift to secret movement, allowing 249 

for deeper exploitation of alternative paths. Since the exact ܿ0(௧) is unknown, it is set at 0.5, the 250 

midpoint between zero and one. 251 

 ௙ܿ(௧) = |2 ∗ [0,1]ݎ − 1 ∗ (1 − ௜௧௘௥max_௜௧௘௥)| (17) 252 

Here, ݅ݎ݁ݐ represents the ݅-th iteration of the algorithm cycle, and max_݅ݎ݁ݐ is the 253 

maximum number of iterations, which is an initialized parameter. 254 

 255 

Fig. 5. Simulation of action control mechanism 256 

3.2.6. Schematic Representation of HSO 257 

The core principles and mathematical framework of HSO are presented in Figs. 6 and 7, 258 

respectively. During initialization, the agent population is generated using Eq. (1). An action 259 

control mechanism, ௙ܿ(௧), is introduced to govern the transition between the open movement 260 

and secret movement phases, as defined in Eq. (17). The agents' new positions are updated 261 

using Eq. (5) for open movement, Eq. (9) for following a guide during secret movement, and 262 

Eq. (16) for taking an unusual route in secret movement. The hijrah search in the field area 263 

operates in a cyclic manner until the current iteration count (݅ݎ݁ݐ) reaches the predefined 264 

maximum (max_݅ݎ݁ݐ). HSO employs NP parameter vectors in a D-dimensional search space. 265 



12 

 

 266 

Fig. 6. Schematic flowchart of HSO algorithm  267 
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Algorithm: Hijrah Search Optimizer (HSO) 
1: BEGIN 

2:  % 1. Initialization Process 

3:  Set population size (ܰܲ) and maximum number of iterations (max _݅ݎ݁ݐ) 
4:  Initialize the agent population (𝐴௜) using Eq. (1) 
5:  Calculate the fitness value for initial population 𝐴௜, ݂(𝐴௜) 

6:  Identify the global best solution (𝐴௕௘௦௧) 
7:  Initialize ݅ݎ݁ݐ = 1 

8:  REPEAT 

9:    For ݅=1:ܰܲ do 

10:    % 2. Action Control Mechanism 

11:    Calculate action control ( ௙ܿ(௧)) using Eq. (17) 
12:    If ௙ܿ(௧) ≥ 0.5: 3. Open Movement 
13:     Calculate the new position of agent using Eq. (5) 
14:    Else: 4. Secret Movement 
15:     If [0,1]ݎ > (1 − ܿ݉): a. Follow a Guide 

16:          Calculate the new position of agent using Eq. (9) 
17:     Else: b. Take an Unusual Route 

18:          Calculate the new position of agent using Eq. (16) 
19:     End if 
20:    End if 
21:    Calculate the fitness value of the new position 

22:    Update the global best solution (𝐴௕௘௦௧) 
23:    End for ݅ 
24:   Update the iteration: ݅ݎ݁ݐ = ݎ݁ݐ݅ + 1 

25:  UNTIL 5. Iteration: the stop criteria are met (e.g., iter> max _݅ݎ݁ݐ) 
26:   Output the best results 

27: END 

Fig. 7. Pseudocode of the HSO algorithm 268 

4. Computational Experiment 269 

In this study, the performance of HSO was validated on several benchmark functions and 270 

compared with other metaheuristic algorithms. 271 

4.1 Mathematical Benchmark Problems 272 

4.1.1 Thirty Benchmark Functions 273 

The performance of HSO was validated using a standard set of benchmark functions with 274 

known global optima, enabling objective evaluation and comparison with other algorithms. In 275 

this study, HSO was tested on a carefully selected set of thirty benchmark functions sourced 276 

from the literature [43], with detailed descriptions presented in Table 2.  277 
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Table 2. Thirty benchmark functions 278 

No. Function Opt. D Range [Ub, Lb] Type 

1 SumSquares 0 30 [-10, 10] Unimodal separable 

2 Quartic 0 30 [-1.28, 1.28] Unimodal separable 

3 Beale 0 2 [-4.5, 4.5] Unimodal non-separable 

4 Easom -1 2 [-100, 100] Unimodal non-separable 

5 Schwefel 1.2 0 30 [-100, 100] Unimodal non-separable 

6 Rosenbrock 0 30 [-30, 30] Unimodal non-separable 

7 Dixon–Price 0 30 [-10, 10] Unimodal non-separable 

8 Foxholes 0.998 2 [-65.536, 65.536] Multimodal separable 

9 Rastrigin 0 30 [-5.12, 5.12] Multimodal separable 

10 Michalewicz 2 -1.8013 2 [0, π] Multimodal separable 

11 Michalewicz 5 -4.6877 5 [0, π] Multimodal separable 

12 Michalewicz 10 -9.6602 10 [0, π] Multimodal separable 

13 Schaffer 0 2 [-100, 100] Multimodal non-separable 

14 Six-Hump Camel  -1.0316 2 [-5, 5] Multimodal non-separable 

15 Bohachevsky 2 0 2 [-100, 100] Multimodal non-separable 

16 Bohachevsky 3 0 2 [-100, 100] Multimodal non-separable 

17 Shubert -186.7309 2 [-10, 10] Multimodal non-separable 

18 GoldStein–Price 3 2 [-2, 2] Multimodal non-separable 

19 Kowalik 0.000307 4 [-5, 5] Multimodal non-separable 

20 Shekel 5 -10.1532 4 [0, 10] Multimodal non-separable 

21 Shekel 7 -10.4029 4 [0, 10] Multimodal non-separable 

22 Shekel 10 -10.5364 4 [0, 10] Multimodal non-separable 

23 PowerSum 0 4 [0, 1] Multimodal non-separable 

24 Hartman 6 -3.3224 6 [0, 1] Multimodal non-separable 

25 Griewank 0 30 [-600, 600] Multimodal non-separable 

26 Ackley 0 30 [-32, 32] Multimodal non-separable 

27 Penalized 0 30 [-50, 50] Multimodal non-separable 

28 Langermann 10 NA 10 [0, 10] Multimodal non-separable 

29 Fletcher–Powell 2 0 2 [-π, π] Multimodal non-separable 

30 Fletcher–Powell 10 0 10 [-π, π] Multimodal non-separable 

Note: Opt. = optimum value, D = dimension, Ub = upper bound, Lb = lower bound 279 

4.1.2 CEC-2020 Test Suite 280 

To further evaluate the performance of HSO and its competing algorithms, the CEC-2020 281 

test suite is utilized. This suite consists of ten diverse test functions, classified into four 282 

categories: unimodal, multimodal, hybrid, and composition, as outlined in Table 3 [44]. 283 

Table 3. CEC-2020 test suite 284 

No. Function Opt. Type 

CF1 Shifted and Rotated Bent Cigar 100 Unimodal function 

CF2 Shifted and Rotated Schwefel’s 1100 Multimodal shifted and rotated function 

CF3 Shifted and Rotated Lunacek bi-Rastrigin 700 Multimodal shifted and rotated function 

CF4 Expanded Rosenbrock’s plus Griewangk’s 1900 Multimodal shifted and rotated function 

CF5 Hybrid function 1 (N = 3) 1700 Hybrid function (H) 
CF6 Hybrid function 2 (N = 4) 1600 Hybrid function (H) 
CF7 Hybrid function 3 (N = 5) 2100 Hybrid function (H) 
CF8 Composition function 1 (N = 3) 2200 Composition function (C) 
CF9 Composition function 1 (N = 4) 2400 Composition function (C) 
CF10 Composition function 1 (N = 5) 2500 Composition function (C) 

 285 
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4.2 Performance Comparison 286 

4.2.1 Evaluation Methods 287 

Several evaluation methods were employed in this study to assess the performance of 288 

HSO in comparison with benchmark algorithms. One such method is the hit rate, defined in 289 

Eq. (18) as the ratio of successful attempts that reach the global optimum to the total number 290 

of independent optimization runs [45]. This metric reflects the algorithm’s success rate in 291 

solving benchmark functions: 292 

݁ݐܽݎ ݐ݅ܪ  = ∑஺௖ℎ௜௘௩௘ ௚௟௢௕௔௟ ௢௣௧௜௠௨௠ ∑ி௨௡௖௧௜௢௡௦  (18) 293 

All experiments were conducted using MATLAB R2024b on a PC equipped with an 294 

Intel(R) Core(TM) i5-8400 CPU (2.80 GHz), 16.0 GB RAM, and running Windows 11. 295 

To further analyze performance differences between HSO and the comparison 296 

algorithms, non-parametric statistical tests were employed, specifically, the Wilcoxon rank-297 

sum test and the Friedman mean rank test [46, 47]. These tests are commonly used to determine 298 

statistically significant differences among algorithms across multiple datasets. 299 

The Wilcoxon rank-sum test, conducted at a 5% significance level (0.05 = ߙ), evaluates 300 

the null hypothesis (0ܪ) that there is no significant difference between the results of two 301 

algorithms (݌௩௔௟௨௘ >  that HSO performs 302 (1ܪ) against the alternative hypothesis (ߙ

significantly better (݌௩௔௟௨௘ ≤  303 :(ߙ

0ܪ  ∶  304  2ߤ is equivalent to 1ߤ 

1ܪ  ∶  305 (19) 2ߤ is superior to 1ߤ 

Additionally, the Friedman test statistic is computed using Eq. (20): 306 

 ܺ2 = 12ே(௞+1) (∑ ௝ܶ2 − ௞(௞+1)24௞௝=1 ) (20) 307 

where ܺ2 denotes the Friedman test statistic, ܰ is the number of problems (subjects), ݇ 308 

is the number of algorithms (treatments), and ௝ܶ is the sum of ranks for the ݆-th algorithm. 309 

4.2.2 Comparative Performance of Algorithms 310 

To ensure fair comparisons and prevent misleading conclusions, all algorithms were 311 

evaluated using an equal number of fitness function evaluations [48]. The stopping criterion 312 

was based on a commonly adopted approach, defined by the maximum number of evaluations, 313 

calculated as the product of the population size, number of phases, and number of iterations. 314 

Following the guideline established by Karaboga and Bahriye [49], the thirty benchmark 315 

functions used in this study were evaluated with a maximum of 500,000 function evaluations. 316 
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For the CEC-2020 benchmark suite, a population size of 50 was employed, with each function 317 

evaluated up to 10,000 times. To maintain consistency and fairness, all algorithms were tested 318 

under identical experimental conditions, with their respective internal parameter settings 319 

detailed in Table 4. 320 

Table 4. Parameter settings used for the compared algorithms 321 

No. Year Algorithm Setting parameter 
1 2026 Hijrah Search Optimizer (HSO) NP, NE 

2 2025 Birds-of-Paradise Search (BPS) 
NP, NE 

Scaling factor in long distance movement (ߛ) = 
0.1, scaling factor in gathering (߱) = 3 

3 2020 Sparrow Search Algorithm (SSA) NP, NE 

Producers accounts (P) = 0.2 

4 2016 
Whale Optimization Algorithm 
(WOA) 

NP, NE 

Fluctuation range (a): decreased from 2 to 0, 
Coefficient of the logarithmic spiral shape (b) = 1 

5 2014 Grey Wolf Optimizer (GWO) NP, NE 

A was linearly decreased from 2 to 0 

6 2011 
Teaching-Learning-Based 
Optimization (TLBO) NP, NE 

7 2007 Artificial Bee Colony (ABC) NP, NE 

Trial limit = Population size*dimensions 

8 1995 Particle Swarm Optimization (PSO) 
NP, NE 

Cognitive component = 1.8, Social 
component = 1.8, Inertia weight = 0.6 

Note: population size (NP), number of evaluations (NE) 322 

The performance of each algorithm on the thirty benchmark functions and the CEC-2020 323 

test suite is summarized in Tables 5 and 6, respectively. The reported metrics, mean, best, and 324 

standard deviation, were obtained from 30 independent runs, in accordance with the evaluation 325 

protocol established in previous research [49].  326 

Table 5. Comparison of HSO and other algorithms on thirty benchmark functions 327 

Fun. Index HSO BPS SSA WOA GWO TLBO ABC PSO 

F1 

Mean 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 9.10E+00 0.00E+00 

Best 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 2.06E+00 0.00E+00 

Std. 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 5.89E+00 0.00E+00 

F2 

Mean 4.85E-06 3.19E-05 3.59E-04 1.21E-03 5.22E-03 8.54E-04 1.76E+00 9.74E-05 

Best 1.82E-06 3.75E-05 1.56E-04 7.73E-05 7.02E-04 4.04E-04 9.39E-01 1.07E-06 

Std. 1.72E-04 2.75E-05 1.38E-04 1.29E-03 4.93E-04 3.33E-04 5.10E-01 1.44E-04 

F3 

Mean 0.00E+00 0.00E+00 0.00E+00 2.54E-02 0.00E+00 0.00E+00 1.85E-04 0.00E+00 

Best 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 8.36E-06 0.00E+00 

Std. 0.00E+00 0.00E+00 0.00E+00 1.39E-01 0.00E+00 0.00E+00 1.67E-04 0.00E+00 

F4 

Mean -1.00E+00 -1.00E+00 -1.00E+00 -1.00E+00 -1.00E+00 -1.00E+00 -7.26E-01 -1.00E+00 

Best -1.00E+00 -1.00E+00 -1.00E+00 -1.00E+00 -1.00E+00 -1.00E+00 -9.96E-01 -1.00E+00 

Std. 0.00E+00 0.00E+00 0.00E+00 2.53E-08 0.00E+00 0.00E+00 2.27E-01 0.00E+00 

F5 

Mean 0.00E+00 0.00E+00 0.00E+00 2.36E-08 3.66E-05 0.00E+00 1.21E+03 0.00E+00 

Best 0.00E+00 0.00E+00 0.00E+00 1.70E-09 0.00E+00 0.00E+00 2.87E+02 0.00E+00 

Std. 0.00E+00 0.00E+00 0.00E+00 2.99E-08 2.04E-03 0.00E+00 6.98E+02 0.00E+00 

F6 

Mean 1.13E+00 2.18E+01 1.59E+01 2.70E+01 2.15E+01 1.87E+01 4.80E+03 6.19E+04 

Best 8.66E-02 2.07E+01 1.42E+01 2.65E+01 2.44E+01 1.69E+01 1.36E+03 3.58E+03 

Std. 1.18E+00 5.69E-01 1.08E+00 3.09E-01 3.02E-01 1.05E+00 3.72E+03 9.15E+04 
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Fun. Index HSO BPS SSA WOA GWO TLBO ABC PSO 

F7 

Mean 1.48E-01 6.67E-01 6.67E-01 6.67E-01 6.67E-01 6.67E-01 7.60E+01 0.00E+00 

Best 2.40E-02 6.67E-01 6.67E+01 6.67E-01 6.67E-01 6.67E-01 2.17E+01 0.00E+00 

Std. 1.46E-01 9.06E-13 0.00E+00 7.05E-05 3.22E-05 2.47E-16 6.71E+01 0.00E+00 

F8 

Mean 9.98E-01 9.98E-01 9.98E-01 1.23E+00 9.98E-01 9.98E-01 9.98E-01 1.76E+00 

Best 9.98E-01 9.98E-01 9.98E-01 9.98E-01 9.98E-01 9.98E-01 9.98E-01 9.98E-01 

Std. 0.00E+00 1.3E-16 5.83E-17 5.64E-01 4.23E-13 9.22E-17 2.33E-11 1.46E+00 

F9 

Mean 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 6.51E+00 7.39E+01 0.00E+00 

Best 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 5.57E+01 0.00E+00 

Std. 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 4.14E+00 7.77E+00 0.00E+00 

F10 

Mean -1.80E+00 -1.80E+00 -1.80E+00 -1.80E-00 -1.80E-00 -1.80E+00 -1.80E+00 -1.80E+00 

Best -1.80E+00 -1.80E+00 -1.80E+00 -1.80E+00 -1.80E+00 -1.80E+00 -1.80E+00 -1.80E+00 

Std. 0.00E+00 0.00E+00 9.03E-16 7.50E-08 4.52E-07 9.03E-16 1.02E-15 9.03E-16 

F11 

Mean -4.69E+00 -4.69E+00 -4.69E+00 -3.81E+00 -3.01E+00 -4.63E+00 -4.69E+00 -4.59E+00 

Best -4.69E+00 -4.69E+00 -4.69E+00 -4.65E+00 -4.65E+01 -4.69E+00 -4.69E+00 -4.69E+00 

Std. 2.95E-05 4.41E-10 1.95E-15 6.04E-01 3.04E-02 7.41E-02 8.90E+00 1.57E-01 

F12 

Mean -9.66E+00 -9.55E+00 -9.58E+00 -6.39E+00 -6.45E+00 -9.35E+00 -9.06E+00 -8.73E+00 

Best -9.66E+00 -9.64E+00 -9.66E+00 -8.66E+00 -8.69E+00 -9.63E+00 -9.31E+00 -9.43E+00 

Std. 1.45E-01 3.31E-02 1.11E-01 1.11E+00 3.12E-01 2.16E-01 1.25E-01 5.63E-01 

F13 

Mean 0.00E+00 0.00E+00 0.00E+00 1.75E-02 0.00E+00 0.00E+00 8.93E-05 1.46E-03 

Best 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 9.16E-07 0.00E+00 

Std. 0.00E+00 0.00E+00 0.00E+00 2.17E-02 0.00E+00 0.00E+00 1.67E-04 7.97E-03 

F14 

Mean -1.03E+00 -1.03E+00 -1.03E+00 -1.03E+00 -1.03E+00 -1.03E+00 -1.03E+00 -1.03E+00 

Best -1.03E+00 -1.03E+00 -1.03E+00 -1.03E+00 -1.03E+00 -1.03E+00 -1.03E+00 -1.03E+00 

Std. 0.00E+00 0.00E+00 6.78E-16 2.89E-11 3.03E-13 6.78E-16 2.29E-10 6.58E-16 

F15 

Mean 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 5.87E-10 0.00E+00 

Best 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 2.72E-12 0.00E+00 

Std. 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 8.10E-10 0.00E+00 

F16 

Mean 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 3.93E-05 0.00E+00 

Best 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 2.35E-06 0.00E+00 

Std. 0.00E+00 0.00E+00 0.00E+00 2.58E-16 0.00E+00 0.00E+00 3.86E-05 0.00E+00 

F17 

Mean -1.87E+02 -1.87E+02 -1.87E+02 -1.87E+02 -1.87E+02 -1.87E+02 -1.87E+02 -1.87E+02 

Best -1.87E+02 -1.87E+02 -1.87E+02 -1.87E+02 -1.87E+02 -1.87E+02 -.187E+02 -1.87E+02 

Std. 0.00E+00 0.00E+00 2.45E-05 3.03E-05 2.83E-07 2.42E-16 8.23E-04 3.70E-14 

F18 

Mean 3.00E+00 3.00E+00 3.00E+00 3.00E+00 3.00E+00 3.00E+00 3.00E+00 3.00E+00 

Best 3.00E+00 3.00E+00 3.00E+00 3.00E+00 3.00E+00 3.00E+00 3.00E+00 3.00E+00 

Std. 5.53E-16 1.22E-15 0.00E+00 3.07E-06 8.32E-10 1.22E-15 1.29E-03 5.34E-16 

F19 

Mean 3.10E-04 3.38E-04 3.07E-04 6.92E-04 6.05E-04 3.73E-03 1.16E-03 5.99E-04 

Best 3.10E-04 3.07E-04 3.07E-04 3.09E-04 3.11E-04 3.07E-03 8.00E-04 3.07E-04 

Std. 1.30E-04 2.97E-12 4.49E-14 3.70E-04 3.29E-04 1.68E-04 1.98E-04 3.61E-04 

F20 

Mean -1.02E+01 -1.02E+01 -9.81E+00 -8.80E+00 -8.32E-00 -1.00E+01 -1.01E+01 -5.07E+00 

Best -1.02E+01 -1.02E+01 1.29E+00 -1.02E+01 -1.23E+01 -1.00E+01 -1.02E+02 -1.01E+01 

Std. 6.85E-15 4.82E-13 -1.01E+01 2.55E+00 1.04E+00 6.74E-15 1.50E-02 3.24E+00 

F21 

Mean -1.04E+01 -1.04E+01 -1.02E+01 -9.43E+00 -9.04E+00 -1.04E+01 -1.04E+01 -6.20E+00 

Best -1.04E+01 -1.04E+01 -1.04E+01 -1.04E+01 -3.00E+01 -1.04E+01 -1.04E+01 -1.04E+01 

Std. 2.27E-15 3.56E-10 9.70E-01 2.24E+00 1.44E+00 1.04E-15 1.50E-02 3.58E+00 

F22 

Mean -1.05E+01 -1.05E+01 -1.05E+01 -9.69E+00 -9.00E+00 -1.05E+01 -1.05E+01 -5.15E+00 

Best -1.05E+01 -1.05E+01 -1.05E+01 -1.05E+01 -2.01E+01 -1.05E+01 -1.05E+01 -1.06E+01 

Std. 1.81E-15 6.01E-10 1.75E-15 2.21E+00 1.09E+00 1.89E-11 1.69E-02 3.41E+00 

F23 

Mean 1.99E-03 8.75E-04 3.81E-04 1.45E+00 1.92E-01 1.15E-02 1.27E-02 1.23E-03 

Best 0.00E+00 6.92E-07 6.87E-06 3.75E-02 2.72E-02 7.96E-03 1.47E-03 5.10E-09 

Std. 2.29E-03 1.66E-03 5.69E-04 1.75E+00 9.02E-01 1.51E-03 9.61E-03 3.01E-03 

F24 

Mean -3.32E+00 -3.32E+00 -3.29E+00 -3.23E+00 -3.23E+00 -3.32E+00 -3.32E+00 -3.25E+00 

Best -3.32E+00 -3.32E+00 -3.32E+00 -3.32E+00 -3.32E+00 -3.32E+00 -3.32E+00 -3.32E+00 

Std. 8.88E-16 1.26E-10 5.56E-02 9.45E-02 8.02E-02 1.32E-02 4.11E-05 6.01E-02 

F25 

Mean 0.00E+00 0.00E+00 0.00E+00 4.51E-03 3.11E-03 7.00E-10 1.56E+00 0.00E+00 

Best 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 1.03E+00 0.00E+00 

Std. 0.00E+00 0.00E+00 0.00E+00 2.47E-02 2.41E-02 0.00E+00 2.95E-01 0.00E+00 

F26 
Mean 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 5.52E-02 9.97E+00 7.65E+00 

Best 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 4.56E+00 4.84E+00 
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Fun. Index HSO BPS SSA WOA GWO TLBO ABC PSO 

Std. 2.02E-18 0.00E+00 0.00E+00 2.76E-15 3.89E-15 3.01E-01 1.13E+00 1.31E+00 

F27 

Mean 3.54E-03 6.80E-08 0.00E+00 2.91E-03 3.12E-04 0.00E+00 1.27E+00 1.55E+01 

Best 2.29E-06 1.35E-09 0.00E+00 3.17E-04 2.02E-04 0.00E+00 3.44E-01 3.06E+00 

Std. 1.89E-02 1.07E-07 0.00E+00 4.22E-03 3.92E-03 6.13E-17 4.97E-01 1.33E+01 

F28 

Mean -7.98E-01 -6.80E-01 -7.27E-01 -3.12E-01 -2.09E-01 -7.45E-01 -4.87E-01 -4.81E-01 

Best -1.50E+00 -1.50E+00 -1.50E+00 -7.98E-01 -8.08E-01 -1.50E+00 -7.98E-01 -7.98E-01 

Std. 1.08E-03 2.59E-02 3.40E-01 2.03E-01 3.33E-01 4.17E-01 1.54E-01 1.96E-01 

F29 

Mean 0.00E+00 0.00E+00 0.00E+00 1.95E-06 1.05E-05 0.00E+00 2.25E-01 0.00E+00 

Best 0.00E+00 0.00E+00 0.00E+00 3.45E-10 2.55E-10 0.00E+00 3.82E-05 0.00E+00 

Std. 0.00E+00 0.00E+00 0.00E+00 4.76E-06 3.09E-06 1.14E-22 4.12E-01 0.00E+00 

F30 

Mean 0.00E+00 1.31E-01 2.09E-02 7.67E+02 1.67E+01 2.07E+01 3.44E+00 7.60E+02 

Best 0.00E+00 0.00E+00 0.00E+00 5.67E-02 1.22E+00 0.00E+00 2.50E-02 1.21E-07 

Std. 5.00E-05 2.67E-01 1.14E-01 1.35E+03 1.05E+01 2.25E+01 6.66E+00 1.55E+03 

Note: Std. = standard deviation 328 

Table 6. Comparison of HSO and other algorithms on the CEC-2020 test suite 329 

Fun. Index HSO BPS SSA WOA GWO TLBO ABC PSO 

CF1 

Mean 2.87E+08 3.28E+09 7.52E+08 7.09E+08 3.98E+09 1.26E+10 2.27E+09 2.38E+10 

Best 2.77E+08 3.21E+09 7.42E+08 7.08E+08 3.32E+09 9.29E+09 2.19E+09 2.20E+10 

Std. 9.45E+07 2.32E+08 2.28E+07 1.53E+08 3.32E+08 3.82E+09 1.28E+07 3.27E+07 

CF2 

Mean 6.06E+03 5.97E+03 6.75E+04 8.28E+04 9.66E+03 3.29E+03 7.38E+03 7.37E+03 

Best 5.25E+03 4.02E+03 6.29E+04 8.01E+04 8.22E+03 2.92E+03 7.28E+03 7.14E+03 

Std. 5.43E+03 7.33E+02 7.03E+02 9.06E+03 1.18E+03 8.34E+02 5.38E+02 9.92E+02 

CF3 

Mean 9.53E+02 1.11E+03 6.99E+03 9.82E+02 6.62E+03 4.11E+03 1.24E+03 8.38E+02 

Best 9.02E+02 9.53E+02 6.39E+03 9.33E+02 6.56E+03 3.29E+03 1.22E+03 8.18E+02 

Std. 6.02E+02 6.53E+01 6.02E+02 7.03E+02 9.24E+02 1.34E+02 6.38E+02 6.22E+01 

CF4 

Mean 7.95E+03 7.26E+03 8.76E+03 3.27E+04 9.74E+03 1.29E+05 7.53E+04 1.38E+06 

Best 7.58E+03 7.12E+03 8.64E+03 3.14E+04 8.21E+03 1.21E+05 7.12E+04 1.23E+06 

Std. 5.92E+02 1.47E+04 3.22E+02 1.60E+04 2.88E+03 2.38E+03 6.82E+03 8.38E+04 

CF5 

Mean 6.94E+03 6.92E+05 7.29E+05 4.19E+04 6.13E+03 2.27E+06 7.27E+07 4.54E+05 

Best 5.03E+03 6.21E+05 7.14E+05 3.21E+04 5.27E+03 2.21E+06 7.07E+07 4.27E+05 

Std. 1.22E+03 6.02E+05 1.39E+05 8.75E+03 1.92E+03 1.72E+05 8.55E+05 9.39E+04 

CF6 

Mean 2.43E+03 1.95E+03 2.40E+03 5.64E+03 2.67E+03 6.28E+03 9.45E+03 4.29E+03 

Best 2.22E+03 1.93E+03 2.24E+03 5.57E+03 2.21E+03 5.42E+03 9.12E+03 4.02E+03 

Std. 9.00E+02 1.42E+02 1.28E+02 1.75E+03 6.93E+02 1.18E+02 7.32E+03 2.92E+02 

CF7 

Mean 1.02E+04 6.92E+04 6.54E+04 1.44E+04 9.30E+03 1.38E+05 9.48E+03 2.54E+05 

Best 9.92E+03 6.91E+04 6.43E+04 9.91E+03 9.09E+03 9.38E+04 9.28E+03 2.27E+05 

Std. 5.00E+03 2.33E+04 7.33E+03 7.11E+03 9.92E+02 2.27E+04 6.38E+03 1.48E+05 

CF8 

Mean 2.32E+03 2.30E+03 5.60E+04 4.93E+03 2.01E+04 9.31E+03 5.58E+03 4.69E+03 

Best 2.29E+03 2.19E+03 5.21E+04 4.28E+03 7.33E+03 9.18E+03 5.13E+03 4.06E+03 

Std. 1.82E+03 3.28E+02 5.90E+03 1.07E+03 8.78E+03 7.52E+02 1.28E+03 6.17E+02 

CF9 

Mean 8.01E+02 2.10E+03 8.29E+03 7.40E+03 9.66E+03 6.83E+03 8.28E+03 3.29E+03 

Best 8.00E+02 2.03E+03 8.19E+03 7.23E+03 9.19E+03 6.81E+03 8.27E+03 2.12E+03 

Std. 1.43E+02 2.56E+02 6.31E+02 1.90E+03 1.04E+03 1.26E+02 5.22E+03 7.34E+02 

CF10 

Mean 3.32E+03 2.08E+03 7.06E+03 2.29E+03 1.68E+04 4.28E+03 5.33E+04 4.91E+03 

Best 3.21E+03 2.80E+03 7.43E+03 2.12E+03 1.49E+04 4.01E+03 5.17E+04 4.10E+03 

Std. 7.22E+02 5.21E+02 6.54E+02 1.42E+03 2.19E+03 9.62E+02 3.34E+04 3.18E+03 

Note: Std. = standard deviation 330 

The mathematical test results presented in Table 7 demonstrate the superior performance 331 

of the HSO algorithm, which achieved the best mean value in 26 out of 30 benchmark functions 332 

(86.67%). This performance surpassed all competing algorithms, including BPS and SSA, 333 

which reached optimal results in 24 (80.00%) and 22 (73.33%) functions, respectively. In cases 334 

where the optimal value was not attained, HSO still achieved the best or tied performance in 335 
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90.00% of the functions, compared to 86.67% for BPS and 73.33% for SSA. The Wilcoxon 336 

signed-rank test, used for pairwise comparisons, indicates that HSO outperformed (+) BPS in 337 

4 functions, underperformed (-) in 1 function, and showed no statistically significant difference 338 

(≈) in the remaining 25 functions. Furthermore, the Friedman test, which evaluates algorithm 339 

rankings across multiple problems, placed HSO in first position with a score of 2.63, ahead of 340 

BPS (2.74) and SSA (2.89). On the CEC-2020 test suite, HSO continued to demonstrate its 341 

advantage, outperforming its rivals in both the Wilcoxon and Friedman tests, as detailed in 342 

Table 8. 343 

Table 7. Cumulative results: HSO vs. other algorithms on thirty benchmark functions 344 

Perform. HSO BPS SSA WOA GWO TLBO ABC PSO 

Mean output 26 24 22 15 16 17 9 14 

86.67% 80.00% 73.33% 50.00% 53.33% 56.67% 30.00% 46.67% 

Best output 27 26 22 19 17 20 10 16 

90.00% 86.67% 73.33% 63.33% 56.67% 66.67% 33.33% 53.33% 

Wilcoxon test 
(+/-/≈)  4/1/25 7/1/22 13/0/17  14/0/16 9/1/20 20/0/10 13/1/16 

Friedman test 2.63 2.74 2.89 7.35 5.72 4.08 8.95 5.70 

Rank 1 2 3 7 6 4 8 5 

Table 8. Cumulative results: HSO vs. other algorithms on CEC-2020 345 

Perform. HSO BPS SSA WOA GWO TLBO ABC PSO 

Wilcoxon test 
(+/-/≈)  5/5/0 9/1/0 9/1/0 8/2/0 9/1/0 9/1/0 9/1/0 

Friedman test 3.98 5.20 7.54 6.78 7.89 8.48 9.18 3.98 

Rank 1 2 4 3 6 7 8 1 

This study also evaluated the convergence performance of the algorithms, emphasizing 346 

the need to balance exploration and exploitation to prevent premature convergence to local 347 

optima [50]. The convergence curves of HSO on unimodal and multimodal functions are 348 

presented in Figs. 8 and 9, where HSO consistently outperformed the other algorithms. On 349 

unimodal functions (F1, F7 in Fig. 8, and CF1 in Fig. 9), HSO efficiently exploited promising 350 

regions. For multimodal functions (F12, F22 in Fig. 8, and CF3 in Fig. 9), it successfully 351 

avoided being trapped in local optima. Moreover, for the hybrid function (CF7) and 352 

composition function (CF9), HSO achieved faster convergence than its competitors, as shown 353 

in Fig. 9. 354 
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 355 

Fig. 8. Convergence curves for selected thirty benchmark functions: F1, F7, F12, and F22 356 

 357 

Fig. 9. Convergence curves for selected CEC-2020 tests: CF1, CF3, CF7, and CF9 358 

  

a) F1 – SumSquares b) F7 – Dixon-Price 

  

c) F12 – Michalewicz 10 d) F22 – Shekel 10 

 

  

a) CF1 – Shifted and Rotated Bent Cigar b) CF3 – Shifted and Rotated Lunacek bi-Rastrigin 

  

c) CF7 – Hybrid function 3 (N = 5) d) CF9 – Composition function 1 (N = 4) 
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Additionally, Figs. 10 and 11 display stacked bar charts illustrating the ranking 359 

distribution of each algorithm across the thirty benchmark functions and the CEC-2020 test 360 

suite, respectively. These visualizations highlight HSO's strong overall performance, as it 361 

frequently secured top positions. Specifically, for the thirty benchmark functions, HSO ranked 362 

1st in 26 functions, 2nd in 2, 4th in 1, and 6th in 1. In the CEC-2020 test suite, HSO achieved 1st 363 

place in 2 functions, 2nd in 4, and 3rd in 4. 364 

 365 

Fig. 10. Ranking distribution of competing algorithms across the thirty benchmark functions. 366 

 367 

Fig. 11. Ranking distribution of competing algorithms on the CEC-2020 test suite 368 

5. Engineering Design Problems 369 

This section presents the application of the HSO algorithm to engineering design 370 

problems, specifically the welded beam design and the 52-bar tower structure. 371 

5.1 Welded Beam Design (WBD) 372 

The first case study involves the optimization of a welded beam design. The objective is 373 

to optimize the beam's dimensions—specifically, the thickness (ℎ), length (݈), height (ݐ), 374 
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thickness (ܾ), along with the weld size, to minimize the overall cost. Fig. 12 illustrates the 375 

beam structure. Let ݔ = [4ݔ 3ݔ 2ݔ 1ݔ] = [ℎ ݈ ݐ ܾ]. The mathematical formulations for the 376 

welded beam design problem are presented in Eqs. (21), (22), and (23). 377 

 378 

Fig. 12. Welded beam design 379 

Minimize: 380 

( ݔ)݂  = 2ݔ12ݔ1.1047 + 14)4ݔ3ݔ0.04811 +  381 (21) (2ݔ

Subject to: 382 ݃1(ݔ ) = ( ݔ)߬ − ߬௠௔௫ ≤ ( ݔ)2݃ ;0 = ( ݔ)ߪ − ௠௔௫ߪ ≤ ( ݔ)3݃ ;0 = ( ݔ)ߜ − ௠௔௫ߜ ≤ ( ݔ)4݃ 383 ;0 = 1ݔ − 4ݔ ≤ ( ݔ)5݃ ;0 = ܲ − ௖ܲ(ݔ ) ≤ ( ݔ)6݃ ;0 = 0.125 − 1ݔ ≤ 0; 384 

( ݔ)7݃  = 12ݔ1.10471 + 14.0)4ݔ3ݔ0.04811 + (2ݔ − 5 ≤ 0 (22) 385 

The parameter ranges are defined as follows: 0.1 ≤ 0.1 ,1ݔ ≤ 3ݔ ,2ݔ ≤ 10, and 4ݔ ≤ 2, 386 

with further details provided below. 387 ߬(ݔ ) = √(߬′)2 + 2߬′߬′′ ௫22ோ + (߬′)2; ߬′ = ௣√2௫1௫2 , ߬′′ = ெோ௃ ; 388 

ܯ = ܲ ܮ) + ௫22 ); ܴ = √௫224 + (௫1+௫32 )2
ܬ ; = 2 2ݔ1ݔ2√} [௫224 + (௫1+௫32 )2]}, 389 

( ݔ)ߪ  = 6௉௅௫32௫4 , ( ݔ)ߜ = 6௉௅3ா௫32௫4; ௖ܲ(ݔ ) = √40ೣ36௅2 (1 − ௫322௅ √ ா4ீ) (23) 390 

where the value of ܲ =  6,000 lb, ߜ௠௔௫  =  0.25 in., ܧ = = ܩ ,psi 106 ݔ 30   391 106 ݔ 12 

psi, ߬௠௔௫  =  13,600 psi, and ߪ௠௔௫  =  30,000 psi. 392 

As shown in Table 9, the HSO achieved the best solution for the welded beam design 393 

problem at 1.6701, followed by the Red-billed Blue Magpie Optimizer (RBMO) and Dung 394 

Beetle Optimizer (DBO). Statistical results also highlight the robustness of BPS, with a low 395 

standard deviation of 1.002×10−9. Additionally, the zoomed-in convergence graph in Fig. 13 396 
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shows that HSO converges significantly faster to a near-optimal solution in the early iterations 397 

compared to BPS. 398 

Table 9. Results comparison for the welded beam design problem 399 

Algorithms 
Variables Mean Worst Best Std. Rank ℎ ݈ ݐ ܾ 

ES [51] 0.2030 3.5310 9.0361 0.2057 2.6918 5.0625 1.7287 0.7409 12 

EO [51] 0.2057 3.4705 9.0366 0.2057 1.7299 1.7874 1.7248 0.0119 6 

QSA [51] 0.2057 3.4705 9.0366 0.2057 1.7248 1.7248 1.7248 0.0001 5 

EBO [51] 0.2056 3.4739 9.0369 0.2057 2.0347 2.9153 1.7251 0.2124 11 

ASO [51] 0.2036 3.5170 9.0382 0.2057 1.9402 2.3198 1.7279 0.1405 9 

MFO [51] 0.2057 3.4705 9.0366 0.2057 1.9811 2.9547 1.7248 0.3259 10 

MVO [51] 0.2057 3.4723 9.0428 0.2058 1.7504 1.8523 1.7266 0.0235 7 

SSA [51] 0.2055 3.4666 9.0608 0.2056 1.8216 2.1836 1.7271 0.1006 8 

DBO [52] - - - - 1.7149 1.8167 1.6702 0.0061 4 

RBMO [52] - - - - 1.6702 1.6702 1.6835 9.72E-09 3 

BPS 0.2057 3.4705 9.0366 0.2057 1.6701 1.6705 1.6701 1.00E-09 2 

HSO 0.2057 3.4705 9.0366 0.2057 1.6700 1.6704 1.6700 7.52E-08 1 

 400 

Fig. 13. HSO convergence trajectory for the welded beam design problem 401 

5.2 52-Bar Tower 402 

The second case study addresses the structural optimization of the 52-bar tower shown 403 

in Fig. 14, a problem previously tackled using algorithms like CSS [53], TLBO [54], AFA [55], 404 

and DAJA [55]. The structure’s members are grouped into 12 categories: (a) A1-A4, (b) A5-405 

A10, (c) A11-A13, (d) A14-A17, (e) A18-A23, (f) A24-A26, (g) A27-A30, (h) A31-A36, (i) 406 

A37-A39, (j) A40-A43, (k) A44-A49, and (l) A50-A52. Material properties include a density 407 

of 7860 kg/m2 and an elasticity modulus of 2.07 x 105 MPa. Each member must satisfy a stress 408 

limit of ± 180 MPa, with loads ௫ܲ = 100 kN and ௬ܲ = 200 kN applied at nodes 17-20. Discrete 409 

variables follow AISC specifications, as used by Sadollah et al. [56] and Jawad et al. [57]. 410 
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 411 

Fig. 14. 52-bar tower design 412 

The objective of this problem is to minimize the structural weight or volume while 413 

ensuring that the constraints on element stresses and nodal displacements are satisfied [58]. For 414 

a structure consisting of ݊݉ elements (grouped into ݊݃ groups) and ݊݊ nodes, the problem can 415 

be formulated as follows: 416 

Minimize: 417 

 ܹ(𝐴) = ∑ ௜1ݔ)√௜𝐴௜ߛ − ௜2)2ݔ + ௜1ݕ) − ௜2)2ݕ + ௜1ݖ) − ௜2)2௡௠௜=1ݖ  (24) 418 

Subject to: 419 

௜௖ߪ  ≤ ௜ߪ ≤ ௜௧ߪ ,   ݅ = 1,2, … , ݊݉ (25) 420 

௠௜௡ߜ  ≤ ௝ߜ ≤ ݆   ,௠௔௫ߜ = 1,2, … , ݊݉ (26) 421 

 𝐴௠௜௡ ≤ 𝐴௞ ≤ 𝐴௠௔௫ ,   ݇ = 1,2, … , ݊݃ (27) 422 

where ܹ(𝐴) denotes the weight of the structure; 𝐴 is the vector of sizing variables, 423 

representing the cross-sectional areas of the bars, which are associated with the coordinates 424 ݔ௜1,2, ݕ௜1,2, ݖ௜1,2 of the nodes defining the ݅-th element; ݕ௜ is the material density of member ݅; 425 

and 𝐴௜ is its cross-sectional area ݅, bounded between 𝐴௠௜௡ and 𝐴௠௔௫. A penalty function ܨ௣ is 426 

introduced to enforce the stress and displacement constraints: 427 
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௣ܨ  = ܹ(𝐴) ∗ (1 + ∅)ఌ (28) 428 

where ∅ represents the combined penalty terms for stress and displacement constraints, 429 

defined as follows: 430 

 ∅ = ∑ ∅ఙ௜௡௠௜=1 + ∑ ∅ఋ௝௡௠௜=1  (29) 431 

The stress constraint penalty, ∅ఙ௜ , for the ݅-th member and the displacement constraint 432 

penalty, ∅ఋ௝ , for the ݆-th node are defined as follows: 433 

 { ∅ఙ௜ = ௜௖ߪ  ݂݅  0 ≤ ௜ߪ ≤ ௜௧∅ఙ௜ߪ = |ఙ೔−ఙ೟,೎||ఙ೟,೎| ௜௖ߪ)௜ߪ  ݂݅    ௜௧ (30) 434ߪ(௜ߪ  ݎ݋ 

 { ∅ఋ௝ = ௠௜௡ߜ  ݂݅  0 ≤ ௝ߜ ≤ ௠௔௫∅ఙ௜ߜ = |ఋೕ−ఋ೘೔೙,೘ೌೣ||ఋ೘೔೙,೘ೌೣ|  ௠௔௫ (31) 435ߜ(௝ߜ  ݎ݋ ௠௜௡ߜ)௝ߜ  ݂݅  

The exponent ߝ in the penalty function ܨ௣ varies with the iteration count and is defined 436 

as follows: 437 

ߝ  = 0ߝ + (1 + ௜௧௘௥max _௜௧௘௥) (32) 438 

where 0ߝ denotes the initial value, which can be selected within the range of 1.001 to 439 

10,000 [55]. In this study, 2 = 0ߝ is adopted. Here, ݅ݎ݁ݐ represents the current iteration number, 440 

and max _݅ݎ݁ݐ refers to the maximum number of iterations. 441 

The proposed HSO algorithm is governed by two primary parameters: population size 442 

and the number of iterations. In this study, the population size was set to 40. The number of 443 

iterations serves as the main stopping criterion and can be assigned a high value (e.g., 1000 444 

iterations). An additional termination condition is applied by monitoring the objective function, 445 

stopping the process if ten consecutive changes fall below 10-12. As presented in Table 10, the 446 

three best optimal structural masses were obtained by HSO (1897.618 kg), CSS (1897.620 kg), 447 

and BPS (1899.685 kg). Among these, HSO required the fewest structural analyses (3,725), 448 

compared to CSS (5,000) and BPS (3,950). Thus, HSO demonstrates superior efficiency in 449 

solving this problem.  450 
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Table 10. Comparison of HSO and competitors for 52-bar tower problem 451 

Design variables (mm2) CSS [53] TLBO [54] AFA [55] DAJA [55] BPS HSO 𝐴1 − 𝐴4 4658.055 4568.055 4658.055 4658.055 4568.055 4568.055 𝐴5 − 𝐴10 1161.288 1161.288 1161.288 1161.288 1161.288 1161.288 𝐴11 − 𝐴13 388.386 494.193 363.225 494.193 494.193 494.193 𝐴14 − 𝐴17 3303.219 3303.219 3303.219 3303.219 3303.219 3303.219 𝐴18 − 𝐴23 940.000 940.000 939.988 940.000 940.000 939.998 𝐴24 − 𝐴26 494.193 494.193 494.193 494.193 494.193 506.451 𝐴27 − 𝐴30 2238.705 2238.705 2238.705 2238.705 2238.705 2238.705 𝐴31 − 𝐴36 1008.385 1008.385 1008.385 1008.385 1008.385 1008.385 𝐴37 − 𝐴39 494.193 494.193 641.289 494.193 494.193 388.386 𝐴40 − 𝐴43 1283.868 1283.686 1283.868 1283.868 1283.868 1283.868 𝐴44 − 𝐴49 1161.288 1161.288 1161.288 1161.288 1161.288 1161.288 𝐴50 − 𝐴52 494.193 494.193 494.193 494.193 494.193 506.451 

Mean weight (kg) N/A N/A N/A 1902.605 1906.735 1902.142 

Worst weight (kg) N/A N/A N/A 1903.944 1925.714 1904.991 

Best weight (kg) 1897.620 1902.605 1903.370 1902.605 1902.605 1897.618 

Std. (kg) N/A N/A N/A 0.446 6.679 1.860 

No. structure analyses 5,000 6,000 52,600 3,321 3,950 3,725 

6. Conclusion 452 

While the proposed HSO algorithm exhibits notable strengths and delivers impressive 453 

results, it is not without limitations. First, due to time and resource constraints, its applicability 454 

to real-world scenarios was assessed using only two case studies. Broader validation across 455 

diverse domains is necessary to fully establish the effectiveness of HSO. Second, although this 456 

study employed thirty benchmark functions and the CEC-2020 test suite to compare HSO with 457 

eight existing models, future research could extend this evaluation by incorporating additional 458 

benchmark functions and more advanced algorithms for a more comprehensive performance 459 

assessment. 460 
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