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I. LOGICAL BASIS OPTIMIZATION

The pseudocode for logical basis optimization is provided in Algorithm 1.

Algorithm 1 LoGicAL BASIS OPTIMIZATION

1:

10:

Input: Check matrices of the original code Hx and Hyz; distances s, and s., characterizing the horizontal and vertical
separation between two BB-code blocks.

: Output: X logical operators {jx,1,jx,2,.-.,7Jx,k} and Z logical operators {jz,1,5z,2,-..,Jzk} of the original code satis-

fying jx.ajzs = dap for all a,b=1,2,... k.

: Construct a deformed code by horizontally connecting two blocks of the original code separated by szz. The resulting check

matrices are:

. Hx 0 0 ) Hy Ti 0
a0 = s HF S, | and HYY =| 0 Ha 0
0 0 Hx 0 T, Hy

: Find a vector of the form (jx,1,0,jx,2) such that:

(l) ijlan,Q € ker sz
(i) jx,1,7x,2 and the rows of Hx are linearly independent;
(iii) (jx,1,0,74x,2) € rOwsp(IjI;”)),

> If no such vector is found, try other values of sg.

: Construct a deformed code by vertically connecting two blocks of the original code separated by s... The resulting check

matrices are:

- Hx T3 0 - Hz; 0 0
g(”) = 0 Hs O and H(Zm) =| S5 Hf Si
0 Ty Hx 0 0 Hgz

Find a set of linearly independent vectors of the form
Al = (ALJ7 07 AR,Z)
satisfying:
(i) Ar,i, Agr, € ker Hx;
(i) (AL1,0,ARy) € rowsp(HS™).

Form a matrix A with rows A;, so that

A= (AL,0,AR).
Solve the system
qALJ';E,l =0,
qALj)T(,Q =0,
qARj;F(,l =0,
qARrjx,2 =0,
and choose a solution ¢ such that the vectors qAr, ¢Ar, and the rows of Hz are linearly independent. > If no suitable

solution is found, try different (jx,1,0,jx,2) or vary sgz and s...
Set jz,3 qAL and Jz.4 qAR.
Complete the basis construction for the logical operators.
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TABLE I. Supplementary data on code distances for the [[180,6,9]] BB code.

Single-block X measurement

Ancilla size Xo X1 X2 X3 X4 X5 XOX1 XOX2 XOX3 XOX4 XOX5
14 2 2 3 3 2 3 2 2 2 4 2 3 2 2 3 4 2 4 2 2 2 3
26 2 4 2 3 2 4 2 3 2 4 2 3 2 4 2 3
38 2 4 2 3 2 4 2 3
50 2 4 2 4

X1Xo Xi1Xs3 XaiXy XiXs XoX3 XoXy XoXs X3Xyu X3X5 XuXs
14 3 4 2 3 2 3 2 3 2 3 2 2 2 3 2 2 2 2 2 3
26 2 4 2 4 3 3 2 4 2 4 2 4 2 3 2 4 2 3
38 3 3 2 4 2 4
50 3 4
Single-block Z measurement

Ancilla size Zo Zl Z2 Z3 Z4 Z5 Z()Zl Z()Z2 Z()Z3 Z()Z4 Zon
15 4 4 4 4 3 3 2 2 4 4 3 3 2 2 3 3 3 3 2 2 3 4
24 4 4 4 4 3 3 2 2 2 4 2 4 2 3
33 3 4 3 3 3 4
42 4 4

ZhZy Z1Zd3 Z1Zy ZhZs  ZaZs  ZaZy  Zols L3Zs  Zsds  ZaZs
5 3 3 2 2 4 4 3 3 4 4 4 4 3 4 2 2 3 4 3 3
24 4 4 4 4 2 3 2 2 2 3
33 3 4 3 3 3 4
42 2 4

Two-block X measurement
Ancilla size Xo ® X3
78 2 4

Two-block Z measurement
Ancilla size Z> ® Z3
54 4 4

TABLE II. Code distances of deformed codes for the [[54,6,4]] BB code.

II.

Supplementary data are provided in Tables I, II, and III.

CODE DISTANCES OF DEFORMED CODES



Single-block X measurement
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Single-block Z measurement
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Two-block X measurement

Ancilla size Xo ® X1

7
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Two-block Z measurement

Ancilla size Zo ® Z3

7

3
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TABLE III. Code distances of deformed codes for the [[162,8,7]] BB code.
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