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S1 Characterizing quantum emitters

The photoluminescence (PL) measurements were performed using a standard confocal
optical setup. In this study, no polarization control or intensity calibration was applied;
thus, the reported PL intensities are presented in arbitrary units. Polarization effects
were not investigated. Additional information on these emitters is available in Refs.[1,
2], while studies on spectral diffusion across different platforms can be found in [3]. For
further discussion on residual spectral diffusion despite feedback mechanisms, see [4].

Fig. S1 Experimental characterization of spectral diffusion in SiN quantum emitters:
(a) Quantum emitter spectra for Emitter 1, acquired at 500µs interval. (b) Acquired at 1ms; ZPL
can be observed at 539.55nm for Emitter 1 and 550.76nm for Emitter 2. Si-Raman lines for both
emitters are at 547.44nm (c) The quantum emitter spectra for Emitter 2, acquired at 500µs interval.
(d) Acquired at 1ms.

S1.1 Individual emitter spectra

To obtain the time traces of both the zero-phonon line (ZPL) and the Si-Raman fea-
ture, emission spectra from both emitters with acquisition times of 500µs and 1ms were
recorded using a 532nm excitation laser at approximately 1mW power (see Methods),
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as shown in Fig. S1. The 500µs acquisition time is well suited, as spectral diffusion
typically occurs on timescales ranging from sub-µs to several tens of ms. Acquisition
of 1ms was included for comparison.

S1.2 Time evolution of ZPL

The input to the internal prediction model is the time trace of the ZPL acquired at
500µs acquisition rate. To accurately track the ZPL during spectral diffusion analy-
sis, we imposed wavelength constraints tailored to each emitter. For Emitter 1, the
tracked wavelength was restricted to a window spanning 10 nm below and 5 nm above
540 nm. This range effectively excludes the silicon Raman line at 547.44 nm, pre-
venting its misidentification as the ZPL. Without such constraints, transient drops in
ZPL intensity below the Raman peak could lead to erroneous peak assignments, intro-
ducing artificial discontinuities in the spectral trajectory. By limiting the analysis to
a physically justified wavelength window, we ensure that the tracked peak faithfully
represents the emitter’s ZPL rather than unrelated spectral features. Similarly, for
Emitter 8, the lower bound was set at 549 nm to exclude the Si-Raman line region,
with an upper bound of 555 nm (5 nm above 550 nm) to avoid intermittent wave-
length jumps. These targeted constraints maintain data integrity and enable robust
tracking of spectral diffusion.Figure S2 represents the time trace of two emitters.

Fig. S2 Temporal evolution of zero-phonon line (ZPL) for two quantum emitters under
non-resonant 532 nm excitation (≈ 1 mW): The x-axis represents the sequential frame number,
where each frame corresponds to a single spectrum acquired with a 500 µs integration time. The y-
axis indicates the ZPL peak wavelength tracked across the full time series. For each emitter, 10,000
consecutive spectra were recorded, enabling precise reconstruction of ZPL dynamics.
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S1.3 Individual spectra for Power Spectral Density (PSD)
estimation

Fig. S3 Splitting ZPL and Si-Raman in emitter spectra for 1/f characterization: (a)
Quantum emitter spectra for Emitter 1, acquired at 500µs interval showing ZPL at 539.55nm and
550.76nm for Emitter 2 in (c). Si-Raman lines for both the emitter is at 547.44nm as shown in (b)
and (d).

For faithful tracking of the zero-phonon ZPL during PSD and ACF analysis, a specific
portion of the spectrum containing the ZPL—illustrated in Figure S3—was extracted
for each spectral sample. PSD and ACF calculations were then performed on this
subset of data.

It appears that Emitter 2 in this study exhibits greater spectral instability, as
evidenced by its larger deviations from the average spectral behavior, particularly
visible in the temporal evolution of the order parameter (see Fig. 3(c) in the main
manuscript). One possible explanation for this behavior is the emergence of a side
peak near 550.5nm, as shown in Fig. S4, which may arise due to a nearby defect
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or an adjacent quantum emitter. Variations in decoherence within the surrounding
environment could be a contributing factor to this relative instability.

Fig. S4 Emitter-averaged spectra. (a) Quantum emitter averaged spectrum for Emitter 1,
acquired at 500 µs intervals, showing a zero-phonon line (ZPL) at 539.55 nm. (b) Corresponding spec-
trum for Emitter 2, with a ZPL 550.76 nm. Both spectra also show a silicon Raman line at 547.44nm.
Each spectrum was averaged over 10,000 samples. Notably, Emitter 2 displays a distinct side peak
near 551 nm, which is unlikely to be noise and may indicate the presence of a nearby defect or a
different emitter.

S2 Order parameter estimation

We present a statistical formalism for spectral diffusion grounded in replica theory
(see section 2.2 in the main manuscript), designed to characterize spectral dynamics
relative to the emitter’s ensemble-averaged response arising from interactions with its
environment [5]. In contrast, Pearson correlation enables pairwise comparison between
individual spectra but does not capture how each spectrum deviates from the global,
averaged response of the emitter. As shown in Equation (S2), this framework is
expressed in terms of an order (or overlap) parameter, |q|, which represents the nor-
malized scalar product between spectral frames fluctuation from the average response.
The parameter |q| ranges from 0 to 1, where |q| = 0 indicates no overlap, and |q| = 1
indicates perfect overlap.

A spectral sample is defined as a set of 1340 wavelengths that form one PL spectra
acquisition and their corresponding emission intensities, represented as a column vec-
tor s ∈ R1340. A dataset refers to the complete collection of all samples acquired from
a given emitter. Each dataset contains 10,000 such samples, i.e., PL spectra taken con-
secutively. A frame F is defined as a group of consecutive PL spectral samples, with the
number of PL spectrum samples specified by the frame size (fSize). For instance, if
fSize = 50, then each frame comprises 50 PL spectrum samples and is represented as
a matrix F ∈ RfSize×1340. The frame step is defined as fStep ∈ [1, fSize] and it deter-
mines the sampling interval between frames. A minimum step (fStep = 0) corresponds
to maximum overlap between successive frames, while a maximal step (fStep = fSize)
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corresponds to zero overlap. In the zero-overlap case, the total number of frames is
simply the total number of samples divided by frame size (N = 10,000

fSize ).

Fig. S5 Order parameter estimation data visualization: Each spectral sample comprises 1,340
discrete wavelength points acquired in a single spectrometer measurement. A complete dataset con-
sists of 10,000 such spectral samples collected sequentially. For analysis, samples are grouped into
frames, where the frame size (e.g.,fSize=3) denotes the number of consecutive spectral samples aggre-
gated per frame. The frame step parameter (fStep) defines the offset between two consecutive frames:
a minimal fStep introduces maximum overlap, whereas fStep = fSize corresponds to zero overlap
between frames.

The dataset-averaged frame F̄ used in the order parameter calculation is computed
by element-wise summation of all frames followed by normalization:

F̄ =
1

N

N∑
n=1

Fn (S1)

The order parameter matrix q is then constructed in two steps: first, we subtract the
average frame from each frame to obtain the deviation ∆n = Fn − F̄; second, we
compute each matrix element as the normalized scalar product between deviations:

qn,m =
⟨∆n,∆m⟩
∥∆n∥ ∥∆m∥

(S2)

This results in a symmetric matrix q ∈ RN×N , where qn,n ≡ 1 and qn,m ≤ 1 for
n ̸= m. To reduce dimensionality, we discard redundant elements (e.g., the lower
triangle and diagonal) and vectorize the strictly upper triangular part of q to obtain
a one-dimensional column vector Q ∈ RL, where L = N(N − 1)/2. Order parameter
estimation and its temporal evolution were performed using the full dataset, excluding
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those containing spurious signals (event where spectra captures high intensity random
signals).

S3 Applicability of the Order Parameter in a
Dynamic System

While the concept of an order parameter is traditionally associated with systems in
equilibrium, a natural question arises regarding its applicability to spectral diffusion,
where fluctuations in the local environment can occur on timescales ranging from
hundreds of ns to ms. This concern requires justification.

In our experiments, spectral diffusion was measured with a temporal resolution
of 500µs, which is the fastest timescale accessible in our setup due to photon count
statistics and acquisition constraints. For analysis, we used a moving window of size
10, corresponding to a duration of 5ms. This choice is motivated by the observation
that significant temporal correlations persist on this timescale, as shown in Fig. 4b of
the main manuscript, where the autocorrelation function remains nonzero for up to
about 50 lags (i.e., 25ms).

Although faster µs-scale dynamics may exist, they are averaged within each 5ms
bin. Therefore, it is reasonable to assume local quasi-stationary behavior over such
windows, permitting the application of the order parameter as described in Section S2.
In addition, replica theory has been widely used in studying broad range of probelms
such as spin glass [6, 7] and random lasing[8].

S4 Relative stability in quantum emitters ZPL

To quantify the relative stability of a quantum emitter, we analyze the temporal evolu-
tion of the order parameter |q|, as shown in Fig. 3(b,c). For a perfectly stable overlap,
|q| should remain close to unity across all time windows, indicating a strong overlap
with the reference spectrum and, therefore, a strong temporal correlation. In contrast,
deviations from unity (that is, lower values of |q|) suggest instability. Importantly, we
identify two complementary indicators of instability: (i) the magnitude of deviation
from high |q| values, and (ii) the frequency of such deviations over time. Even if the
emitter occasionally returns to high overlap, frequent oscillations in |q| reflect tem-
poral inconsistency and therefore reduced stability. This is further substantiated in
Fig. 4(c,d) by the power spectral density (PSD) analysis of the zero-phonon line (ZPL)
trajectory: relatively unstable emitters exhibit a flatter PSD slope, often approaching
values below 0.5, indicative of weaker temporal correlation. These quantifiers provide a
robust framework for pre-select emitters with desirable stability characteristics prior
to full-scale experiments.
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