Appendix
Proof of Corollary 1. 

The optimal profit in the second cycle for luxury goods without counterfeit products is as follows:.


[bookmark: _Hlk185928300]Where , so.












，. Obviously, the second derivative of  is . Therefore,  is a concave function of , and there exists a unique maximum solution by the nature of the concave function. Let the first derivative of  with respect to  be zero and the optimal price of luxury goods of the second cycle be . Put  into formula ,we can get .

The first cycle of optimal profits for luxury goods .


[bookmark: _Hlk185927982]Where , so .






,. Let the first derivative of  with respect to  be 0 and the optimal price of luxury goods of the second cycle be .So we can get .




Taking  into , we get  and .


;.


;.

Proof of Corollary 2. 

The overall supply chain performance of luxury goods is the total profit of two-cycle product sales, i. e. the overall supply chain performance of luxury goods is .



.

Proof of Corollary 3. 

The second cycle of optimal profits for luxury goods with counterfeit luxuries: 

Where , we can get 

.










，. Therefore,  is a concave function of , and there exists a unique maximum solution by the nature of the concave function. Let the first derivative of  with respect to  be 0 and the optimal price of luxury goods of the second cycle be .  Put  into formula ,we can get .



, is a monotone decreasing function of .



, is a monotone decreasing function of .






, Because , , so . is a monotone decreasing function with respect to .



, so  is a monotone decreasing function with respect to .

The best profit for counterfeiters: .



Whereand , so .








,. Therefore,  is a concave function of , and there exists a unique maximum solution by the nature of the concave function. Let the first derivative of  with respect to  be 0 and the optimal price of luxury goods of the second cycle be  and .



, is a monotone decreasing function with respect to .












,, is a monotone increasing function with respect to . Since the price of the counterfeit is , we can conclude that the price range of the first cycle of luxury goods is .So  has a minimum value of , and ; therefore, ,  is a monotonically increasing function of .

The second cycle of optimal profits for luxury goods with counterfeit luxuries: 


Where， so .








，.Therefore,  is a concave function of , and there exists a unique maximum solution by the nature of the concave function. Let the first derivative of  with respect to  be 0 and the optimal price of luxury goods of the second cycle be  and .





Taking  into and, we get  and .




Taking  and  into account, we get  and .



， is a monotone increasing function with respect to .



， is a monotone increasing function with respect to .





























. Making ,we can get . . So is a monotone increasing function with respect to . When ,  has a minimum value of , and ; therefore, . So when ,we can get that  , therefore  is a monotone increasing function with respect to . Because of , we get that.When ，we get  and . So, there is , such that ; and there is , such that .However, .when , ; when，. Therefore, we get that .
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If ， and ; if , and. 
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Proof of Corollary 4. .. Let the molecule of  be .







,.The minimum value of  is .So .









. Let the molecule of  be . . Obviously, .

Proof of Corollary 5.
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Proof of Corollary 6.







，Let the molecule of the above formula be ，Letting ，we can get that when or ,,.











,. is a monotone decreasing function with respect to .Because of  and , So there is  such that when , ; and when , .

.
















Let the numerator of  be . . is a monotonically decreasing function of , with its minimum value being  and its maximum value being . So, we can get ，， .










，Let the numerator of  be . Obviously, ，. 



. Obviously, ，.

Proof of Corollary 7.



We can get . According to the formula, ，so .

Proof of Corollary 8.




We can get .'s molecule , so we can get .

Proof of Corollary 9.



















. Let the numerator of  be , ;. Obviously，. is a monotonically decreasing function of , with its minimum value being . So ,and  is a monotonically decreasing function of , with its minimum value being . Therefore, ，，.
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