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A Activation Functions in Al

A.1 Convex Activation Functions

Convex activation functions, characterized by their mathematical property that any line segment between two
points on the function lies above the curve, have played a pivotal role in shaping modern neural networks
(see Table [I). Functions like the Rectified Linear Unit (ReLU) and its variants (e.g., Leaky ReLU), which
are convex across their domains, are foundational to deep learning architectures due to their computational
efficiency and favorable optimization dynamics. Their piecewise linear nature, particularly in ReL.U, promotes
sparsity by deactivating negative inputs, which streamlines computation and mitigates the vanishing gradient
problem. While neural networks remain inherently non-convex systems, the adoption of convex activations has
empirically balanced expressivity and trainability, contributing to breakthroughs in computer vision, natural
language processing, and beyond.

Table 1: List of convex activation functions used in the AI literature.

Name Activation function Range Type

] x ifx>t
TRec; [T} ou(r) = { 0 otherwise ’ £>0 [0,00) Convex
PReLU [2] o(x) = max{azx,z}, a >0 (—00, 00)

A.2 Invexity and Quasi-invexity Theory: List of Activation Functions

In this section, we introduce a systematic mathematical framework for characterizing activation functions that
are inver and quasi-inver. To this end, we present several concepts needed for the theoretical developments in
this paper, starting with the definition of a locally Lipschitz continuous function.

Definition 1. A function f : R™ — R is locally Lipschitz continuous at a point € R™, if there exist scalars
K >0 and € > 0 such that for all y, z € B(z,€) we have |f(y) — f(2)| < K|y — 2||2-

Since the ordinary directional derivative, the most important tool in optimization, does not necessarily exist
for locally Lipschitz continuous functions, it is required to introduce the concept of subdifferential [3], which is
calculated in practice as follows.

Theorem 1. [3, Theorem 3.9] Let f : R™ — R be a locally Lipschitz continuous function at € R™, and define
Qy = {x e R"|f is not differentiable at the point x}. Then the subdifferential of f is given by

Of(x) = conv ({¢ € R"| exists (x;) € R™ \ Qf such that & — x and Vf(xz;) = (}). (1)

We note that the subdifferential is always nonempty for locally Lipschitz continuous functions 3|, Theorem 3.3].
Based on these, the concept of an invex function is presented as follows.

Definition 2. Let f : R™ — R be locally Lipschitz; then f is invex if there exists a function n : R™ x R® — R"
such that Vx,y € R, ¥¢ € Of (y), we have f(x) — f(y) > Tz, y).

It is well known that a convex function simply satisfies this definition with n(x,y) = x —y.
Further generalization of invexity is possible; indeed, [4] introduced also the following class of generalized
convex functions.

Definition 3. Let f : R® — R be locally Lipschitz; then f is said to be quasi-inver if there exists a function
n:R" x R" — R"™ such that f(x) — f(y) <0 = ¢Tn(x,y) <0, Vo, y € R?, V¢ € Of(y).

A final remark, that follows easily from the above Definition 3] is that any invex function is quasi-invex [4].

A.2.1 Identifying Invex Activation Functions

Here we provide the mathematical tools needed to identify the invex activation functions reported in Table
Theorem 2. Let o : R™ — R be a function. If o satisfies one of the following conditions
1. every stationary point of o is a global minimizer [5, Theorem 2.2].

2. o does not have stationary points [5, Theorem 2.2].



3. for n =1 if first derivative of o satisfies ¢’ > 0 [6, Theorem 3J.
then o is invex.

It is critical to emphasize that the class of functions satisfying the third characterization in Theorem [2|exhibits
closure under key algebraic operations —including summation and composition— thereby enabling a systematic
methodology for constructing invex activation functions. This property marks a significant advancement, as
such structured constructions were previously confined to the narrower domain of convex mappings. This result
not only bridges a theoretical gap in generalized convexity but also unlocks practical opportunities for designing
neural networks with rigorously interpretable optimization landscapes using non-convex activation functions.

Examples of invex activation functions: To streamline our exposition and avoid redundant technical
repetition, we now demonstrate invexity for some activation function from Table 2] These illustrative examples
elucidate how the tools developed in Theorem [2] systematically generalize to the broader class of functions
enumerated in the table. Crucially, the remaining functions can be verified through analogous reasoning.

e Softmax: This function is defined as o; : R™ — R where o;(x) = ZL[;LM for any € R™. Here we prove
j=1

o;(x) is invex by showing that o;(x) does not have stationary points. Specifically, notice that
T
—e®lil p(1] —exlil gz[n]

g, oi(®) (1 = o), 5| - (2)
(Z}ll w[j]) (Z?:l :c[j])

From the above equation it is clear that Vo;(x) # 0 for all & € R™. Thus, by Theorem [2| Softmax activation
function is invex.

VO}((B) =

e MaxOut: This function is defined as o : R™ — R where o(x) = max{x[i]} for any x € R™. Here we prove
o(x) is invex by showing that o(x) does not have stationary points. Specifically, taking r = arg max{x[i]},
notice that

Vo(xz)=[0,---,1,---,0]", (3)

where the value 1 in the above equation is located in the rth-entry of . Thus, it is clear that Vo (x) # 0 for
all x € R™. Thus, by Theorem [2] the MaxOut activation function is invex.

¢ Generalized Sigmoid: This function is defined as o(z) = 55 for o, 8 > 0. Observe that o'(z) =

ﬁ, and as a consequence o’'(x) > 0 since «, 8 > 0. Thus, by Theorem [2[ the Sigmoid activation

function is invex.

and as a consequence

e Softplus: This function is defined as o(z) = + log(1+¢e*). Observe that o' (z) = %,

B
o'(x) > 0. Thus, by Theorem [2| the Softplus activation function is invex.

e SiLU: This function is defined as o(z) = 75=. Observe that o'(z) = %, and as a consequence
solving x + e* + 1 = 0 it gives &~ —1.27. Additionally, o(—1.27) ~ —0.27 which is the global minimum
of o(x). Thus, by Theorem [2 the SiLU activation function is invex since the unique stationary point is the

global minimizer.

e Log-ReLU: This function is defined as o(x) = log(8 max{x,0} + 1) for 8 > 0. Observe that ¢'(x) = 0 for
2 < 0. Additionally, o(z) achieves his global minimum for every x < 0. Thus, by Theorem [2| the Log-ReLU
activation function is invex since the every stationary point is a global minimizer.

Table 2: List of invex activation functions used in the Al literature

Name Activation function Range Type
LogLog [7] o(x)=e¢" (0,1)

cLogLog [7] ox)y=1—e°" (0,1)

Sigmoid Gumbe [§] o(x) = % (0,1) Invex
Soft clipping [9] o(z) = Llog (Hl;zif:il)» a>0 (0,1)

Rootsig [10] o(x) = m (—1,1)

Mish [I1] o(z) = ztanh(In(1 4 %)) [~ —0.3,00)




Name Activation function Range Type
LogSigmoid [12] o(x) =log (H%) (—00,0)
k
Sigmoidal selector [13] or(z) = (H_%) (0,1)
. L _+T ifzx>0
_ — 1+e—=
Flatten-T Swish [14] o(x) { T otherwise [T, 00)
LogSoftmax [I5] o;(x) = log (%) (—00,0)
j=1
Sigmoid-Algebraic [16] o(x) = %, a>0 (0,1)
1+4e IHl=l(+alz])
arctan [17] o(x) = tan~!(x) (-5, %)
loglza(@+a))  for o < ()
Soft Exponential [18] o(z) =X x fora=0 (—00,0)
# +a fora>0
Bent Identity [19] o(z) = 7@'1_1 +x (—o0,00)
T ifr>0 Invex
Inverse Square root [20] o(x) = { - ” - —%, oo)
Viraz M2 <0
Log-ReLU [21] o(z) =log(B max{x,0} +1), 8> 0 [0, 00)
MaxOut [22] o(x) = max{x[i]} (—00,0)
Rootsig [10] o(z) = ﬁ (-1,1)
Suish [I] o(z) = max{z, ze~1*l} [~ —0.36,00)
LiSHT [23] o(z) = ztanh(x) [0, 00)
Logish [24] o(z) = zlog (1 + - +i,x) [~ —0.25, 00)
Gish [25] o(z) = xlog(2 — e ") [~ —0.27,000)
LogLogish [26] o) =z(l—e°) [~ —0.31,0)
Self arctan [27) o(z) = rtan~(x) [0, 00)
SquarePlus [28] o(z) =1 (z+VaZ+e),e>0 (0, 00)
z ifx>0
ELU o(xr) = - —1,00
129 (@) {em -1 ifz<0 ( )
05 Derivative RootSig 035 Derivativg SigLin
0.45 / \
04 /" “\ b 03 "" \\
%ozs ‘// \\ "f /J x\
01 /l \\\ 0.15 /
0.05 ,»’/ \\\\ /
05 i Deriv?tive Bi;polar Si?maid 035 Deriv'ative Sigj(moid G'umbe
04t / \‘\ v “w/
03 /“‘J | 02 4‘
Zoxs f/ £ | \
0. 0; //'// \ 005 “" \\‘\\

Figure 1: Here we present graphical proof of invexity for the RootSig, SigLin, Bipolar Sigmoid, and Sigmoid Gumbel
activation functions, as illustrated in Figure By leveraging third characterization of invex functions in Theorem
this figure shows that the derivative of these activation functions are strictly positive.



We conclude this section by providing a graphical proof of invexity for the RootSig, SigLin, Bipolar Sigmoid,
and Sigmoid Gumbel activation functions, as illustrated in Figure [Il By leveraging the third characterization
of invex functions in Theorem [2| Figure [1]illustrates that the derivative of these activation functions is strictly
positive, thereby establishing their invexity. This visual proof not only complements our analytical framework
but also underscores the versatility of invexity as a property that persists across diverse non-convex regimes.

A.2.2 Identifying Quasi-Invex Activation Functions

Here we provide a new mathematical tool needed to identify the quasi-invex activation functions reported in
Table 3] summarized in the following theorem.

Theorem 3. Let f : D — R be a locally Lipschitz function with D C R". If there exits an open set X C D
such that f : X — R, defined as f(x) = f(x) for @ € X, is invex, then [ is quasi-inver.

Proof. By hypothesis we know there exists an open set X C D such that f : X — R, defined as f(w) = f(x)

for & € X, is invex. This means that there exists a function 9 : X x X — R" such that Vx,y € X, V¢ € 9f(y),
we have

f0) = Fv) = ¢Tix, y). (4)
Considering the above inequality we define n: D x D — R" as
e ={ 57 e 2
As a consequence of it is clear that
fl@) = fly) <0 = (e, y) <0, (6)
for all &,y € D, and all ¢ € 9f(y). Thus, the result holds. O

Examples of quasi-invex activation functions: To streamline our exposition and avoid redundant techni-
cal repetition, we now demonstrate quasi-invexity for some activation function from Table[3] These illustrative
examples elucidate how the tool developed in Theorem [3] systematically generalize to the broader class of func-
tions enumerated in the table. Crucially, the remaining functions can be verified through analogous reasoning.

e Cosine: Define o(z) = cos(z). Take X = (U, cn@2nm, 2(n + 1)) U (U, en(—2(n + 1)7, —2n7)). Observe
that o(x) has only global minimizers in the set X. Therefore, o(z) is invex in X. Thus, appealing to Theorem
the cosine activation is quasi-invex.

e Hard tanh: Define o(z) = max{—1,min{1,z}}. Take X = (—o0,1). Observe that o(z) has only global
minimizers in the set X. Therefore, o(x) is invex in X. Thus, appealing to Theorem [3| the Hard tanh
activation is quasi-invex.

Table 3: List of quasi-invex activation functions used in the Al literature.

Name Activation function Range Type

0 ifz<O
Step [B0] ofz) = 1 otherwise {0, 1} ..

1 ifx<0 Quasi-invex
Bipolar [31] o(r) = 1 otherwise {-1,1}

B Invexity Theory for Neural Networks

This section establishes a novel theoretical framework based on invexity analysis for characterizing the train-
ability of neural networks. We start by introducing the following preliminary results.



B.1 Preliminaries

We introduce the following definitions.

Definition 4. A negative combination of a1, ...,a, € R™ is a linear combination Z:Zl Aia; with \; < 05 if for
all \; < 0 and all a; # 0 we say it is a strictly negative combination.

Definition 5. A set of vectors {a1,--- ,a,} CR™ is negatively dependent if at least one of the a; is a negative
combination of the others. Otherwise the set is negatively independent.

Observe that negative independence is not an empty definition. In particular, any basis {a1, - ,a,} of R"
is negatively independent. More significantly, the following theorem demonstrates that R™ admits negatively
independent sets of cardinality exceeding the dimension n, establishing a fundamental difference from linear
independence.

Theorem 4. For any n € N there exists at least a1, ...,an12 € R™ negatively independent vectors.

Proof. We proceed by construction. Take a basis {ay,...,a,} C R™ that spans the space R". Since {aq,...,a,}
is linearly independent, then it is also negatively independent and a; # 0 for all i = 1,...,n. Define a, 11 =
Aai+- -+ 10,1 — Ay, and apqo = f1a1 + - — Br_1@n_1 + Bra, where A\, B; >0 foralli=1,...,n.
Then, it is clear that the set of vectors {aq,...,an42} is negatively independent. Thus the result holds. O

The final results of this section, Theorems [5] and [f] establish foundational criteria for neural network invex-
ity. These results furnish necessary conditions to characterize invex architectures, enabling the comprehensive
framework derived in Theorem [7| (presented in the next section).

Theorem 5. Let {ay, -+ ,a,} CR" be a set of negatively independent vectors where all a; # 0. Then, when
X >0,Vi=1,...,r we get >.._, \ia; # 0.

Proof. We proceed by contradiction. Assume there exist \; > 0 for i = 1,...,r such that Z;Zl A;a; = 0. Since,
all vectors a; # 0 then at least there exits j € {1,...,r} such that \; > 0. Then we get that

T

/\jaj: Z —/\ia,-

i=1,i#j
T
Ai

a; = ——a;. 7
i= 5% (7)

i=1,i#j
The above equation implies that the set of vectors {a1, - - , a,} is negatively dependent which is a contradiction.
Then, when \; > 0,Vi=1,...,7 we get >_._, A\;a; # 0. Thus the result holds. O

Theorem 6 (Gale’s theorem for linear inequalities [32]). For a given p X n matriz A and given vector ¢ € RP
either

1. Ax < c has a solution x € R"™ or
2. ATX =0, "X = —1, has a solution X € R%,

but never both.

B.2 Invexity in Neural Networks

A neural network model is formally characterized as a parametric function Ny : X — Y, mapping an input
x € X C R" to an output y € Y C R™, where 6 denotes the learned fixed weights. The network’s output is
given by

No(@) = [fi(@),.... fm(@)]" =y, (8)

where each component function f; : X — Z C R generates a scalar output, the Cartesian product Z™ C Y
defines the output space. Notice that, we avoid the use of notation ¢ within the functions {f;(x)}7,; because
they are fixed weights.

From model in , we are interested in investigating the invexity of Ny with respect to its input x € X,
assuming fized weights 6. The critical step lies in demonstrating that all component functions {f;(x)}™, are
invex with respect to the same n : R™ x R" — R"™ (see Definition @) To formalize this and demonstrate its
feasibility, we introduce the proposition below, which establishes sufficient conditions for invexity in neural
networks.



Theorem 7. Let f; : R™ — R be differentiable functions fori = 1,...,r where their gradient satisfy V f;(x) # 0
forallx € R™. If Vfi(x),...,Vf.(x) are negatively independent for all x € R™ then functions f1,..., f, are
invex with respect to the same n : R™ x R™ — R”™.

Proof. We proceed by contradiction. Assume no common function 7 : R™ x R™ — R™ exists. Then, there exists
x,y € R” such that the system

filz) — fily) > n(z,y) ' Vi(y)

fr(x) — fr(y) > n(z, y)vaT'(y)v 9)

has no solution 7n(x,y) € R™. Rewrite the above inequality system as An(x,y) < ¢ where
Vfl(y)T fi(x) — fi(y)
A= , and ¢ = ,
vfr(y)T fr(m) - fr(y)

with A € R™", and ¢ € R". By Gale’s theorem of the alternative for linear inequalities in Theorem |§| there
exists A € R’ such that ATX = 0. However, appealing to Theorem [5| we know that concluding ATX = 0 is
a contradiction since by hypothesis the gradients {V fi(x),...,Vf.(x)} are negatively independent. Thus, we
conclude that common 7 : R™ x R™ — R™ exists such that all functions fi,..., f, are invex with respect to the
same 7). Therefore the result holds. O

Three critical insights emerge from Theorem [7} i) This result provides a general framework for analyzing
neural network structures through invex optimization theory. Notably, it avoids restrictive assumptions common
in convex network analysis (e.g., positivity constraints on weights or limitations on activation functions [33]).
ii) The differentiability requirement for all {f?(x)}™, aligns with standard training paradigms (e.g., gradient
descent, Adam [34]), underscoring the practical viability of our framework. iii) The negative independence of
gradients {V ff' (z)}™, is a non-restrictive condition, as we demonstrate in a subsequent section by analyzing
the Multilayer Perceptron architecture.

Considering that negative independence can be achieved by linear independence, the following is a natural
consequence from Theorem [7}

Corollary 1. Let f; : R™ — R be differentiable functions fori=1,...,r. If Vfi(x),...,Vf.(x) are linearly
independent for all x € R™ then functions f1,..., fr are inver with respect to the same n: R™ x R* — R".

Proof. To prove this corollary it is only needed to observe that a linearly independent set is also negatively
independent and non-zero set. Thus, the result holds. O

Lastly, we present the following which shows that Invexity is preserved through composition for any pair of
differentiable functions when the rows of their Jacobians are linearly independent. This result is key to show
that layer-wise invexity enables modular design of trainable architectures without sacrificing flexibility (i.e. this
result will be employed in Sections [E} and .

Theorem 8. Let f: R™ — R™, and g : R™ — RP be differentiable functions defined as

fi(x) 91(2)
flx) = : ;o o9(z) = o (10)
fm () 9p(2)
for fi :R*" =R, and g; : R™ = R, withp<m <n,andi=1,...,m, j=1,...,p. If the Jacobian matrices

Ji(x) € R™", and J,(z) € RP*™ of functions f, and g respectively are full-row-rank for all x € R", and
z € R™ then functions

hj(e) = (g5 0 f)(x) = g;(f(2)), (11)
for j=1,...,p are invex with respect to the same 1.
Proof. Define function h : R™ — RP as
ha () 91(f(x))
W) =| o |=| | (12)
hy () gp(f(x))



Observe that the Jacobian matrix Jp,(x) € RP*™ of function h(x) is given as

Vhl (IB)T
In(@) = Jo(f(x))Jf(x) = : : (13)
Vhp(m)T

From the hypothesis J¢ (), and J,(f(x)) are full-row-rank then vectors Vhi(x),. .., Vh,(x) are linearly inde-
pendent for all € R™. Therefore, by Corollary [I] functions hy(z), .. ., h,(x) are invex with respect to the same
7. Thus the result holds. O

B.3 Invexity for Multilayer Perceptron Building Block
The perceptron layer of a network Ny is defined as £ : R” — R*®

Uz) =0 (Wz+b), (14)

where z € R" is the input, o : R — R is a differentiable activation function applied element-wise, W € R"**¢
denotes the learnable weight matrix, and b € R? the bias vector. We remark that the above model is valid when
W denotes either a dense or a convolution layer. Considering the model in 7 we study its invexity in the
following result.

Theorem 9. Let f: R™ — R™ be a function defined as

fi(x) o(wlz +by)

f(z) = : = : : (15)
where o : R — R is a differentiable activation function, W = [wy,...,w,]T € R™*" (learning weights),
b= [bi,...,bm)T € R™ (biases), and m < n. If o does not have stationary points, and the rows of W are
linearly independent then all fi(x),..., fm(x) are invex with respect to the same 1.

Proof. Observe that the Jacobian matrix J¢(x) € R™*™ of function f is given as
Jp(@) = ding([o' (wlz 4 by), ..o (wla + b)) W, (16)

where the notation diag(v) builds a diagonal matrix where its entries are the vector v. From hypothesis we
know that m < n, and W is full-row-rank (i.e. all rows are linearly independent). Additionally, since o does
not have stationary points, that is o’ # 0, then by Corollary [I| we get that fi(x),..., fi(x) are invex with
respect to the same n. Thus, the result holds. O

The last result presented in this section is a natural consequence of Theorem [0 Specifically, the assumption
of ¢ not having stationary points can be easily achieved when o is strictly increasing as summarized in the
following corollary.

Corollary 2. Let f : R™ — R™ be a function defined as

fi(x) o(wlz +by)
fz) = : = : ) (17)
fm(x) U(wﬁﬁc + b))
where o : R — R is a differentiable activation function, W = [wy,...,w,]T € R™*" (learning weights),
b = [by,...,bn]T € R™ (biases), and m < n. If o is strictly increasing, and the rows of W are linearly
independent then all f1(x),..., fm(x) are invex with respect to the same 1.

Proof. From hypothesis we know that o is strictly increasing, then it means that ¢’ > 0 (i.e. does not have
stationary points), therefore appealing to Theorem [0 we get that fi(x), ..., f,(x) are invex with respect to the
same 7. Thus, the result holds. O

B.4 Operations Preserving Invexity

In this section we present several operations that preserve invexity that are useful to prove trainability for neural
networks.



Lemma 1. Let f: R™ x R™ — R™ be a function defined as

fi(z, 2) o(wlz +by)
flx,z) = : = : + z, (18)

fm(x, 2) o(wlx +by,)
where o : R — R is a differentiable activation function applied element-wise, W = [wy,...,w,]T € R™*"
denotes the learned weight matriz, and b € R™ the bias vector. Then, fi(x,z),..., fm(x,2z) are inver with

respect to the same n.

Proof. Observe that the Jacobian matrix Jy(x, z) € R™ x R™"™ of function f is given as

Ji(x,z) = [ diag([o/(w{@ +b1),...,0"(wha+b,))W I]. (19)

m

Notice that Jy(x, z) as defined above is full-row-rank (because identity matrix is concatenated horizontally),
which means that all rows of J¢(x,z) are linearly independent leading, by Corollary to the invexity of
fi(x, 2),..., fm(x, z) with respect to the same 7. O

The above analytical result is key in order to prove Universal Approximation of Invex Neural Networks, in
the next section.

Lemma 2. Let f : R" — R™, and g : R™ — R® be vector functions where s < m < n. Assume that the
Jacobian matriz of g denoted as Jy(z) € R**™ is full-row-rank for all z € R™, and that the row-rank ¢ of the
Jacobian matriz of f denoted as J¢(x) € R™*™ satisfies that s < ry < m for all x € R". Then, all component
functions of the composed vector function h(x) = (go f)(x) are invex with respect to the same 1.

Proof. Observe that the Jacobian matrix of function h denoted as Jy(x) € R® x R™ is given as
Vhl (.’IJ)T
In(®) = Jo(f(2)) Jf(2) = : : (20)

Vhs(x)T

From the hypothesis we can conclude that the row-rank of the Jacobian matrix Jy(x) is s for all # € R™, which
means that the vectors Vhy(x),..., Vhs(x) are linearly independent leading, by Corollary [1} to the invexity of
all component functions of the function h(x) = (g o f)(x) are invex with respect to the same 7.

O

B.5 Universal Approximation of Invex Neural Networks

In this section we show that invex neural networks can universally approximate continuous functions which is
summarized in the following result.

Theorem 10. Let 0 : R — R be a nonaffine differentiable function that does not have stationary points (i.e.
o' #0). Let K CR"™ be compact. Then, the class of invex neural networks Ny described by feedforward neural
networks with n neurons in the input layer, m neurons in the output layer, and an arbitrary number of hidden
layers, each with n+m+ 2 neurons with activation function o is dense in C(K;R™) with respect to the uniform
norm.

Proof. From hypothesis we have that o is an invex differentiable function (see Theorem , therefore continuous,
which means it satisfies the conditions of Theorem 3.2 from [35]. This means that the class of neural networks
Ny described by feedforward neural networks with n neurons in the input layer, m neurons in the output layer,
and an arbitrary number of hidden layers, each with n + m + 2 neurons with activation function ¢ is dense in
C(KC; R™). Therefore, we need to show that this class of neural networks is invex.

To illustrate this, we recall that the hidden layers for this type of feedforward neural network are described,
according to Theorem 3.2 from [35], as the consecutive composition of an affine mapping, o, and an affine
function. Mathematically, without loss of generality, the hidden layers for this type of feedforward neural
network are given by

o(wiz + by)
Uz, z) = + z, (21)
T(Wy, 4 2@ + bngna)
W = [wi,..., W, imi2)! denotes the learned weight matrix, b the bias vector, and z belongs to the external
affine function. Appealing to Lemma |1} we have that all component functions of all hidden layers ¢(x, z) are
invex (i.e., Jacobian of £(x, 2z) is full-row-rank) with respect to the same 7. Thus, by invoking Theorem |8 we

conclude that all component functions of neural network Ay are invex with respect to the same 7. Thus the
result holds. O



The importance of the above analytical result is that by extending the universal approximation theorem
to invex neural spaces, we demonstrate that invex networks retain full expressivity and can approximate any
continuous function —without sacrificing architectural depth or flexibility.

C Proof of Invexity for ResNet

In this section, we provide proof of invexity for the ResNet structure. From Section 2.4 of the manuscript, we
know that a ResNet structure Ny : R® — R™ is given by

Ny(x) = [l50fl40---0ls0lg0--0fl30fp0---0fg0f0---0f1ol | (x), (22)

L4 L3 L2 Ll

where L =S - (Ly + - -+ L4) + 2 is the number of layers in ResNet, the last number two, in L, comes from the
first 7 x 7 convolutional layer, and the fully connected layer at the end of the ResNet structure. The number
S defines the weight layers in each ResNet block and determines the type of ResNet. Particularly, standard
configurations (e.g., ResNet-50 with S =3, (L1, Lo, L3, Ls) = (3,4,6,3)) is an instance of this schema [36].

In the following analytical result, we prove the invexity of the ResNet structure.

Theorem 11. Assume Ny is any ResNet structure as illustrated in Figure 2 of the manuscript, and formally
modeled in Equation , Then, Ny is invex.

Proof. Concretely, we have to show that all functions ¢, ¢y, ..., ¢4, and {5 are differentiable and the rows of their
Jacobian are linearly independent. To that end, we proceed on a case-by-case basis.

1. The first aspect to mention is that ResNet belongs to under-complete convolutional architectures [37] i.e.
the number of filters do not exceed the dimension of the input. This implies that linearly independence
within the convolutional layers is ensured.

2. Observe that function ¢ : R" — R” with r < n/2 defined as ¢(x) = (g o f)(x). Here f(x) = ReLUWz +
b), where ReLU is applied element-wise, represents a convolutional transformation followed by a ReLU
activation, where W € R™*™ denotes the learned convolutional filters and b € R™ the bias vector. The
operator g(z) = M(z) implements max pooling, with g : R™ — R" reducing spatial dimensions.

Following the methodology of Theorem|[9] the Jacobian of f contains a block-diagonal structure contingent
on the activation pattern of ReLU (i.e., inducing a binary diagonal matrix). Under batch normalization
(which symmetrizes the distribution of h = Wz + b), half the entries of h are negative in expectation.
Thus, rank of Jacobian of f, J(x), is m/2 in expectation for all .

The max pooling operator g is a subsampling selector. Therefore, the Jacobian of g, J,(z) is a binary
matrix whose rows are linearly independent by construction.

From the above analysis, we have that the functions f and g satisfy the assumptions of Lemma [2] which
leads to the conclusion that the Jacobian of £(x) is full-row-rank (i.e., all rows are linearly independent).

3. Observe that functions £, £5, ¢3, and ¢4 in ResNet structure follow the residual ResNet block architecture.
This means that ¢;(z) = fi(z) + z for i = 1,...,4, where f;(z) models the interaction between the weight
layers and ReLU of ResNet block (see Figure 2(b) of the manuscript). This means that the Jacobian of
fi(z)+ z is given as I + Df;(z) where Df;(z) is the Jacobian of f;(z), and I is the identity matrix. Since
fi(2) entirely depends on the learned weights having complete freedom to choose its values, it is clear that
I + Df;(z) is invertible, leading to a full-row-rank Jacobian matrix for all ¢;(z) for any z.

4. Lastly, the function ¢5 is given the consecutive composition of an Average Pooling operation and a Dense
layer. Formally, ¢5 is mathematically modeled as f5 = Wz + b, where W € RP*® contains both the
Average Pooling operation and the Dense Layer with s < p, and b € R* is the bias vector. Since W is
the learnt weights and they have complete freedom to choose its values, it is clear that the Jacobian of /5,
W, is full-row-rank for any x.

Considering the above analysis, we can invoke Theorem |8 which ensures that all component functions of any
ResNet structure Ay are invex with respect to the same 7. Thus, the result holds. O

As a final remark, it is clear from the above proof that ResNet without a skip connection and with ReLU
activation function lacks an invex structure. Because when batch normalization precedes ReLU, it reduces
the linear independence for rows (i.e., row-rank) of Jacobian by approximately half of a ResNet block without
skip connection, that is, ReLLU’s nullification of negative values introduces stationary points that degrade the
row-rank of Jacobian DH(z).
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D Proof of Invexity for UNet

In this section, we provide proof of invexity for the UNet structure. From Section 2.4 of the manuscript, we

know that a UNet structure Ny : R” — R™ is given by

No(z) = (f120€~11O"'0g905780€70"'052 ol Of) (x),

where the functions {£;}}1; can be expressed as

t

8(27) = Concat [Z7,£8(£7(Z7))} 5

~9(Z5) = Concat [zg),ég(gg(éﬁ(&(zs))))} )
l10(z3) = Concat {z3,€10(g9(£4(€3(z3))))] )
(11(z1) = Concat {zl,611(5710(52(41(Z1))))] .

(23)

(24)

To prove the invexity of the UNet structure it is clear that if all functions £1 0 £, £5 0y, 50 Ly, b7 0 bg, {0;}1Lg,
and {15 are differentiable, and the rows of Jacobian are linearly independent, then UNet structure is invex,
which is proven in the following. In the following analytical result, we prove the invexity of the UNet structure.

Theorem 12. Assume Ny is the canonical UNet structure as illustrated in Figure 3 of the manuscript,

formally modeled in Equation , Then, Ny is invez.

and

Proof. Concretely, we have to show that all functions £1 00, €30ly, 500y, l70lg, {£;} 11, and £15 are differentiable

and the rows of their Jacobian are linearly independent. To that end, we proceed on a case-by-case basis.

1. The first aspect to mention is that UNet belongs to under-complete convolutional architectures [37] i.e.
the number of filters do not exceed the dimension of the input. This implies that linearly independence

within the convolutional layers is ensured.

2. The function ¢; 0 : R" — R" with r < n/2 is defined as (¢;0¢)(x) = (go f)(x). Here f(x) = ReLU(h(x)),
where ReLU is applied element-wise, represents a transformation followed by a ReLU activation, where
h : R™ — R™ models the consecutive composition of convolution layer, ReLU, and a convolution layer.

The operator g(z) = M(z) implements max pooling, with g : R™ — R" reducing spatial dimensions.

Following the methodology of Theorem[J] the Jacobian of f contains a block-diagonal structure contingent
on the activation pattern of ReLU (i.e., inducing a binary diagonal matrix). Under batch normalization,
half the entries of h(x) are negative in expectation. Thus, row-rank of Jacobian of f, J;(x), is m/2 in

expectation for all x.

The max pooling operator g is a subsampling selector. Therefore, the Jacobian of g, Jy(z) is a binary

matrix whose rows are linearly independent by construction.

From the above analysis, we have that f and g satisfy the assumptions of Lemma [2] which leads to the

conclusion that the Jacobian of (¢1 o £)(x) is full-row-rank (i.e., all rows are linearly independent).

3. Notice that functions £3 o {5, f5 o {4, and ¢7 o £s follows the same structure of the analyzed function ¢ o £,
therefore, the Jacobian of all functions £3 o5, €504y, and £7 0 g are full-row-rank (i.e., all rows are linearly

independent).

4. Now we examine the mappings {52 1., as defined in . The Jacobian matrix for each function in this
set exhibits the structured form Concat [I, Df(z)] where I denotes the identity matrix and Df(z) is the
Jacobian of the second concatenated function specified in . As each /; constitutes a dimensionality-
preserving mappings implying equivalence between input and output sizes —the inclusion of the identity
I within the Jacobian maintains the number of linearly independent rows equal to the input dimension.

And, this is a sufficient condition to establish the invexity of {Zl}}ig as shown in Corollary

5. Lastly, the function ¢15 is given by the consecutive composition of two Convolutional Layer with 64 filters
with ReLLU, and a Convolutional layer with 1 filter. As analyzed in second item when ReLU is used the
Jacobian of ¢15 will contain a block-diagonal structure contingent on the activation pattern of ReLU (i.e.,
inducing a binary diagonal matrix). Thus, row-rank of Jacobian of ¢;5 will be reduced by half of the
input dimension in expectation. And, since just one filter is employed in last convolutional layer (output

dimension is smaller than half of input) then by Lemma [2| the Jacobian of ¢;5 is full-row-rank.

Considering the above analysis, we can invoke Theorem [§] which ensures that all component functions of

UNet structure Ny are invex with respect to the same 7. Thus, the result holds.

11
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E Invexity for Generative Adversarial Network

In this section we study the invexity of the GAN structure illustrated in Figure The importance of this
analysis is that the size of the input is smaller than the output, but invexity remains attainable by using an
embedding variable. Then, formally, the GAN Aj : R” — R™ in Figure [2] is mathematically given by

No(z) = <€30820~"0610fp> (), (25)
where /,(x) = £(x) + p. In practical terms to implement the parameter p can be done as using the Pytorch

self.p = nn.Parameter(torch.zeros(1, 784))

def forward(self, z):
img = self.initlayer(z) + self.p

library.
In the following analytical result, we prove the invexity of the GAN structure.
b E Landscape GAN structure
Trained on MNIST dataset

) ) )
N AR R g g
S S r ® ® ®
T {(z) f(z1) oz L3(z3)
mPp BatchNormid, LeakyReLU
mp» Tanh

Figure 2: (a) We illustrate a structure of Generative Adversarial Network. (b) The loss landscape of GAN architecture.
This landscape offers a visual validation of the invexity of the GAN i.e. exhibiting a connected global minimum.

Theorem 13. Assume Ny is the GAN structure as illustrated in Figure [3, and formally modeled in Equa-
tion (28). Then, Ny is invex.

Proof. Concretely, we have to show that all functions fp,ﬁl, £y, and ¢3 are differentiable and the rows of their
Jacobian are linearly independent. To that end, we proceed on a case-by-case basis.

1. Observe that the function fp is defined as fp(m) = {(z) + p. This means that the Jacobian of Ep is given
as [Dl(x) I| where D¢(x) is the Jacobian of £(x), and I is the identity matrix. Then, it is clear that the
Jacobian matrix [D€(x) I] is full-row-rank for any x (since identity matrix is horizontally concatenated).

2. The functions {¢;}3_; follows the form ¢; = o(W,z; + b;) where the activation function o (either
LeakyReLU or Tanh) is applied element-wise, and W,; € R™i*" where m; < n;. Since the number
of rows m; learnt weight matrices is smaller than n;, and functions LeakyReLU/Tanh do not have sta-
tionary points, then the assumptions of Theorem [0} which leads to the conclusion that the Jacobians of
{¢;}2_, is full-row-rank (i.e., all rows are linearly independent).

Considering the above analysis, we can invoke Theorem [§ which ensures that all component functions of the
GAN structure Ny are invex with respect to the same n. Thus, the result holds. O

F Invexity for Vision Transformer Network

In this section we study the invexity of the Vision Transformer structure introduced in [38], and illustrated in
Figure [3] Then, formally, the Vision Transformer Ny : R® — R™ is mathematically given by

No@) = (brobr_y o0ty 00) (), (26)

where 7 + 1 is the number of consecutive stacked blocks in Njy.

12



The importance of [38], is that it fundamentally reshaped computer vision paradigms by demonstrating that
pure transformer architectures-previously dominant in natural language processing-could surpass state-of-the-
art convolutional neural networks (CNNs) when applied directly to image classification. Its key innovation lay
in tokenizing images into sequences of linearly embedded patches (treating image patches as “visual words"),
enabling the application of standard transformer encoders without spatial inductive biases. Crucially, the work
revealed that vision transformers achieve competitive performance only when pre-trained on sufficiently large
datasets, after which they transfer exceptionally well to downstream tasks while exhibiting superior computa-
tional efficiency during training. By establishing that global self-attention mechanisms could outperform decades
of CNN architectural refinements at scale, [38] catalyzed a paradigm shift toward attention-based vision models
and laid the foundation for unified architectures across vision, language, and multimodal domains.

____________________________________________________________________ ' E m Landscape ViT structure
Trained on Cats-Dogs dataset

Multi-Head
Attention
Multi-Head

Embedded Patches
Attention

T @) ... akyl L& o) ()

Figure 3: (a) We illustrate the canonical Vision Transformer architecture reported in [38]. (b) The loss landscape
of Vision Transformer architecture, where r = 6, number of heads = 16, and dimension for MLP = 256 (following
implementation in https://github.com/lucidrains/vit-pytorch). This landscape offers a visual validation of the
invexity of the Vision Transformer i.e. exhibiting a connected global minimum.

In the following analytical result, we prove the invexity of the Vision Transformer structure.

Theorem 14. Assume Ny is any Vision Transformer structure as illustrated in Figure[3, and formally modeled
. Equation . Then, Ny is invex.

Proof. Concretely, we have to show that all functions ¢,¢;,...,¢,._1, and ¢, are differentiable and the rows of
their Jacobian are linearly independent. To that end, we proceed on a case-by-case basis.

1. Notice that the function ¢(x) follows the form ¢(x) = f(x)+x, where f(x) contains the consecutive Norm,
and Multi-head Attention transformations. This means that the Jacobian of ¢(x) is given as I + Df(x)
where Df(x) is the Jacobian of f(x), and I is the identity matrix. Since f(x) entirely depends on the
learned weights having complete freedom to choose its values, it is clear that I + Df(x) is invertible,
leading to a full-row-rank Jacobian matrix for ¢(x) for any .

2. Observe that the remaining functions {¢;(z;)}7_; follows the form ¢;(z;) = fi(z:) + z;, where f;(z;) con-
tains the consecutive Norm, and Multi-head Attention or MLP transformations. Following an analogous
process as in the previous item we conclude that the Jacobian matrix for all {¢;(z;)}7_; is full-row-rank
for any z;.

Considering the above analysis, we can invoke Theorem [§ which ensures that all component functions of the
Vision Transformer structure Ny are invex with respect to the same 7. Thus, the result holds. O
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G Experiments Details

We provide details of our experimental setup, including datasets, model architectures, training hyperparameters,
and hardware /software environment.

G.1 Datasets

We conducted experiments on five publicly available benchmark datasets:

e MNIST: A widely used dataset of handwritten digits, comprising 70,000 grayscale images (28 x 28 pixels)
of digits 0-9. The training set includes 60,000 images and the test set contains 10,000 images. This dataset
was used to train MLP and GAN models.

e CIFAR-10: This dataset consists of 60,000 color images (32 x 32 pixels, RGB channels) equally distributed
across 10 object classes, with 50,000 images for training and 10,000 for testing. CIFAR-10 was used to
train canonical ResNet architectures.

e ECG5000: Sourced from the UCR Time Series Archive, ECG5000 contains 5,000 single-channel electro-
cardiogram (ECG) signals categorized into five classes. The dataset was used to evaluate ResNet variants
on time-series data.

e PASCAL VOC 2012: A benchmark for semantic image segmentation, comprising 11,530 color (RGB)
images with diverse resolutions (typically around 500 x 375 pixels) and pixel-level annotations for 21 object
categories. The dataset was used to train UNet models.

e Dogs vs. Cats: This dataset includes 25,000 labeled color images (JPEG, RGB) of dogs and cats for
training, and 12,500 unlabeled images for testing. Image sizes vary, typically ranging from 200 x 200 to
1050 x 771 pixels. The dataset was used to benchmark Vision Transformer models for image classification.

G.2 Computation of the Landscape

To compute the landscape of all neural networks studied in this paper we use the method reported in [39]. This
method produces a landscape by analyzing the loss function used while training the neural network. The code
for this method can be found in https://github.com/tomgoldstein/loss-landscape.

G.3 Model Architectures

We benchmarked four neural network families, described succinctly below:

MLP. A classic multilayer perceptron consisting of 3-5 fully connected hidden layers, each with 128-512
units, ReLU activations, and batch normalization.

ResNet101 [40].and SNDCDD [41] We employ the canonical 101-layer residual network as our deep
convolutional backbone. Its bottleneck design (1x1, 3x3, 1x1 convolutions) and identity shortcuts facilitate
gradient flow in very deep models. We use both the standard version (with skip connections, BatchNorm, and
ReLU) and variants SNDCNN where it removes skip connections BatchNorm and replace activations with SELU
to study robustness to architectural modifications.

UNet _base [42]. Our segmentation-oriented encoder-decoder comprises four downsampling stages and
four upsampling stages. Each stage uses two 3x3 convolutions (with BatchNorm and ReLU) before pooling
or transpose convolution, yielding feature maps that halve spatial resolution in the encoder and restore it in
the decoder. The network has roughly 30 convolutional layers and peaks at 512 channels before the final 1x1
convolution to produce per-pixel class scores.

Vision Transformer [38]: The Vision Transformer structure analyzed here has in total » = 6 number of
repeated blocks, number of heads = 16, and dimension for MLP = 256. We follow the following implementation
in https://github.com/lucidrains/vit-pytorchl

Generative Adversarial Network: We train the structure that is reported in Figure

G.4 Training Hyperparameters

Al MLP, ResNet101 and UNet models (with or without skip connections) were trained with the Adam optimizer,
a batch size of 8, and for 50 epochs. The rest of the models were trained using AdamW, a batch size of 64, and
for 100 epochs, with a cosine annealing learning rate schedule and linear warmup. All other hyperparameters
were set according to standard practice unless otherwise noted.
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G.5 Hardware

All experiments were conducted on a single NVIDIA A100 GPU using PyTorch. No distributed or multi-GPU
training was employed.

G.6 Additional experiments on Deep Architectures

To systematically examine the impact of architectural components on the trainability and stability of deep con-
volutional networks, we conducted ablation experiments on both image (CIFAR-10) and sequential (ECG5000)
datasets. The experiments compared: (i) a baseline ResNet-101 with skip connections, BatchNorm, and ReLU
activations; (ii) a variant with skip connections removed and SELU activations (BatchNorm retained); (iii) a
further ablated model with both skip connections and BatchNorm eliminated, and all activations set to SELU,
closely matching the SNDCNN architecture [41]; and (iv) SNDCNN itself evaluated on 1D ECG5000 data.

Figure[4 summarizes the training and test loss curves for all variants. The baseline ResNet-101 on CIFAR-10
[Figa)] achieves stable convergence with a moderate gap between training and test loss, and reaches a final
test accuracy of 82.7% (Tabld)). Removing skip connections and switching to SELU activation [Fig[]b)] results
in less stable training and a substantial drop in accuracy (62.7%). Further eliminating BatchNorm [Fig[c)]
leads to a complete collapse: while the loss decreases, the network fails to generalize, producing only chance-
level accuracy (10%), consistent with prior observations that self-normalizing networks alone are inadequate for
high-dimensional image tasks.

In contrast, applying the same SNDCNN-style architecture to the 1D ECG5000 dataset [Fig. d)] yields
smooth convergence of both training and test loss, and a high test accuracy of 91.7%. These results underscore
the critical role of skip connections and BatchNorm in training deep CNNs on complex image data, and highlight
that self-normalizing networks (with SELU) can remain highly effective for certain 1D sequential domains.
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Figure 4: Training and test loss curves for various deep convolutional architectures. (a) Baseline ResNet-101
(with skip connections, BatchNorm, and ReLU) on CIFAR-10 exhibits stable convergence and a clear train-
test loss gap. (b) ResNet101 woSC_SELU (skip connections removed, BatchNorm retained, SELU activation)
maintains trainability on CIFAR-10, though with reduced stability. (c) ResNet101 woSC&BN_SELU (both
skip connections and BatchNorm removed, SELU activation; SNDCNN-like) on CIFAR-10 achieves low loss
but fails to generalize beyond chance level. (d) SNDCNN on ECG5000 (1D data) demonstrates smooth and
consistent convergence for both train and test loss, confirming trainability in sequential signal domains.

In summary, these ablation experiments demonstrate that, while self-normalizing architectures can be trained
and perform well for low-dimensional sequential signals, both skip connections and BatchNorm are indispensable
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Table 4: Ablation study: final test accuracy (%) of each model on CIFAR-10 and ECG5000, with skip connection,
BatchNorm, and activation settings explicitly indicated.

Model | Dataset | Skip Conn. | BatchNorm | Activation | Final Test Accuracy (%)
ResNet101 CIFAR-10 v v ReLU 82.7
ResNet101 _woSC_SELU CIFAR-10 x v SELU 62.7
ResNet101_woSC&BN_SELU | CIFAR-10 X X SELU 10.0
SNDCNN ECG5000 X X SELU 91.7

for enabling deep convolutional networks to generalize on high-dimensional image data.

Analysis: It is essential to note that trainability, as studied in this work, addresses a specific yet fundamental
aspect of deep learning: why optimization succeeds, rather than whether the model itself is adequate. An
example of this is ResNet structure without skip connections and replacing ReLU and SELU (as analyzed
above). It is clear that this variant of ResNet is trainable (it is invex), but it is not enough to enabling deep
convolutional networks to generalize on high-dimensional image data.

This distinction highlights the role of invexity as a structural condition for optimization, independent of
dataset quality, task complexity, or model expressiveness. Specifically, our results, as presented in Proposi-
tions [II] and [I2] refer to the ability of ResNet and UNet structures to reach a global optimum of their loss
function —mnot necessarily to the network’s success in solving a given task. Invexity in the neural network
structure ensures that, when training succeeds, it does so in the optimal way according to the model’s objective.
However, this does not guarantee that the trained neural network is appropriate for the intended application.
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