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Fig. S1 Glossary for general notation conventions

Random variable in R A Uppercase Non-italic
Random vector in Rp A Uppercase Non-italic bold
Scalar in R a Lowercase Italic
Vector in Rp a Lowercase Italic bold
Vector in Rp with all components equal to 1 1p -
Matrix in Rn×p A Uppercase Italic bold
Identity matrix in Rn×n In -
Gradient of f(θ) (column vector) ∇θf(θ) ∇2

θ for Hessian
∇θf(θ)|θ=a ∇θf(a) ∇2

θf(a) for Hessian
max1≤j≤p |aj | ||a||∞ Infinite norm∑p

j=1 |aj | ||a||1 ℓ1-norm√∑p
j=1 a

2
i ||a||2 ℓ2-norm

Diagonal matrix with entries of a on diagonal diag(a) Dimension p× p for a ∈ Rp

Quantity · at iteration t (step count) ·(t) Starts with ·(0)

Fig. S2 Glossary for quantities that pertain to the regression settings

Analytical dataset with sample size n D = {. . .}ni=1
Covariate vector for ith individual xi = [xi1, . . . , xip]

⊤

Covariate vector for ith individual with intercept [1,x⊤
i ]⊤

Covariate matrix in Rn×p X =

x11 · · · x1p

...
. . .

...
xn1 · · · xnp

 =


x⊤
1
...

x⊤
n


Gram matrix K = [X 1n] [X 1n]

⊤

True (unknown) parameters β0⋆,β⋆

Exact MLE of the parameter β̂0, β̂

Exact penalized estimate of the parameter β̂λ
0 , β̂

λ

Estimate obtained via numerical approximation β̃0, β̃, β̃λ
0 , β̃

λ

Log-likelihood ℓn(β) =
1
n

∑n
i=1 log(·)

Penalized log-likelihood lλn(β)
Mean of the jth column in covariate matrix un,j

Standard deviation of the jth column in covariate matrix sn,j

Fisher information matrix I(β0,β)
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Fig. S3 Glossary for quantities specific to the vertical setting

Number of covariate-nodes K

Number of covariates at covariate-node k p(k)

Covariate matrix at covariate-node k X(k)

Centered and scaled covariate matrix at covariate-
node k

X
(k)
cs

Mean and s.d. of the jth column in X(k) u
(k)
n,j ,s

(k)
n,j

Gram matrix at covariate-node k K(k) := X
(k)
cs (X

(k)
cs )⊤

Dual parameter estimates (numerical approx.) α̃λ

Penalized estimate associated with covariate-node k
(numerical approx.)

β̃
λ(k)
j

Standard errors associated with covariate-node k
(numerical approx.)

σ̃
λ(k)
j

Matrix in null-space of K(k) N (k)

Intermediary quantities c̃λ(k),S̃
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The code for the implementation of the algorithm using R6

is available at: https://github.com/OpenLHS/Distrib analysis/tree/7

main/Vertically distributed analysis/logistic regression nonpenalized. It8

includes an automated example with simulated data. The folder also9

includes a basic implementation of the tool that supports the privacy10

assessment to verify if an infinite number of solutions exists in some11

settings.12
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Supplementary Methods 1 Theoretical derivations13

for the optimization14

problem15

In the followings, for any (β0,β) let16

I(β0,β) = −∇2
β0,β

ℓn(β0,β)

=
1

n

n∑
i=1

exp{yi(β0 + x⊤
i β)}

[1 + exp{yi(β0 + x⊤
i β)}]2

[
1 x⊤

i

xi xix
⊤
i

]
. (S1)

In this notation, I(β̂0, β̂) corresponds to the observed Fisher information17

matrix introduced in Equation (10) in the manuscript.18

The following lemma establishes that the unique solution to the ridge-19

penalized log-likelihood maximization problem for logistic regression can20

be obtained by solving its dual formulation, which is a minimization prob-21

lem over a compact search space. This result implies that, for a given22

sample and a fixed λ, the solution to the dual minimization problem23

cannot lie arbitrarily close to the boundary of the domain (0, 1)n.24

Lemma S1. For any (y1,x1), . . . , (yn,xn) ∈ {−1, 1} × Rp, the unique25

maximizer (β̌λ
0 , β̌

λ) of the maximization problem26

max
β0∈R,β∈Rp

(
ľλn(β0,β)

= n−1

n∑
i=1

log

[
1

1 + exp{−yi(β0 + x⊤
i β)}

]
− λ

2

p∑
j=0

β2
j

)
(S2)

satisfies [
β̌λ
0

β̌λ

]
= (nλ)−1

n∑
i=1

yiα̌
λ
i

[
1
xi

]
,

where α̌λ = (α̌λ
1 , . . . , α̌

λ
n)

⊤ ∈ (0, 1)n is the unique solution to the following27

minimization problem:28

min
α∈(ΘX

α,λ)
n

(
1

n

n∑
i=1

{
(1− αi) log(1− αi) + αi log(αi)

}
+

1

2λn2

n∑
i=1

n∑
j=1

αiαjyiyj(x
⊤
i xj + 1)

)
, (S3)
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with ΘX
α,λ =

[
{1 + exp(bλX)}−1, {1 + exp(−bλX)}−1

]
,

where bλX = (p + 1)(nλ)−1{
∑n

i=1 (∥xi∥∞ + 1)}2. Moreover, α̌λ is the29

unique stationary point of the objective function in (S3), and the set ΘX
α,λ30

can be replaced by (0, 1).31

Proof of Lemma S1. We begin by showing that the search space R× Rp
32

in the maximization program on the first line at (S2) can be replaced by33

a suitably chosen compact set. To this end, we first note that the function34

(β0,β) 7→ ľλn(β0,β) is strongly concave. This follows upon observing that35

as ľλn(β0,β) = ℓn(β0,β)− (λ/2)
∑p

j=0 β
2
j , from (S1) we have36

∇2
β0,β

ľλn(β0,β) = −
(
1

n

n∑
i=1

exp{yi(β0 + x⊤
i β)}

[1 + exp{yi(β0 + x⊤
i β)}]2

[
1 x⊤

i

xi xix
⊤
i

]
+λIp+1

)
.

Since the first term inside the parentheses is a weighted sum of positive37

semi-definite matrices with strictly positive weights, and the second term38

is a diagonal matrix with strictly positive entries, their sum is positive39

definite. This implies that the Hessian ∇2
β0,β

ľλn(β0,β) is negative definite,40

and therefore, the penalized log-likelihood function ľλn(β0,β) is strongly41

concave.42

As ľλn(β0,β) is strongly concave, its maximum is unique and is achieved43

at the point (β̌λ
0 , β̌

λ) that satisfies44

n−1

n∑
i=1

yi

1 + exp{yi(β̌λ
0 + x⊤

i β̌
λ)}

[
1
xi

]
= λ

[
β̌λ
0

β̌λ

]
.

By the triangle inequality, the latter equation implies45

max
0≤j≤p

|β̌λ
j | ≤ λ−1

(
n−1

n∑
i=1

(∥xi∥∞ + 1)
)
. (S4)

Therefore, letting ΘX
β,λ = {β ∈ R : |β| ≤ (nλ)−1

∑n
i=1 (∥xi∥∞ + 1)}, it46

holds for any x1, . . . ,xn ∈ Rp that47

max
β0∈R,β∈Rp

n−1

n∑
i=1

log

{
1

1 + exp{−yi(β0 + x⊤
i β)}

}
− λ

2

p∑
j=0

β2
j
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= max
β0∈ΘX

β,λ,β∈(Θ
X
β,λ)

p
n−1

n∑
i=1

log

{
1

1 + exp{−yi(β0 + x⊤
i β)}

}
− λ

2

p∑
j=0

β2
j .

Next, we show that48

max
β0∈ΘX

β,λ,β∈(Θ
X
β,λ)

p
n−1

n∑
i=1

log

{
1

1 + exp{−yi(β0 + x⊤
i β)}

}
− λ

2

p∑
j=0

β2
j

= max
β0∈ΘX

β,λ,β∈(Θ
X
β,λ)

p
min

α∈(ΘX
α,λ)

n
n−1

n∑
i=1

{
yi(β0 + x⊤

i β)(1− αi)
}
− λ

2

p∑
j=0

β2
j

+ n−1

n∑
i=1

{
(1− αi) log(1− αi) + αi log(αi)

}
, (S5)

with ΘX
α,λ as in (S3).49

To establish this result, we begin by noting that for any x ∈ [a, b], we50

have51

log
( 1

1 + e−x

)
= min

α∈[(1+e−a)−1,(1+e−b)−1]
αx+ (1− α) log(1− α) + α log(α) .

(S6)
To see why (S6) holds, it suffices to first verify that the function α 7→52

αx+(1−α) log(1−α)+α log(α) attains its minimum at α = (1+ ex)−1.53

Substituting α = (1 + ex)−1, we obtain54

min
α∈(0,1)

αx+ (1− α) log(1− α) + α log(α)

=
x

1 + ex
+
( ex

1 + ex

)
log
( ex

1 + ex

)
+
( 1

1 + ex

)
log
( 1

1 + ex

)
= log

( ex

1 + ex

)
= log

( 1

1 + e−x

)
.

From this, (S6) follows directly from the fact that x ∈ [a, b].55

Since56

max
β0∈ΘX

β,λ,β∈(Θ
X
β,λ)

p
max
1≤i≤n

|yi(β0 + x⊤
i β)|

≤ (p+ 1)
(
max
1≤i≤n

∥xi∥∞ + 1
)(

(nλ)−1

n∑
i=1

(∥xi∥∞ + 1)
)
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≤ (p+ 1)(nλ)−1
( n∑

i=1

(∥xi∥∞ + 1)
)2

= bλX ,

where bλX is defined in the statement of the lemma, the proof that (S5)57

holds follows from (S6), which ensures that58

n∑
i=1

log

[
1

1 + exp{−yi(β0 + x⊤
i β)}

]
=

n∑
i=1

min
αi∈ΘX

α,λ

{
yi(β0 + x⊤

i β)αi + (1− αi) log(1− αi) + αi log(αi)
}

= min
α∈(ΘX

α,λ)
n

n∑
i=1

{
yi(β0 + x⊤

i β)αi + (1− αi) log(1− αi) + αi log(αi)
}
.

To conclude the proof of the lemma, it remains to show that in the59

optimization problem given on the second line of (S5), we can inter-60

change the maximum and minimum operations and then solve the inner61

maximization problem explicitly.62

To prove that we can swap the max and the min, we apply Sion’s63

minimax theorem [1, 2]. To justify the application of this theorem and64

conclude that the order of the minimum and maximum operators can be65

interchanged, we must verify that the function66

g(β0,β,α) :=
n∑

i=1

[
yi(β0 + x⊤

i β)αi +
{
(1− αi) log(1− αi) + αi log(αi)

}]
− λ

2

p∑
j=0

β2
j

is such that for any fixed (β0,β), α 7→ g(β0,β,α) is convex, and for67

any fixed α, (β0,β) 7→ g(β0,β,α) is concave. Once these conditions are68

established, Sion’s theorem guarantees that the maximum and minimum69

operators can be interchanged.70

The convexity of α 7→ g(β0,β,α) follows from the fact ∇2
αg(β0,β,α)

is a diagonal matrix, with diagonal entries given by the following, for
j ∈ {1, . . . , n}:

[∇2
αg(β0,β,α)]jj = {αj(1− αj)}−1 ≥ 1/4 .
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Since each diagonal entry is positive for all α ∈ (0, 1)n and (β0,β) ∈71

(ΘX
β,λ)

p+1, the Hessian is positive definite, which ensures that α 7→72

g(β0,β,α) is convex in α for all (β0,β).73

The concavity of (β0,β) 7→ g(β0,β,α) follows from the fact that74

∇2
β0,β

(β0,β) = −λIp+1, with Ip+1 the identity matrix of size (p + 1) ×75

(p + 1). As the Hessian of g(β0,β,α) with respect to (β0,β) is a diago-76

nal matrix with negative entries, it is therefore negative definite, which77

ensures that (β0,β) 7→ g(β0,β,α) is concave for all (β0,β) and α.78

Since we have just proved that for any fixed (β0,β), α 7→ g(β0,β,α)79

is convex, and for any fixed α, (β0,β) 7→ g(β0,β,α) is concave, we can80

apply Sion’s minimax theorem, which, from (S5), ensures that81

max
β0∈ΘX

β,λ,β∈(Θ
X
β,λ)

p
min

α∈(ΘX
α,λ)

n
n−1

n∑
i=1

{
yi(β0 + x⊤

i β)αi

}
− λ

2

p∑
j=0

β2
j

+ n−1

n∑
i=1

{
(1− αi) log(1− αi) + αi log(αi)

}
= min

α∈(ΘX
α,λ)

n

(
max

β0∈ΘX
β,λ,β∈(Θ

X
β,λ)

p
n−1

n∑
i=1

{
yi(β0 + x⊤

i β)αi

}
− λ

2

p∑
j=0

β2
j

)

+ n−1

n∑
i=1

{
(1− αi) log(1− αi) + αi log(αi)

}
.

Now the inner maximization program can be solved exactly, since,
for any α ∈ (ΘX

α,λ)
n, the maximum of n−1

∑n
i=1{yi(β0 + x⊤

i β)αi} −
(λ/2)

∑p
j=0 β

2
j is achieved at[

β̌λ
0 (α)

β̌λ(α)

]
= (nλ)−1

n∑
i=1

yiαi

[
1
xi

]
.

Since it can readily be verified that (β̌λ
0 (α), β̌λ(α)) lies in the interior of82

(ΘX
β,λ)

p+1 we therefore have83

max
β0∈ΘX

β,λ,β∈(Θ
X
β,λ)

p
n−1

n∑
i=1

{
yi(β0 + x⊤

i β)(1− αi)
}
− λ

2

p∑
j=0

β2
j

=
λ

2

p∑
j=0

{β̌λ
j (α)}2 = 1

2λn2

n∑
i=1

n∑
j=1

αiαjyiyj(x
⊤
i xj + 1) .
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This concludes the proof of the lemma.84

Recall the maximization problem defined in (2) in the manuscript,85

namely,86

max
β0∈R,β∈Rp

(
lλn(β0,β) = n−1

n∑
i=1

log
[ 1

1 + exp{−yi(β0 + x⊤
i β)}

]
−

λ

2

[(
β0 +

p∑
j=1

βjµn,j

)2
+

p∑
j=1

β2
j s

2
n,j

])
,

and recall from the manuscript that its solution is denoted by (β̂λ
0 , β̂

λ).87

Also, recall the definition of Jλ(α) in (3) in the manuscript, i.e., that88

Jλ(α) =
1

2λn2
α⊤ diag(y)

( K∑
k=1

K(k) + 1n1
⊤
n

)
diag(y)α

+
1

n

n∑
i=1

{
(1− αi) log(1− αi) + αi log(αi)

}
,

where K(k) = X
(k)
cs (X

(k)
cs )⊤.89

The following proposition proves the assertion in Methods 4.2.2 that90

the solution (β̂λ
0 , β̂

λ) can be computed using Equation (11) in the91

manuscript.92

Proposition S1. Assume that sn,j > 0 for all j ∈ {1, . . . , p}. Then,93

(β̂λ
0 , β̂

λ) satisfies94

β̂λ
0 =

1

nλ

n∑
i=1

α̂λ
i yi −

p∑
j=1

µn,jβ̂
λ
j ,

β̂λ = diag (sn,1, . . . , sn,p)
−1

(
1

nλ

n∑
i=1

α̂λ
i yixi,cs

)
,

where α̂λ := [α̂λ
1 , . . . , α̂

λ
n]

⊤ ∈ (0, 1)n is the unique minimizer of Jλ(α)95

over (0, 1)n.96
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Proof. Since, for all i ∈ {1, . . . , n} we have97

β0 + x⊤
i β = β0 +

p∑
j=1

xijβj

=

(
β0 +

p∑
j=1

µn,jβj

)
+

p∑
j=1

(
xij − µn,j

sn,j

)
(βjsn,j)

=
(
β0 + µ̂⊤β

)
+ x⊤

i,csΣ̂β ,

where we have introduced98

µ̂ = [µn,1, . . . , µn,p]
⊤ , Σ̂ = diag([sn,1, . . . , sn,p]

⊤) , (S7)

it follows upon adopting the re-parametrization (β◦
0 ,β

◦) ≡ (β0 +99

µ̂⊤β, Σ̂β) that100

max
β0∈R,β∈Rp

lλn(β0,β)

= max
β◦
0∈R,β◦∈Rp

(
n−1

n∑
i=1

log

[
1

1 + exp{−yi(β◦
0 + x⊤

i,csβ
◦)}

]
− λ

2

p∑
j=0

(β◦
j )

2

)
.

The maximization problem on the last line of the previous equation fits
the framework of Lemma S1, which implies that its unique maximizer,
denoted by (β̌λ

0 , β̌
λ), satisfies[

β̌λ
0

β̌λ

]
= (nλ)−1

n∑
i=1

yiα̂
λ
i

[
1

xi,cs

]
,

where α̂λ = (α̂λ
1 , . . . , α̂

λ
n)

⊤ ∈ (0, 1)n is the unique solution to the following101

minimization problem:102

min
α∈(0,1)n

(
1

n

n∑
i=1

{
(1− αi) log(1− αi) + αi log(αi)

}
+

1

2λn2

n∑
i=1

n∑
j=1

αiαjyiyj(x
⊤
i,csxj,cs + 1)

)
= min

α∈(0,1)n
Jλ(α) ,

9



where, in applying Lemma S1, we replaced the set ΘX
α,λ by (0, 1).103

The proof of the proposition follows from the fact that since the104

bijective nature of the reparametrization implies105 [
β̂λ
0

β̂λ

]
=

[
β̌λ
0 − µ̂⊤β̂λ

Σ̂−1β̌λ

]
, (S8)

we have

β̂λ
0 = (nλ)−1

n∑
i=1

yiα̂
λ
i − µ̂⊤β̂λ , β̂λ = Σ̂−1

(
(nλ)−1

n∑
i=1

yiα̂
λ
i xi,cs

)
.

106

The following lemma establishes that, if the unpenalized maximum107

likelihood estimate (β̂0, β̂) exists and is unique, then it is close to the108

penalized estimate (β̌λ
0 , β̌

λ) defined in Lemma S1 for sufficiently small109

λ. It is well known [3] that if the columns of the matrix X are linearly110

independent, and also linearly independent of the vector 1n, then the111

Hessian ∇2
β0,β

ℓn(β0,β) is strictly negative definite, implying that the log-112

likelihood function ℓn(β0,β) is strictly concave. In this case, if a maximizer113

exists for the problem maxβ0∈R,β∈Rp ℓn(β0,β) then it must be unique, and114

it must be a stationary point of ∇β0,βℓn(β0,β). The existence of such a115

solution is guaranteed when the response vector y is not separable [4].116

Specifically, y is said to be separable if there exists (β0,β) such that117

yi(β0 + x⊤
i β) > 0 for all i ∈ {1, . . . , n}. In the presence of separability,118

the log-likelihood function increases indefinitely, and a finite maximum119

likelihood estimate does not exist.120

In what follows, for any positive definite matrix A, let ιmin(A) denote121

its smallest eigen value.122

Lemma S2. Let (y1,x1), . . . , (yn,xn) ∈ {−1, 1} × Rp be such that the123

matrix [1n,x1, . . . ,xn]
⊤ has full column rank and such that y is not sep-124

arable. Then, the unique solution (β̌λ
0 , β̌

λ) to the maximization problem125

maxβ0∈R,β∈Rp ľλn(β0,β), with ľλn as defined in Lemma S1 , satisfies126 ∥∥∥∥∥
[
β̌λ
0 − β̂0

β̌λ − β̂

]∥∥∥∥∥
∞

≤ ιmin{I(β̂0, β̂) + λIp+1}−1

10



×
{∥∥∥∥∥
[
β̌λ
0 − β̂0

β̌λ − β̂

]∥∥∥∥∥
2

∞

n−1

n∑
i=1

(∥xi∥∞ + 1)3 + λ

∥∥∥∥∥
[
β̂0

β̂

]∥∥∥∥∥
∞

}
.

Proof of Lemma S2. Since (β̌λ
0 , β̌

λ) is a stationary point of ľλn(β0,β), we127

have 0 = ∇β0,β ľ
λ
n(β̌

λ
0 , β̌

λ) = ∇β0,βℓn(β̌
λ
0 , β̌

λ)−λ[β̌λ
0 , (β̌

λ)⊤]⊤, and therefore128

∥∇β0,βℓn(β̌
λ
0 , β̌

λ)∥22 = λ2

p∑
j=0

(β̌λ
j )

2 ≤ λ2

p∑
j=0

(β̂j)
2 .

Since (β̂0, β̂) does not depend on λ and is finite, we conclude that as129

λ → 0, ∥∇β0,βℓn(β̌
λ
0 , β̌

λ)∥22 → 0, which implies that (β̌λ
0 , β̌

λ) → (β̂0, β̂) as130

λ → 0 since the maximum of ℓn(β0,β) is unique.131

Now since ∇β0,β ľ
λ
n(β̌

λ
0 , β̌

λ) = 0 we have132

λ

[
β̌λ
0

β̌λ

]
= n−1

n∑
i=1

yi

1 + exp{yi(β̌λ
0 + x⊤

i β̌
λ)}

[
1
xi

]
= n−1

n∑
i=1

yi

[ 1

1 + exp{yi(β̌λ
0 + x⊤

i β̌
λ)}

− 1

1 + exp{yi(β̂0 + x⊤
i β̂)}

] [
1
xi

]
, (S9)

where, to obtain the second line, we used the fact that ∇β0,βℓn(β̂0, β̂) = 0.133

As for any x, y ∈ R a Taylor expansion of order two shows that134 ∣∣∣ 1

1 + ex
− 1

1 + ey
+

ey

(1 + ey)2
(x− y)

∣∣∣
≤ (x− y)2 sup

z∈R

∣∣∣{ ez

(1 + ez)2

}(ez − 1

1 + ez

)∣∣∣ ≤ (x− y)2 ,

and since (S9) implies135

λ

[
β̌λ
0

β̌λ

]
+ n−1

n∑
i=1

exp{yi(β̂0 + x⊤
i β̂)}

[1 + exp{yi(β̂0 + x⊤
i β̂)}]2

[
1 x⊤

i

xi xix
⊤
i

][
β̌λ
0 − β̂0

β̌λ − β̂

]

= λ

[
β̌λ
0

β̌λ

]

11



+ n−1

n∑
i=1

exp{yi(β̂0 + x⊤
i β̂)}

[1 + exp{yi(β̂0 + x⊤
i β̂)}]2

[
(β̌λ

0 − β̂0) + x⊤
i (β̌

λ − β̂)
] [

1
xi

]
= n−1

n∑
i=1

yi

{
1

1 + exp{yi(β̌λ
0 + x⊤

i β̌
λ)}

− 1

1 + exp{yi(β̂0 + x⊤
i β̂)}

+
exp{yi(β̂0 + x⊤

i β̂)}
[1 + exp{yi(β̂0 + x⊤

i β̂)}]2
[
yi{(β̌λ

0 − β̂0) + x⊤
i (β̌

λ − β̂)}
]}[

1
xi

]
,

we conclude that136 ∥∥∥∥∥λ
[
β̌λ
0

β̌λ

]
+ n−1

n∑
i=1

exp{yi(β̂0 + x⊤
i β̂)}

[1 + exp{yi(β̂0 + x⊤
i β̂)}]2

[
1 x⊤

i

xi xix
⊤
i

][
β̌λ
0 − β̂0

β̌λ − β̂

]∥∥∥∥∥
∞

≤ n−1

n∑
i=1

[
(β̌λ

0 − β̂0) + x⊤
i (β̌

λ − β̂)
]2
(∥xi∥∞ + 1)

≤

∥∥∥∥∥
[
β̌λ
0 − β̂0

β̌λ − β̂

]∥∥∥∥∥
2

∞

n−1

n∑
i=1

(∥xi∥∞ + 1)3 .

Recalling the definition of I(β0,β) above the statement of the lemma,137

by rearranging the terms and applying the triangle inequality, we obtain138

from the last equation that139 ∥∥∥∥∥(I(β̂0, β̂) + λIp+1

)[
β̌λ
0 − β̂0

β̌λ − β̂

]∥∥∥∥∥
∞

≤

∥∥∥∥∥
[
β̌λ
0 − β̂0

β̌λ − β̂

]∥∥∥∥∥
2

∞

n−1

n∑
i=1

(∥xi∥∞ + 1)3 + λ

∥∥∥∥∥
[
β̂0

β̂

]∥∥∥∥∥
∞

.

The result follows from the fact that for any positive matrix A, ∥Ax∥ ≥140

ιmin(A)∥x∥.141

Remark S1. Consider (β̂λ
0 , β̂

λ), and let (β̌λ
0 , β̌

λ) be defined as in the proof142

of Proposition S1. Also, let (β̌0, β̌) and (β̂0, β̂) be the maximum likelihood143

estimates that solves the log-likelihood maximization problem based on,144

respectively, the centered and scaled covariate data x1,cs, . . . ,xn,cs, and145

the covariate data in their original scale x1, . . . ,xn. Using arguments146

that are identical to the ones used in the proof of Proposition S1, it is147

12



straightforward to deduce that148 [
β̂0

β̂

]
=

[
β̌0 − µ̂⊤β̂

Σ̂−1β̌

]
.

Combining the last equation to (S8) implies149

max
j∈{0,...,p}

|β̂λ
j − β̂j| ≤

(
1 +

p(∥µ̂∥∞ + 1)

minj∈{1,...,p} sn,j

)
max

j∈{0,...,p}
|β̌λ

j − β̌j|

:= κX max
j∈{0,...,p}

|β̌λ
j − β̌j| .

Since (β̌λ
0 , β̌

λ) and (β̌0, β̌) fit the framework of Lemma S2, we have, under150

the lemma’s assumptions that151 ∥∥∥∥[β̌λ
0 − β̌0

β̌λ − β̌

]∥∥∥∥
∞

≤ ιmin{Ǐ(β̌0, β̌) + λIp+1}−1

×
{∥∥∥∥[β̌λ

0 − β̌0

β̌λ − β̌

]∥∥∥∥2
∞
n−1

n∑
i=1

(∥xi,cs∥∞ + 1)3 + λ

∥∥∥∥[β̌0

β̌

]∥∥∥∥
∞

}
,

with Ǐ(β0,β) a version of I(β0,β) (see (S1)) where the original data are152

replaced by the centered and scaled data, given by153

Ǐ(β0,β) =
1

n

n∑
i=1

exp{yi(β0 + x⊤
i,csβ)}

[1 + exp{yi(β0 + x⊤
i,csβ)}]2

[
1 x⊤

i,cs

xi,cs xi,csx
⊤
i,cs

]
.

Since the inequality ∥xi,cs∥∞ ≤ κX∥x∥i + κX implies
n−1

∑n
i=1(∥xi,cs∥∞ + 1)3 ≤ κ3

Xn−1
∑n

i=1(∥xi∥∞ + 2)3, and as

TnI(β̂0, β̂)T
⊤
n = Ǐ(β̌0, β̌), with

Tn =

[
1 0⊤

−Σ̂−1µ̂ Σ̂−1

]
, which ensures Tn

[
1
xi

]
=

[
1

xi,cs

]
,

then, we conclude that154 ∥∥∥∥∥
[
β̂λ
0 − β̂0

β̂λ − β̂

]∥∥∥∥∥
∞

≤ κ5
Xιmin{TnI(β̂0, β̂)T

⊤
n + λIp+1}−1

13



×
{∥∥∥∥∥(n−1

n∑
i=1

(∥xi∥∞ + 2)3
)[

β̂λ
0 − β̂0

β̂λ − β̂

]∥∥∥∥∥
2

∞

+ λ

∥∥∥∥∥
[
β̂0

β̂

]∥∥∥∥∥
∞

}
.

Supplementary Methods 2 Auxiliary results155

related to the156

asymptotic normality157

of β̂λ and computation158

of standard errors159

2.1 Asymptotic normality of β̂λ and consistency of standard160

error estimates161

Recall from Results 2.1 that we assume a binary random variable Y ∈162

{−1, 1} and a random vector of covariates X = [X1, . . . , Xp]
⊤ ∈ Rp fol-163

lowing a logistic regression model. In this model, there exists an unknown164

parameter vector β0⋆ ∈ R,β⋆ ∈ Rp such that165

P(Y = y | X = x) =
1

1 + exp{−y(β0⋆ + x⊤β⋆)}
. (S10)

Let (Y1,X1), . . . , (Yn,Xn) be i.i.d. random variables satisfying the166

model in (S10). Throughout this section, we use ℓn(β) and lλn(β), as167

defined in (9) and (2), respectively, where the (yi,xi)’s in their defini-168

tions are replaced here by the random variables (Yi,Xi). Specifically, we169

consider170

ℓn(β0,β) = n−1

n∑
i=1

log

(
1

1 + exp{−Yi(β0 +X⊤
i β)}

)
. (S11)

and171

lλn(β0,β) =n−1

n∑
i=1

log

(
1

1 + exp{−Yi(β0 +X⊤
i β)}

)

− λ

2

[(
β0 +

p∑
j=1

βjµn,j

)2
+

p∑
j=1

β2
j s

2
n,j

]
, (S12)

with µn,j = n−1
∑n

i=1Xij and s2n,j = (n− 1)−1
∑n

i=1(Xij − µn,j)
2.172

Throughout this section, we also consider a version of β̂λ computed173

with the random variables (Y1,X1), . . . , (Yn,Xn). That is, we define the174

14



estimator β̂λ = argmaxβ∈R l
λ
n(β), with lλn(β) as in (S12) (recall from175

Lemma S1 that when λ > 0 the function lλn(β) is strongly concave and176

has a unique maximizer).177

We also consider a version of (β̂0, β̂) computed from the random vari-178

ables (Y1,X1), . . . , (Yn,Xn). That is, we define the maximum likelihood179

estimator as (β̂0, β̂) = argmaxβ0∈R,β∈Rp ℓn(β0,β). For sufficiently large n,180

this estimator exists with probability one, since for any finite (β̂0, β̂), the181

response vector Y will be non-separable with probability one when n is182

large enough.183

Likewise, we consider of version of I(β0,β) at (S1), where the (yi,xi)’s184

are replaced here by the random variables (Yi,Xi).185

The following lemma establishes that, if (β̂0, β̂) converges in probabil-186

ity to the true (β0⋆,β⋆), then (β̂λ
0 , β̂

λ) = (β̂0, β̂) +OP(λ).187

Lemma S3. Let (Y1,X1), . . . , (Yn,Xn) be i.i.d. random variables satis-
fying the model in (S10). Assume that the matrix

E
([

1 X⊤
1

X1 X1X
⊤
1

])
is invertible, and that E{∥X1∥2∞} < ∞. Then, if λ → 0 and max(|β̂0 −188

β0⋆|, ∥β̂−β⋆∥∞) = oP(1) as n → ∞, it follows that max(|β̂λ
0 − β̂0|, ∥β̂λ −189

β̂∥∞) = OP(λ) as n → ∞.190

Proof of Lemma S3. We start by showing that191

max(|β̂λ
0 − β̂0|, ∥β̂λ − β̂∥∞) = oP(1) as n → ∞. (S13)

To this end, first note that under our conditions, (β̂0, β̂) exists and is192

unique with probability one. Since (β̂λ
0 , β̂

λ) and (β̂0, β̂) are respectively193

the maximizers of lλn(β0,β) and ℓn(β0,β), we have194

lλn(β̂
λ
0 , β̂

λ) > lλn(β̂0, β̂) and ℓn(β̂
λ
0 , β̂

λ) < ℓn(β̂0, β̂) . (S14)

As

lλn(β0,β) = ℓn(β0,β)−
λ

2

[(
β0 + µ̂⊤β

)2
+ β⊤Σ̂2β

]
,
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where µ̂ and Σ̂ are defined as in (S7) with the xi’s in the definition of the195

quantities µn,j and sn,j replaced here by the random Xi’s here, we have196

0 < lλn(β̂
λ
0 , β̂

λ)− lλn(β̂0, β̂)

= {ℓn(β̂λ
0 , β̂

λ)− ℓn(β̂0, β̂)}

− λ

2

([(
β̂λ
0 + µ̂⊤β̂λ

)2
+ (β̂λ)⊤Σ̂2β̂λ

]
−
[(
β̂0 + µ̂⊤β̂

)2
+ β̂⊤Σ̂2β̂

])
.

This implies that197

λ

2

([(
β̂0 + µ̂⊤β̂

)2
+ β̂⊤Σ̂2β̂

]
−
[(
β̂λ
0 + µ̂⊤β̂λ

)2
+ (β̂λ)⊤Σ̂2β̂λ

])
> ℓn(β̂0, β̂)− ℓn(β̂

λ
0 , β̂

λ) > 0 .

Since we have assumed that max(|β̂0 − β0⋆|, ∥β̂ − β⋆∥∞) = oP(1) as198

n → ∞, as under our conditions the weak law of large numbers ensures199

µn,j = E(Xj) + oP(1), and since the weak law of large numbers combined200

with the continuous mapping theorem implies sn,j =
√

Var(Xj) + oP(1),201

we conclude from the last equation display that as n → ∞,202 [(
β̂λ
0 + µ̂⊤β̂λ

)2
+ (β̂λ)⊤Σ̂2β̂λ

]
≤
[(
β0⋆ + µ⊤β⋆

)2
+ (β⋆)

⊤Σ2β⋆

]
+ oP(1) ,

where µ = [E(X1), . . . ,E(Xp)]
⊤ and Σ =203

diag([
√

Var(X1), . . . ,
√

Var(Xp)]
⊤).204

As λ → 0 when n → ∞, and since (β̂0, β̂) is bounded in probability as205

n → ∞, we conclude from (S14) that ℓn(β̂
λ
0 , β̂

λ) = lλn(β̂
λ
0 , β̂

λ) + oP(1) ≥206

lλn(β̂0, β̂) + oP(1) = ℓn(β̂0, β̂) + oP(1). Therefore, (β̂λ
0 , β̂

λ) is a near-207

maximizer of ℓn (see e.g. [5] chapter 5), and we conclude that (S13)208

holds.209

Next we show that the term on the right-hand side of the equality210

at (S13) can be replaced by OP(λ). To this end, note that we have from211

Remark S1 that212 ∥∥∥∥∥
[
β̂λ
0 − β̂0

β̂λ − β̂

]∥∥∥∥∥
∞

≤ κ5
Xιmin{TnI(β̂0, β̂)T

⊤
n + λIp+1}−1

×
{∥∥∥∥∥(n−1

n∑
i=1

(∥Xi∥∞ + 2)3
)[β̂λ

0 − β̂0

β̂λ − β̂

]∥∥∥∥∥
2

∞

+ λ

∥∥∥∥∥
[
β̂0

β̂

]∥∥∥∥∥
∞

}
,
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where

κX =

(
1 +

p(∥µ̂∥∞ + 1)

minj∈{1,...,p} sn,j

)
, and Tn =

[
1 0⊤

−Σ̂−1µ̂ Σ̂−1

]
.

As for any x, y ∈ R the mean value theorem ensures213 ∣∣∣ ex

(1 + ex)2
− ey

(1 + ey)2

∣∣∣ ≤ |x− y| sup
z∈R

∣∣∣{ ez

(1 + ez)2

}(ez − 1

1 + ez

)∣∣∣ ≤ |x− y| ,

and since214

Tn{I(β̂0, β̂)− I(β0⋆,β⋆)}T⊤
n

=
1

n

n∑
i=1

{
exp{Yi(β̂0 +X⊤

i β̂)}
[1 + exp{Yi(β̂0 +X⊤

i β̂)}]2
− exp{Yi(β0⋆ +X⊤

i β⋆)}
[1 + exp{Yi(β0⋆ +X⊤

i β⋆)}]2

}
×
[

1 X⊤
i,cs

Xi,cs Xi,csX
⊤
i,cs

]
,

we deduce that215 ∥∥∥TnI(β̂0, β̂)T
⊤
n − TnI(β0⋆,β⋆)T

⊤
n

∥∥∥
∞

≤ 1

n

n∑
i=1

∣∣Yi

{
(β̂0 − β0⋆) +X⊤

i (β̂ − β⋆)
}∣∣(1 + ∥Xi,cs∥2∞)

≤ max(|β̂0 − β0⋆|, ∥β̂ − β⋆∥∞)
1

n

n∑
i=1

(1 + ∥Xi∥∞)(1 + ∥Xi,cs∥2∞)

≤ max(|β̂0 − β0⋆|, ∥β̂ − β⋆∥∞)

×
(
1 + p+

1

n

n∑
i=1

∥Xi∥∞ +
1

n

n∑
i=1

∥Xi∥∞∥Xi,cs∥2∞
)

≤ max(|β̂0 − β0⋆|, ∥β̂ − β⋆∥∞)(
1 + p+

1 + κ2
X

n

n∑
i=1

∥Xi∥∞ +
1

n minj∈{1,...,p} s
2
n,j

n∑
i=1

∥Xi∥3∞
)
.

Since n−1
∑n

i=1 ∥Xi∥∞ ≤
∑p

j=1(n
−1
∑n

i=1 |Xij|) and216

n−1
∑n

i=1 ∥Xi∥3∞ ≤
∑p

j=1(n
−1
∑n

i=1 |Xij|3), and as p is finite, we obtain217

from the weak law of large numbers that n−1
∑n

i=1 ∥Xi∥∞ = OP(1) and218
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n−1
∑n

i=1 ∥Xi∥3∞ = OP(1) (recall that we have assumed E(|Xij|3) < ∞219

for all j ∈ {1, . . . , p}). Furthermore, as we have established above that220

µn,j = E(Xj) + oP(1) and that sn,j =
√
Var(Xj) + oP(1), then, as p is221

finite, we get κX = OP(1). Therefore, we conclude from the previous222

equation that223 ∥∥∥TnI(β̂0, β̂)T
⊤
n − TnI(β0⋆,β⋆)T

⊤
n

∥∥∥
∞

= OP

{
max(|β̂0 − β0⋆|, ∥β̂ − β⋆∥∞)

}
= oP(1) ,

where the last equality followed from the fact that we have assumed224

max(|β̂0 − β0⋆|, ∥β̂ − β⋆∥∞) = oP(1) as n → ∞.225

As the weak law of large numbers ensures, under our assumptions, that
I(β0⋆,β⋆) = E{I(β0⋆,β⋆)}+ oP(1) as n → ∞, and since Tn = T + oP(1)
with

T =

[
1 0⊤

−Σ−1µ Σ−1

]
,

the assumption that

E
([

1 X⊤
1

X1 X1X
⊤
1

])
is invertible implies ιmin{TE{I(β0⋆,β⋆)}T⊤ + λIp+1} ≥
ιmin{TE{I(β0⋆,β⋆)}T⊤} > 0. Therefore, we conclude from Slutsky’s
lemma and the continuous mapping theorem that as n → ∞,

ιmin{TnI(β̂0, β̂)T
⊤
n + λIp+1}−1 = ιmin[TE{I(β0⋆,β⋆)}T⊤]−1 + oP(1) .

Therefore, as n → ∞,226

max(|β̂λ
0 − β̂0|, ∥β̂λ − β̂∥∞)

≤
(
ιmin{TE{I(β0⋆,β⋆)}T⊤}−1 + oP(1)

)
×
[
OP

{
max(|β̂λ

0 − β̂0|, ∥β̂λ − β̂∥∞)2
}
+ λ max

0≤j≤p
|β̂j|
]
.

The proof follows from the fact that, as we have assumed max(|β̂0 −227

β0⋆|, ∥β̂ − β⋆∥∞) = oP(1) as n → ∞, it follows that max0≤j≤p |β̂j| ≤228

max0≤j≤p |βj⋆|+ oP(1)| .229
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The preceding lemma implies that if λ = o(n−1/2), and if
√
n{(β̂0, β̂)−230

(β0⋆,β⋆)} is asymptotically a mean-zero normal, then the penalized esti-231

mators used in our procedure can replace the unpenalized ones without232

affecting the asymptotic normality result. In other words,
√
n{(β̂λ

0 , β̂
λ)−233

(β0⋆,β⋆)} has the same asymptotic distribution than
√
n{(β̂0, β̂) −234

(β0⋆,β⋆)}.235

Under our conditions, using arguments that are similar to those used236

in e.g. [5] chapter 5, under our conditions, the asymptotic variance-237

covariance matrix of
√
n{(β̂0, β̂)− (β0⋆,β⋆)} is given by238

(E{I(β0⋆,β⋆)})−1

=

[
E
{

exp{Y1(β0⋆ +X⊤
1 β⋆)}

[1 + exp{Y1(β0⋆ +X⊤
i β⋆)}]2

[
1 X⊤

i

Xi XiX
⊤
i

]}]−1

.

Inference on (β0⋆,β⋆) based on the maximum likelihood estimator

(β̂0, β̂) (for example, constructing confidence intervals or performing
hypothesis tests) is typically carried out by combining these estimators

with their corresponding standard errors. The standard deviation of β̂j,

given by

√
Var(β̂j) = n−1/2[(E{I(β0⋆,β⋆)})−1]jj is commonly estimated

using the following quantity:

σ̂j :=
1√
n

([(
I(β̂0, β̂)

)−1
]
jj

)1/2

.

Based on Lemma S3, which implies that max(|β̂λ
0 − β̂0|, ∥β̂λ − β̂∥∞) =

OP(λ) as n → ∞, and using theoretical arguments similar to those
employed therein, it is straightforward to show that, if λ = o(n−1/2), as
n → ∞,

1√
n

([(
I(β̂λ

0 , β̂
λ)
)−1
]
jj

)1/2

= σ̂j{1 + oP(1)} .

The proof of the consistency of our standard error computation procedure239

follows from the derivations provided in the following section, which show240

that [(I(β̂λ
0 , β̂

λ))−1]jj = [(Iλ)−1]jj/s
2
n,j, with Iλ defined at the beginning241

of Methods 4.2.3 in the manuscript.242
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2.2 Computation of standard errors243

Let (y1,x1), . . . , (yn,xn) to denote n independent realizations of the ran-244

dom pair (X,Y). We next describe the derivation of the expression for245

the estimates of standard errors.246

As in the proof of Proposition S1, let (β̌λ
0 , β̌

λ) to denote the solutions247

of the following maximization problem:248

max
β0∈R,β∈Rp

(
1

n

n∑
i=1

log

[
1

1 + exp{−yi(β0 + x⊤
i,csβ)}

]
+ λ

p∑
j=0

β2
j

)
.

Then, for j ∈ {1, . . . , p}, one obtains from the relationship between249

(β̂λ
0 , β̂

λ) and (β̌λ
0 , β̌

λ) that250

[{I(β̂λ
0 , β̂

λ)}−1]jj = [{−∇2
β0,β

ℓ̌n(β̌
λ
0 , β̌

λ)}−1]jj/s
2
n,j ,

where251

−∇2
β0,β

ℓ̌n(β̌
λ
0 , β̌

λ) =
1

n

n∑
i=1

exp{yi(β̌λ
0 + x⊤

i,csβ̌
λ)}

[1 + exp{yi(β̌λ
0 + x⊤

i,csβ̌
λ)}]2

[
1 x⊤

i,cs

xi,cs xi,csx
⊤
i,cs

]
=

1

n

n∑
i=1

exp{yi(β̂λ
0 + x⊤

i β̂
λ)}

[1 + exp{yi(β̂λ
0 + x⊤

i β̂
λ)}]2

[
1 x⊤

i,cs

xi,cs xi,csx
⊤
i,cs

]
.

Now, recall that, for each k ∈ {1, . . . , K}, the vector ĉλ(k)252

defined in (12) satisfies ĉλ(k) = X
(k)
cs diag(s

(k)
n,1, . . . , s

(k)

n,p(k)
)β̂λ(k) =253

X(k)β̂λ(k) − (
∑p(k)

j=1 β̂
λ(k)
j µ

(k)
j )1n, and that the response-node has254

access to ĉλ(1), . . . , ĉλ(K). Since the response-node can also compute255

(nλ)−1
∑n

i=1 α̂
λ
i yi = β̂λ

0 +
∑n

j=1 β̂
λ
j µn,j (recall the expression given in (11)),256

it is therefore able to compute257

β̂λ
01n +Xβ̂λ = β̂λ

01n +
K∑
k=1

X(k)β̂λ(k) = ((nλ)−1

n∑
i=1

α̂λ
i yi)1n +

K∑
k=1

ĉλ(k) .
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Then, upon defining a version V̂ λ introduced above (7) with α̃λ there258

replaced by α̂λ, whose diagonal entries [V̂ λ]jj satisfying259

[V̂ λ]jj =
exp

[
yj

{
(nλ)−1

∑n
i=1 α̂

λ
i yi +

∑K
k=1 ĉ

λ(k)
j

}]
(
1 + exp

[
yj

{
(nλ)−1

∑n
i=1 α̂

λ
i yi +

∑K
k=1 ĉ

λ(k)
j

}])2
=

exp{yj(β̂λ
0 + x⊤

j β̂
λ)}

[1 + exp{yj(β̂λ
0 + x⊤

j β̂
λ)}]2

,

the matrix −∇2
β0,β

ℓ̌n(β̌
λ
0 , β̌

λ) can be computed as260

Iλ = n−1
[
1n X

(1)
cs . . . X

(k)
cs

]⊤
V̂ λ
[
1n X

(1)
cs . . . X

(k)
cs

]

= n−1


1⊤
n V̂

λ1n 1⊤
n V̂

λX
(1)
cs · · · 1⊤

n V̂
λX

(K)
cs

(X(1))⊤V̂ λ1n (X
(1)
cs )⊤V̂ λX

(1)
cs · · · (X

(1)
cs )⊤V̂ λX

(K)
cs

...
...

. . .
...

(X
(K)
cs )⊤V̂ λ1n (X

(K)
cs )⊤V̂ λX

(1)
cs · · · (X(K)

cs )⊤V̂ λX
(K)
cs

 .

Supplementary Methods 3 Selected261

box-constrained262

optimization algorithm263

and stopping criteria264

3.1 Two-metric projected newton algorithm265

The convexity of the dual problem to solve at the response-node ensures266

that a unique solution exists on the domain of the objective function.267

The algorithm used to solve the problem should allow sufficient descent268

to reach an adequate approximation of this unique solution. Since the269

components of α are bounded by a compact set included in the open set270

(0, 1) (see Supplementary Methods 1), an algorithm adequate for box-271

constrained convex optimization problem had to be selected. While many272

methods exist for box-constrained optimization [6], the chosen method273

should allow to reach convergence with sufficient precision given the274

potentially small magnitude of the dual parameter α while still offer-275

ing efficient computation when the dimension of the dual is high. We276

used the Two-Metric Projected Newton method suggested by Bertsekas277

21



[7], applicable because Lemma S1 ensures that the dual parameter esti-278

mates lie in a compact parameter space ΘX
α,λ ⊂ (0, 1). We refer to279

[8] for an extensive description of the method and convergence details.280

Briefly, all components of the estimate α̂λ
(t) at step t at a boundary of281

the search domain and for which the gradient would pull the search282

toward the opposite side of the search domain are updated through gra-283

dient descent projected in the domain, while all other components are284

updated using Newton descent projected in the domain. The update is285

therefore α̂λ
(t+1) = Proj[α̂λ

(t) − θD(t)∇αJ
λ(α̂λ

(t))], where D(t) depends of286

the component as described before and Proj[·] denotes the projection287

under the Euclidean norm. The step size θ is selected through back-288

tracking line search (Armijo rule) along projection arc detailed in [6, 8].289

An initial admissible estimate has to be provided, which was set at290

α̂λ
(0) = [0.1, . . . , 0.1]⊤.291

3.2 Stopping criteria292

The error entailed by the approximation of α̂λ in the chosen algorithm293

should ideally be low enough such that it preserve the asymptotic proper-294

ties derived for the primal estimate. We notice that λ holds a scaling role295

over the dual parameter α when it comes to retrieving the associated pri-296

mal parameter β. A restriction in function of λ consequently needs to be297

imposed in the estimation of the dual parameter to preserve the asymp-298

totic properties of the primal parameters. The following proposition will299

allow to derive a stopping criteria for the dual estimation that ensures300

the asymptotic properties of the primal parameter hold.301

Proposition S2. For any (y1,x1), . . . , (yn,xn) ∈ {−1, 1} × Rp and any
ϵ > 0, consider α̃λ := α̃λ

ϵ ∈ (0, 1)n such that

∥∇αJ
λ(α̃λ)∥2 ≤

2λ√
p+ 1

( p∑
j=1

n∑
i=1

x2
ij + n

)−1/2

ϵ .

Then, maxj∈{0,...,p} |β̃λ
j − β̌λ

j | < ϵ, where β̃λ
0 =

∑n
i=1 yiα̃

λ
i and β̃λ

j =302 ∑n
i=1 yiα̃

λ
i xij for j ∈ {1, . . . , p}, and with the β̌λ

j ’s, j ∈ {0, . . . , p}, defined303

as in Lemma S1.304

Proof of Proposition S2. Fix ϵ > 0, and let α̃λ and β̃λ
j , for j ∈ {0, . . . , p},305

be as defined in the statement of the lemma. (Although α̃λ and the β̃λ
j ’s306

implicitly depend on ϵ, this dependence is not explicitly reflected in the307

notation, for simplicity in the exposition.) For simplicity in the proof,308
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for i ∈ {1, . . . , n} let x0i = 1, so that β̃λ
j =

∑n
i=1 yiα̃

λ
i xij and β̂λ

j =309 ∑n
i=1 yiα̂

λ
i xij for j ∈ {0, . . . , p}.310

Let α̌λ be defined as in Lemma S1, and recall from that lemma that311

β̌λ
0 =

∑n
i=1 yiα̌

λ
i and β̌λ

j =
∑n

i=1 yiα̌
λ
i xij for j ∈ {1, . . . , p}.312

Using the fact that yi ∈ {−1, 1} for all i ∈ {1, . . . , n}, we derive313

max
j∈{0,...,p}

|β̃λ
j − β̌λ

j | = max
j∈{0,...,p}

∣∣(λn)−1

n∑
i=1

xijyi(α̃
λ
i − α̌λ

i )
∣∣

≤ (λn)−1

p∑
j=0

n∑
i=1

|xij||α̃λ
i − α̌λ

i |

≤ (λn)−1∥α̃λ − α̌λ∥2
p∑

j=0

( n∑
i=1

x2
ij

)1/2
≤
√
p+ 1(λn)−1∥α̃λ − α̌λ∥2

( p∑
j=0

n∑
i=1

x2
ij

)1/2
. (S15)

To obtain the one-to-last line, we used Cauchy-Schwartz inequality, and314

to obtain the last line, we used the fact that for any positive a0, . . . , ap315

we have
∑p

j=0 aj ≤
√
p+ 1(

∑p
j=0 a

2
j)

1/2
316

Now observe that, using standard vector calculus manipulations, the317

Hessian matrix of Jλ(α) can be expressed as318

∇2
αJ

λ(α) =(λn2)−1 diag(y)K diag(y)

+ n−1 diag
{[

(α1(1− α1))
−1, · · · , (αn(1− αn))

−1
]⊤}

,

where we used the notation K = XX⊤+1n1
⊤
n as defined in Supplemen-319

tary Tables 1.320

In the equation above, the matrix in the first term of the right-321

hand side of the equality is semi-positive definite, since for any vector322

α ∈ Rn, α⊤ diag(y)K diag(y)α = ∥[X 1n]
⊤ diag(y)α∥22 ≥ 0. As the323

matrix n−1 diag{[(α1(1− α1))
−1, · · · , (αn(1− αn))

−1]⊤} is positive defi-324

nite for all α ∈ (0, 1)n, with (αi(1− αi))
−1 ≥ 4 for all i ∈ {1, . . . , n}, it325

follows that∇2
αJ

λ(α) is strongly convex, with strong convexity parameter326

m = 4n−1, since it follows from the last discussion that the matrix327

∇2
αJ

λ(α)− m

2
I,
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is positive definite.328

This allows us to conclude as in e.g. [9], Section 9.1.2, p.459, that it329

holds for all α ∈ (0, 1)n that330

||α− α̌λ||2 ≤
2

m
∥∇αJ

λ(α)∥2 =
n

2
∥∇αJ

λ(α)∥2.

Combining this result with the inequality derived at (S15), we obtain331

max
j∈{0,...,p}

|β̃λ
j − β̌λ

j | ≤
√
p+ 1

2λ
∥∇αJ

λ(α̃λ)∥2
( p∑

j=0

n∑
i=1

x2
ij

)1/2
.

The proof of the lemma follows from the assumption over332

∥∇αJ
λ(α̃λ)∥2.333

334

As shown in the proof of Proposition S1, the maximizer (β̂λ
0 , β̂

λ) of335

lλn(β0,β), defined in (2) in the manuscript, satisfies336 [
β̂λ
0

β̂λ

]
=

[
β̌λ
0 − µ̂⊤β̂λ

Σ̂−1β̌λ

]
,

where µ̂ and Σ̂ are defined in (S7), and where (β̌λ
0 , β̌

λ), satisfies[
β̌λ
0

β̌λ

]
= (nλ)−1

n∑
i=1

yiα̂
λ
i

[
1

xi,cs

]
.

In the last equation, α̂λ = (α̂λ
1 , . . . , α̂

λ
n)

⊤ ∈ (0, 1)n denotes the unique337

solution to the minimization problem minα∈(0,1)n J
λ(α), with Jλ as in (3).338

From Proposition S2, if α̃λ is a point such that

∥∇αJ
λ(α̃λ)∥2 ≤

2λ√
p+ 1

( p∑
j=1

n∑
i=1

x2
ij,cs + n

)−1/2

ϵ ,

it follows that maxj∈{0,...,p} |β̌λ
j − β̆λ

j | < ϵ, where β̆λ
0 =

∑n
i=1 yiα̃

λ
i and339

β̆λ
j =

∑n
i=1 yiα̃

λ
i xij,cs for j ∈ {1, . . . , p}. Therefore, if (β̃λ

0 , β̃
λ) denotes a340

version of (β̂λ
0 , β̂

λ) computed based on α̃λ instead of α̂λ, i.e, if (β̃λ
0 , β̃

λ)341

24



satisfies342 [
β̃λ
0

β̃λ

]
=

[
β̆λ
0 − µ̂⊤β̃λ

Σ̂−1β̆λ

]
,

then, for j ∈ {1, . . . , p}, we have343

|β̂λ
j − β̃λ

j | ≤ s−1
n,j|β̌λ

j − β̆λ
j | ≤ s−1

n,jϵ .

Supplementary Methods 4 Privacy-preserving344

properties345

4.1 Proof of Proposition 1346

Before proving Proposition 1, we state and prove the following lemma,347

which provides the foundation for the proof of Proposition 1. Let ei,p(k) ∈348

Rp(k) denote the standard basis vector with a 1 in the ith position and 0349

elsewhere.350

Lemma S4. Let A ∈ S(K(k)), and consider P ∈ Mp(k),p(k)(R) such that351

PP⊤ = Ip(k). Then, if ∥APei,p(k)∥22 = (n− 1) for all 1 ≤ i ≤ p(k)− 1, we352

have AP ∈ S(K(k)).353

Proof of Lemma S4. First note that S(K(k)) is non-empty since X
(k)
cs ∈354

S(K(k)). From this, to show that AP ∈ S(K(k)) whenever A ∈ S(K(k)),355

P ∈ Mp(k),p(k)(R) with PP⊤ = Ip(k) and ∥APei,p(k)∥22 = (n − 1) for all356

1 ≤ i ≤ p(k) − 1, we need to verify that for such A and P we have (1)357

(AP )(AP )⊤ = K(k); (2) (AP )⊤1n = 0; and (3) diagvec{(AP )⊤(AP )} =358

(n− 1)1p(k) .359

To verify (1), it suffices to note that, since by definition AA⊤ = K(k)
360

and PP⊤ = Ip(k) , we have (AP )(AP )⊤ = A(PP⊤)A⊤ = AA⊤ = K(k).361

To verify (2), since A ∈ S(K(k)) implies A⊤1n = 0, one directly362

computes that (AP )⊤1n = P⊤(A⊤1n) = 0.363

To verify (3), note that diagvec{(AP )⊤(AP )} = (n − 1)1p(k) if and364

only if ∥APei,p(k)∥22 = (n − 1) for all 1 ≤ i ≤ p(k). Since we have only365

assumed that ∥APei,p(k)∥22 = (n− 1) for all 1 ≤ i ≤ p(k) − 1, we need to366

prove that, under our conditions, ∥APep(k),p(k)∥22 = (n − 1). To see why367

this is the case, note that since diagvec(A
⊤A) = (n− 1)1p(k) , we have368

p(k)∑
i=1

∥APei,p(k)∥22 = Tr{(AP )⊤(AP )}
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= Tr(A⊤A) = p(k)(n− 1) .

This implies that ∥APep(k),p(k)∥22 = (n− 1), thereby concluding the proof369

of the proposition.370

371

Proof of Proposition 1. First note that since X
(k)
cs ∈ S(K(k)), Lemma S4372

implies that for any orthogonal matrix P ∈ Mp(k),p(k)(R) such that373

∥X(k)
cs Pei,p(k)∥22 = (n − 1) for all 1 ≤ i ≤ p(k) − 1, we have X

(k)
cs P ∈374

S(K(k)). Since Pej,p(k) corresponds to the jth column of P , say pj, which375

has unit norm, and each column of X
(k)
cs has squared Euclidian norm376

equal to n− 1, it follows that ∥X(k)
cs Pej,p(k)∥22 = n− 1 for all 1 ≤ j ≤ p(k)377

if and only if378

p⊤
j

{
(X

(k)
cs )⊤X

(k)
cs

n− 1
− Ip(k)

}
pj = 0 for all j ∈ {1, . . . , p(k)} ,

or equivalently, if and only if379

p(k)−1∑
ℓ=1

p(k)∑
ℓ′=ℓ+1

[P ]ℓj[P ]ℓ′j
{ n∑

i=1

x
(k)
iℓ,csx

(k)
iℓ′,cs

}
= 0 for all j ∈ {1, . . . , p(k)}.

One of these equations is redundant, since
∑p(k)

j=1[P ]ℓj[P ]ℓ′j = 0 when380

ℓ ̸= ℓ′, due to the orthogonality of the rows of P . We conclude by dividing381

each side of the previous equation by n that if P is orthogonal and satisfies382

p(k)−1∑
ℓ=1

p(k)∑
ℓ′=ℓ+1

[P ]ℓj[P ]ℓ′jτ
(k)
ℓℓ′ = 0 for all j ∈ {1, . . . , p(k) − 1},

then X
(k)
cs P ∈ S(K(k)). From this, to conclude the proof of the proposi-383

tion, we need to show that any A ∈ S(K(k)) expresses as X
(k)
cs P , with P384

an orthogonal matrix such that
∑p(k)−1

ℓ=1

∑p(k)

ℓ′=ℓ+1[P ]ℓj[P ]ℓ′jτ
(k)
ℓℓ′ = 0 for all385

j ∈ {1, . . . , p(k) − 1}.386

First, from Theorem 7.3.11 in [10] (p.452), if A ∈ Mn,p(k)(R) is such387

that AA⊤ = X
(k)
cs (X

(k)
cs )⊤, then there exists an orthogonal matrix P ∈388

Mp(k),p(k)(R) such that A = X
(k)
cs P .389
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The proposition result then follows from the fact that, since A ∈
S(K(k)) implies diagvec(A

⊤A) = (n− 1)1p(k) , we have

diagvec{(X(k)
cs P )⊤(X(k)

cs P )} = (n− 1)1p(k) ,

which implies that ∥X(k)
cs Pei,p(k)∥22 = (n− 1) for all 1 ≤ i ≤ p(k) − 1.390

4.2 Orthogonal matrices that preserve the binary nature of391

covariates392

Proposition S3. Let p(k) ≥ 2, and for each j ∈ {1, . . . , p(k)}, define393

Dj = {aj, bj} with aj ̸= bj. Assume that A ∈ Mn,p(k)(R) satisfies Aij ∈394

Dj for all i ∈ {1, . . . , n} and j ∈ {1, . . . , p(k)}. If n ≥ 2p
(k)

and A contains395

exactly 2p
(k)

distinct rows, then any orthogonal matrix P ∈ Rp(k)×p(k)
396

such that [AP ]ij ∈ {a′j, b′j} for some a′j ̸= b′j for all i ∈ {1, . . . , n} and397

j ∈ {1, . . . , p(k)} must be a sign-permutation matrix.398

Proof of Proposition S3. Let A′ ∈ M
2p

(k)
,p(k)

(R) denote a submatrix of

A consisting of 2p
(k)

distinct rows. Assume without loss of generality that
the rows of A′ are arranged in a way that

[A′]ij =

{
aj if [bin(i− 1)]j = 0

bj if [bin(i− 1)]j = 1 ,

where, for any integer i, we use bin(i) to denote a vector containing its
binary representation. In this notation, A′ has the form

A′ =


a1 a2 · · · ap(k)−1 ap(k)
a1 a2 · · · ap(k)−1 bp(k)
...

...
. . .

...
...

b1 b2 · · · ap(k)−1 ap(k)
b1 b2 · · · bp(k)−1 bp(k)

 .

To prove the proposition, it suffices to show that, if p ∈ Rp(k) is a unit399

vector such that the entries of the vector A′p satisfy [A′p]i ∈ {r, s} for400

some r ̸= s, for all i ∈ {1, . . . , 2p(k)}, then p has exactly one non-zero401

entry. To do this, we proceed by induction on p(k): we first show that the402

result is true for p(k) = 2, then, we prove that if it is true for p(k) − 1, it403

implies that it is also true for p(k).404
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In the case p(k) = 2, A′ satisfies

A′ =


a1 a2
a1 b2
b1 a2
b1 b2

 .

We then need to show that if p ∈ R2 is a unit vector such that the405

entries of the vector A′p satisfy [A′p]i ∈ {r, s} for some r ̸= s, for all406

i ∈ {1, . . . , 4}, then p has exactly one non-zero entry. To this end, assume407

that it is not the case and that both entries of p = [p1, p2]
⊤ are non-zero.408

In this case, since aj ̸= bj for j ∈ {1, 2}, we have [A′p]1 − [A′p]2 ̸= 0,409

[A′p]1 − [A′p]3 ̸= 0 and [A′p]2 − [A′p]4 ̸= 0. As [A′p]i ∈ {r, s} for some410

r ̸= s, we therefore have [A′p]1 = [A′p]4 and [A′p]2 = [A′p]3. These411

equalities implies that412 {
(a1 − b1)p1 + (a2 − b2)p2 = 0

(a1 − b1)p1 − (a2 − b2)p2 = 0
.

This system of equations shows a contradiction, since adding these413

equations implies (a1 − b1)p1 = 0, which is not possible since a1 ̸= b1414

and we had assumed that p1 ̸= 0. This implies that p = [p1, p2]
⊤ has at415

least one non-zero entry. Since p has norm equal to 1, and therefore has416

exactly one non-zero entry (equal to ±1), which concludes the proof for417

the case p(k) = 2.418

We next show that if it is true for p(k)−1, it implies that it is also true
for p(k). To this end, first note that for any i < j ∈ {1, . . . , 2p(k)} such
that bin(i − 1) and bin(j − 1) differ by exactly one bit, say the ℓth one,
we have by construction that

[A′p]i − [A′p]j = (aℓ − bℓ)pℓ .

Now assume that all components of p are different from 0. By the last
equation, this implies that for any i < j ∈ {1, . . . , 2p(k)} such that bin(i−
1) and bin(j − 1) differ by exactly one bit, we have

[A′p]i ̸= [A′p]j , since aℓ ̸= bℓ for all ℓ ∈ {1, . . . , p(k)} .

Within the first four elements of A′P , this implies that [A′p]1 ̸= [A′p]2,419

[A′p]1 ̸= [A′p]3 and [A′p]2 ̸= [A′p]4, or again that [A′p]1 = [A′p]4 and420
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[A′p]2 = [A′p]3 since [A′p]i can only take one of two possible values421

{r, s}. By extending this logic, we deduce that for all i such that bin(i−1)422

has an even number of 1’s, we have [A′p]1 = [A′p]i, and [A′p]1 ̸= [A′p]i423

otherwise. Specifically, with A1 = {j ∈ {1, . . . , 2p(k)} :
∑p(k)

ℓ=1[bin(j −424

1)]ℓ is even} and A2 = {1, . . . , 2p(k)} \ A1, we have [A′p]i = [A′p]j for all425

i, j ∈ A1, and [A′p]i = [A′p]j for all i, j ∈ A2.426

Now note that for any ℓ ̸= ℓ′ ∈ {1, . . . , p(k)}, there exists i, j ∈ A1 such427

that bin(i−1) and bin(j−1) are equal everywhere except in position ℓ and428

ℓ′, where their bits are flipped. Since i, j ∈ A1 implies [A′p]i = [A′p]j,429

then430

0 = [A′p]i − [A′p]j

=


(aℓ − bℓ)pℓ + (aℓ′ − bℓ′)pℓ′ if [bin(i− 1)]ℓ = 0 , [bin(i− 1)]ℓ′ = 0

(bℓ − aℓ)pℓ + (aℓ′ − bℓ′)pℓ′ if [bin(i− 1)]ℓ = 1 , [bin(i− 1)]ℓ′ = 0

(aℓ − bℓ)pℓ + (bℓ′ − aℓ′)pℓ′ if [bin(i− 1)]ℓ = 0 , [bin(i− 1)]ℓ′ = 1

(bℓ − aℓ)pℓ + (bℓ′ − aℓ′)pℓ′ if [bin(i− 1)]ℓ = 1 , [bin(i− 1)]ℓ′ = 1 .

Now let i′, j′ be such that bin(i−1) and bin(i′−1) are identical except at431

position ℓ′, where their bits are flipped, and bin(j−1) and bin(j′−1) are432

identical except at position ℓ′, where their bits are flipped. Then, since433

i, j ∈ A1, we have i′, j′ ∈ A2, which therefore implies [A′p]i′ = [A′p]j′434

and that435

0 = [A′p]i′ − [A′p]j′

=


(aℓ − bℓ)pℓ − (aℓ′ − bℓ′)pℓ′ if [bin(i− 1)]ℓ = 0 , [bin(i− 1)]ℓ′ = 0

(bℓ − aℓ)pℓ − (aℓ′ − bℓ′)pℓ′ if [bin(i− 1)]ℓ = 1 , [bin(i− 1)]ℓ′ = 0

(aℓ − bℓ)pℓ − (bℓ′ − aℓ′)pℓ′ if [bin(i− 1)]ℓ = 0 , [bin(i− 1)]ℓ′ = 1

(bℓ − aℓ)pℓ − (bℓ′ − aℓ′)pℓ′ if [bin(i− 1)]ℓ = 1 , [bin(i− 1)]ℓ′ = 1 .

Adding the equations 0 = [A′p]i − [A′p]j and 0 = [A′p]i′ − [A′p]j′ leads436

to a contradiction, as their validity would require that (aℓ − bℓ)pℓ = 0.437

However, this cannot hold under the assumption that all pℓ are nonzero438

and aℓ ̸= bℓ. Therefore, there must exist at least one component of p that439

is equal to 0. Without loss of generality, assume that this component is440

the first one, i.e., p1.441

Consider the matrix Ā′, obtained by removing the first column of A′
442

and discarding its last 2p
(k)−1 rows. Let p̄ ∈ Rp(k)−1 denote the vector443
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obtained by removing the first component of p. Then p̄ is a unit vector444

such that the entries of the vector Ā′p̄ satisfy [Ā′p̄]i ∈ r, s for some r ̸= s445

and for all i ∈ 1, . . . , 2p
(k)−1. By the induction hypothesis, it follows that446

p̄ has exactly one nonzero component. Since p = [0, p̄⊤]⊤, it follows p447

also has exactly one nonzero component. This concludes the proof that if448

p ∈ Rp(k) is a unit vector such that the entries of the vector A′p satisfy449

[A′p]i ∈ {r, s} for some r ̸= s, for all i ∈ {1, . . . , 2p(k)}, then p has exactly450

one non-zero entry. The result follows.451

4.3 Proof of Proposition 2452

Before establishing the proof of Proposition 2, consider the case p(k) = 3.453

In this case, any orthogonal matrix P can be obtained as P = PθP
±
π454

where, for θ = (θ1, θ2, θ3) ∈ [0, 2π),455

Pθ =

cos(θ1) − sin(θ1) 0
sin(θ1) cos(θ1) 0

0 0 1

cos(θ2) 0 − sin(θ2)
0 1 0

sin(θ2) 0 cos(θ2)

1 0 0
0 cos(θ3) − sin(θ3)
0 sin(θ3) cos(θ3)


(see for example [11]). Matrices of the form Pθ generate all orthogonal456

matrices P with determinant equal to 1. Since X
(k)
cs PθP

±
π ∈ S(K(k)) if457

and only if X
(k)
cs Pθ ∈ S(K(k)), to characterize the matrices belonging in458

the set S(K(k)) it suffices to search for the values of θ ∈ (−π, π]3 such that459

X
(k)
cs Pθ ∈ S(K(k)). It follows from Proposition 1 that X

(k)
cs Pθ ∈ S(K(k))460

provided θ ∈ (−π, π]3 satisfies g(θ | τ (k)12 , τ
(k)
13 , τ

(k)
23 ) = [0, 0]⊤, where461

g1(θ | τ (k)12 , τ
(k)
13 , τ

(k)
23 )

= cos(θ1) sin(θ1) cos
2(θ2)τ

(k)
12 + cos(θ1) cos(θ2) sin(θ2)τ

(k)
13

+ sin(θ1) cos(θ2) sin(θ2)τ
(k)
23

and462

g2(θ | τ (k)12 , τ
(k)
13 , τ

(k)
23 )

= {− sin(θ1) cos(θ3)− cos(θ1) sin(θ2) sin(θ3)}
× {cos(θ1) cos(θ3)− sin(θ1) sin(θ2) sin(θ3)}τ (k)12

− {sin(θ1) cos(θ3) + cos(θ1) sin(θ2) sin(θ3)} cos(θ2) sin(θ3)τ (k)13

+ {cos(θ1) cos(θ3)− sin(θ1) sin(θ2) sin(θ3)} cos(θ2) sin(θ3)τ (k)23 .
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By the Implicit Function Theorem [12], since the system consists of two463

continuously differentiable equations and three unknowns, the existence464

of a solution in the interior of (−π, π]3 implies that the system admits465

infinitely many solutions. Such a solution always exists, since θ0 = 0466

corresponds to Pθ0 = Ip(k) always satisfies X
(k)
cs Pθ0 = X

(k)
cs ∈ S(K(k)).467

The rank r of the Jacobian matrix of g(· | τ (k)12 , τ
(k)
13 , τ

(k)
23 ) at the solution468

determines the dimension of the solution set, but regardless of the rank,469

the solution set is infinite: it is locally a manifold of dimension 3− r.470

The following proof formalizes this argument.471

Proof of Proposition 2. By Proposition 1, A ∈ S(K(k)) if and only if A =472

X
(k)
cs P , with P ∈ Mp(k),p(k)(R) an orthogonal matrix satisfying (14).473

Moreover, any orthogonal P ∈ Mp(k),p(k)(R) can be expressed as P =474

PθP
±
π , where Pθ is a rotation matrix parametrized using the Givens475

rotation basis described in the statement of the proposition. Recalling476

the definition of g(θ) in the statement of the proposition, and noting477

that A ∈ S(K(k)) if and only if AP±
π ∈ S(K(k)), it suffices, to prove the478

proposition, to show that the set {θ : g(θ) = 0} has infinite cardinality.479

This follows directly from the smoothness of g(θ), the fact that when480

p(k) ≥ 3 the dimension of θ exceeds the number of equations defined by481

g(θ) = 0, the existence of a solution θ0 ∈ (−π, π)p
(k)(p(k)−1)/2 satisfying482

g(θ0) = 0 (i.e., the solution θ = 0, which corresponds to Pθ = Ip(k)), and483

an application of the Implicit Function Theorem.484

4.4 Privacy assessment - Empirical criterion485

An empirical criterion was derived to verify if, using the quantities avail-486

able at the covariate-nodes, every entry of the response-node’s data can487

be flipped (recall y ∈ {−1, 1}n) while still leading to an admissible candi-488

dates for the response vector. This criterion, based on theoretical details489

from in Methods 4.3.2, is described in Algorithm 1 to support numer-490

ical implementation. We recall that the solution space that defines the491

solutions derived from the shared quantity ĉλ(k) is given by492

S(ĉλ(k)) =
{
y† ∈ {−1, 1}n :y† = sign{diag(α̂λ)y +Wb},

with diag(α̂λ)y +Wb ∈ (−1, 1)n
}
,

This criterion can be verified at the response-node for any covariate-493

node k not co-located at the response-node.494
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Algorithm 1 Empirical criterion for the privacy assessment of the response vector y
at covariate-node k

Input: Gram matrixK(k) from covariate-node k, response vector y and dual numer-
ical estimate α̃λ.
Output: Number of entries of the vector y that could be flipped.
Procedure:
1. Generate W in the null-space of K(k).
2. For every i ∈ {1, . . . , n}, verify if ∃ x0 such that sign(x0i) ̸= sign(yi), where

x0 = diag(α̃λ)y +Wb ∈ (−1, 1)n.
3. Count the number of entries yi that satisfied the condition.
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