VALORIS: A privacy-aware logistic regression method for
vertically partitioned data within a novel privacy risk assess-
ment framework - Supplementary Information

Supplementary Tables 1

Fig. S1 Glossary for general notation conventions

Random variable in R A Uppercase Non-italic
Random vector in RP A Uppercase Non-italic bold
Scalar in R a Lowercase Italic
Vector in RP a Lowercase Italic bold
Vector in RP with all components equal to 1 1, -
Matrix in R™*P A Uppercase Italic bold
Identity matrix in R"*" I, -
Gradient of f(6) (column vector) Vo f(0) V32 for Hessian
Vof(0)lo=a Vo f(a) V3 f(a) for Hessian
maxi<j<p |aj| [lal]oo Infinite norm
E;’:l aj [lall1 {1-norm

- a? [la||2 £2-norm
Diagonal matrix with entries of a on diagonal diag(a) Dimension p X p for a € RP
Quantity - at iteration ¢ (step count) “(t) Starts with -(g)

Fig. S2 Glossary for quantities that pertain to the regression settings

Analytical dataset with sample size n D={.}
Covariate vector for ith individual T; = [Ti1, ..., Tip)
Covariate vector for ¢th individual with intercept L,z]"

T11 - Tlp 931'—
Covariate matrix in R™*P X=|: - 1 |=

Inl *** Tnp m;lr
Gram matrix K=[X 1,][X 1,]
True (unknown) parameters Box, B
Exact MLE of the parameter 307 B
Exact penalized estimate of the parameter B\é\,aA
Estimate obtained via numerical approximation ,EO, B, B37 BA
Log-likelihood € (B) = = 37 log(+)
Penalized log-likelihood li‘b (©)
Mean of the jth column in covariate matrix Un,j
Standard deviation of the jth column in covariate matrix Sn,j
Fisher information matrix Z(Bo, B)
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Fig. S3 Glossary for quantities specific to the vertical setting

Number of covariate-nodes K
Number of covariates at covariate-node k p(’“)
Covariate matrix at covariate-node k X ®)
Centered and scaled covariate matrix at covariate- Xc(f )
node k

Mean and s.d. of the jth column in X (*) ugf;,sgf;
Gram matrix at covariate-node k Kk = Xég)(XC(f))T
Dual parameter estimates (numerical approx.) a
Penalized estimate associated with covariate-node k B;‘(k)
(numerical approx.)

Standard errors associated with covariate-node &k &;‘(k)
(numerical approx.)

Matrix in null-space of IC(F) N )
Intermediary quantities &Mk §

Supplementary Notes 1

The code for the implementation of the algorithm using R
is available at: https://github.com/OpenLHS /Distrib_analysis/tree/
main/Vertically_distributed_analysis/logistic_regression_nonpenalized. It
includes an automated example with simulated data. The folder also
includes a basic implementation of the tool that supports the privacy
assessment to verify if an infinite number of solutions exists in some
settings.


https://github.com/OpenLHS/Distrib_analysis/tree/main/Vertically_distributed_analysis/logistic_regression_nonpenalized
https://github.com/OpenLHS/Distrib_analysis/tree/main/Vertically_distributed_analysis/logistic_regression_nonpenalized
https://github.com/OpenLHS/Distrib_analysis/tree/main/Vertically_distributed_analysis/logistic_regression_nonpenalized
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Supplementary Methods 1 Theoretical derivations
for the optimization
problem

In the followings, for any (5o, 3) let

Z(Po, B) = —V%O atn(Po, B)

B exp{yi(bo+2/B)} [1 =
n Z [1+ exp{y:(Bo + = B)}]? {‘” ‘”‘”Tl -

In this notation, Z (EO, B) corresponds to the observed Fisher information
matrix introduced in Equation (10) in the manuscript.

The following lemma establishes that the unique solution to the ridge-
penalized log-likelihood maximization problem for logistic regression can
be obtained by solving its dual formulation, which is a minimization prob-
lem over a compact search space. This result implies that, for a given
sample and a fixed A, the solution to the dual minimization problem
cannot lie arbitrarily close to the boundary of the domain (0, 1)".
Lemma S1. For any (y1, 1), .-, (Yn, n) € {—1,1} X RP, the unique
mazimizer (5, B*) of the mazimization problem

max (ZVTAL(BO, 3)

BoER,BERP
n 1 )\ p
—n! 1 _Z 2)
" ; s [Hexp{—yi(ﬁﬁw?ﬁ)}] 2 ;OB]

satisfies
B Z S et [ 1
A= e |y]
where & = (&3, ...,a))" € (0,1)" is the unique solution to the following

minimaization problem:

1 n
ae{gglk)n (n ;:1 {( a;)log(l — ;) + o; log(a )}

1 non
+ o2 Z Z aiajyiyj(:c?wj + 1)> s (SS)

i=1 j=1
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with O, = [{1 +exp(b3x)} " {1+ exp(=b%x)} '],

where by = (p+ 1)(nA) {0, (|zillo + 1)}%. Moreover, & is the
unique stationary point of the objective function in (S3), and the set @fi)\
can be replaced by (0,1).

Proof of Lemma S1. We begin by showing that the search space R x R?
in the maximization program on the first line at (S2) can be replaced by
a suitably chosen compact set. To this end, we first note that the function
(8o, B) = I\ Bo, B) is strongly concave. This follows upon observing that

as [)(B80, B) = €n(Bo, B) — (M/2) ?:o B?, from (S1) we have

2 D (1 epluh+aB)) (1 @]
Vsl = - (E 2 T exp{ulf + T DI Lc z ] } “IPH) |

Since the first term inside the parentheses is a weighted sum of positive
semi-definite matrices with strictly positive weights, and the second term
is a diagonal matrix with strictly positive entries, their sum is positive
definite. This implies that the Hessian Véoﬁlvﬁ(ﬁo, () is negative definite,

and therefore, the penalized log-likelihood function I} (fy, B) is strongly
concave.
As ) (B, B) is strongly concave, its maximum is unique and is achieved

at the point (33, 3") that satisfies

-1 & Yi 1 _ B:S\:|
" Z 14 exp{y:(6} + =] B*)} LUJ =2 [,3/\ '

=1

By the triangle inequality, the latter equation implies

max [ <A (013 (sl + 1) (S4)

0<j<p —

Therefore, letting ©F, = {f € R: [8] < (nA) 7' D27, (|lloo + 1)}, it
holds for any x4,...,x, € RP that

= 1 A
1 ] A 2
ﬂoéﬁ%}éRP " Zz:; 08 { 1 —+ exp{—yi(ﬁo —+ a:ZTB)} } 2 z_: /6]
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1 A &
max n E log{ } - = E B2
00X, .Be(OX )P = 1+ exp{—v:(Bo+ 2/ B)} 2 = J

=1

Next, we show that
- 1

max n log{ } =) B

Boe®X | Be(OF )P ZZI 1+ exp{—v:(Bo + =, B)} 2 Z J

= max min n‘IZ{yi(ﬁowLmiTﬂ)(l _ai)} - %ZBJQ
i=1 Jj=0

Bo€EOF \BE(OF )P ae (O )"

n

Y {1 ai)log(1 — @) + aslog(an) }, (85)
i=1
with © , as in (S3).
To establish this result, we begin by noting that for any = € [a, b], we
have

1
1 ( ): i 1 —a)log(l — ] _
B\re (e oy @0+ (1~ a) log(1 — ) +alog(a)
(S6)

To see why (S6) holds, it suffices to first verify that the function a —
ar+ (1 —a)log(l —a) + alog(a) attains its minimum at a = (1 + %)™
Substituting « = (1 + €®)~!, we obtain

min az + (1 — a)log(l — a) + alog(a)
a€e(0,1)

o (e e () + () s ()
— (0] (0]
1+ ez 1+ e® & 1+ e® 1+ e® & 1+ e®

o8 (772) = Tor (77=)
= 10 = 10 .
& 1+e” & 14e®

From this, (S6) follows directly from the fact that = € [a, b].
Since

max max + @,
/80693 o ﬁE(@X )p 1<’L< |yZ(/80 6)|

n

< (p+ 1) max [zl + 1) (007X (2l +1)
i=1
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<+ D) (X (el +1) =t

=1

where by is defined in the statement of the lemma, the proof that (S5)
holds follows from (S6), which ensures that

" 1
Zlog {1 + exp{—vi(Bo + w:ﬁ)}]
= Z min {yZ Bo +x; By + (1 — ;) log(1 — o) + IOg(Oéi>}

a1€®
n

= min Z {yi(ﬁo + mjﬁ)ai + (1 —ay)log(l — ;) + oy log(ai)} )

ae(@gi)\)" i1

To conclude the proof of the lemma, it remains to show that in the
optimization problem given on the second line of (S5), we can inter-
change the maximum and minimum operations and then solve the inner
maximization problem explicitly.

To prove that we can swap the max and the min, we apply Sion’s
minimax theorem [1, 2|. To justify the application of this theorem and
conclude that the order of the minimum and maximum operators can be
interchanged, we must verify that the function

n

9(Bo, B, a) = Z [yi(ﬁo + ! B)a; + {(1 — ) log(l — ;) + o log(ai)}}

=1
A= o
) Zﬁj
j=0

is such that for any fixed (fy, 3), a — ¢g(bo, B, ) is convex, and for
any fixed a, (Bo, 3) — g(bo, B, ) is concave. Once these conditions are
established, Sion’s theorem guarantees that the maximum and minimum
operators can be interchanged.

The convexity of a — g(5y, 3, @) follows from the fact VZg(5, 3, @)
is a diagonal matrix, with diagonal entries given by the following, for

jed{l,...,n}:

[V2.9(Bo, B, @)]j; = {o;(1 — )} ' > 1/4.
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Since each diagonal entry is positive for all a € (0,1)" and (5o, 3) €
(@X )1 the Hessian is positive definite, which ensures that o
(BO,B a) is convex in a for all (5, 3).

The concavity of (8y,8) — g(bo, 3, ) follows from the fact that
V%Oﬁ(ﬁg,ﬁ) = —AI,;y, with I, the identity matrix of size (p + 1) X
(p+1). As the Hessian of g(5y, 8, @) with respect to (5o, 8) is a diago-
nal matrix with negative entries, it is therefore negative definite, which
ensures that (5o, B8) — g(Bo, 3, @) is concave for all (5y, 3) and .

Since we have just proved that for any fixed (5o, B), o — g(fo, 8, @)
is convex, and for any fixed a, (5o, 3) — g(5o, B, @) is concave, we can
apply Sion’s minimax theorem, which, from (S5), ensures that

n

: -1
max mimm n i + x; } - =
S {480 + 2! B)a Z g

,8069%()\,,36(@3 A i=1
n

4+t {(1 —a;)log(l — ;) + oy 10g(041')}

i=1
. . 2
= min max n {%ﬁ%—m,@ }__E:B)
ac(0F )" (50€@Bxy>\,[3€(®g>\)p Z (5o

n

+n! {(1 — ;) log(1l — o) + 10%(0%)} :

i=1

Now the inner maximization program can be solved exactly, since,
for any a € (©7,)", the maximum of n~' 7" {y:(Bo + =/ B)os} —
(A/2) 20—, B3 is achieved at

Halr o Soala]

Since it can readily be verified that (5} (), 3*(a)) lies in the interior of
(©F )P we therefore have

max  n- Z{yz Bo+ 2 B)(1 — ) }——252

BocOX , (O, )

n

. 1
=3 Z{@A(a)}Q = e > Z aogyiy; (e 5 + 1) .
=0

i=1 j=1
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This concludes the proof of the lemma. [

Recall the maximization problem defined in (2) in the manuscript,
namely,

n 1
A — 1 -
BocR BeRP (Z"(ﬁo’ = ; o [1 + exp{—yi(Bo + f‘f‘Tﬂ)}}

[6O+ZBJNM +Z 2 ’”D

and recall from the manuscript that its solution is denoted by (B\(’)\, ,@’\)
Also, recall the definition of J*(«) in (3) in the manuscript, i.e., that

1
T a) =53—=a’ diag(y)( K® 4+ 1,1) ) diag(y)ax

1

3

_|_

S|

{(1 —a;)log(l — ;) + oy log(ai)} ,

i=1

where I*) = c(b)(ng))T-

The followmg proposition proves the assertion in Methods 4.2.2 that
the solution (ﬂo,ﬁ’\) can be computed using Equation (11) in the
manuscript.

Proposition S1. Assume that s,; > 0 for all j € {1,...,p}. Then,

(BS‘,B)‘) satisfies
N 1 n p R
A )\ A
ﬁo = ﬁzazyz - Z:un,jﬁj )
i=1 7j=1
B)‘:diag<8n,17”'usnp < )\ZOC yzwzcs> )

where @* = [a7,...,a)"T € (0,1)" is the unique minimizer of J*(ct)

over (0,1)".



oo Proof. Since, for all i € {1,...,n} we have

Bo+x/ B =P+ sz’jﬁj
j=1

==(ﬁm+§:umﬂ%>‘FEZ(EQ—Jﬁi>(ﬁﬁmﬂ
j=1

j=1 .
= (Bo+a'B) += 28,

e where we have introduced

b= [ty s g s S = diag([sn1, - > Snpl ) s (S7)

99

it follows upon adopting the re-parametrization (535,3°) = (8o +
100 ﬁTﬁ,E,B) that

max lﬁ(ﬁo,,@)

Bo€R,BERP

n

= max n’lg log
B3ER, B3RP —
1=

1 A - 0\2
T+ exp{—uilF + wZCSB°>}] 3,

J=0

The maximization problem on the last line of the previous equation fits

the framework of Lemma S1, which implies that its unique maximizer,
denoted by (33, 3"), satisfies

- I .
B o ea],! ]
i=1 8
101 Where a)\:(aA

Y, ...,aM) T € (0,1)" is the unique solution to the following
1w Mminimization problem:

1 n

ac(01)" (nZ{( o) log(1 — o) + oy log(a)
1

+ 2\n2 Z Z Oéiajyiyj(w;[—csmj’cs + 1))

i=1 j=1

= min JNa),
ac(0,1)”
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where, in applying Lemma S1, we replaced the set @i ) by (0,1).
The proof of the proposition follows from the fact that since the
bijective nature of the reparametrization implies

B 3N _ T gA
HEE &
we have
ﬁo = (n\)~ Zyza — , B’\ — 3! ((n)\)_l Zy,-af‘:cms) )
i=1

]

The following lemina/\establishes that, if the unpenalized maximum
likelihood estimate (5o, 3) exists and is unique, then it is close to the
penalized estimate (53, 3") defined in Lemma S1 for sufficiently small
A. It is well known [3] that if the columns of the matrix X are linearly
independent, and also linearly independent of the vector 1,, then the
Hessian V3, 50, (6o, B) is strictly negative definite, implying that the log-
likelihood function ¢ »(Bo, B) is strictly concave. In this case, if a maximizer
exists for the problem maxger gere £,(B0, B) then it must be unique, and
it must be a stationary point of Vg, gl, (5o, 3). The existence of such a
solution is guaranteed when the response vector y is not separable [4].
Specifically, y is said to be separable if there exists (fy,3) such that
yi(Bo + x/ B) > 0 for all i € {1,...,n}. In the presence of separability,
the log-likelihood function increases indefinitely, and a finite maximum
likelihood estimate does not exist.

In what follows, for any positive definite matrix A, let ¢y, (A) denote

its smallest eigen value.
Lemma S2. Let (y1,1),..., (Yn,@n) € {—1,1} x R? be such that the
matriz [1,, Ty, ..., 2, " has full column rank and such that y is not sep-
arable. Then, the unique solution (,3(3\,3’\) to the mazximization problem
MaXg,cR BeRr Zﬁ(ﬁo,ﬁ), with lvﬁ as defined in Lemma S1 , satisfies

B = o
e

S Lmin{I(Em B\) + )\Ierl}il

10



n

Y (il + 1)+ A

2
00 i=1

x{ ’616\_3;0 B\AO }
B —p B

= Proof of Lemma S2. Since (B3, 8% is a stationary point of By, B), we
= have 0 = Vg, gl) (83, 8Y) = Vi,.80n(35, BY) =B, (BY) 7], and therefore

o

p p

1V 0,8 (55, B 15 = XD (B))* < N> (B)*.
=0 =0
120 Since (BO, B) does not depend on A and is finite, we conclude that as

s A= 0, [ Vs,,66u (53 8413 = 0, which implies that (33, 8%) = (o, B) as
s A — 0 since the maximum of (8, 3) is unique.
15 Now since Vg, glr (53, 8") = 0 we have

5:0} _ -1 - Yi {1}
’ {ﬁA ! ; L+ exp{y, (63 + = BY)} %

= 1
i=1 v [1 + eXp{yi(Bé‘ + szBA)}

1 1
1+ exp{yi (o + a:jﬁ)}} LU’] -

1 where, to obtain the second line, we used the fact that V,goﬁfn(go, ,@) =0.
154 As for any x,y € R a Taylor expansion of order two shows that
1 1 " eY ( )‘
— x —
Il+er 1+4+ev  (1+ev)? Y

g(x—y)qupH “ }(62_1)‘§(1‘—y)2a

ser | L(1+e2)2) \1 +e2

5 and since (S9) implies

A[Ba]m_l ~ exp{uibo + 2/ )} [1 w} B — Bo
1+ exp{ui(Bo + @] B)})? % mzi | | BB
:A[Bﬂ

11



s explu+ 2B} 1o a5 [2
S ot oy aTB o A0 + 2T (8- B N

— ! i y‘{ 1 B 1
S Lt exp{ui(B + 2 B} 1+ exp{ui(Bo + =/ B)}

exp{y:(Bo + =] B)} A T A 1
T eipiyi R (B - Bo) + 2] (8" - B } M ,

s we conclude that
‘OO

A {@6\} ! n exp{yi(goj— “%TB)A} {1 m’TT] B - B;O
s = 1+ exp{yi(Bo + =/ B)}]? LTi Ti;

B -8
a3 Toar _ al?
<ot |G = Bo) + 2l (8 = B)] (@il + 1)
i=1
< 53; B
p*—p
w7 Recalling the definition of Z(fy,3) above the statement of the lemma,

s by rearranging the terms and applying the triangle inequality, we obtain
1w from the last equation that

n

2
Y (il +1)°.

i=1

~ A 3 _ 3
H (230, B) + M) lg _%0] )
5 7112 n ~
R | R ot
SH[BA—ﬁ] 7 Yl 10 ﬁ] )

1w The result follows from the fact that for any positive matrix A, ||Az| >
w Lmin(A)]|2]]. O

«w Remark S1. Consider (B\S‘, B\)‘), and let (B3, B) be defined as in the proof
w of Proposition S1. Also, let (5o, 8) and (30, 3) be the maximum likelihood
w  estimates that solves the log-likelihood maximization problem based on,
us  respectively, the centered and scaled covariate data @ s, ..., Tn,cs, and
w the covariate data in their original scale xq,...,x,. Using arguments
w  that are identical to the ones used in the proof of Proposition S1, it is

12



s Straightforward to deduce that

B:(\J {Bo ATIB
B PIC]

149 Combining the last equation to (S8) implies

1

IS

maXp |6)\ Bj| S <1+ p(”ﬁ||oo+1) ) maxp |B)\ BJ|

MiNjef1,...,p} Sn,j

3 — Bil.

s Since (33, 3 and (B, B) fit the framework of Lemma S2, we have, under
s the lemma’s assumptions that

73],

< me{I(BOa + )\Ip+1} !

I3 )

w2 with Z(Bo, B) a version of Z(By, B) (see (S1)) where the original data are
s replaced by the centered and scaled data, given by

n

oS e+ 17 [ ]

i=1

?,CS

1<~ exp{yi(Bo + x/.8)} 1 oz,
(50, ) = Z 1+ exp{y:(Bo + =/ .,8)}]? [wz s T osi], ] .

Since the inequality || Tieslloo < kxl|l®lli + kx  implies
T il + D < w07 L (12l + 2)°, and as

1 0" , 1 1
T, = {—f]_lﬁ 2_1} . which ensures T, LBJ = [ ] ,

s then, we conclude that

H [%))\ /%9] ‘ < /435))(Lmin{CZ-'TL-’Z'.(//B\OaB\)Ijr;r + >\Ip+1}_1

13
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o B
Supplementary Methods 2 Auxiliary results
related to the
asymptotic normality
of B* and computation
of standard errors

n A)\ . -~
(n D (il +2)°) [% _%0

=1

b

o

2.1 Asymptotic normality of BA and consistency of standard
error estimates

Recall from Results 2.1 that we assume a binary random variable YV €
{—1,1} and a random vector of covariates X = [X1,...,X,]" € R fol-
lowing a logistic regression model. In this model, there exists an unknown
parameter vector 5y, € R, B, € RP such that

1

1+ exp{—y(fo. + "B}

Let (Y1,X4),...,(Yn,X,) be iid. random variables satisfying the
model in (S10). Throughout this section, we use ¢,(83) and [} (3), as
defined in (9) and (2), respectively, where the (y;, x;)’s in their defini-
tions are replaced here by the random variables (Y;, X;). Specifically, we
consider

PY=y|X=x)= (S10)

1
nfo, ) = Zl"g(uexp{—n(ﬁwxlm})‘ (51D

and

. - 1
l 607 =n- Zlog(1+exp{—Y'(ﬁo+XT/B)})

——[ﬁo—FZﬂjum +Z : M], (S12)

with g, ; = n-! Z:.L:l X;; and sfm =(n-17" Z?=1(Xij - Un,j)Q-
Throughout this section, we also consider a version of 3* computed
with the random variables (Y1, Xy),..., (Y., X,). That is, we define the

14
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estimator B = arg maxger [ (8), with [}(8) as in (S12) (recall from
Lemma S1 that when A > 0 the function [}(3) is strongly concave and
has a unique maximizer).

We also consider a version of (EO, ,@) computed from the random vari-
ables (Y1,X1),...,(Yy,X,). That is, we define the maximum likelihood

estimator as (S, 3) = arg maxg,er gere n(So, 3). For sufficiently large n,

this estimator exists with probability one, since for any finite (30, B), the
response vector Y will be non-separable with probability one when n is
large enough.

Likewise, we consider of version of Z(/3y, 3) at (S1), where the (y;, @;)’s
are replaced here by the random variables (Y, X;).

The following lemma establishes that, if (fy, 3) converges in probabil-

ity to the true (Bo., Bs), then (33, 8*) = (Bo, B) + Op(\).
Lemma S3. Let (Y1,X4),..., (Y, X,,) be i.i.d. random variables satis-
fying the model in (S10). Assume that the matriz

1 X!
E 1
( {Xl Xlxﬂ )

is invertible, and that B{||X||%:} < oo. Then, if X = 0 and max(|§0 -

Bowls 1B = Belloo) = 08(1) as n — oo, it follows that max(|3) — fBol, ||8* —
Blloo) = Op(A) as n — oo.

Proof of Lemma S3. We start by showing that

max(|5 — Bol, 18" = Bllx) = 0p(1) asn oo (S13)
To this end, first note that under our conditions, (B\O, B) exists and is
unique with probability one. Since (83, 3*) and (g, 3) are respectively
the maximizers of [(5y,3) and £, (8, 3), we have

NGB, BY) > (B, B) and  L,(5), BY) < £u(Bo, B) - (S14)

D00, B) = Lull B) — 5[50 + A7A)° + 87528].

15
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where g and 3 are defined as in (S7) with the @;’s in the definition of the
quantities fi,, ; and s,, ; replaced here by the random X;’s here, we have

0 < 15, BY) — 12 (5o, B)
= {a(50.8) — (50, B)}
(@ w sy @SR - (G a8+ 5758)).

This implies that

3 ((Gos aTBY + BTS2] - (B +A78") + (B2
> gn(@OaB) - gn(B\())\wé\)\) >0

Since we have assumed that max(|§0 — Boxl, ||,§ — Byllo) = op(1) as
n — 00, as under our conditions the weak law of large numbers ensures
n; = E(X;) + op(1), and since the weak law of large numbers combined

with the continuous mapping theorem implies s, ; = +/Var(X;) + op(1)
we conclude from the last equation display that as n — oo,

(B + A8 + (B =] < [(Boe + 1 B.)" + () 28] +0x(1).
where I [E(Xl) SEX)]T and X =

diag([y/ Var(Xy), .. \/Var
AsA—0 when n — oo, and since (o, B) is bounded in probability as
n — o0, we conclude from (514) that ¢ (/307['3)‘) = l)‘(ﬁo,,ﬂ)‘) +op(l) >

l’\(ﬁo,ﬁ) + op(1) = £,(Bo, B) + op(1). Therefore, (52,3 is a near-
maximizer of £, (see e.g. [5] chapter 5), and we conclude that (S13)
holds.

Next we show that the term on the right-hand side of the equality
at (S13) can be replaced by Op(\). To this end, note that we have from
Remark S1 that

13731,
]

< K;Lmin{TnI(B\()? B\)TnT + )\Ierl}il

(Sl +2°) [ 4)

=1

+A|

;

B
B

b

o0 o

16



where

P[]l + 1) > [ 1 OT]
kx = | 14+ — , and T, = PN
. ( ..... p} Sn,j ) 1[_1, >y

213 As for any x,y € R the mean value theorem ensures

x z

e ol sl vis e () <l -
x —y|su x —
TSN e eI =Y

’(14—61“) (1—1—69

a4 and since

T,{Z(o. B) — Z(Bo., BT,
1 Z { exp{Yi(Bo+X/B)}  exp{Yi(Bo. + X/ B.)} }
1+ GXP{Yz‘(Bo + X:B)}]Q [1+ exp{Y;(Box + X, Bs)}]2

1 X;I—CS
X‘Z ,CS XZ CSX'T ’

?,CS

a5 we deduce that

WZ(Bo, BT, — TZ(Bow, BT,

Z\Y{ﬁo Bow) + X7 (B — B (1 + [ Xies2)
=1

n

~ ~ 1
< max(|B — foel, 18 = Bulloo) = D (14 IXilloo) (1 + X2
=1
< maX(’BO - 50*’7 ”IB - 5*”00)
1 1 ¢
(T4 3 e+ D Xl Xl %)
i=1 =1

< max(|Bo — Bos, 118 — Brllec)

(1+p+ 2% S X e+ 1 Z||X||3)
n — ety rninje{l ,,,,, nJ P
216 Since ’nxil Z?:l ||Xz||oo S P ( - Zz 1 |le|> and

2

=
=i

Tt YT IS < Y (e ST X)), and as p is finite, we obtain
2s from the weak law of large numbers that n=* Y " | [|X;/lec = Op(1) and

17



=

N}
>3

]

n~t ST X, = Op(1) (recall that we have assumed E(|X;;[*) < oo
for all j € {1,...,p}). Furthermore, as we have established above that

pn; = E(X;) + op(1l) and that s, ; = y/Var(X;) + op(1), then, as p is
finite, we get kx = Op(1). Therefore, we conclude from the previous
equation that

|

TnI(B\O,E)TJ—Tnl.(ﬂo*,ﬁ*)TJ o

= O{ max((By = foul, 1B = Bllw) | = 02(1).

where the last equality followed from the fact that we have assumed

max(|5o — Boxl, [|8 — Billoo) = 0p(1) as n — 0.
As the weak law of large numbers ensures, under our assumptions, that

Z(Bow, B.) = E{Z(Bor. B.)} + 0p(1) a5 n — o0, and since T, = T + oz(1)

with .
1 0
T = |:—21[1, 211 )

1 X!
E 1
( {Xl Xlxﬂ )

is invertible implies (i {TE{Z(Bos, B:)}T"T + A1} >
tmin i TE{Z (Box, B)}T "} > 0. Therefore, we conclude from Slutsky’s
lemma and the continuous mapping theorem that as n — oo,

the assumption that

Lmin{TnI(B\Ov B)TnT + M1} = b [TE{Z (Bow, B)IT ] 7" + 0p(1).
Therefore, as n — oo,
max(|5) = fuol, 18" = Bll)
< (tmin{ TEAZ (or, B}T T+ 00 (1) )
x |Op{ max((B) — Bl 18" = Bll)? } + A max By
The proof follows from the fact that, as we have assumed max(|A0 —

Box|, H,@ — Billoo) = op(1) as n — oo, it follows that max0§j§p|gj]
maxo<j<p | Bj«| + op(1)].

LTIA
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237

238

239

240

241

242

The preceding lemma implies that if A = o(n~'/2), and if \/ﬁ{(ﬁo, B) —
(Box, Bx)} is asymptotically a mean-zero normal, then the penalized esti-
mators used in our procedure can replace the unpenalized ones without
affecting the asymptotic normality result. In other words, v/n{ (B\é, ﬁ’\) —
(Box, B*)} has the same asymptotic distribution than \/ﬁ{(éo, ,@) —
(ﬁO*, /8*)}

Under our conditions, using arguments that are similar to those used
in e.g. [5] chapter 5, under our conditions, the asymptotic variance-

covariance matrix of y/n{ (Bo, ,@) — (Box, Bs) } is given by

(E{Z(bo., B)})

Bl k]

Inference on (fo., Bsx) based on the maximum likelihood estimator

(EO,B) (for example, constructing confidence intervals or performing
hypothesis tests) is typically carried out by combining these estimators

with their corresponding standard errors. The standard deviation of Bj,

given by Var(gj) = n"Y2[(E{Z(Box, B:)})"'];; is commonly estimated
using the following quantity:

o ([@as) ] )

Based on Lemma S3, which implies that max(|§6\ — Bo|, ||B)‘ — ,@Hoo) =
Op(\) as n — oo, and using theoretical arguments similar to those
employed therein, it is straightforward to show that, if A = o(n='/?), as

n — 00,
1/2
- ([(I(Béﬁ*))‘l} ) = 5,1+ (1)}

The proof of the consistency of our standard error computation procedure
follows from the derivations provided in the following section, which show
that [(Z(5, B")";; = [(TY)Y;5/52;, with T* defined at the beginning
of Methods 4.2.3 in the manuscript.
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244

245
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247

248

249

250

251

252

253

254

255

256

257

2.2 Computation of standard errors

Let (y1,%1), .-, (Yn, ) to denote n independent realizations of the ran-
dom pair (X,Y). We next describe the derivation of the expression for
the estimates of standard errors.

As in the proof of Proposition S1, let (B@, B’\) to denote the solutions
of the following maximization problem:

1 n
max — lo
Bo€R,BERP ( n Z

=1

1
1+ exp{—vi(Bo + 90;55)}

p
+AY @?) .
=0
Then, for j € {1,...,p}, one obtains from the relationship between
(83,8 and (5, 8%) that
{Z(B3, B} iy = U=V, 50n (50, BN} i/

where

n

v - L3 exp{y:() + =/.8")} [ 1 =, }
Fomn A0 n S [t op{n(B + el BN [Bie Tietls
1+ exp{ui (5 + 2] B2 [Fies Tiwty,

2,Cs
Now, recall that, for each k € {I,...,K}, the vector &\*)

defined in (12) satisfies &® = X dlag( n%, np(k))ﬁA =
() gMR) (me BME) k))ln, and that the response-node has
access to ¢! ),..., ’\(K . Since the response-node can also compute

(nA) Y0 Aty = 35\—1-2?:1 E’;\uw (recall the expression given in (11)),
it is therefore able to compute

K K
ol + XBN = BiL, + ) XM = Za y) L, + ) .
k=1 k=1
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259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

Then, upon defining a version V* introduced above (7) with &* there
replaced by a*, whose diagonal entries [V*];; satisfying

o [ {1 S @+ 2 80
(1+exp [0 o, @+ 2, 20Y])
_ exp{y, (B + 27 BY)

1+ exp{yj(,/@\(ﬁ\ + GUJTB\’\)}P ,

V25 =

the matrix —V%Oﬁlzn(ﬁv()\,,@’\) can be computed as

T = p! [1n xV Xéé“’]T VA [1n xP . xP

17V>1, vx®P o 1 Tvx®
Ll xoymv, (xOTvx ) (xO)Tvax
=n

(Xéi“)'ﬁ%ln (Xéf’)*ﬁAXé? . (XésK))T'VAXg‘)

Supplementary Methods 3 Selected
box-constrained
optimization algorithm
and stopping criteria

3.1 Two-metric projected newton algorithm

The convexity of the dual problem to solve at the response-node ensures
that a unique solution exists on the domain of the objective function.
The algorithm used to solve the problem should allow sufficient descent
to reach an adequate approximation of this unique solution. Since the
components of a are bounded by a compact set included in the open set
(0,1) (see Supplementary Methods 1), an algorithm adequate for box-
constrained convex optimization problem had to be selected. While many
methods exist for box-constrained optimization [6], the chosen method
should allow to reach convergence with sufficient precision given the
potentially small magnitude of the dual parameter a while still offer-
ing efficient computation when the dimension of the dual is high. We
used the Two-Metric Projected Newton method suggested by Bertsekas
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284

285

286

287

288

289

290

291

292

293

294

295

296
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299

300

301

302

303

304

305

306

307

308

[7], applicable because Lemma S1 ensures that the dual parameter esti-
mates lie in a compact parameter space @i 5y C (0,1). We refer to
[8] for an extensive description of the method and convergence details.
Briefly, all components of the estimate a7, at step ¢ at a boundary of
the search domain and for which the gradient would pull the search
toward the opposite side of the search domain are updated through gra-
dient descent projected in the domain, while all other components are
updated using Newton descent projected in the domain. The update is
therefore a(AtH) = Proj [&E\t) — HD(t)VaJ’\(&Z\t))], where Dy depends of
the component as described before and Proj[-| denotes the projection
under the Euclidean norm. The step size 6 is selected through back-
tracking line search (Armijo rule) along projection arc detailed in [6, 8.
An initial admissible estimate has to be provided, which was set at
&(AO) =10.1,...,0.1]".

3.2 Stopping criteria

The error entailed by the approximation of & in the chosen algorithm
should ideally be low enough such that it preserve the asymptotic proper-
ties derived for the primal estimate. We notice that A holds a scaling role
over the dual parameter a when it comes to retrieving the associated pri-
mal parameter 3. A restriction in function of A consequently needs to be
imposed in the estimation of the dual parameter to preserve the asymp-
totic properties of the primal parameters. The following proposition will
allow to derive a stopping criteria for the dual estimation that ensures
the asymptotic properties of the primal parameter hold.

Proposition S2. For any (y1, 1), ..., (Yn,®n) € {—1,1} x R? and any
€ >0, consider & := & € (0,1)" such that

s 2\ S ~1/2
||VaJ/\(a/\)H2§\/m(jzlizlx?j+n) €.

Then, maxjeqo,...p} |B~]’\ — BJ)‘| < €, where B(j\ = Y ya) and B]’\ =
S yialxy forj € {1,...,p}, and with the Bj\ s, 7 €40,...,p}, defined
as in Lemma S1.

Proof of Proposition S2. Fix € > 0, and let &* and BJ)‘, for j € {0,...,p},

be as defined in the statement of the lemma. (Although &* and the 3}’s
implicitly depend on €, this dependence is not explicitly reflected in the
notation, for simplicity in the exposition.) For simplicity in the proof,
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310

311
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313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

for i € {1,...

,n} let zg; = 1, so that B]A = Y vtz and

2?21 ylaf\wzj for j € {O, o ,p}.
Let &* be defined as in Lemma S1, and recall from that lemma that

BS\ = Z?:l yzOvé;\ and B;\ = Z?:l yZOVZZ)\I'” for j S {1, ce ,p}
Using the fact that y; € {—1,1} for all i € {1,...,n}, we derive
A AX
max ‘= max |(An)” TiiYi
J€{0,.. m}lﬁ ﬂj| j€{0,.. ,p}| Z jy >‘
p
<O 1Y faylla? - &
7=0 =1
L n 1/2
S L O
J=0  i=1
1AM <A N 0\
< V10w @t — (YY)
=0 i=1

5 =

(S15)

To obtain the one-to-last line, we used Cauchy-Schwartz inequality, and

to obtain the last line, we used the fact that for any positive ay, ...

we have > ¥ a; </p+1(3]0_, a?)'/?
Now observe that, using standard vector calculus manipulations, the
Hessian matrix of J )‘(a) can be expressed as

Vo (e)

=(An?)"" diag(y)K diag(y)

y p

07 ding { [( (1 = an) - (a1 — )] T}

where we used the notation K = X X" + 1,1 as defined in Supplemen-
tary Tables 1.

In the equation above, the matrix in the first term of the right-
hand side of the equality is semi-positive definite, since for any vector

a € R,

a' diag(y)K diag(y)a = [|[X 1,]" diag(y)al|3 > 0. As the

matrix n~!diag{[(a1(1 — 1))}, -+, (@n(1 —ay,)) 7T} is positive defi-

nite for all

a € (0,1)", with (a;(1 — )™t >4 foralli e {1,...

,n}, it

follows that V2,.J* () is strongly convex, with strong convexity parameter

m=4n~!

, since it follows from the last discussion that the matrix

V2 M a) — %I,

23



26 18 positive definite.
329 This allows us to conclude as in e.g. [9], Section 9.1.2, p.459, that it
= holds for all a € (0,1)" that

h¥]

V 2 n
loc = 6]2 < ~ Ve @)1z = 5 Va (@)

- Combining this result with the inequality derived at (S15), we obtain

o VPTT ) SR
max |}~ 5} < IVl @) R(DD %)

j€{0,....p 2\ =0 i=1
3 The proof of the lemma follows from the assumption over
w ||[Vad @)z
334 D
- As shown in the proof of Proposition S1, the maximizer (3}, 8*) of

12(Bo, B), defined in (2) in the manuscript, satisfies

[3@] - [53 - m@}

3

@
>

B/\ - 2—1/8)\

where fi and 3 are defined in (S7), and where (52, 3"), satisfies

{g‘;} = ™ L uid) L}} |

s In the last equation, a* = (a3,...,a))" € (0,1)" denotes the unique

s solution to the minimization problem minge(o,1y» J*(ct), with J* as in (3).
From Proposition S2, if &* is a point such that

—-1/2

PR
Vol @) € 2 (LY attn) e

j=1 i=1

210 BJ)‘ = 3 i@ e for § € {1,...,p}. Therefore, if (33,8") denotes a
w version of (B()\,B)‘) computed based on & instead of @*, i.e, if (57,8
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satisfies _

3
B)\
then, for j € {1,...,p}, we have

} _ [53; ﬁf@}
> 1/3)\ )

1B} = 571 < sugly = Bl < sije.

Supplementary Methods 4 Privacy-preserving
properties

4.1 Proof of Proposition 1

Before proving Proposition 1, we state and prove the following lemma,
which provides the foundation for the proof of Proposition 1. Let e; ,x) €

R*™ denote the standard basis vector with a 1 in the it® position and 0
elsewhere.

Lemma S4. Let A € S(K:(k)), and consider P € M, 0 (R) such that
PP =1,,. Then, if |APe, |3 = (n—1) for all 1 <i < p® —1, we

have AP € S(K™®).

Proof of Lemma S4. First note that S(K(k)) is non-empty since X e
S(K™). From this, to show that AP € S(K®) whenever A € S(K®)),
P e Mp(k)yp(k)(R) with PPT = Ly and ||APe,i7p(k)||% = (n - 1) for all
1 <i<p® —1, we need to verify that for such A and P we have (1)
(AP)(AP)T = K, (2) (AP)"1, = 0; and (3) diag,. {(AP) (AP)} =
(n— 1)1p(k).

To verify (1), it suffices to note that, since by definition AAT = IC®
and PP" = I, we have (AP)(AP)" = A(PPT)A" = AAT = K.

To verify (2), since A € S(K®)) implies AT1,, = 0, one directly
computes that (AP)"1, = P"(A"1,) = 0.

To verify (3), note that diag,.{(AP)"(AP)} = (n — 1)1, if and
only if ||[APe; ;w3 = (n — 1) for all 1 < i < p™. Since we have only
assumed that | APe; ,m |3 = (n—1) for all 1 <i < p® — 1, we need to
prove that, under our conditions, ||APe,w |3 = (n —1). To see why
this is the case, note that since diag,..(ATA) = (n — 1)1, we have

p(0
> _llAPe; I3 = Tr{(AP)" (AP)}

=1
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380

381

382

383

384

385
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389

=Tr(ATA) =p®(n—-1).

This implies that ||APe,w) ,m |5 = (n—1), thereby concluding the proof
of the proposition.
[

Proof of Proposition 1. First note that since x¥ e S(K™®), Lemma S4
implies that for any orthogonal matrix P € M,u ,m(R) such that
HX *® Pew(k)H2 = (n—1)forall 1 <i < p® — 1, we have xPp e
S(K™). Since Pe; ) corresponds to the 4™ column of P, say p;, which
has unit norm, and each column of X¥ has squared Euclidian norm
equal to n — 1, it follows that ||X£§)Pej7p(k> 2=n—1foralll<j<p®
if and only if

x )T x®
o7 {( )

n—1

- p<k>}pj=0 forallje{l,___m(k)}’

or equivalently, if and only if

pB_1 ph)

Z Z [P)ej[Ple;{ ngf)csxff/)cs} =0 forallje{1,...,p®}.
i=1

(=1 V'=(+1

One of these equations is redundant, since ng [P]y;[Ple; = 0 when
¢ # 0, due to the orthogonality of the rows of P. We conclude by dividing
each side of the previous equation by n that if P is orthogonal and satisfies

P11 pk)
Z Z Py, Tw) =0 forallje{l,.. . p® -1},
=1 =t11

then X' P ¢ S(IC ) From this, to conclude the proof of the proposi-
tion, we need to show that any A € S(K™*) expresses as Xés)P with P
an orthogonal matrix such that » _, M- ?,(:)g 11 Plej[Ple; Ta, 0 for all
je{l,...,p® —1}.

First, from Theorem 7.3.11 in [10] (p.452), if A € M,, o (R) is such
that AAT = X(Ef)(Xéf))T, then there exists an orthogonal matrix P €

M 00 (R) such that A = X&' P.
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The proposition result then follows from the fact that, since A €
S(KC™) implies diag,.,(ATA) = (n — 1)1, we have

diag,..{( XE'P) (XL P)} = (n — )1,
which implies that ||X§§)Peijp<k) 2=(m—-1)foralll<i<p® —1. O

4.2 Orthogonal matrices that preserve the binary nature of
covariates

Proposition S3. Let p*) > 2, and for each j € {1,...,p®™}, define
D; = {a;,b;} with a;j # b;. Assume that A € M, ) (R) satisfies Ay; €
Dj foralli € {1,....,n} andj € {1,...,p®}. Ifn > 22 and A contains

exactly 2" distinct rows, then any orthogonal matric P & Re*xp®

such that [AP];; € {a}, b} for some a # b for all i € {1,...,n} and
je{1,....,p™} must be a sign-permutation matriz.

Proof of Proposition S3. Let A’ € ./\/l2p<k)7p(k) (R) denote a submatrix of

A consisting of 2P distinet rows. Assume without loss of generality that
the rows of A’ are arranged in a way that

[A/]ij _ a; lf [b1n<2 - 1)]] =0
b; if [bin(i —1)]; =1,
where, for any integer i, we use bin(i) to denote a vector containing its
binary representation. In this notation, A’ has the form

a/l a/2 e ap(k)—l ap(k)

ay Gy -+ Gym_1 by
A/ — . . . .

bl bg ap(k)_l ap(k)

bl bQ e bp““)fl bp(k)

To prove the proposition, it suffices to show that, if p € RP™ is a unit
vector such that the entries of the vector A'p satisfy [A'p|; € {r,s} for
some r # s, for all i € {1,..., 2p(k)}, then p has exactly one non-zero
entry. To do this, we proceed by induction on p¥): we first show that the
result is true for p*) = 2, then, we prove that if it is true for p® — 1, it
implies that it is also true for p*).
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In the case p¥) = 2, A’ satisfies

ay Gz
a by
by as

by by

A =

We then need to show that if p € R? is a unit vector such that the
entries of the vector A'p satisfy [A'p]; € {r, s} for some r # s, for all
i € {1,...,4}, then p has exactly one non-zero entry. To this end, assume
that it is not the case and that both entries of p = [p1, p2] " are non-zero.
In this case, since a; # b; for j € {1,2}, we have [A'p]; — [A'p]s # 0,
[A'p|l; — [A'p|3 # 0 and [A'ply — [A'p|s # 0. As [A'pl; € {r, s} for some
r # s, we therefore have [A'p]; = [A'p|s and [A'p]y = [A'p|s. These
equalities implies that

(al - bl)pl + (a2 — bz)pz =0
(al - b1)p1 - (az - bz)pQ =0

This system of equations shows a contradiction, since adding these
equations implies (a; — b1)p; = 0, which is not possible since a; # b;
and we had assumed that p; # 0. This implies that p = [p1,ps]" has at
least one non-zero entry. Since p has norm equal to 1, and therefore has
exactly one non-zero entry (equal to £1), which concludes the proof for
the case p®) = 2.

We next show that if it is true for p®*) — 1, it implies that it is also true
for p®). To this end, first note that for any i < j € {1,..., 2p(k)} such
that bin(i — 1) and bin(j — 1) differ by exactly one bit, say the ¢** one,
we have by construction that

[A'pl; — [A'p]; = (ar — be)py -

Now assume that all components of p are different from 0. By the last
equation, this implies that for any i < j € {1,... ,2p(k>} such that bin(i —
1) and bin(j — 1) differ by exactly one bit, we have

[A'pl; # [A'pl;, since ag # by for all £ € {1,...,p"}.

Within the first four elements of A’P, this implies that [A'p|; # [A'pla,
[A’'p|; # [A'pls and [A'p|y # [A'p]s, or again that [A'p|; = [A'p], and
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[A'ply = [A'pls since [A'p]|; can only take one of two possible values
{r, s}. By extending this logic, we deduce that for all i such that bin(i—1)
has an even number of 1’s, we have [A'p|; = [A'p;, and [A'p|; # [A'p];
otherwise. Specifically, with A, = {j € {1,...,2?"} : ﬁ’g [bin(y —
1)]¢ is even} and Ay = {1,...,2°""}\ A;, we have [A’p); = [A'p]; for all
i,j € Ay, and [A'p]; = [A'p|; for all i, 5 € As.

Now note that for any £ # ¢’ € {1,...,p®}, there exists i, j € A; such
that bin(i—1) and bin(j—1) are equal everywhere except in position ¢ and

¢', where their bits are flipped. Since 4,j € A; implies [A'p|; = [A'p];,
then
0= [A'p]; — [A'p];
(ag — be)pe + (ap — by )pe if [bin(i — 1), =0, [bin(i — 1)]y =0
. (bg — Clg)pe -+ (CLgl — bg/)pg/ if [bm(z 1)]@ 1 s [bln(l — 1)]@/ 0
N (CLg — bg)pg + (bgl — ag/)pg/ if [bln(l 1)]5 O, [bin(i — 1)]3/ =
(bg — ag)pg + (bgl - ag/)pg/ if [bln(Z 1)][ 1 s [blIl(Z — 1)]5/ =1.

Now let i, j' be such that bin(i—1) and bin(i'—1) are identical except at
position ¢, where their bits are flipped, and bin(j—1) and bin(j'—1) are
identical except at position ¢/, where their bits are flipped. Then, since

i,j € Ay, we have 7', j' € Ay, which therefore implies [A'p|; = [A'p|;
and that
0= [A'p]y — [A'p];
(ag — be)pe — (ap — bp)pe if [bin(i — 1)], =0, [bin(i — 1)]4 =0
~ J(by —ag)pe — (ap — bp)pe if [bin(i — 1)), =1, [bin(i — 1)]y =0
) (ag = b)pe — (b — ap)pe  if [bin(i — 1), = 0, [bin(i — 1)]y = 1
(be — ag)pe — (by — ap)pe if [bin(i — 1)], =1, [bin(i — 1)]p = 1.

Adding the equations 0 = [A'p|; — [A'p]; and 0 = [A'p]s — [A'p]; leads
to a contradiction, as their validity would require that (a; — by)p, = 0.
However, this cannot hold under the assumption that all p, are nonzero
and ay # by. Therefore, there must exist at least one component of p that
is equal to 0. Without loss of generality, assume that this component is
the first one, i.e., p;.

Consider the matrix A’, obtained by removing the first column of A’
and discarding its last 22’1 rows. Let p € RP'"”~1 denote the vector
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obtained by removing the first component of p. Then p is a unit vector
such that the entries of the vector A'p satisfy [A'p|; € r, s for some r # s
and forallz € 1,..., op) =1, By the induction hypothesis, it follows that
p has exactly one nonzero component. Since p = [0,p']", it follows p
also has exactly one nonzero component. This concludes the proof that if
pE RP™ is a unit vector such that the entries of the vector A’ p satisfy
[A'pl; € {r,s} for some r # s, for all i € {1,... ,2p<k)}, then p has exactly
one non-zero entry. The result follows. O]

4.3 Proof of Proposition 2

Before establishing the proof of Proposition 2, consider the case p*) = 3.
In this case, any orthogonal matrix P can be obtained as P = PpP*
where, for 8 = (61, 6,,05) € [0, 27),

cos(f;) —sin(fy) 0| [cos(fy) O —sin(f2)| |1 O 0
Py = |sin(#y) cos(61) 0 0 1 0 0 cos(f3) —sin(63)
0 0 1| [sin(fy) 0 cos(6s) 0 sin(f3) cos(6s)

(see for example [11]). Matrices of the form P, generate all orthogonal
matrices P With determinant equal to 1. Since X )PgPﬂi e S(IKW) if
and only if Xcs Py € S(IKM), to characterize the matrices belonging in
the set S(K™) it suffices to search for the values of @ € (—m, ]* such that
X P, e S(IC™). Tt follows from Proposmon 1 that X Pg e S(IK™)
provided 0 € (—m, 7] satisfies g( | 7'12 ,Tl(éf), 7'2(3 ) =10,0]", where

010 | 713 715 735))
= cos(#;) sin(6,) COS2(02)7'1(§) + cos(6;) cos(fs) sin(Qg)Tl(lg)
+ sin(6;) cos(6s) sin(6s) 7Y
and
92(6 | 712 >71(3)772(§))
= {—sin(#;) cos(#3) — cos(6y) sin(6,) sin(#3)}
x {cos () cos(f3) — sin(6;) sin(6s) sin(Gg)}Tl(];)
— {sin(#;) cos(6s) + cos(6;) sin(6,) sin(fs) } cos(62) sin(Hg)Tl(l;)
+ {cos(0;) cos(f3) — sin(6;) sin(s) sin(#3)} cos(6s) sin(03)7'2(§) :
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By the Implicit Function Theorem [12], since the system consists of two
continuously differentiable equations and three unknowns, the existence
of a solution in the interior of (—m,7]> implies that the system admits
infinitely many solutions. Such a solution always exists, since 8y = 0
corresponds to Py, = I,x) always satisfies Xéf)Pgo = Xc(f) € S(IC(k)).

The rank r of the Jacobian matrix of g(- | Tl(l;), rf;“), 7'2(];)) at the solution

determines the dimension of the solution set, but regardless of the rank,
the solution set is infinite: it is locally a manifold of dimension 3 — r.
The following proof formalizes this argument.

Proof of Proposition 2. By Proposition 1, A € S(KX™®) if and only if A =
XPP, with P € M) 500 (R) an orthogonal matrix satisfying (14).
Moreover, any orthogonal P € M, ,w(R) can be expressed as P =
PyP*, where Py is a rotation matrix parametrized using the Givens
rotation basis described in the statement of the proposition. Recalling
the definition of g(@) in the statement of the proposition, and noting
that A € S(IK™) if and only if APF € S(K®), it suffices, to prove the
proposition, to show that the set {0 : g(8) = 0} has infinite cardinality.
This follows directly from the smoothness of g(0), the fact that when
p*) > 3 the dimension of @ exceeds the number of equations defined by
g(8) = 0, the existence of a solution 6y € (—,)?" @ =1/2 gatisfying
g(6o) = 0 (i.e., the solution @ = 0, which corresponds to Py = I 1), and
an application of the Implicit Function Theorem. O

4.4 Privacy assessment - Empirical criterion

An empirical criterion was derived to verify if, using the quantities avail-
able at the covariate-nodes, every entry of the response-node’s data can
be flipped (recall y € {—1,1}") while still leading to an admissible candi-
dates for the response vector. This criterion, based on theoretical details
from in Methods 4.3.2, is described in Algorithm 1 to support numer-
ical implementation. We recall that the solution space that defines the
solutions derived from the shared quantity ¢**) is given by

S@™®) = {y' e {~1,1}" ¢ = sign{diag(a’)y + Wb},
with diag(@")y + Wb € (—1,1)"},

This criterion can be verified at the response-node for any covariate-
node k£ not co-located at the response-node.
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Algorithm 1 Empirical criterion for the privacy assessment of the response vector y
at covariate-node k

Input: Gram matrix K* from covariate-node k, response vector y and dual numer-
ical estimate &*.

Output: Number of entries of the vector y that could be flipped.

Procedure:

1. Generate W in the null-space of Kk,

2. For every i € {1,...,n}, verify if 3 xg such that sign(zo;) # sign(y;), where
xo = diag(a™)y + Wb e (-1,1)".

3. Count the number of entries y; that satisfied the condition.
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