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Theoretical details 

1. Hermite-Laguerre-Gauss modes  

The transverse structure of a paraxial light field and its corresponding evolution upon propagation can fully be described by a 

solution of the paraxial wave equation (PWE), which can be regarded as an analog of the Schrödinger equation for free particles. 

Except for an ideal plane wave, any eigensolution of the wave equation corresponds to a physically realizable “eigen” spatial mode, 

whose transverse structures are propagation invariant apart from an overall change of size. For instance, the well-known Laguerre-

Gauss (LG) and the Hermite-Gauss (HG) modes are eigensolutions of the PWE in cylindrical and Cartesian coordinates, 

respectively, and their complex amplitude are [1,2] 
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where 𝑧𝑧𝑅𝑅 = 𝑘𝑘𝑤𝑤0
2 2⁄ ,𝑤𝑤𝑧𝑧 = 𝑤𝑤0�1 + (𝑧𝑧 𝑧𝑧𝑅𝑅)2⁄ , and 𝑅𝑅𝑧𝑧 = 𝑧𝑧2 + 𝑧𝑧𝑅𝑅

2 𝑧𝑧⁄  are the Rayleigh length, beam waist, and radius of curvature, 

respectively. 𝐿𝐿𝑝𝑝
|ℓ|(∙) and 𝐻𝐻𝑚𝑚/𝑛𝑛(∙) denote the Laguerre and Hermite polynomials, respectively. 𝜙𝜙 = arctan( 𝑧𝑧 𝑧𝑧𝑅𝑅⁄ ) is the Gouy 

phase upon propagation; and their modal orders are defined as 𝑁𝑁 = 2𝑝𝑝 + |ℓ| = 𝑚𝑚 + 𝑛𝑛. 

Above Hermite- and Laguerre-Gaussian mode families have their own special features in transverse structures but have the 

same fundamental TEM00 mode, and each can independently constitute a unique and unbounded 2D Hilbert space. Therefore, in 

principle, we can represent any Gaussian mode by using coherent superpositions (i.e., complex series) of LG, HG, or their 

intermediate modes. In this work, for the convenience of calculating orbital angular momentum (OAM), LG modes and associated 

azimuthal index (ℓ) spectra were used to analyze the OAM of beams. 

2. SU(2) modal extension on the HLG modal sphere 
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As a type of spatially structured Gaussian modal family exhibiting SU(2) symmetry, generalized Hermite-Laguerre-Gauss 

(HLG) modes establish a close connection between HG modes and LG modes via the geometric representation with unitary modal 

sphere, and its spatial wavefunction (or complex amplitude) can be expressed as the superposition of HG modes [3,4] 
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where (𝜙𝜙, 𝜃𝜃) represents the longitude and latitude angles of the state on the unitary modal sphere, the superposition coefficients are 

given by the Wigner D-function: 
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Here the SU(2) rotation factors 𝛼𝛼(𝜙𝜙, 𝜃𝜃) and  𝛽𝛽(𝜙𝜙, 𝜃𝜃) are given by 

𝛼𝛼(𝜙𝜙, 𝜃𝜃) = 𝑐𝑐𝑐𝑐𝑐𝑐−1 �𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙 · �(𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃)2� , (S5) 

𝛽𝛽(𝜙𝜙, 𝜃𝜃) = −𝑠𝑠𝑠𝑠𝑠𝑠−1 �
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Fig. 1S examples three such spheres, in particular, the last two are theoretical references for experimental data shown in Fig. 4(c). 

 

 
Figure S1. Theoretical examples of HLG modes on sphere simulated using Eq. (S3). 
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3. HG modal gain and selection via off-axis pumping   

The essence of mode selection is to introduce mode-varying gain or loss, ensuring the target mode has a net gain just reaches 

threshold while those of other modes do not. The threshold pump power of an end-pumped solid-state laser is given by the follow 

equations [5] 

𝑃𝑃th =
𝛾𝛾𝐼𝐼sat

𝜂𝜂𝑝𝑝𝐿𝐿
1
𝐽𝐽

, (S7) 

𝐽𝐽 = �𝑟𝑟(𝑥𝑥,𝑦𝑦, 𝑧𝑧)𝑠𝑠(𝑥𝑥,𝑦𝑦, 𝑧𝑧)𝑑𝑑𝑑𝑑
𝑉𝑉

, (S8) 

where γ is the total logarithmic loss per pass, Isat is the saturation intensity (~0.83 kW/cm2 for a-cut Nd:YVO4 crystal at the 1064.3 

nm emission peak), L is the length of the active medium (8 mm), ηp is pump efficiency (65%) with fractional absorption (86% for 

the crystal used under 808 nm pump) and quantum defect (24% for 808 nm pump and 1064 nm laser) considered. J is the overlap 

integral between the pump beam and the cavity mode, where r(x,y,z) and s(x,y,z) are normalized intensity distribution of the cavity 

mode and pump beam, respectively, in the gain medium. Since different transverse modes have different intensity profiles, their 

overlap integrals J with the pump beam are different, and the mode overlaps best with the pump beam would have the lowest 

threshold and win the competition among a family of eigenmodes of the cavity. Taking HG4,0
0°  with its intensity peaks Δx=1.75w 

as an example, when the pump beam with a wp= 0.7w is aligned to the intensity peak of HG4,0
0° , the pump overlap of HG4,0

0°  is 1.19 

and 1.31 times, respectively, of those of its neighboring modes HG3,0
0°  and HG5,0

0° . Therefore, the oscillating mode can be selected 

by laterally changing the pump position.  

 

4. Establishing process of intracavity spatial wavefunctions  

To theoretically analyze the transverse mode selection and tunability for the cavity design, i.e., the establishing process of 

intracavity spatial wavefunctions, we employed the cascading calculation of noise-initialed diffraction in the cavity with off-axis 

pump gain. Such numerical method is also known as Fox-Li iteration [6-9]. Specifically, the formula of the intracavity diffraction 

integral in the spatial domain can be expressed as 
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where E1 and E2 are the light field distributions at M1 before and after a round trip, T is the transmittance of the output mirror, g0 

is the gain coefficient, and k is the wave number, 𝑃𝑃(𝑥𝑥,𝑦𝑦) is the pump field distribution in the gain medium. According to the 

astigmatic configuration in this study, the [A, B; C, D] matrix used here is extended to a 4×4 form, obtained from the resonant 

cavity transmission matrix, given by 
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where L1 and L2 are the lengths of M1-M2 and M2-M3 respectively, R is the radius of curvature of M2, and θ is the folding half 

angle of M2. Consider the pump beam was guided by and outputted from a multimode fiber, the pump field distribution is thus 

assumed to be a flat-top profile, expressed as 

𝑃𝑃(𝑥𝑥,𝑦𝑦) = Θ�𝑤𝑤𝑝𝑝2 − (𝑥𝑥 − ∆𝑥𝑥)2 − (𝑦𝑦 − ∆𝑦𝑦)2�, (S11) 

where Θ is a step function, wp is the pump light radius, and wp is set to 0.7 times the fundamental mode spot radius w in the 

calculation with reference to the actual experimental parameters; Δx and Δy are the displacements of the pump light relative to the 

resonant cavity optical axis in the x-axis (horizontal) and y-axis (vertical) directions, respectively. To simplify the calculation, the 

divergence of the pump light, other passive losses except the coupled output, and the refractive index of the laser crystal and the 

influence of the thermal effect therein were ignored in the above process. For instance, Figure S2 shows the simulated establishment 

process of intracavity spatial wavefunctions under the off-axis pump gain Δx = Δy = 1.75w, where up- and down rows exhibit 

results output from cavities with and without astigmatic detuning, respectively. 

 

 
Figure S2. Simulated evolution of intracavity spatial wavefunctions via the Fox-Li iteration. 
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Experimental details 

1. Cavity design 

The V-shaped cavity folded by a concave folding mirror CM which introduced astigmatism was used in the experiment for 2D 

HG mode laser generation. The flat IM and concave CM were coated for highly-reflective (R>99.9%) at the 1064 nm laser 

wavelength and highly-transmissive (T>98%) at the 878.6 nm pump wavelength. With the distances IM-CM and CM-OC being 

130 mm and 170 mm and a half fold angle 𝛿𝛿 = 10°, the intracavity fundamental mode beam size was calculated using ABCD matrix, 

as plotted in Figure S3. The beam radii at the mirrors are 136 μm×137 μm, 342 μm×340 μm, and 219 μm×229 μm, respectively. 

With the fundamental mode beam size determined, the intensity profiles of the high-order HGm,n mode beams can be calculated 

using the Eq.(1). Then their overlap integral with the pump beam, as well as the maximum mode order allowed by the limited 

apertures of the elements, can be calculated. Figure S4 shows the contour plot of the fractional energy blocked (diffraction loss) of 

the HGm,m beam by a quadrate aperture. The 5 mm ×5 mm crystal aperture, which is ~36.5 times of fundamental mode beam radius 

in the crystal, allows HG300,300 mode with single-pass loss as low as 0.005%. Meanwhile, the three cavity mirrors with the same 

aperture of 25.4 mm would not block the beam.   

 
Figure S3. Calculated fundamental mode beam radius in the laser cavity. 

 

 
Figure S4. Calculated energy blocked by a quadrate apertures on different orders of HGm,n mode beams with m=n. 
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2. Spatial complex amplitude Characterization  

In order to measure the full spatial structure of three interacting beams, we built a complex amplitude profiler based on spatial 

Stokes tomography, and Fig. S5 shows the schematic of the device. The measured beam with horizontal polarization, denoted as 

𝐸𝐸(𝑟𝑟)⃑𝑒𝑒𝐻̂𝐻 , was combined with a vertical polarized ancillary Gaussian beam, denoted as HG0,0(𝑟𝑟)⃑𝑒𝑒𝑉̂𝑉 , at a polarizing beam splitter 

(PBS) and, in consequence, generating a vector beam, i.e., 𝑬𝑬(𝑟𝑟)⃑ = 1
√

2⁄ �𝐸𝐸(𝑟𝑟)⃑𝑒𝑒𝐻̂𝐻 + HG0,0(𝑟𝑟)⃑𝑒𝑒𝑉̂𝑉 �. Then, a non-polarizing beam 

splitter (NPBS) separates the vector beam into four equal-amplitude ones, which are further filtered by four polarizers set to passing 

H, V, D and L polarizations, respectively. Theses polarization projections can be regarded as spatial-resolved Stokes measurement, 

i.e., ⟨𝑬𝑬(𝑟𝑟, 𝜑𝜑)|𝜎̂𝜎0-3
spin(𝑟𝑟)⃑|𝑬𝑬(𝑟𝑟, 𝜑𝜑)⟩, where 𝜎̂𝜎0-3

spin(𝑟𝑟)⃑ is spatial-resolved Pauli matrices with respect to the spin space. In this way, the 

corresponding mutually unbiased observables become spatial Stokes distributions 𝑆𝑆0-3(𝑟𝑟, 𝜑𝜑), with which we can reconstruct the 

polarization distribution of the vector mode. Beyond the polarization pattern, more importantly, we can also obtain the spatial 

polarization orientation, or spatial intramodal phase, of the vector mode, given by 

𝛾𝛾(𝑟𝑟)⃑ = 1
2

tan−1 �𝑆𝑆2(𝑟𝑟)⃑
𝑆𝑆1(𝑟𝑟)⃑

� . (S12) 

Because the ancillary beam was a Gaussian beam, separated from signal beam via pinhole filtering, near waist plane that has a flat 

wavefront, therefore, Eq. S5 is the wavefront of the beam to be measured. Combined with directly observable beam profile, we 

obtained the complex amplitude of measured beam 𝐸𝐸(𝑟𝑟)⃑. This spatial wavefunction has recorded full knowledge about the laser 

beam, thus, we can calculate its modal purity and beam quality 𝑀𝑀2  by using numerical projection and diffraction integral, 

respectively, see Ref. 9 for more details about this technique. 

 

Figure S5 Complex amplitude profiler based on spatial Stokes tomography. 
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Additional Data 

 
Figure S6. Intensity profiles of spatial complex amplitudes shown in Fig. 4a in the main text 
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Figure S7. Intensity profiles of spatial complex amplitudes shown in Fig. 4b in the main text 
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