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Abstract

Geothermal energy, characterized by its renewable and ubiquitous nature, offers a
promising avenue for sustainable power generation and large-scale energy storage.
This becomes particularly noteworthy when confronting the temporal imbalances
linked to the utilization of renewable energy, given the presence of heterogeneous
parameters. Addressing problems in geothermal resource utilization requires
a comprehensive understanding of geological attributes, aquifer and aquiclude
physical characteristics, groundwater composition, and flow dynamics. Achieving
precise insights into these complex processes involves the use of robust and versa-
tile numerical simulation tools. In this context, we introduce a geothermal model
for highly heterogeneous porous media, where space-dependent partially observed
parameters are approximated using a conditional Karhunen-Loève expansion
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(cKLE). The choice of cKLE is significant as it allows us to obtain parame-
ters with strong variability in the spatial domain with reduced dimensionality.
Within an integrated framework, we employ the Levenberg-Marquardt (LM)
and Singular Value Decomposition (SVD) techniques to determine coefficients
from cKLE that generate the permeability fields. These techniques are utilized
in the inverse geothermal problem to iteratively identify the permeability field
that minimizes misfit. A real dataset with the injection of hot water into Layer
10 of SPE 10 model under fixed-temperature boundary conditions, was used to
test and validate the approach. Synthetic time data were generated for pres-
sure and temperature. The inversion of geothermal data demonstrates that the
proposed methods obtains the permeability fields with a high level of accuracy.
The inversion methods based on LM and SVD combined with cKLE success-
fully reconstructed the heterogeneous permeability fields with high accuracy
and computational efficiency, demonstrating robustness even under noisy data
conditions.

Keywords: Geothermal energy, Inverse problem, Conditional Karhunen-Loéve
expansion

1 Introduction

Geothermal energy is an abundant and sustainable source of renewable energy. Its
utilization involves harnessing the heat stored in the Earth’s underground layers,
including rocks, soils, and groundwater. The integration of renewable energy sources
is crucial for the decarbonization of the energy matrix, as they can contribute signifi-
cantly to meeting the demand. To make these resources economically viable, a deeper
understanding of energy transport in porous media is essential, reducing uncertainties
in their application [1, 2].

In recent years, there has been a growing interest in accurately predicting
petroleum reservoir simulations using methods that quantify uncertainties [3–6]. Geo-
logical formation variability and limited understanding of its features in heterogeneous
media demand methods that can accurately reproduce parameters that vary signifi-
cantly in the model. In this sense, a suitable parameterization technique is necessary
to describe parameters that vary heterogeneously in porous media, while considering
the minimum number of degrees of freedom in the model [7].

In this paper, a new methodology based on non-linear least squares methods is
proposed to calculate the coefficients of the KLE during the parameterization of perme-
ability fields. More specifically, this study focuses on conducting temperature analyses
in wells for a compressible, single-phase problem to approximate the permeability field
using cKLE. Each of these KLE is then conditioned on their corresponding measure-
ments associated with the production wells inserted in the geometry of model. To
achieve this, we will employ inversion on the permeability fields to obtain the coeffi-
cients of the KLEs by comparing findings for pressure and temperature through the
misfit between the reference and approximate data. The initial model will be refined
through local search regularization techniques using the Levenberg-Marquardt (LM)

2



algorithm [8, 9] and Singular Value Decomposition (SVD) algorithm [10, 11]. These
inversion processes can provide a quick and precise evaluation of the coefficients of the
KL expansion, using few sequential stages, unlike random methods that depend on a
large number of samples.

A similar study involving inverse problems in partial differential equations models
by representing the parameter fields using cKLEs conditioned on available direct mea-
surements was proposed by Li and Tartakovsky [12, 13], Tartakovsky [14] and Yeung
[15]. Other applications of cKLE to solving stochastic boundary value problems can
be found in Chang and Zhang [16].

During the numerical discretization of governing equations, the finite volume (FV)
method is employed to ensure accuracy in measuring pore pressure for fluid conser-
vation equations and mixed formulations. Unstructured Voronoi grids are constructed
using the perpendicular bisector (PEBI) grids to refine the mesh in the region of
production wells [17]. Furthermore, we apply implicit discretization to ensure that
the geothermal model is unconditionally related to all general polyhedral meshes. We
conclude by presenting a numerical synthetic example in which we estimate the per-
meability field of a geothermal system using the LM and SVD approaches. The SPE 10
benchmark was widely used for testing and validating this reservoir simulation model
[18].

Our motivation for this work is to estimate permeability fields in inverse problems
associated with thermal field-scale flow in porous media. For this class of problems, the
parameterization of these fields is typically calculated using uncertainty quantification
methods such as the Markov Chain Monte Carlo Method [19, 20], Moment method
[21], spectral method [22], LU matrix decomposition [23], FFT-MA method [24] and
sequential simulation [25]. These methods differ in the strategy used; however, a com-
mon characteristic among them is that all depend on a significant computational effort
to achieve convergence.

This paper is structured as follows. In Sections 2 and 3, we introduce the geother-
mal problem and its numerical formulation using finite volume method. In Section
4, we describe the procedure for parameterization of the permeability fields using
cKLE. Section 5 discusses the inversion procedures, while in Section 6, the LM and
SVD schemes are presented along with their respective algorithms. In Section 7, we
apply the proposed methodology to an inversion problem from Layer 10 in the SPE
10 benchmark (including free and noisy examples investigating the stability of the
method with purely and contaminated data) with a five-spot geometry. Conclusions
and discussions are presented in Section 8 and 9, respectively.

2 Geothermal Model

We begin by introducing the geothermal model utilized in our simulations, which is
employed to discretize the fundamental equations governing single-phase, compress-
ible flow through the application of discrete differential and averaging operators. The
governing single-phase equations for thermal field-scale flow in porous media typically
consist of the following equations:
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Darcy’s Law: This equation describes a fluid flow in porous media based on
pressure gradients:

u = −
K

µ
(∇p− ρg∇z) (1)

where:
• u: Darcy velocity (velocity of the fluid phase) [m/s]
• K: Permeability tensor [m2]
• µ: Dynamic viscosity of the fluid [cP·s]
• p: Pressure [Pa (Pascal)]
• ρ: Fluid density [kg/m3]
• g: Gravitational acceleration vector [m/s2]
We will assume that K is isotropic tensor defined by K = κ(x)I, where I is a unit

matrix and κ(x) is a scalar function. The permeability κ will be considered a random
parameter.

Conservation of Mass: The equation states that the rate of change of an arbi-
trary fluid mass within a control volume is equal to the net fluid inflow/outflow rate
defined by:

ρS
∂p

∂t
+∇ · (ρu) = QM (2)

where QM [W/m3] is the source/sink term and S [m3] is rock storage coefficient.
Conservation of Energy (Heat Transport Equation): This equation

describes the temperature distribution and heat transfer within the porous media

∂

∂t
[ϕρEf (p, t) + (1− ϕ)Er] +∇ · (ρHfu)−∇ · (κT∇T ) = QT (3)

where:
• Ef : Energy density per mass of the fluid [J/kg]
• Er: Energy per volume of the rock [J/m3]
• Hf = Ef + p/ρ: Enthalpy density per mass [J/kg]
• T : Temperature [K (Kelvin)]
• c: Specific heat capacity [J/(kg·K)]
• κT : Thermal conductivity [W/(m·K)]
• QT : Heat source/sink term [W/m3]
• ϕ: Porosity
Since we are working with a compressible fluid medium, the fluid density (ρ) and

viscosity (µ) can be mathematically related to pressure, temperature through the
following equations of state:

ρ(p, T ) = ρr[1 + βT (p− pr)]e
−α(T−Tr),

µ(p, T ) = µ0[1 + cµ(p− pr)]e
−cT (T−Tr),

(4)

such that, ρr = 850 kg/m
3
represents the density, and µ0 = 5 cP stands for the

viscosity of the water under reference conditions, characterized by a pressure pr =
200 × 105 Pa and a temperature Tr = 300K. The constants are defined as follows:
βT = 10−8 Pa−1, α = 5× 10−3 K−1, cµ = 2× 10−8 Pa−1, and cT = 10−3 K−1.
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In order to calculate the enthalpy, we use a simple linear relationship based on
thermodynamic relationships:

dHf = cpdT +

(

1− αTr

ρ

)

dp, α = −
1

ρ

∂ρ

∂T
|p (5)

where cp = 4× 103 J/kg.

3 Numerical approximation

In this section, a finite volume formulation is used to derive approximate solutions for
Eqs. (1)-(3).

3.1 Discrete Operators and Equations

Following Krogstad et al. [26], we will use the same notation to construct this discrete
problem. Let nc be the number of cells and nf the corresponding number of faces.
Consider the mapping F : {1, . . . , nc} → {0, 1}nf from the cell to a set of faces and
mappings N1, N2 : {1, . . . , nf} → {1, . . . , nc} from the face to the two neighboring
cells. We also define the discrete versions of the gradient and divergent operators as
grad and div, respectively.

Let us denote by u ∈ R
nf the discrete flux while u|f represents its restriction onto

face f with orientation from N1(f) to N2(f). In this case, the discrete divergence
operator div evaluated in the flow v and restricted to cell C is written as:

div(u)|C =
∑

f∈F (C)

u|fχ(C = N1(f))−
∑

f∈F (C)

u|fχ(C = N2(f)). (6)

Similarly, the discrete gradient grad on the face f is expressed by:

grad(p)|f = p|N2(f) − p|N1(f), (7)

for any p ∈ R
nc . The discrete flux is defined by

u = −upw(1/µ)|fK (grad(p)− g avg(p)grad(z)) |f , (8)

Here, the operator upw represents the phase-upwind function:

upw(τ)|f =

{

τ |N1(f) if grad(p)|f − g avg(p)grad(z)|f > 0
τ |N2(f) otherwise.

while avg(p) denotes the arithmetic average of the face-valued pressure in the two
adjacent cells, i.e:

avg(p) =
1

2
(p|N1(f) + p|N2(f)) (9)
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3.2 Discretization of the flow equations using FV

To calculate the time derivative of Eq. ( 2), it is necessary to perform a time inte-
gration. Therefore, it is advantageous to partition the time interval I = [0, T ] into
sub-intervals of size ∆t, i.e, 0 = t0 ≤ t1 ≤ . . . ≤ tNt = T such that tn = tn−1 + ∆t.
Integrating Eq. (2) over a specific time interval from t to t + ∆t and spatial domain
Ω, we obtain:

∫ t+∆t

t

∫

Ω

ρS
∂p

∂t
+∇ · (ρu) dΩdt =

∫ t+∆t

t

∫

Ω

QM dΩdt (10)

∫ t+∆t

t

∫

Ω
∂
∂t [ϕρEf (p, t) + (1− ϕ)Er] +∇ · (ρHfu) dΩdt

−
∫ t+∆t

t

∫

Ω
∇ · (κT∇T ) dΩdt =

∫ t+∆t

t

∫

Ω
QT dΩdt.

(11)

In our approach, we aim to approximate the solution p at time tn for each n =
1, . . . , Nt, where Nt represents the number of measurements in time based on the
uniform discretization of the interval [0, T ]. Using an implicit first-order backward-
Euler scheme in time, we have:

S

(

(ρp)n+1 − (ρp)n

∆t

)

|C + div((avg(ρ)u)n+1|C = (QM)n+1|C (12)

(ϕρEf (p))
n+1

−(ϕρEf (p))
n

∆t |C + ((1−ϕ)Er)
n+1

−((1−ϕ)Er)
n

∆t |C
+div((upw(Hf )avg(ρ)u)

n+1|C − div(upw(κT )u)
n+1|C = (QT)

n+1|C .
(13)

The variables ϕ, ρ, p ∈ R
nc denote vectors with one porosity value, one density, and

one pressure value per cell, respectively, whereas u is the vector of fluxes per face, and
so on.

3.3 Well production

The production well is incorporated as a source term in the pressure equation, necessi-
tating the definition of a flow rate expression for all cells connected to the reservoir via
the well (referred to as well connections). Within the well itself, we assume instanta-
neous flow, ensuring that the pressure drop remains hydrostatic at all times. Assuming
a constant fluid density within the well, computed at the bottom-hole pressure pbh,
the pressure pc[w] in connection grid cell w of well Nw(w) is given by:

pc|w = pbh|Nw(w) + g∆zρ(pbh|Nw(w)) (14)

Thus the mass flow-rate is defined by:

qc|w =
ρ(p|Nc(w))

µ
Wi|w(pc|w − p|Nc(w)) (15)

where p|Nc(w) is the pressure in cell Nc(w) containing connection w and Wi is the well
of index i (see [18, page 208]).
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4 Parameterization by Karhunen-Loève expansion

To construct Gaussian random fields related to permeability through the inversion
method, we typically employ the traditional Karhunen-Loève expansion (KLE) [3, 27,
28] of a random field Y :

Y (x;ω) = Ȳ (x) +

∞
∑

k=1

√

λkfk(x)ξk(ω), (16)

where, ξk(ω), k = 1, 2, . . ., represents independent random variables to be determined
and Ȳ (x) = E[Y (x;ω)]. Here the expressions λk and fk(x) are respectively the eigen-
values and eigenfunctions utilized in the parameterization of the permeability field by
KLE and obtained from Fredholm integral equation of second kind:

∫

R

CY (x,y)fk(y) dy = λkfk(x), k = 1, 2, . . . . (17)

Due to the infinite nature of the sum in Eq. (21), the KLE in this form cannot be
directly used for numerical calculations. Therefore, for computational purposes, we
will limit the KLE to a finite number M of terms. In this case, we could rewrite the
truncated expression of Eq. (21) as

Y (x;ω) = Ȳ (x) +

M
∑

k=1

√

λkfk(x)ξk(ω), (18)

where {fk}
M
k=1 is orthonormal set of the deterministic eigenfunctions on L2(R). In

this situation, the eigenvalues and eigenfunctions can be determined by a numerical
approximation of the eigenvalue problem Eq. (17). We carry out this approximation
by the piecewise-constant finite element method (see [29] for details).

In this work, we will consider the ξk’s with k = 1, . . . ,M not as random variables
but as coefficients of KLE. Thus, we aim to represent the permeability fields as a
function that fits the observed data in terms of these coefficients (see [14] for details). In
this context, we will treat the KLE as a deterministic representation of measurements
of Y , where the coefficients of the field will be conditioned on the observed data.
Assuming that measurements of Y are known in the domain R at locations xj , with
Gaussian noise ηj ∼ N(0, σ2

η) for j = 1, . . . , Ng, where Ng is the number of mesh
points, we can define the mean and the covariance matrix of the conditioned field Y
respectively as follows:

Ȳ c(x) = Ȳ (x) +R(x)
[

Σ+ σ2
ηI

]−1
K, (19)

Cc
Y (x,y) = CY (x,y)−R(x)

[

Σ+ σ2
ηI

]−1
R(y). (20)
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where

R(z) = [CY (z,y1), CY (z,y2), . . . , CY (z,yNg
)], for any z ∈ R,

Σ = [CY (xi,yj)], for i, j = 1, . . . , Ng,
K = [Y1 − Ȳ (x1), Y2 − Ȳ (x2), . . . , YNg

− Ȳ (xNg
)].

Thus, we can write the truncated expression for the conditional Karhunen-Loève
expansion (cKLE) by:

Y c(x, ξ) = Ȳ c(x) +

M
∑

k=1

√

λc
kf

c
k(x)ξk, (21)

where ξ = [ξ1, . . . , ξM ]T is a vector of unknown parameters (as opposed to a vector of
random variables in the forward uncertainty quantification problem), and {λc

i , f
c
i }

M
i=1

are the first M pairs of eigenvalues and eigenfunctions stemming from the eigenvalue
problem

∫

R

Cc
Y (x,y)f

c(y) dy = λcf c(x),

where Cc
Y is given by (20). In this context, {f c

k}
M
k=1 is orthonormal set of the

deterministic functions on L2(R).
In the applications, we consider the Gauss covariance function

CY (x,y) = σ2
Y exp

(

−
∥x− y∥22

2ℓ2

)

. (22)

where ℓ is the correlation length and σ2
Y = E(Y 2) is the variance.

In this experiment we set the prior in permeability field κ:

κ(x, ξ) = 2× 10−14 · exp(Y c
M (x, ξ)), (23)

which can be reformulated in terms of the vector ξ associated with the cKLE (18), as
follows:

κ(x, ξ) = κ(ξ) = κ(ξ1, . . . , ξM ). (24)

Hence, the estimation of the permeability field κ(ξ) is simplified by estimating the
M -dimensional parameter vector ξ.

4.1 Criterion-based space dimensionality reduction

According to [14], follows that the bulk variance is given by:

∫

R

V ar(Y c(x))dx =

∞
∑

k=1

λc
k. (25)

8



This equation can be used to reduce the spatial dimensionality associated with the
parameterization of fields. Let us construct a reduced-dimensionality space provided
that

M
∑

k=1

λk ≥ l
∞
∑

k=1

λk, (26)

where l, 0 < l ≤ 1, is the desired level of confidence for the shape modification
variability as defined in Eq. (25), with λk ≥ λk+1. This dimension reduction criterion
given by Eq. (26) will assist in the optimization of the inversion process by minimizing
the objective function. Furthermore, we can accurately estimate the various fields that
can be evaluated during the parameterization process.

5 Inversion Procedure

The inverse problem involves determining a model that minimizes the misfit between
observed and estimated data. In this situation, let us designate vectors dref and d as
the observed and estimated data by

dref = [dref
1 , . . . ,dref

Nw
]T

d(ξ) = [dest
1 (ξ), . . . ,dest

Nw
(ξ)]T

(27)

respectively, where the parameter ξ represents the sought-after coefficient of cKLE
associated with the permeability field κ(ξ).

Note that the vectors dref
i and di represent the reference and estimated values,

respectively, in the production wells over a specified time period. Thus, we can define
these vectors as follows:

dref
i = [p1i, . . . , pNti, T1i, . . . , TNti]

T , i = 1, . . . , Nw

dest
i (ξ) = [p1i(ξ), . . . , pNti(ξ), T1i(ξ), . . . , TNti(ξ)]

T .
(28)

in that Nt denotes the number of time measurements, and Nw is the count of
production wells associated with pressure pji and temperature Tji solutions, where
j = 1, . . . , Nt, i = 1, . . . , Nw. Due to this, we will have a total of Nd = Nt ·Nw data,
so that we can rewrite the vectors defined in Eq. (27) as follows:

dref = [dref1 , . . . , drefNd
]T

d(ξ) = [d1, . . . , dNd
]T .

(29)

In order to quantify the misfit between the observed and estimated data, we will
address the following nonlinear least-squares problem: Find the coefficient vector ξ

that minimizes the objective function:

min
ξ∈RM

Φ(ξ), Φ(ξ) =

∑Nd

i=1(d
ref
i − di(ξ))

2

∑Nd

i=1(d
ref
i )2

, (30)
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The values that minimize the misfit expression in Eq. (30) are computed using the
LM and SVD algorithms summarized in the next section.

6 Inverse methodology

We recall the classical LM and SVD algorithms for inferring the vector ξ associated
with the permeability field κ(ξ). In both algorithms, the initial vector ξ(0) is selected
from a standard Gaussian distribution N(0, I).

6.1 Levenberg-Marquadt (LM) algorithm

The initial vector ξ(0) can be refined by solving the following nonlinear least-squares
problem

g(ξ) = min
ξ∈RM

1

2
∥d(ξ)∥22. (31)

To determine the numerical solution to this problem, we employ the classical
Levenberg-Marquardt method:

(

(J(k))TJ(k) + µkI
)

p(k) = (J(k))Td(k) (32)

ξ(k+1) = ξ(k) + αkp
(k), (33)

where d(k) = d(ξ(k)). Here, µk > 0 is referred to as the damping parameter, ensuring
the invertibility of the matrix

(

(J(k))TJ(k) + µkI
)

, and αk > 0 represents the step size.
The criteria for calculating the parameters µk and αk are motivated by the work of
Yamashita and Fukushima [9], whose the choice of the damping parameter is given by

µk = µ(ξ(k)) := ∥d(ξ(k))∥22, for all k ≥ 0. On the other hand, the step αk is determined
by the Armijo’s Criterion. In this case, given scalars 0 < ν, η < 1, the step is chosen
as the smallest non-negative integer m that satisfies:

g(ξ(k) + ηmp(k))− g(ξ(k)) ≤ νηm∇g(ξ(k))Tp(k),

so that αk = ηm.
In this process, the update vector p(k) is determined by solving a least-squares

system involving the Nd ×M sensitivity matrix J(k). The entries of J(k) are given as
follows:

J
(k)
ij =

∂di
∂ξj

(ξ(k)) (1 ≤ i ≤ Nd, 1 ≤ j ≤ M). (34)

A summary of the proposed is given in Algorithm 1.

10



Algorithm 1: LM algorithm

Input: tol, ν, η ∈ (0, 1), d,J, I, and ξ(0) ∈ R
M ;

µ0 = ∥d(ξ(0))∥22
for k = 0, 1, . . . do

if Φ(ξ(k)) ≤ tol then
Stopping criterion is satisfied.

else
Find the solution p(k): p(k) = −((J(k))TJ(k) + µk(I))

−1(J(k))Td(k)

end

if ∥d(ξ(k) + p(k))∥22 < ∥d(ξ(k))∥22 then
αk = 1

else
Choose m as the smallest non-negative integer such that:
g(ξ(k) + ηmp(k))− g(ξ(k)) ≤ νηm∇g(ξ(k))Tp(k);
αk = ηm

end

ξ(k+1) = ξ(k) + αkp
(k)

µk+1 = ∥d(ξ(k+1))∥22
end

6.2 Singular value decomposition (SVD) algorithm

Following [10, 11] we have formulated an iterative equation for updating vector param-
eters using the idea of factorizing the Jacobian matrix J(k), k = 0, 1, . . . defined in Eq.
(34 ) into three other matrices as follows:

J(ξ(k)) = J(k) = USVT , k = 0, 1, . . . (35)

where U is (Nd×M) data left singular vectors, V is (M×M) model parameters right
singular vectors, and S is (M × M) matrix with ηi, i = 1, . . . ,M singular values of
J(k) in its diagonal. In the least squares problem, the matrix (J(k))TJ(k) is usually ill-
conditioned in case of small singular values. This can lead to divergence in the inversion
matrix, so a small perturbation term is added to the eigenvalues of (J(k))TJ(k). Thus,
the least square problem can be expressed as follows:

((J(k))TJ(k) + λI)∆ξ = −(J(k))T∆d, (36)

where ∆ξ = ξ(k+1) − ξ(k), and ∆d = dref − d(ξ(k)). Here, Eq. (36) can be rewritten
in terms of the decomposition matrices U, S and V as follow

(VS2V
T
+ λI)∆ξ = −(VSUT )∆d, (37)
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The left-hand side of Eq. (37) can be rewritten as:

(VS2V
T
+ λI) = (Vdiag(η2i )V

T ) + λ2I = Vdiag(η2i + λ2)VT , (38)

where ηi is the i-th eigenvalue. The following equation shows the inverse of Eq. (38):

(Vdiag(η2i + λ2)VT )−1 = Vdiag

(

ηi
η2i + λ2

)

VT . (39)

Consequently, the solution vector obtained based on SVD is given by:

ξ(k+1) = ξ(k) +Vdiag

(

ηi
η2i + λ2

k

)

UT∆d. (40)

The damping factor λ has been updated in terms of the misfit Φ(ξ(k)) through the
following equation:

λk = ηk(∆Φ(ξ(k)))1/k, (41)

in that ∆Φ(ξ(k)) can be given by:

∆Φ(ξ(k)) =
Φ(ξ(k))− Φ(ξ(k−1))

Φ(ξ(k−1))
, (42)

where Φ(ξ(k−1)) and Φ(ξ(k)) are the misfits of the previous and present iterations,
respectively. A summary of this algorithm is given below:

Algorithm 2: SVD algorithm

Input: tol,J(0), and ξ(0) ∈ R
M ;

Perform SVD on J(0): J(0) = USVT

for k = 0, 1, . . . do

if Φ(ξ(k)) ≤ tol then
Stopping criterion is satisfied.

else

Find the solution ξ(k): ξ(k+1) = ξ(k) +Vdiag
(

ηi

η2
i
+λ2

k

)

UT∆d.

end

if Φ(ξ(k+1)) < Φ(ξ(k)) then

λk+1 = ηk(∆Φ(ξ(k)))1/k

∆Φ(ξ(k)) = Φ(ξ(k))−Φ(ξ(k−1))

Φ(ξ(k−1))
,

else
λk+1 = λk

end

Perform SVD on J(k): J(k) = USVT

end
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7 Numerical test

This numerical test use the SPE 10 model 2 described in [17], which apply a per-
pendicular bisector (PEBI) grid with refinement around the production well. We use
the upr module described in [18] to create a PEBI grid. It utilized a sedimentary bed
model with six rock types, featuring a corner-point grid setup with 13, 200 cells. At
the fine geological model scale, the model is described on a regular Cartesian grid with
dimensions of 60× 220.

We examine an inverted five-spot pattern. In contrast to the producers, which
are run at a constant bottom-hole pressure (BHP) of 275.8 ×105 Pa, the center well
continuously injects 373.15oK water at a rate of 50 m3 per day. We impose no-flow
boundary conditions on all sides and take a thermally insulated boundary condition,
indicating that no heat exchange occurs between the system and its surroundings
across those borders. An illustration of the boundary and initial conditions can be
found in Figure 1 on PEBI grid.

Fig. 1: Initial and boundary conditions for the five-spot scheme in the case study.
The symbols “•” denote the locations where the pressure and temperature sensors are
known, and the symbol Wi, i = 1, . . . 4 indicate the production wells and I indicate
the injection well.

In order to construct this inverse model, we first used noise-free data from the four
production wells in a simulation period of [0, T ] = [0, 2000] days divided into ∆t = 30
days equally-spaced time steps, to simulate injection of hot water into SPE 10 model.
The reservoir parameters, production data, and other extra parameters are given in
Table 1.
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Table 1: Parameters for the Oil - Water Model

Initial pressure P0 = 413.7× 105 Pa
Minimum temperature Tmin = 273.15oK
Maximum temperature Tmax = 548.15oK
Oil viscosity µo = 3 cP
Rock compressibility cR = 1.4494× 10−10/Pa
Water density ρw = 64 lb/ft3

Oil density ρo = 53 lb/ft3

The porosity field in a heterogeneous porous medium was fixed, while the reference
solution was computed using a random sample from the permeability field. Next, we
consider the Gauss covariance function with parameters σY = 1 and ℓ = 100. Using
Eq. (26), we found that more than 95% of the variance in the cKLE is captured by
the first 20 dominant eigenvalues. Consequently, M = 20 is sufficient for the size of
the stochastic dimension.

Next, we calculated the misfit in Eq. (30) of the LM and SVD algorithms in the
noise-free experiment. In the LM algorithm, the misfit was reduced from 0.59291 to
0.01147 over 100 iterations, while in the SVD algorithm, it decreased from 0.38788 to
0.03147 over 30 iterations. The results show that the calculated data using the LM
has a better fitting than the calculated data from the SVD method.

Figures 2 to 3, reference data (solid lines) are compared with the best-fitted perme-
ability field obtained from both LM and SVD simulations (dashed lines) for pressure
and temperature in wells Wi, i = 1, . . . , 4. These simulations were conducted using the
initially selected vector ξ from the Gaussian samples, followed by refinement via the
SVD and LM algorithms over a time span ranging from 0 to 2000 days. The dashed
line represents the initial model obtained from ξ(0) as well as the best-fitted model
derived from the misfit equation (30). It is worth noting that the pressure and temper-
ature solutions attained in all wells via the SVD and LM algorithms are significantly
closer to the target solution.

Figure 4 displays the log-permeability fields of the initial state and reference, as well
as those numerically approximated by the LM and SVD algorithms, accompanied by
their respective relative errors. Notably, a significant enhancement in the permeability
field is observed upon applying the LM and SVD algorithms as illustrated in Figure
4c. The comparison of relative errors between the LM and the combined SVD demon-
strates the superiority of LM in our new methodology (see Figures 4f- 4e). Although
the LM algorithm achieved a smaller error in the fields, it required a greater number
of iterations, while the SVD algorithm obtained similar results with fewer iterations.

To evaluate the stability of the proposed LM and SVD algorithms, we introduced
random Gaussian noise (RGN) at a noise percentage of 2%. In both algorithms, 100
iterations were required. When applying the algorithms to the noisy data, the optimal
permeability field of the retrieved geothermal model corresponds to the minimum of
the objective function (29). In this case, the misfit of the SVD algorithm decreased from
0.36488 to 0.23809, while in the LM algorithm, the misfit decreased from 0.61863 to
0.37393. Figures 5 - 6 depict the production data, including pressure and temperature
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(a) (b)

(c) (d)

Fig. 2: Numerical Model: noise-free numerical example of the production rate SP10
model. Production rates of the water production rate versus time, associated with
production wells W1 (a), W2 (b), W3 (c) and W4 (d). Solid lines denote the reference
solution and dashed line the initial, optimal approximation from LM and SVD.

respectively, contaminated with 2% noise. We can observe that the LM algorithm
did not provide a good approximation in well W1. However, in the other wells, both
methods showed good accuracy despite the noise. Figure 7 plots the permeability fields
recovered by inversion with noise in the observation data. Both algorithms achieved
similar results in the permeability fields; however, the inverse fields obtained did not
match the target permeability field.
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(a) (b)

(c) (d)

Fig. 3: Numerical Model: noise-free numerical example of the temperature SP10
model. Temperature versus time, associated with production wells W1 (a), W2 (b),
W3 (c) and W4 (d). Solid lines denote the reference solution and dashed line the ini-
tial, optimal approximation from LM and SVD.
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(a) Initial (b) Ref

(c) LM (d) SVD

(e) LM (f) SVD

Fig. 4: True, Initial and Recovered fields of the noisy-free numerical example and
the corresponding relative error. Above: Reference and initial log-permeability field.
Middle: Numerical approximation of the log-permeability field using LM and SVD
algorithms. Bottom: Relative error in the estimation of the permeability field using
LM and SVD algorithms. The relative error for each field is calculated by dividing the
absolute error by the modulus of the reference value.
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(a) (b)

(c) (d)

Fig. 5: Numerical Model: noisy numerical production rate of the SP10 model after
contaminated with 2% RGN. Production rates of the water production rate versus
time, associated with production wells W1 (a), W2 (b), W3 (c) and W4 (d). Solid lines
denote the reference solution and dashed line the initial, optimal approximation from
LM and SVD.
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(a) (b)

(c) (d)

Fig. 6: Numerical Model: noisy numerical temperature of the SP10 model after con-
taminated with 2% RGN. Temperature versus time, associated with production wells
W1 (a), W2 (b), W3 (c) and W4 (d). Solid lines denote the reference solution and
dashed line the initial, optimal approximation from LM and SVD.
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(a) LM (b) SVD

(c) LM (d) SVD

Fig. 7: Recovered fields of the 2% noisy numerical example and the corresponding
relative error. Above: Numerical approximation of the log-permeability field using LM
and SVD algorithms. Bottom: Relative error in the estimation of the permeability
field using LM and SVD algorithms. The relative error for each field is calculated by
dividing the absolute error by the modulus of the reference value.
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8 Discussion

The numerical results using the SPE 10 model demonstrate the effectiveness of both
the LM and SVD based inverse approaches for reconstructing the permeability field
in a complex heterogeneous reservoir. The Gaussian covariance structure, combined
with the truncated Karhunen-Loève expansion using only the first M = 20 dominant
modes, captured over 95% of the total variance, ensuring a compact yet accurate
representation of the uncertain parameter space.

Both LM and SVD algorithms successfully reduced the misfit function in the noise-
free case: the LM method achieved a final misfit of 0.01147 after 100 iterations, while
the SVD method reached 0.03147 in just 30 iterations. Although the LM algorithm
yielded a more accurate match to the reference data, the SVD approach required
significantly fewer iterations, highlighting its computational efficiency.

Figures 2 and 3 confirm that the optimized models from both methods closely
reproduce the reference pressure and temperature profiles at all four production
wells. Moreover, the reconstructed permeability fields in Figure 4 show substantial
improvements over the initial guess. The LM reconstruction provides a more detailed
approximation of the true log-permeability field, albeit at a higher computational cost.

In the presence of 2% synthetic noise in the well log data, the SVD inversion showed
comparatively better robustness, achieving a superior fit than the LM approach under
perturbed conditions. This suggests that the SVD method may offer enhanced per-
formance in practical applications involving measurement uncertainty or incomplete
information.

9 Conclusions

In this study, we combined the LM and SVD algorithms with the conditional
Karhunen-Loève expansion to compute the inversion of permeability fields in hetero-
geneous porous media. The coefficients of the cKLE depend on production well data
that are used to obtain the minimum misfit.

The application of the LM and SVD algorithms in cKLE allowed the optimization
of coefficients in the KLE in complex geothermal models, contributing to a better
characterization of geothermal reservoirs. In our approach, KLEs are constructed using
the eigendecomposition of covariance models of spatial variability. Thus, we need to
compute the eigenfunctions only once in the process of parameterizing the fields, which
represents an advantage in the computational cost of inversion.

Through the KLE, we were able to present a methodology to reduce the dimension
of the spatial mesh in parameterizing permeability fields while retaining a desired level
of variance. If the entire field dimension were considered, the inversion process would
involve extensive direct simulations in computing the Jacobian matrix. In our case, the
dimension associated with parameterization was reduced from M = 2500 to M = 20
in the SPE 10 model. This drastically reduced the calculation of the Jacobian matrix
in the LM and SVD algorithms.

Additionally, these algorithms converged accurately to the target field when applied
to noise-free data. Notably, the SVD algorithm required 30 iterations to achieve con-
vergence, however, the misfit result was higher than the LM. We then introduce a
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2% noise level in the fitting process between the acquired and computed data in well
logs. In this case, the inversion of permeability fields based on SVD demonstrated a
comparatively superior fit compared to the LM-based approach.
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