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I. GENUINE MULTIPARTITE NEGATIVITY AS :
A SEMIDEFINITE PROGRAM

66

67
Genuine Multipartite Negativity, as defined in Eq. (4),
can be formulated as the following semidefinite pro-

gram [1, 2]

70

71

N(p) = —mintr(pW) .
subject to W = P, + Q,Tn’" (1)
0< P,

0 < Qm < I for all bipartitions m | m 7

where W is an entanglement witness that is fully decom-
posable with respect to all bipartitions. For two opera-
tors A and B, the majorization A > B implies that A- B
is positive semidefinite. T, refers to a partial transpose
with respect to either part of the bipartition m/|m.

To compute the GMN, we use a modified version
of the MATLAB package pptmixer[l], where the con-
straint P, < I is removed, as suggested in the later
work [2] to provide a more physically transparent mea-
sure—specifically, a mixed convex roof of the minimum
bipartite negativity. The semidefinite programs are mod-
elled in MATLAB with the YALMIP toolbox [3] as
parser, and solved using the MOSEK solver [4].

To motivate such an optimization, consider first a bi-
partite system. The negativity can be formulated as a
semidefinite program

N(p) = -min tr(pW)
w=Qn,
0<@Q<I.

(2)

subject to

Thus, the negativity is associated with an optimal PPT
entanglement witness W = Q7. Expanding the witness
space to fully decomposable witnesses of the form

W'=P+Q™, (3)

with P > 0, does not enhance the detection capability in
the bipartite case. In fact, if P is positive definite, the
witness W = QT is strictly finer than W = P+ QTt [5].
However, in the multipartite case, the objective is to
identify a witness that simultaneously detects entangle-
ment across all bipartitions. In this setting, the optimal
witness tailored for each bipartition may be suboptimal
when a global criterion is required. Therefore, the use of
fully decomposable witnesses becomes essential for quan-
tifying genuine multipartite entanglement.

From the perspective of biseparable states, every bisep-
arable state can be expressed as a convex combination of
states that are separable with respect to the three bipar-
titions:

(4)

In contrast, the

bs _ sep sep sep
P =P1P e TP2Ppiac T P3PciaB

with p; + po + p3 = 1 and p; > 0.
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GMN semidefinite program detects states lying outsideus
the larger set 17
118

(5)119
PPT

where each component p Xy z is PPT with respect to the
. . o 2
corresponding bipartition. .

pmix __ _PPT PPT PPT
p =P1PaBc T P2PBlAC T P3PC|AB>

122

123

II. ADDITIONAL ANALYSIS FOR THE 124
KITAEV HONEYCOMB MODEL 125

126

A. Effective Hamiltonian for the small field Kitaev?’
Spin Liquid 128

129

130

For the Kitaev model under a [111] field (main text®
equation 1), a perturbation expansion around h = (0%
produces a 3-spin interaction which breaks time-reversal'
symmetry. The effective Hamiltonian at small field is 3

135
Ha= Y K,S/ST-n 3 S°SUSi, (O
(7,5)~

((i,3,k)) 137

where ((i,,k)) denotes ordered neighbouring sites and'*
k = 372/3h3. The chiral term stabilizes a gapped topo-"
logical phase with non-Abelian anyons [6]. This model**
can be solved exactly in the Majorana fermion represen-**
tation [7], and a computation of the hexagonal plaquette
RDM can be found in section III.

B. Evolution of the MMES in the Kitaev model.

To visualize the evolution of GME with frustration,
Fig. S1 plots the tripartite GMN of the hexagonal pla-
quette and all its nested subregions for the Kitaev model
in a [111] field. Frustration is maximum at h = 0,
and decreases with the field. The minimal multipartite-
entangled subregion (MMES) changes in a stepwise fash-
ion: at zero field the MMES is the full hexagon; it re-
mains so up to A~ 0.50 in the intermediate phase, then
shrinks to the five-spin cluster (hexagon minus one site);
near h = heo ~ 0.64 the four-spin cluster takes over; and
beyond h ~ 0.70 the MMES reduces to the three adja-
cent spins of the high-field paramagnet. This hierarchy
corroborates the MMES picture introduced in the main
text.

C. Certifying Separability with Adaptive Polytope
Algorithm

Table S1 summarizes our separability analysis for4
key reduced density matrices.  For each subregion
we bracket the critical value of the tuning parame-iss
ter—field A in the Kitaev model or chirality A in theu

Kagome model—between a lower bound obtained with
the adaptive-polytope algorithm [8] and an upper bound
extracted either from GMN (for biseparability) or the
PPT criterion (for full separability). Whenever the in-
terval [LB, UB] lies entirely below the parameter range
of interest, the state is rigorously certified biseparable;
when it lies entirely above, GME is confirmed. In sev-
eral cases (e.g. the three-spin ring around a hexagon) the
bounds overlap, leaving a narrow, inconclusive window,
but the qualitative picture is unambiguous: small, non-
loopy clusters are biseparable throughout broad parame-
ter ranges, whereas GME appears only when the cluster
contains a closed loop.

Because the biseparable set is convex and of full mea-
sure, a state that lies strictly inside it remains biseparable
under any sufficiently small perturbation—be it a change
of coupling, a weak thermal admixture, or coupling to an
environment. The intervals reported in Table S1 there-
fore demonstrate that the loopy-only pattern of GME
identified in the main text is robust: non-loopy subre-
gions remain GME-free across finite ranges of field or
interaction, while loops retain finite GMN over the same
ranges. In other words, the “entanglement frustration”
that confines multipartite correlations to loops is not a
fine-tuned artifact but a stable feature of these quantum
spin liquids.

State Parameter | LB (Polytope) |UB (GMN)
Kitaev ps_nex hs 0.346 0.433
Rbs 0.675 0.693
Kitaev pa-—nex Pbs 0.632 0.641
Kitaev ps_nex hps 0.468 0.520
Kitaev ps_fork hbs 0.130 0.147
Kagome p3_triangle Abs 0.250 0.300

TABLE S1. Bounds on separability thresholds ob-
tained from the adaptive—polytope method. For each
type of reduced density matrices, we list a lower bound (LB)
and an upper bound (UB) on the critical value of the tuning
parameter at which the state changes from separable to en-
tangled: subscripts hs (or As) refer to full separability, while
hvs (or Aps) refer to biseparability. LB is obtained with the
adaptive polytope algorithm of Ref. [8]; UB is set either by
the genuine multipartite negativity (for biseparability) or by
the PPT criterion (for full separability), using the data in
Figs. 3, S1, and 6. “3-hex”, “4-hex”, and “5-hex” denote three,
four, and five consecutive spins around a hexagonal plaquette;
“6-fork” is the six-spin fork subregion; “3-triangle” is the trian-
gular three-spin cluster on the Kagome lattice. For example,
P3-nex 18 certified fully separable for h < 0.346 and confirmed
entangled for h > 0.433; the interval in between remains in-
conclusive.

D. GMN for N=24 Nauru Lattice

To further support the conclusions presented in the
main text, we compute the GMN for the Kitaev Hon-
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FIG. S1. Evolution of the MMES in the Kitaev model. Tripartite GMN N3 is shown for the hexagonal plaquette (blue)
and its nested five-, four-, and three-spin subregions (shades of red) as a function of the [111] field h on the N = 32 cluster.
Vertical dashed lines mark the non-Abelian QSL (h < hc1), intermediate (hey < h < he), and paramagnetic (h > he2) regimes.
As frustration decreases with increasing field, the minimal multipartite-entangled subregion (MMES) shrinks in discrete steps:
hexagon — five-spin — four-spin — three-spin, illustrating the hierarchy discussed in the main text.

eycomb Model on a smaller system, the N = 24 Nauruieo
graph, and compare it with the results from the N = 32
Dyck graph. Figure S2 presents GMN as a function of the
[111] magnetic field strength h, with the same structure
as Fig. 3 in the main text.

170

171

The results for N = 24 largely mirror those for N = 32,
confirming that GMN follows the same qualitative trends
across system sizes. In the small-field regime, GMN is"”
present in the hexagonal plaquette but absent in non-"*
loopy or smaller subregions. Upon entering the interme-"’
diate phase, six-party GMN drops to zero, while GMN""*
in the fork subregion begins to increase. In the para-""
magnetic phase, GMN grows across multiple subregions,
regardless of their size or loop structure. The main differ-
ence observed in the N = 24 case is the presence of small
oscillations in M3 and Ay between h = 0.5 and h = 0.6,178
which are absent in the N = 32 system. These oscillantions179
likely stem from finite-size effects inherent to the smaller180
lattice geometry, rather than fundamental differences in181
the entanglement structure.

172

5

182

183

184

Overall, the consistency between the N = 24 andis
N = 32 results reinforces the validity of our conclusionsiss
regarding the role of loop-like multipartite entanglementisr
in the Kitaev Honeycomb Model. 188

E. Minimum Negativity vs. [111] Field

To assess whether the distinctive “loopy” structure ob-
served in our GMN analysis is already captured by bi-
partite measures, we compare the behaviour of the min-
imum negativity N™" with that of GMN. Since GMN
is defined as a mixed convex roof extension of N™ we
have NV'(p) < N™"(p) for any mixed state p. Figure S3
shows the tripartite and six-partite minimum negativity,
NI and Nt as functions of the magnetic field .

In contrast to the GMN results in Fig. 3, which clearly
differentiate between loopy (plaquette) and non-loopy
(fork) subregions, the values of N™ do not exhibit such
a distinction. Notably, in the small-field Kitaev spin lig-
uid phase, N™™® remains finite for the fork subregion even
though the corresponding GMN vanishes. This observa-
tion demonstrates that the “loopy” entanglement struc-
ture is an intrinsically multipartite feature that cannot
be captured by bipartite measures alone. Consequently,
GMN is essential for revealing the collective entangle-
ment properties inherent in quantum spin liquids.
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the hexagon to the three-spin cluster as the field increases, and phase boundaries at he1 = 0.38 and hez = 0.64 (dashed lines).
A minor difference is the appearance of small oscillations in (a) and (b) between h = 0.50 and 0.60, attributable to finite-size

effects specific to the Nauru graph.

III. EXACT PLAQUETTE RDM OF KITAEV
MODEL FROM MAJORANA FERMION
METHODS

A. Model

The Kitaev honeycomb model is an exactly solvable

194

195

196

197

198

model and a representative of quantum spin liquids
with Majorana fermions coupled to emergent Z, gauge
fields [7]. For ease of computation, we adopt a slightly
different sign convention for H than in the main text; the
Hamiltonian reads
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FIG. S3. Minimum Negativity vs. [111] Field for the Kitaev Honeycomb Model. Panel (a) shows the tripartite
(NF™) and six-partite (Ng*™) minimum negativity for the hexagonal plaquette subregion as functions of the magnetic field h.
Panel (b) presents the corresponding data for the fork subregion. Here, N min s obtained by minimizing the bipartite negativity
over all bipartitions into 3 or 6 parties. Notably, the minimum negativity does not clearly differentiate between the fork and
plaquette subregions, in contrast to the genuine multipartite entanglement measures shown in Figure 3 of the main text, which
capture the distinct "loopy" characteristics.

i=- PACAES

{o=z,y,2} (ij)

(7)

where spin-1/2 moments on the honeycomb lattice — rep-
resented as Pauli operators — interact only through near-
est neighbour Ising exchange J¢ between sites i and j on
sublattices A and B, respectively; here, a = x,y, z labels
the different nearest neighbour bond directions, as shown
in Fig. S4.

Equation (7) can be solved exactly via fermionization
of the Pauli operators. This can be seen by first writing
the spin on each site n as a composite of two Majorana
fermion operators: &y = 9.7, where 7, are typically
referred to as the matter fermions and & are identified as
the bond fermions. These operators satisfy the canonical

(e mm === =]f)
ai

Majorana anticommutation relations: they square to one,
and those of different types or on different sites anti-
commute. Defining the bond operators as ig; = 977},
Eq. (7) becomes quadratic in the matter fermions,

> T

{a=z,y,2} (i)

H=i 8)

222

The fermionic Hilbert space introduced via the*

fermionization procedure above has extra states that®
are related by a gauge transformation. The condition®
—-i66¥%67 = 1, which follows from the properties of the
Pauli matrices, is not necessarily true in the extended
Hilbert space. One may therefore define the operator

FIG. S4. A 2x2 honeycomb lattice with sublattices A and B.
The A sites form a triangular lattice with primitive vectors
a1 and az. Each unit cell (denoted by R) contains one spin
from both sublattices joined by an z-link. A reference unit
cell is illustrated in the figure.

D, = —i626Y6% = 4244421y, and fix the gauge with the
condition, D, |¥) = |[¥). Any state |¥) in the extended
space can then be projected into the physical space using
the projector

9)
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B. Ground State 250

260

The flux operator Wp = 0764656562 6¢, for any pla-2

quette p on the honeycomb lattice (see Fig. S5), is con-22

served. Here, the spins 1,...,6 are labelled for each pla-2s3

quette according to the convention in Fig. S5. Thesezs
operators can be expressed solely in terms of the bond
operators 4. Since these bond operators commute with
the Hamiltonian (8) and square to one, a gauge config-
uration dg; = +1 consistent with a given set of values

W, € {1} may be found. 265

In the thermodynamic limit, the flux of the groundaes

state is zero [9]. For Zy gauge fields, this implies that thess
plaquette operators Wp are one for all p, and therefore,
one can also set the bond operators to 4g; = 1. The
resultant system is translationally invariant, rendering it

suitable to Fourier methods.

268

269

270
271
272
273
274

275

276

FIG. S5. A plaquette p of the honeycomb lattice
277
This procedure becomes more involved for the finitezs
lattice, where the ground state is not necessarily flux-2r
free [10], and may not be gauge-equivalent to the config-2s0
uration 47; = 1. Therefore, one should pick a bond con-2s
figuration 47}, determine the ground state of the matterzs
fermions },, in (8), and then iterate over all the indepen-2ss
dent gauge configurations. 284
285
286
C. Fermion Ground State 287
288
Keeping the focus on thermodynamic systems, g} iszss
set to one to find the spectrum in the flux free sector.ze
Introducing a complex fermion fg = (R, A +1MR,B)/2 form
each unit cell R (see Fig. S4), the Hamiltonian (8) mayze
be rewritten as 203

A o g A f 204
= Zk: (fi ) (—"Zk —15:) (fjkk) ’ (10)222

where & = %{Sk}, Ap = j{Sk} and S =J% + JVetkar 4,
JZetkraz, Here, a1 and ay are the two primitive vectorsas

of the triangular lattice formed by the unit cells, and k
labels the wave vectors within the first Brillouin zone of
the triangular lattice. The values of k depend on the
boundary conditions.

Equation (10) can be diagonalized using a Bogoliubov
transformation, fk =cosfrar —1sin Gk&ik, where

Ep + &k
2E,,

Er - &k

11
bk ()

cos by, = , sinfy =sgn(Ag)

and Ej = /& + AZ. All two-point correlation functions
of the matter Majorana fermions can now be evaluated
in the ground state and are given by

~ ~ - ZA 7, ’
(harfinm) = Z Sk k ik(R-R')
k

(12)

(TARNAR) = (nBRUBR') =0RR’

where N is the total number of unit cells on the lattice.

D. Reduced Density Matrix

A general method to construct the reduced density ma-
trix for the Kitaev model is presented in Ref. 11. Here,
we follow a different approach that may be most use-
ful when computing the reduced density matrix for small
subregions containing a few spins. The six-spin reduced
density matrix on a plaquette may be expressed generally
as

fe = (13)

SRR AN

{ni=0,3,y,2}
where (O)O represents the expectation value of O in the
ground state, {67,6¥,67%} is the vector of Pauli matrices
on site n and 6 is the 2 x 2 identity matrix. The task
is then to find all the non-zero spin expectation values
to construct the density matrix. In this subsection, the
results are calculated for J* = JY = J* = -1.

Since the flux operators Wp are conserved, the correla-
tion function for any operator that does not conserve the
flux must be zero. This renders all one-spin correlation
functions zero, i.e., (6#) = 0. In the absence of a magnetic
field, all correlation functions with odd number of spins
are zero by time-reversal symmetry. The only non-zero
two-spin correlation functions are those that are joined
by a bond with spin components matching the bond type,
e.g., (6765). Table S2 lists all non-zero two-spin corre-
lations functions on a plaquette and their values in the
thermodynamic limit.

Figure S6 shows the groupings corresponding to non-
zero four-spin correlation functions on a plaquette. Each
grouping can give rise to more than one non-zero corre-
lation function, and these are all listed in Table S3. As
shown in the third column, each correlation function can
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be re-expressed solely in terms of the matter Majorana
fermion operators after setting the bond operators 47; to
one [12]. Using Wick’s theorem and the two-point cor-
relation functions Eq. (12), these correlation functions
can then be evaluated, and their numerical values in the

thermodynamic limit are presented in the fourth column.

Similarly, all non-zero six-spin correlation functions,
their corresponding matter Majorana fermion represen-

tation, and their numerical values in the thermodynamic
limit are presented in Table S4.

FIG. S6. Site groupings contributing to four-spin correlation

functions.

TABLE S2. Two point functions for J* = JY = J* = -1

Correlation Matter fermion |Expectation
function representation value

(6163) +i (77)2) -0.5249
(6365) ~i (273 ~0.5249
(656Y) +i (fi3)a) —-0.5249
(6163) —i (fafs) -0.5249
(&g&%”) +1 (ﬁ5ﬁ6> -0.5249
(676¢) +i (f11)6 ) -0.5249

309

310

311

312

313

314

315

316

TABLE S3. Four point functions for each grouping in Figure
S6 and J*=JY=J%=-1

Group |Correlation  |Matter fermion |Expectation
function representation value
I (67676567 | ~i(inna) —0.1858
(6765646Y) | = (Mmnemizia) +0.3730
I (65656565) | +i(hhs) ~0.1858
(63656365) |~ (N2M3Mam5) +0.3730
111 (64656¢65) |—i(nane) -0.1858
(65606566) |~ (fsnafsiie) +0.3730
v (6Y0i6866) | ~i{Mmmna) -0.1858
(6Y65626Y) |+ (M MafisTie) +0.3730
\4 (017636566) | +i(M2ns) -0.1858
(61656506) |- (Mn21s576) +0.3730
VI (6165656¢) | —i(fiane) -0.1858
(6Y635056¢) |+ (Mi2fans) +0.3730
VII (65656565) |+ (N2n3Mshe) +0.2410
VIIL  (6163656¢) |~ (Miisane) +0.2410
IX (67656568) |+ (mmn2nafs) +0.2410

TABLE S4. Six point functions for J* = JY = J* = -1

Correlation function |Matter fermion Expectation
representation value

(6/6565616566) +i (M17)2) ~0.5249
(616365616465) —i (f2M3) -0.5249
(6165656356866) +i (f374) -0.5249
(61656554165656) —i (Natis) -0.5249
(6165635616554 ) +i (fi576) -0.5249
(676Y65656Y6%) +i (f176) -0.5249
(6Y6565646%6%) — (M172M374) +0.3730
(67656Y636566) —(M2M37a5) +0.3730
(616365615558) — (N37)a7)576) +0.3730
(61656564 6506) + (M Nan5M6) +0.3730
(616563561655 ) — (127576 ) +0.3730
(616563016Y65) + (1727376 ) +0.3730
(616565616554 ) + (M2 576 ) +0.2410
(656365656Y6¢) — (11737476 ) +0.2410
(6Y6565656566) + (1772145 ) +0.2410
(616364646566) =i {(M172M3M4N576 ) -0.4363
(6Y6563561656) —i (M1 M273MaT5T6 ) -0.4363
(616565655866) +1 +1

E. Under a [111] magnetic field

Now we consider the addition of a magnetic field term,

Hy=-Y

i {a=z,y,2}

ha o7, (14)

where h, are the components of the field. In the case
of a weak magnetic field, an effective Hamiltonian may
be found in the subspace of the flux-free states using
perturbation theory. [7] In the isotropic case (J* = JY =
J?# = J), the additional magnetic field term can then be
expressed as

Hyn-r 3 676967, (15)
(kL)
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where k = hyhyh,/J? in this section, and (jkl) repre-ss
sents the sum over all spin triples that conserve the fluxss
operators W, as listed in Fig. S7. [7] 537
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FIG. S7. Spin triple arrangements contributing to the pro-
jected Hamiltonian. (a) Spin triples on a plaquette. These
correspond to operators quadratic in the matter fermions. (b)
These configurations are associated with terms quartic in the
matter fermions.

Fermionizing the spin operators as in Sec. IIT A,
the Hamiltonian can be expressed as a sum of terms
containing either two or four matter fermions. Following
Ref. 7, we drop the four-fermion contributions in the
weak magnetic field limit. Using the gauge choice 4;; = 1
and employing the same notation as Sec. IIIC, the

Hamiltonian is given by,
o T §k iDg+ 0k \ [ fr
H—zk:(fk fsz) (_,L-Ak+5k _é-k )(fl‘k ’ (16)

where 0 = —2k[sink - a; - sink - (a1 —az) —sink - as].
This is diagonalized by the Boguliubov transformation,
fr = cosOrar —isin Gk&ik, where

cos O, = Lk + Sk sin 0y = Ak — 1% e ~ &k
(17)

and E), = /€ + A7 + 0. The two-point correlation func-
tions for the matter fermions can then be found,

A —’LA
(harinm) = Z ke k ik (R-R)
k

Ok zk(R R)

N N ’ (5 ;7 + —
(lARNAR') = ORR N Z Ek

(18)

_72 Ok pik (R-R)

(MBRNBR') = SRR

The reduced density matrix for the plaquette can be
calculated in terms of spin correlation functions using
Eq. (13). While the flux-conserving two-spin, four-spin,
and six-spin operators contribute to the sum in Eq. (13)
at zero field, the breaking of time-reversal symmetry al-
lows the inclusion of operators involving an odd number
of spins, provided that they conserve flux. In particular,
the one-spin contribution to the reduced density matrix
remains absent. The three-spin correlation functions are
nonzero for the operators listed in Fig. S7, and Table S6
lists all nonzero three-spin correlations functions on a
plaquette and their values in the thermodynamic limit.

The list of all nonzero spin correlation functions, their
corresponding matter Majorana fermion representations
and their numerical values for J = -1 and x = 0.1 are
presented in Tables S5, S6, S7, S8 and S9.

TABLE S5. Nonzero two point functions for J* = JY = J* =
-land k=0.1

Correlation Matter fermion |Expectation

function representation value

(6763) +i (T 7j2) -0.5152

(656%) —i(f273) -0.5152

(6567) +i (i34 ) -0.5152

(6763) —i (fat)s ) -0.5152

(6566 ) +i (7576 -0.5152

(676¢) +i (717)6) -0.5152
TABLE S6. Non-zero three point functions for J* = JY = J? =
-land k=0.1

Correlation Matter fermion |Expectation

function representation value

(67696%3) —i(N3) +0.1119

(6’;%?6’2) -1 (7?2774) +0.1119

(6Y670%) —i (735 ) +0.1119

(6i6Y6%) —i (flatie ) +0.1119

(6Y626¢) +i (7175 ) +0.1119

(6176564) +i (fj27)6 ) +0.1119




TABLE S7. Non-zero four point functions for each grouping
in Figure S6 and J* = JY =J* = -1 and k = 0.1

Group |Correlation  |Matter fermion |Expectation
function representation value
I (67656356%) |-i(nima) ~0.1694
(6765656%) |- (Mmmn2nsia) +0.3402
il (63636565) | +i(n2ms) ~0.1694
(65656565) |~ {N203Ma7s5) +0.3402
UL |(6265626%) |~ (o) ~0.1694
(65676566) |~ (MsnianisTe) +0.3402
v (67050Y6¢) | =i (ia) -0.1694
(61656568) |+ (Mmnansie) +0.3402
Vv (61636565) | +i(f2ms) -0.1694
(67656568) |- (Mmn2fshe) +0.3402
VI (67656568) |-i(nsns) -0.1694
(6763650¢) |+ (Mmi2nsms) +0.3402
viI (62656566) |+ (N237576) +0.2493
VIIL  |(696Y6Y6%) |- (Aifisfaiie) +0.2493
X (67656565) |+ (MmN2047s) +0.2493

351
352
353

354

355

356

357

358

359

360

361

362

363

TABLE S8. Non-zero five point functions for J* = JY = J? =

-1 and k=0.1
Correlation function |Matter fermion Expectation
representation value
(6765656561 66) ~i (73) +0.1119
(6169646765 68) ~ (M faiais) ~0.0963
<511/53&3AZ G568) + (M 737576 ) -0.0963
(616565676Y6%) —i (A2fia) +0.1119
(67656567636Y) + (Hafafis i) ~0.0963
(676569676 66) + (M2 ~0.0963
(676365696565) —i (f3fs) +0.1119
(6Y65656496565) + (M A2Msfs ) -0.0963
(61656569656F) + (M 737576 ) ~0.0963
(616356565 656¢8) —i (Aafe) +0.1119
(67636464 6558) —(Hafaais) -0.0963
<6%“§A§‘ZA2&2) + (M1M2Nane) —-0.0963
(676Y65656564) +i (M175) +0.1119
<&f6§5?§55f Agffg) + (M1727375) -0.0963
(656%65656263) — (M1 A3MaMs ) -0.0963
(6963636267 6F) +i (fafe) +0.1119
(69656564 656F) + (256 ) ~0.0963
(6965656567 5F) —(afaais) -0.0963

365

366

367
368

369

370

372

373

374

375

376

377

TABLE S9. Non-zero six point functions for J* = JY = J* =
-land k=0.1

Correlation function |Matter fermion Expectation
representation value

(0163635616566) +i (M172) ~0.5152
(616565616256) ~i {f)273) ~0.5152
(6163656315555 ) +i (f)37)) -0.5152
(616565616566) —i (faf)s) -0.5152
(616563616554 ) +i (fisfe) -0.5152
(616565656256 ) +i (f17)6) -0.5152
(6706565635676) — (M fi2i3na) +0.3402
(6V656064686¢) —(N2737a7)s5) +0.3402
(61656564055) — (N3TaM57)6 ) +0.3402
(6165635636566) + (1747576 ) +0.3402
(016363656558) = (MA2msM6) +0.3402
(6765650566 ) + (1720376 ) +0.3402
(616565616558) + (23516 ) +0.2493
(616565676258) — (1737476 ) +0.2493
(6163636]6565) + (172145 ) +0.2493
(616565636506) —i (1727374576 ) -0.3712
(676565656568) —i (M 7273NaMs76 ) -0.3712
(6163650565 56) +1 +1

IV. FINITE SIZE ANALYSIS FOR THE
KAGOME HEISENBERG
ANTIFERROMAGNETIC

To assess the robustness of our ED results in the ther-
modynamic limit, we consider the model at J, = A =0
and compute the tripartite GMN N3 for the Bowtie and
Hexagon subregions across system sizes N = 12,18,24,
and 36 (see Fig. S8). The values of N3 appear to have
converged by N = 36, with the Bowtie subregion stabi-
lizing at 0.0141 and the Hexagon subregion at 0. This
suggests that the absence of GMN in the Hexagon and
its persistence in the Bowtie are intrinsic properties of the
Kagome Heisenberg Antiferromagnet rather than finite-
size effects. These findings reinforce the distinction be-
tween loopy and non-loopy subregions in hosting multi-
partite entanglement.

V. MULTIPARTY ENTANGLEMENT IN
TOPOLOGICAL STRING-NET MODELS

The string-net model proposed by Levin and Wen [13]
describes a large class of topologically ordered states, in-
cluding quantum spin liquids. It is defined on a honey-
comb lattice with spin degrees of freedom residing on the
edges (see Fig. S9). The Hamiltonian takes the form

H:_ZQU_Zan (19)

where @, is a vertex operator enforcing local constraints
at each trivalent vertex, and B, is a plaquette operator
that measures the flux through a plaquette and provides
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FIG. S8. Finite-size scaling of GMN in the Kagome**
Heisenberg Model. Tripartite GMN (N3) for the Bowtie
and Hexagon subregions as a function of system size N, com-**
puted for the Kagome model with Jo = A = 0. Results are3
shown for N =12,18,24, and 36. The values of N3 appear tosos
have converged by N = 36, with the Bowtie subregion stabiliz-sos
ing at 0.0141 and the Hexagon subregion at 0. These results,
suggest that the thermodynamic limit is well-approximated
by the largest system sizes considered.
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FIG. S9. Hexagonal lattice for the string-net model.
The diagram illustrates the honeycomb lattice used in the
string-net model of Levin and Wen [13], where spins reside on*
the edges. The vertex operator @, (a three-spin interaction)*?
enforces local constraints at each trivalent vertex, while the4o
plaquette operator B, (a 12-spin interaction) measures thes:
magnetic flux through each plaquette and drives the dynamics,,,
of the string-net configurations.

8

423
424
425
the dynamics of string-net configurations. The groundas
states of this model satisfy (Q,) = (Bp) = 1, ensuring lo-sr
cal gauge invariance. A key feature of the string-net con-«s
struction is that its fixed-point ground state is fully speci-as
fied by a pair of local tensors, namely the six-index tensorasmo
F7" and the one-index tensor d;. In particular, we cansu
derive the branching rules from the F tensor, which pro-s:
vides a local gauge constraint for any three edges whichass
share a vertex. Consider the subspace S of string con-«.
figurations which satisfy all local constraints, the fixedass
point wavefunction can be written as |®) = ¥, g a(s)|s),ss

10

and the matrix elements of the RDM of a subregion A
can be written as

=Y a(sasp)a*(sarsp)

SB

[pA]SASA/ (20)

where (sa,585),(sar,8p) € S. If we cannot find any sub-
region sp which is compatible with two distinct configu-
rations s4 and s4-, then all off-diagonal elements vanish
and thus the RDM is fully separable. A similar argu-
ment was made for a general spin-1/2 system where the
valid spin flips form a group [14], which can be applied
to show that non-loopy subregions of the Zo gauge the-
ory are fully separable. We generalize this to arbitrary
Abelian string-nets:

Reduced state pa of any non-loopy subregion A is fully
separable in Abelian string-nets.

To see this, notice that in an Abelian string-net, the
branching rules at each vertex have no multiplicity: once
two of the three incident edge labels are fixed, the third
is determined uniquely. Now, if the region A is a tree (i.e.
has no loops), then fixing a global configuration sp on
the complement immediately fixes the labels on the edges
of A that touch B. From there, we can "peel" the tree
inward: at each trivalent vertex in A, two of its edges
have already been determined, so the third edge label
follows uniquely from the branching rule. By iterating
this process, we recover at most one valid s 4 for each sg.
Hence, no two distinct s4 can coexist with the same spg,
all off-diagonal matrix elements p,, ,,, vanish, and p4 is
fully separable.

For a general string-net, the reduced density matrix of
a simply connected region A takes a diagonal form [15]

pa = {Z}p{q,m} {a,m}) {{q,m}] (21)

where {¢,m} labels the string configuration on the tree-
like boundary of A. Each boundary configuration speci-
fies a unique interior wavefunction |{g, m}) via successive
F-moves, and its weight factorizes as pyymy = [1,, dg,.
depending only on the external legs that link A to its
complement. Using this expression, we evaluate p4 for
the 12-site region that encloses a single hexagon—the
support of the B, operator (red area in Fig. S9). From
this parent RDM, we can trace out selected spins to ob-
tain smaller subregions and then compute their GMN,
allowing a systematic study of multiparty entanglement
at and below the hexagon scale. Because the Hilbert
space dimension grows rapidly with the number of string
types, exact GMN can be computed only for modest clus-
ter sizes: up to six sites when the local dimension is d = 2,
and up to four sites for d = 3. For some larger clus-
ters, we instead determine rigorous lower bounds. Armed
with these tools, we now survey GME across a range of
Abelian and non-Abelian string-net models.
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Zo gauge theory and the Double Semion Model s
The simplest case is an Abelian string-net with one stringas
type of no branching rules, the model is specified by s

do=1, dy=F})=x1,

000 101 011
Fooo = Fior = Fori = 1,
479
000 110 101 011
Fiir = Foor = Foro = Froo = 1, (22)
with all other elements of F' vanishing. The correspond-
ing fixed-point wave functions are given by

D.(X) = (21)*, (23)

480

where X, is the number of disconnected closed string:
components in the configuration X. &, is associated with#s
a Zo gauge theory, while ®_ corresponds to a doubless
semion model. 484

To investigate the local entanglement properties of4ss
these fixed-point wave functions @, we study the RDMsss
for various local subregions. For subregions that do not#”
enclose any loop, the RDM is diagonal, so the state is¢s
fully separable. For the hexagonal plaquette the RDMz¢®
takes the form of an X state—a state whose only non-zero+o
matrix elements lie on the diagonal and anti-diagonal.s
More precisely, an n-qubit X state is defined by 492

. 3 493
Ay, le:Ja

[X(a,c)]ij =i,

0, otherwise,

494

if j =1, (2495

where I[,,] is the set of all n-bit indices (e.g., Ijg) for a
hexagon), a; and ¢; are real numbers corresponding to
the diagonal and anti-diagonal elements, and i denotes 106
the bitwise complement of 7. .
In our case, the state p; corresponding to @, has,
uniform diagonal elements a; = 1/64 and uniform anti-_,
diagonal elements ¢; = 1/64 for all i € Itg). In con-,
trast, while p_ has the same diagonal entries a; = 1 /647501
its anti-diagonal elements ¢; depend on the number of502
groups of consecutive 1’s (under periodic boundary con-_
ditions): if the number of groups is even, then ¢; = -1/64;_
if odd, ¢; = 1/64. For instance, configurations like 000000,
000111, 001101, and 101010 (which correspond to 0, 1, 2,
and 3 groups respectively) acquire the appropriate sign
for ¢;. Using Theorem 5.3 in [16], it can be shown that p,
is fully separable. Although p_ is not fully separable, it
has zero GMN along the tripartition (12)(34)(56) around
the plaquette and can be further shown biseparable using
the separability algorithm.
Fibonacci String-Net Model 507
The Fibonacci string-net is a non-abelian string-net with
one type of string, specified by

do =1,

97

00

di =",
110 -1 110 -1/2
Fiyg=v", Fin =7 / )

508
Flig =~ Flif =7 (25)

509

11

In the above, the nontrivial entries correspond to the
case i = j = k =1 =1 when using the notation F}]". The
remaining elements of F' are defined by

F{I™ = G g Orm et Ok O (26)
where
1, if {i,4,k} is allowed,
Oijk = . (27)
0, otherwise.

All contiguous subregions up to six spins exhibit no de-
tectable GME: every three- and four-site cluster has a di-
agonal reduced density matrix and is therefore fully sep-
arable (hence zero bipartite negativity and zero GMN),
while five-site clusters are fully PPT along all biparti-
tions—and thus no GMN—and six-site clusters, although
some contain bipartite negativity, still carry zero GMN.
The hexagonal plaquette likewise has no GMN. However,
we find a finite tripartite GMN for the 12-site region that
encloses a single hexagon by evaluating a lower bound:
N3 > 0.0607.

Z3 gauge theory

The next case is an Abelian model with two types of
strings, 1 and 2 where 2 = 1*, so they correspond to two
orientations of the string. The model is specified by the
branching rules {{1,1,1},{2,2,2}} and the F tensor

do=dy=dy =1,
F{3™ = 8.5 Orm eyt Ok O (28)

and the fixed point wavefunction ®(X) = 1 for every
configuration satisfying the branching rules.

All non-loopy subregions are diagonal and thus fully
separable, as proved by the general result for Abelian
string-nets. For the hexagonal plaquette, the RDM for
the Z3 gauge theory is fully PPT, and thus has no GMN.
S3 gauge theory
We now consider the first non-abelian string-net
model, with two string types and branching rules
{{1,2,2},{2,2,2}}. The strings are unoriented, so 1* =
1,2* =2. The d and F' tensors are

do=di=1, dy=2 (29)
Fiig = Fpo3 = F315 =1 (30)
Fip3 =1 (31)
and F33™ is given by the matrix
1 1 1
2 2 A
m 11 1
i = : 2 T (32)
a0

All three- and four-spin clusters have diagonal re-
duced density matrices and are therefore fully separable
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(hence zero bipartite negativity and zero GMN). Five-sy
spin patches, although non-diagonal, remain fully PPTsss
and thus exhibit neither bipartite negativity nor GMN.5*
The six-spin hexagonal plaquette does display bipartite®
entanglement, but our lower-bound does not detect a ﬁ—zz
nite GMN. Similarly, no GMN was detected for the 12-
site subregion enclosing a hexagon. 544
Ising String-Net Model 545
Finally, we consider the Ising string-net model, a non-s
abelian model with local dimension 3 that accommodates®’
two distinct string types. In this model, following Ki-**®
taev’s notation (See Table.l in Ref. [7]), we define

549
550

551

1 (vacuum), ¢ (fermion), o (vortex),

552

The quantum dimensions are dy = d. = 1,d, = V2, andzzj

the fusion rules are given by 555

556
exe=1, exo=0, oxo=1+¢. 557
558

The nontrivial elements of the F' tensor are specified asss

follows: 560
1 1 561
1 1

Fggl :Eﬂ Fgge :ﬁv Z:
oo L peoe L i

oo ’ [eonsy )
\/§ \/5 566
F279=-1, FJ227=-1. (33)s67

568

In all other cases, the F' tensor elements are determinedsss
by Eq. (26), analogous to the Fibonacci string-net model.5s
All three- and four-site clusters have diagonal reduced®
density matrices and are therefore fully separable (Zerozz
bipartite negativity and zero GMN). Five-site clusters,_,
though non-diagonal, remain fully PPT and thus likewises
exhibit neither bipartite negativity nor GMN. In con-ss
trast, the 6-site hexagonal plaquette retains genuine tri-s
partite entanglement: our lower-bound calculation yields®”
N3 >0.0112. 579

580
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