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I. PROPAGATION OF LIGHT IN A
FLUCTUATING SPACETIME

In this section, we will solve the relativistic wave equa-
tion, applying necessary approximations, to obtain the
electric field of light propagating in a fluctuating space-
time.

The relativistic wave equation in terms of the electro-
magnetic field tensor Fαβ [1]

□Fαβ + 2RαγβδF
γδ −RαγF

γ
β +RβγF

γ
α = 0,

where

□Fαβ = gγδ∇γ∇δFαβ

= gγδ
(
∂δXαβγ − Γη

αδXηβγ − Γη
βδXαηγ

−Γη
γδXαβη

)
, (1)

with

Xαβγ = ∂γFαβ − Γη
βγFαη − Γη

αγFηβ , (2)

Rαβγδ = gαν

[
∂γΓ

ν
δβ − ∂δΓ

ν
γβ + Γν

γηΓ
η
δβ − Γν

δηΓ
η
γβ

]
, (3)

and

Rαβ = Rν
ανβ , (4)

with the Christoffel symbol

Γα
βγ = gαµ(∂βgµγ + ∂γgβµ − ∂µgβγ)/2. (5)

Here the Greek indices take values from the set
{0, 1, 2, 3}, with 0 corresponding to the timelike compo-
nent and the rest to spacelike components.

Assuming the most general gβγ without any further
assumptions, it can be trivially seen that it is not possible
to simplify the above relativistic equation. Therefore,
we consider the eikonal approximation to find a solution
to −cF0j (j = 1, 2, 3) or equivalently, E⃗, the 3-vector
electric field.

(i) Ansatz: Let us consider electric field of the form,

E⃗(r) = E⃗0(r)e
ikΦ(r), (6)

where k = 2π/λ = Ω/c with the wavelength λ and
the frequency Ω of the electromagnetic (EM) ra-
diation propagating in the fluctuating spacetime.
Also r ≡ (t, x, y, z). To apply the eikonal approx-
imation, we use Eq. (6) in Eq. (1) and consider
k → ∞. Note that this sets the wavelength and the
time-period of the EM radiation to be the smallest
length and time scales respectively in the system.

Using Assumption (i), we find that Eq. (1) reduces to

gγδ∂γ∂δFαβ = 0. (7)

This is because in the presence of terms that are 2-order
derivatives of Fαβ , terms proportional to smaller order
derivatives don’t survive.

Let us now consider the following form of the metric
to simplify this further.

(1) We consider a spacetime metric of the form,

gµν = ηµν + 2wµν , (8)

where the 4 × 4 matrix w is a real, symmet-
ric, matrix that models fluctuations about the flat
Minkowski metric ηµν with a signature (−1, 1, 1, 1).

Applying both Assumption (i) and Attribute (1), we
find

− (1− 2w00)

c2
(∂tΦ)

2 + (1 + 2w11)(∂xΦ)
2

+ (1 + 2w22)(∂yΦ)
2 + (1 + 2w33)(∂zΦ)

2

+
4

c
(∂tΦ)

[
w01(∂xΦ) + w02(∂yΦ) + w03(∂zΦ)

]
+ 4(∂xΦ)

[
w12(∂yΦ) + w13(∂zΦ)

]
+ 4w23(∂yΦ)(∂zΦ) = 0.

(9)

(ii) Slowly varying envelope approximation (SVEA):
To be consistent with Assumption (i), we also con-
sider the following ansatz,

Φ(r) = ct− z +Φf(r), (10)

with ∂µΦf ≪ 1 (µ = 0, 1, 2, 3).
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Using Assumption (ii), we neglect terms of order (∂µΦf)
2.

With this, we find

− (1− 2w00)− 2(1− 2w00)

c
(∂tΦf)

+ (1 + 2w33)− 2(1 + 2w33)(∂zΦf) + 4w01(∂xΦf)

+ 4w02(∂yΦf) + 4w03(∂zΦf)−
4

c
w03(∂tΦf)− 4w03

− 4w13(∂xΦf)− 4w23(∂yΦf) = 0. (11)

(2) We also consider the metric fluctuations to be
small, i.e., wµν ≪ 1 (µ, ν = 0, 1, 2, 3).

Using Assumption (ii) and Attribute (2) together, we ne-
glect terms of order wµν(∂γΦf). With this, we find

−2

c
(∂tΦf)− 2(∂zΦf) + 2w00 + 2w33 − 4w03 = 0. (12)

A general solution is

Φf(r) = F (ct− z) + c

tˆ

0

dt′
[
w00 (r(t′))

+w33 (r(t′))− 2w03 (r(t′))
]
, (13)

where F denotes any general function of the given argu-
ment. We choose the following solution as one that best
fits our initial conditions of an input Gaussian beam.

E⃗(r) = E⃗in(x, y)e
ikΦ(r), (14)

where

E⃗in(x, y) =

√
2

π

zR

W0

√
z2R + z20

exp

[(
− ikz0W

2
0 + 2z2R

2W 2
0 (z

2
0 + z2R)

)
(x2 + y2)

]
êy, (15a)

Φ(r) = ct− z + c

tˆ

0

dt′
[
w00 (r(t′)) + w33 (r(t′))

−2w03 (r(t′))
]
, (15b)

with êy being the unit vector along the y-axis, W0 the
beam waist, z0 the position of the beam waist, and zR =
πW 2

0 /λ.

II. HOLOMETER-TYPE SETUP: SPECTRAL
DENSITIES

In this section, we obtain the power and cross spectral
densities of the optical path difference between the two
arms of the Michelson laser interferometer (MLI) with no
arm cavities.
The electric field at the output port (see Fig. 1) of the

Interferometer p (p = i,ii) is

Ep
out(rd(∆τ ,∆)) =

1√
2

[
E(cp)

y (rd(∆τ ,∆))

−E(dp)
y (rd(∆τ ,∆))e−2iφoff

]
. (16)

Here the detector is at rd(∆τ ,∆) ≡ (τ0 + ∆τ ,∆,∆,∆)
with ∆ = 0 for Interferometer I and ∆ = ∆s for Inter-
ferometer II. We note that τ0 = 2L/c.
As a first step towards finding the spectral densities of

the interferometric output, we define electric field corre-
lation tensors of the form,

Mm,m′

c;c′ ({r}; {r′}) = E(c1)
y (r1)E

(c2)
y (r2) · · ·E(cm)

y (rm)E
(c′1)∗
y (r′1)E

(c′2)∗
y (r′2) · · ·E

(c′
m′ )∗

y (r′m′) (17)

where ci, c
′
j ∈ {C,D} for i = 1, 2, . . . ,m, j =

1, 2, . . . ,m′, with m not necessarily equal to m′ and
{r} ≡ {r1, · · · rm}, c ≡ {c1, · · · cm}. The primed vari-
ables are denoted similarly. Here (m,m′) denote the or-
der of the electric field correlation tensor. For brevity,

we define the correlation function Mm,m′

out ({r}; {r′}) for

the output field of an MLI in line withMm,m′

c;c′ ({r}; {r′}),
except with Eout replacing the field components E

(c)
y and

E
(c′)
y in Eq. (17).

The fourth-order correlationM2,2
out (R;R) is written ex-

plicitly in terms of M2,2
{x,y};{x’,y’} (R;R) as
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FIG. 1: A schematic diagram of the interferometric setup. (a) Michelson laser interferometer (MLI) with a laser
source at the input port A and a detector at the output port B with the two perpendicular arms denoted by C and

D. The 50/50 lossless beamsplitter is denoted by BS and is taken as the origin of the reference frame in our
computation. We can effectively assume the detector to be at the origin as any change suffered by the light after

interference at the BS is common to output field contributions from both the arms and therefore cannot be detected.
(b) Two co-located MLIs with input ports Ai and output port Bi with the two perpendicular arms denoted by Ci

and Di each with arm length Li (i =I,II). We consider Li = Lii = L. The origin is at BSi.

M2,2
out (R;R) =

1

4

 ∑
X∈{C,D}

∑
Y∈{C,D}

M2,2
{x,y};{x,y} (R;R)−

∑
X∈{C,D}

M2,2
{x,c};{x,d} (R;R) e2iφoff

−
∑

X∈{C,D}

M2,2
{x,d};{x,c} (R;R) e−2iφoff −

∑
X∈{C,D}

M2,2
{c,x};{d,x} (R;R) e2iφoff

−
∑

X∈{C,D}

M2,2
{d,x};{c,x} (R;R) e−2iφoff +M2,2

{c,c};{d,d} (R;R) e4iφoff

+M2,2
{d,d};{c,c} (R;R) e−4iφoff +M2,2

{d,c};{c,d} (R;R) +M2,2
{c,d};{d,c} (R;R)

 . (18)

We find M2,2
out (R;R) with R = {(τ0, 0, 0, 0), (τ0+∆τ ,∆,∆,∆)}. We discuss the salient steps involved in computing

M2,2
out (R;R) by listing the steps in computing one of the terms in this moment, such as,

M2,2
{d,d};{c,c} (R;R) = |E⃗in(0, 0)|2|E⃗in(∆,∆)|2

exp

[
−iΩ

{
τ0́

0

dt′ w(t′,0,0,s(t′))+
τ0+∆τ´
∆τ

dt′ w(t′,∆,∆,s(t′−∆τ )+∆)

}]

exp

[
iΩ

{
τ0́

0

dt′ w(t′,s(t′),0,0)+
τ0+∆τ´
∆τ

dt′ w(t′,∆+s(t′−∆τ ),∆,∆)

}]
. (19)

Here s(t) = ct if 0 ⩽ t ⩽ τ0/2 and s(t) = 2L − ct if τ0/2 < t ⩽ τ0. We define this function up to t ⩽ τ0 when we
consider the Holometer. We extend the definition when we consider LIGO.

To simplifyM2,2
out (R;R), we need to define two correlation integrals for which the following assumptions are required.

(iii) Stationarity assumption: w(r) is a stationary Gaussian random process with

w = 0, and (20)

w(t1, r⃗1)w(t2, r⃗2) = Γs ρ (ct12, r⃗12) . (21)

Here o12 = o1 − o2 (o = t, r⃗) with r⃗i ≡ (xi, yi, zi) (i = 1, 2) and Γs is the strength of the fluctuations.
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(iv) Isotropy: The two-point correlation function ρ is isotropic in space, i.e., ρ (δ1, {δ2, δ3, δ4}) = ρ (δ1, {δ4, δ2, δ3}) =
ρ (δ1, {δ4, δ3, δ2}) = . . . , for any separation δi (i = 1, 2, 3, 4). To achieve this isotropy, we consider the correlation
to decay with a correlation scale ℓr in all three spatial dimensions. We also additionally consider the temporal
correlation scale to be ℓr/c.

We define the two correlation integrals as follows.

ζ1(∆τ ,∆) =

τ0ˆ

0

dt1

τ0ˆ

0

dt2 ρ(t1 +∆τ − t2,∆,∆, s(t1) + ∆− s(t2))

=

τ0ˆ

0

dt1

τ0ˆ

0

dt2 ρ(t1 +∆τ − t2, s(t1) + ∆− s(t2),∆,∆), (22a)

ζ2(∆τ ,∆) =

τ0ˆ

0

dt1

τ0ˆ

0

dt2 ρ(t1 +∆τ − t2, s(t1) + ∆,∆,∆− s(t2)). (22b)

Here the σ(∆τ ) = ζ1(∆τ , 0) and ξ(∆τ ) = ζ2(∆τ , 0).
Using Eqs. (19) and (22), we find

M2,2
{c,c};{d,d} (R;R) = M2,2

{d,d};{c,c} (R;R) = |E⃗in(0, 0)|2|E⃗in(∆,∆)|2 e−Ω2Γs{2ζ1(0,∆)+2ζ1(∆τ ,∆)−2ζ2(0,∆)−2ζ2(∆τ ,∆)}

≈ |E⃗in(0, 0)|2|E⃗in(∆,∆)|2
[
1− Ω2Γs

{
2ζ1(0,∆) + 2ζ1(∆τ ,∆)− 2ζ2(0,∆)− 2ζ2(∆τ ,∆)

}]
, (23)

M2,2
{c,d};{c,d} (R;R) = M2,2

{d,c};{d,c} (R;R) = |E⃗in(0, 0)|2|E⃗in(∆,∆)|2 e−Ω2Γs{2ζ1(0,∆)−2ζ1(∆τ ,∆)−2ζ2(0,∆)+2ζ2(∆τ ,∆)}

≈ |E⃗in(0, 0)|2|E⃗in(∆,∆)|2
[
1− Ω2Γs

{
2ζ1(0,∆)− 2ζ1(∆τ ,∆)− 2ζ2(0,∆) + 2ζ2(∆τ ,∆)

}]
. (24)

M2,2
{x,c};{x,d} (R;R) = M2,2

{x,d};{x,c} (R;R) = M2,2
{c,x};{d,x} (R;R) = M2,2

{d,x};{c,x} (R;R)

= |E⃗in(0, 0)|2|E⃗in(∆,∆)|2 e−Ω2Γs{ζ1(0,∆)−ζ2(0,∆)} ≈ |E⃗in(0, 0)|2|E⃗in(∆,∆)|2
[
1− Ω2Γs

{
ζ1(0,∆)− ζ2(0,∆)

}]
(25)

The two-point correlation of output power is given by [2]

P i
out(τ)P

j
out(τ +∆τ ) = (ϵ0c)

2
¨

A

d2a1 d
2a2 M

2,2
out (R;R). (26)

Here Eq. (26) can be used for any beam with cross-section area A. However, in our case, we use the assumption
that the width of the light beams is effectively zero. In other words, the light beams have been approximated to light
rays. Specifically, in Eq. (26), we have used this assumption to simplify the surface integrals to A2. Further, we also

use input power P0 = 2 ϵ0 cA |E⃗in|2 to allow further simplification that leads to Eq. (28) in terms of P0. Here the
covariance of output power is

Covi,j(Pout) = P i
out(τ)P

j
out(τ +∆τ )

−P i
out(τ) P j

out(τ +∆τ ). (27)

Note that Covi,j(Pout) ̸= Covj,i(Pout), in general.
The covariance using Eqs. (25) and (18) for input power P0,

Covi,j(Pout) =
P 2
0

4

[
1

2

(
1− Ω2Γs

{
2ζ1(0,∆) + 2ζ1(∆τ ,∆)− 2ζ2(0,∆)− 2ζ2(∆τ ,∆)

})
cos 4φoff

+
1

2

(
1− Ω2Γs

{
2ζ1(0,∆)− 2ζ1(∆τ ,∆)− 2ζ2(0,∆) + 2ζ2(∆τ ,∆)

})

−

(
1− Ω2Γs

{
2ζ1(0,∆)− 2ζ2(0,∆)

})
cos2 2φoff

]
. (28)
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We know that

Covi,j(∆x) =

(
λ

4πφoffP0

)2

Covi,j(Pout). (29)

Using trigonometric identities,

Covi,j(∆x) =

(
λ

4πφoffP0

)2
P 2
0

4

[
1

2

(
1− Ω2Γs

{
2ζ1(0,∆) + 2ζ1(∆τ ,∆)− 2ζ2(0,∆)− 2ζ2(∆τ ,∆)

})
(1− 2 sin2 2φoff)

+
1

2

(
1− Ω2Γs

{
2ζ1(0,∆)− 2ζ1(∆τ ,∆)− 2ζ2(0,∆) + 2ζ2(∆τ ,∆)

})

−

(
1− Ω2Γs

{
2ζ1(0,∆)− 2ζ2(0,∆)

})
(1− sin2 2φoff)

]
(30)

=

(
λΩ

4π

)2
sin2 2φoff

4φ2
off

Γs

[
2ζ1(∆τ ,∆)− 2ζ2(∆τ ,∆)

]
. (31)

Using sin2 2φoff ≈ 4φ2
off as φoff ≪ 1,

Covi,j(∆x) =
c2Γs

2

[
ζ1(∆τ ,∆)− ζ2(∆τ ,∆)

]
. (32)

We need the optical path difference to be stationary to apply the Wiener-Khinchin theorem for obtaining the spectral
densities. For each correlation function, we check if the obtained autocorrelation is non-negative definite to check
for weak stationarity. We then obtain the PSD using a cosine transform of Covi,i(∆x) (setting ∆ = 0, ζ1 → σ and
ζ2 → ξ) while we obtain the CSD using a Fourier transform of the Covi,ii(∆x) (setting ∆ = ∆s).

We simplify the PSD expression as follows. We consider

σ(∆τ ) =

ˆ L/c

0

dt1

ˆ L/c

0

dt2

[
ρ((t1 − t2 +∆τ ), c(t1 − t2), 0, 0)

+ ρ

((
2L
c

− t1 − t2 +∆τ

)
, c(t1 − t2), 0, 0

)
+ ρ

((
t1 + t2 −

2L
c

+∆τ

)
, c(t1 − t2), 0, 0

)
+ ρ((t2 − t1 +∆τ ), c(t1 − t2), 0, 0)

]
.

ξ(∆τ ) =

ˆ L/c

0

dt1

ˆ L/c

0

dt2

[
ρ((t1 − t2 +∆τ ), ct1, 0,−ct2)

+ ρ

((
2L
c

− t1 − t2 +∆τ

)
, ct1, 0,−ct2

)
+ ρ

((
t1 + t2 −

2L
c

+∆τ

)
, ct1, 0,−ct2

)
+ ρ((t2 − t1 +∆τ ), ct1, 0,−ct2)

]
.

Applying the cosine transform first over each of the four terms of the two correlation functions and using trignometric
identities, we obtain a simplified expression of the PSD. We rewrite this simplified PSD S(f) as S(ν) in terms of

ν = πfL/c = πf/(2flrt) using ∆⃗w = (0, 0,L (u1 − u2)) and ∆⃗c = (Lu1, 0,−Lu2), as

S(ν) =
2ΓsL2

π

1ˆ

0

du1

1ˆ

0

du2 cos (2ν (1− u1)) cos (2ν (1− u2))

∞̂

0

dT cos

(
2ν

cT

L

)(
ρ(cT, ∆⃗w)− ρ(cT, ∆⃗c)

)
. (33)

III. HOLOMETER-TYPE SETUP: RESPONSE FUNCTIONS

In this section, we obtain the interferometer response function for a Holometer-type setup.
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We describe an effective phase difference between the two arms of an MLI, given by,

∆Φi (τ0 +∆τ ,∆) = φoff +Ω

ˆ ∆τ+τ0

∆τ

dt′

[
w(t′, s(t′ −∆τ ) + ∆,∆,∆)− w(t′,∆,∆, s(t′ −∆τ ) + ∆)

]
. (34)

We can verify that this effective phase difference gives Eq. (32) multiplied by a factor of (4π/λ)2, on computing
Covi,j(∆Φi) = ∆Φi (τ0, 0)∆Φi (τ0 +∆τ ,∆) − ∆Φi (τ0, 0) ∆Φi (τ0 +∆τ ,∆). Further, by using this effective phase
difference, we implicitly assume Attributes (1)-(2) and Assumptions (i)-(iv) listed in Secs. I and II, used in obtaining
Eq. (32).

Defining the transform,

w(r) = w(t, r⃗(t)) =

ˆ
d3k⃗1

ˆ ∞

−∞
dω1 w̃(ω1, k⃗1) e

i(ω1t+k⃗1·r⃗), (35)

we rewrite Eq. (34) as

∆Φi (τ0 +∆τ ,∆) = φoff +Ω

ˆ
d3k⃗1

ˆ ∞

−∞
dω1 w̃(ω1, k⃗1) e

ik⃗1·∆⃗r

ˆ ∆τ+τ0

∆τ

dt′

[
ei(ω1t

′+k⃗1·êxs(t′−∆τ )) − ei(ω1t
′+k⃗1·êzs(t′−∆τ ))

]
. (36)

Here ∆⃗r = (∆,∆,∆). Using the definition of s(t),

ˆ ∆τ+τ0

∆τ

dt′ei(ω1t
′+k⃗1·êxs(t′−∆τ )) = eiω1∆τ

[(
ei(ω1+ck⃗1·êx) τ0

2 − 1

i(ω1 + ck⃗1 · êx)

)
+

(
e

iω1τ0
2 − ei(ω1+ck⃗1·êx) τ0

2

i(ω1 − ck⃗1 · êx)

)]
.

This implies that

∆Φi (τ0 +∆τ ,∆) = φoff +
ΩL
c

ˆ
d3k⃗1

ˆ ∞

−∞
dω1 w̃(ω1, k⃗1) e

ik⃗1·∆⃗reiω1∆τ[
ei

L
2c (ω1+ck⃗1·êx)

{
Sinc

(
L
2c

(ω1 + ck⃗1 · êx)
)
+ eiω1L/cSinc

(
L
2c

(ω1 − ck⃗1 · êx)
)}

−ei
L
2c (ω1+ck⃗1·êz)

{
Sinc

(
L
2c

(ω1 + ck⃗1 · êz)
)
+ eiω1L/cSinc

(
L
2c

(ω1 − ck⃗1 · êz)
)}]

(37)

To obtain Covi,j(∆Φi), we find using Eq. (35) that

w̃ = 0 because w = 0. (38)

w(t1, r⃗1)w(t2, r⃗2) =

ˆ
d3k⃗1

ˆ ∞

−∞
dω1

ˆ
d3k⃗2

ˆ ∞

−∞
dω2 w̃(ω1, k⃗1) w̃(ω2, k⃗2) e

i(ω1t1+k⃗1·r⃗1)ei(ω2t2+k⃗2·r⃗2), (39)

Here, in Eq. (39), due to stationarity (w(t1, r⃗1)w(t2, r⃗2) is only a function of r⃗1 − r⃗2 and t1 − t2) we require,

w̃(ω1, k⃗1) w̃(ω2, k⃗2) = Γsρ̃(ω1, k⃗1)δ(ω1 + ω2)δ
(3)(k⃗1 + k⃗2). (40)

Therefore, the covariance of the phase difference becomes

Covi,j(∆Φi) = Γs

(
ΩL
c

)2 ˆ
d3k⃗1

ˆ ∞

−∞
dω1 ρ̃(ω1, k⃗1) e

ik⃗1·∆⃗r∣∣∣∣ei L
2c (ω1+ck⃗1·êx)

{
Sinc

(
L
2c

(ω1 + ck⃗1 · êx)
)
+ eiω1L/cSinc

(
L
2c

(ω1 − ck⃗1 · êx)
)}

−ei
L
2c (ω1+ck⃗1·êz)

{
Sinc

(
L
2c

(ω1 + ck⃗1 · êz)
)
+ eiω1L/cSinc

(
L
2c

(ω1 − ck⃗1 · êz)
)}∣∣∣∣2 eiω1∆τ . (41)
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The covariance of the optical path difference is

Covi,j(∆x) =

(
λ

4π

)2

Covi,j(∆Φi)

= Γs

(
L
2

)2 ˆ
d3k⃗1

ˆ ∞

−∞
dω1 ρ̃(ω1, k⃗1) e

ik⃗1·∆⃗r∣∣∣∣ei L
2c (ω1+ck⃗1·êx)

{
Sinc

(
L
2c

(ω1 + ck⃗1 · êx)
)
+ eiω1L/cSinc

(
L
2c

(ω1 − ck⃗1 · êx)
)}

−ei
L
2c (ω1+ck⃗1·êz)

{
Sinc

(
L
2c

(ω1 + ck⃗1 · êz)
)
+ eiω1L/cSinc

(
L
2c

(ω1 − ck⃗1 · êz)
)}∣∣∣∣2 eiω1∆τ . (42)

The corresponding power spectral density (PSD) with ∆ = 0 in ∆⃗r = (∆,∆,∆) is

S(f) =
1

2π

ˆ ∞

−∞
d∆τe

−2πif∆τCovi,i(∆x) (43)

= Γs

(
L
2

)2 ˆ
d3k⃗1 ρ̃(2πf, k⃗1)

∣∣∣∣ei L
2c (2πf+ck⃗1·êx)

{
Sinc

(
L
2c

(2πf + ck⃗1 · êx)
)
+ ei2πfL/cSinc

(
L
2c

(2πf − ck⃗1 · êx)
)}

−ei
L
2c (2πf+ck⃗1·êz)

{
Sinc

(
L
2c

(2πf + ck⃗1 · êz)
)
+ ei2πfL/cSinc

(
L
2c

(2πf − ck⃗1 · êz)
)}∣∣∣∣2 . (44)

The correponding cross spectral density (CSD) with a non-zero ∆ is

CS(f) =
1

2π

ˆ ∞

−∞
d∆τe

−2πif∆τCovi.j(∆x) (45)

= Γs

(
L
2

)2 ˆ
d3k⃗1 ρ̃(2πf, k⃗1) e

ik⃗1·∆⃗r∣∣∣∣ei L
2c (2πf+ck⃗1·êx)

{
Sinc

(
L
2c

(2πf + ck⃗1 · êx)
)
+ ei2πfL/cSinc

(
L
2c

(2πf − ck⃗1 · êx)
)}

−ei
L
2c (2πf+ck⃗1·êz)

{
Sinc

(
L
2c

(2πf + ck⃗1 · êz)
)
+ ei2πfL/cSinc

(
L
2c

(2πf − ck⃗1 · êz)
)}∣∣∣∣2 . (46)

We note here that by setting ∆ = 0 in ∆⃗r, we recover S(f).

Considering that the interferometer response function χ̃∆(f, k⃗1) corresponding to the CSD, is defined using

CS(f) =

ˆ
d3k⃗1 Γs ρ̃(2πf, k⃗1) χ̃∆(f, k⃗1), (47)

we find

χ̃∆(f, k⃗1) =

(
L
2

)2

eik⃗1·∆⃗r

∣∣∣∣ei L
2c (2πf+ck⃗1·êx)

{
Sinc

(
L
2c

(2πf + ck⃗1 · êx)
)
+ ei2πfL/cSinc

(
L
2c

(2πf − ck⃗1 · êx)
)}

−ei
L
2c (2πf+ck⃗1·êz)

{
Sinc

(
L
2c

(2πf + ck⃗1 · êz)
)
+ ei2πfL/cSinc

(
L
2c

(2πf − ck⃗1 · êz)
)}∣∣∣∣2 . (48)

This is rewritten as

χ̃∆(f, k⃗1) =

(
L
2

)2

eik⃗1·∆⃗r

∣∣∣Cx(f, k⃗1)− Cz(f, k⃗1)
∣∣∣2 , (49)

with

Cj(f, k⃗1) = eifT
(j)
+

{
Sinc

(
fT

(j)
+

)
+ e

2πifL
c Sinc

(
fT

(j)
−

)}
, (50)

T
(j)
± (f, k⃗1) =

πL
c

(
1± c

2πf
k⃗1 · êj

)
, (j = x, z). (51)
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We note that the interferometer response function χ̃0(f, k⃗1) corresponding to ∆ = 0 for obtaining PSD S(f), is

denoted simply by χ̃i(f, k⃗1) for ease of notation. Here the PSD is then given by

S(f) =

ˆ
d3k⃗1 Γs ρ̃(2πf, k⃗1) χ̃i(f, k⃗1), (52)

with

χ̃i(f, k⃗1) =

(
L
2

)2 ∣∣∣Cx(f, k⃗1)− Cz(f, k⃗1)
∣∣∣2 . (53)

IV. LIGO: SPECTRAL DENSITIES AND RESPONSE FUNCTIONS

In this section, we present the signal PSD of the opyical path difference between the two arms of LIGO setup. We
also present the interferometer response function in this setup.

LIGO is an MLI with cavities in each arm [3] as shown in Fig. 2. These arm cavities are formed by introducing a
mirror in each arm. The electric field at the detector B is

Eout(τ, 0, 0, 0) =
1√
2

∞∑
q=1

Tm

√
Rq−1

m

[
E

(c)
y (τ, 0, 0, 0)− E

(d)
y (τ, 0, 0, 0)e−2iφoff

]
. (54)

Here Tm = 1 − Rm is the transmission coefficient of the mirrors introduced to render arm cavities. Equation (16)
describes the corresponding output electric field in the Holometer-type setup. We use Tm = 0.014, whereby R280

m ≈
0.019 < 0.02, i.e., less than 2% of the input light remains after 280 round-trips of the light beam (i.e., finesse of LIGO
setup) in each arm.

Using Eq. (54) in place of Eq. (16) and implementing the procedure described in Sec. II (assuming Attributes
(1)-(2) and Assumptions (i)-(iv)), we find the PSD to be

S(f) =
c2ΓsT

4
m

2

(
1

1−
√
Rm

)2 ∞∑
q1,q2=1

(
√
Rm)

q1+q2−2

ˆ ∞

0

d∆τ

[
σ(q1,q2)(∆τ )− ξ(q1,q2)(∆τ )

]
cos 2πf∆τ , (55)

where

σ(p,q)(∆τ ) =

pτ0ˆ

0

dt1

qτ0ˆ

0

dt2 ρ(t1 +∆τ − t2, 0, 0, s(t1)− s(t2)) =

pτ0ˆ

0

dt1

qτ0ˆ

0

dt2 ρ(t1 +∆τ − t2, s(t1)− s(t2), 0, 0),(56)

ξ(p,q)(∆τ ) =

pτ0ˆ

0

dt1

qτ0ˆ

0

dt2 ρ(t1 +∆τ − t2, s(t1), 0,−s(t2)). (57)

Here s(t) = ct− 2qL if qτ0 ⩽ t ⩽
(
2q+1

2

)
τ0 and s(t) = 2(q + 1)L − ct if

(
2q+1

2

)
τ0 < t ⩽ (q + 1)τ0.

To obtain the response function in the case of aLIGO, we use the effective phase difference,

∆Φl (τ0 +∆τ ) = φoff +ΩT 2
m

(
1

1−
√
Rm

) ∞∑
q=1

(√
Rm

)q−1

ˆ ∆τ+qτ0

∆τ

dt′

[
w(t′, s(t′ −∆τ ), 0, 0)− w(t′, 0, 0, s(t′ −∆τ ))

]
. (58)

By using this effective phase difference, we implicitly assume Attributes (1)-(2) and Assumptions (i)-(iv) listed in
Secs. I and II. We reiterate that these assumptions include all correlation functions that model isotropic, Gaussian
spacetime fluctuations (SFs). Implementing the procedure described in Sec. III for the above phase difference we
obtain

S(f) =

ˆ
d3k⃗1 Γs ρ̃(2πf, k⃗1) χ̃l(f, k⃗1), (59)
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dd
L

dc

L
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z
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y

(a)
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M

Tm Rm

dd
L

D

FIG. 2: (a) MLI with arm cavities and dd − dc = φoff/k, and (b) arm D of the interferometer.

we find

χ̃l(f, k⃗1) = χ̃i(f, k⃗1) χ̃fp(f, k⃗1), (60)

χ̃fp(f, k⃗1) = T 4
m

(
1

1−
√
Rm

)4 (
1

1 +Rm − 2
√
Rm cos(4πfL/c)

)
. (61)

Here we recall χ̃i(f, k⃗1) from Eq. (53) and Ci(f, k⃗1) from Eq. (50),

χ̃i(f, k⃗1) =

(
L
2

)2 ∣∣∣Cx(f, k⃗1)− Cz(f, k⃗1)
∣∣∣2 ,

Cj(f, k⃗1) = eifT
(j)
+

{
Sinc

(
fT

(j)
+

)
+ e

2πifL
c Sinc

(
fT

(j)
−

)}
,

with

T
(j)
± (f, k⃗1) =

πL
c

(
1± c

2πf
k⃗1 · êj

)
, (j = x, z).

It is evident from Eq. (60) that the response function of LIGO setup factorises into the response functions of the
Fabry-Pérot arm cavity and a simple MLI without arm cavities. It is also evident from the above expression that the
light-crossing frequency flrt = c/(2L) is the most dominant frequency scale. We point out that this gain computed,
while identical in features to the one obtained in [4, Eq. (A20)], has minor differences due to the following two reasons:
(1) we consider interference from two arm cavities instead of a single cavity assumed in Appendix A of [4] and (2) we
assume perfect reflectivity of the end mirrors at C and D.

In the limit ν ≪ 1, using Taylor series expansion, we find

χ̃fp(f, k⃗1) = T 4
m

(
1

1−
√
Rm

)6(
1− 16

√
Rmν

2

(1−
√
Rm)2

+O(ν4)

)
. (62)

Here ν = πf
2flrt

. For ν ≪ 1, expanding to O(ν2), we can immediately see that χ̃fp(f, k⃗1) is inversely proportional to

ν2. Further, it is evident that in the limit ν → 0, the response function of LIGO setup saturates to a product of the

gain from the joint effect of the two Fabry-Pérot arm cavities, T 4
m

(
1

1−
√
Rm

)6
, and response function of a simple MLI.

V. FACTORISED CORRELATION FUNCTION:
PSD AND PROPERTIES

In this and the following section, we analyse the trends
of the PSD in the case of an MLI at low- and high-
frequency limits.

For any 3-vector ∆⃗r and time interval ∆t, the fac-

torised correlation function ρf

(
c∆t, ∆⃗r

)
is of the form

ρf

(
c∆t, ∆⃗r

)
= ρt(c∆t)ρs(∆⃗r) with ℓr setting the corre-

lation scale in space and time. Substituting this into Eq.
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(33), it is easily seen that

Snc(ν) =
2

π
Ss(ν)St(ν), (63)

with Ss(ν) =

1ˆ

0

du1

1ˆ

0

du2 cos (2ν (1− u1))

cos (2ν (1− u2))
(
ρs(∆⃗∥)− ρs(∆⃗⊥)

)
, (64)

St(ν) =

ˆ ∞

0

dφ ρt(Lφ) cos 2νφ. (65)

Here, with ti = Lui/c (i = 1, 2), we use ∆⃗∥ =

(0, 0, s(t1) − s(t2)) and ∆⃗⊥ = (s(t1), 0,−s(t2)). We re-
call s(t) = ct if 0 ⩽ t ⩽ τ0/2 and s(t) = 2L − ct
if τ0/2 < t ⩽ τ0. Here we note that the temporal
shift T (originating from the covariance definition) in
Eq. (33) has been scaled suitably to give a dimensionless
φ = cT/L.

Further, we consider the correlation function ρs (re-
spectively, ρt) to decay with increase in the spatial (re-
spectively, temporal) separation. We find that the above
PSD Snc(ν) is non-zero at ν = 0 (Snc(ν = 0) > 0) and
it decays with increase in scaled freqency ν. This can be
concluded using the following arguments. Considering
that the vector magnitude ∥∆⃗∥∥ ⩽ ∥∆⃗⊥∥ by the geome-
try of the interferometer with a negligibly small number
of points at which the equality is achieved. Therefore,
it is evident that ρs(∆⃗∥) > ρs(∆⃗⊥) at almost all points.
As the other cosine terms in the integral tend to one as
ν → 0, the PSD Snc(ν = 0) is non-zero, finite and pos-
itive (PSD needs to be positive by definition). Further,
as we expect both ρi (i=s,t) to decrease with increase
in the corresponding separation, we see that the cosine
transforms of such a function will decay with increase in
frequency with an appropriate frequency scale.

We can also infer the above from the following math-
ematical argument. Using the Taylor expansion of the
cosine functions in the integrals at ν → 0, we see that

Ss(ν) =

1ˆ

0

du1

1ˆ

0

du2

(
ρs(∆⃗∥)− ρs(∆⃗⊥)

)
(
1− 2ν2

(
(1− u1)

2
+ (1− u2)

2
)
+O(ν4)

)
, (66)

St(ν) =

ˆ ∞

0

dφ ρt(Lφ) (1− 2ν2φ2 +O(ν4)). (67)

We can see that all combinations to order ν2 shows that
the PSD does not increase with increase in frequency at
the low-frequency range.

Considering the fact that the factorised correlation
function is assumed to decrease with increase in the sepa-
ration with finite correlation scales, we expect the cosine
transforms at high frequencies to decay too. So the re-
sulting PSD has an overall decaying trend, barring any

local oscillatory behaviour for any general factorised cor-
relation function.
In the specific case of the Oppenheim model, we first

note that Snc(ν) is independent of the choice of L. This
is because

Snc(ν) =
2

π

1ˆ

0

du1

1ˆ

0

du2 cos (2ν (1− u1))

cos (2ν (1− u2))

(√
u2
1 + u2

2 − |u2 − u1|
)
, (68)

is evidently independent of L. In the limit ν ≪ 1, we find
numerically that the logarithmic derivative of the PSD
with respect to ν, is −5ν/π. For instance, a numerical
fit of the PSD in the limit ν ≪ 1, yields Snc(ν ≪ 1) ≈
0.275e−

5ν2

2π for L = 3 m. We also find numerically that
the scaled PSD Snc(ν) ≈ 1

6ν2 in the limit ν ≫ 1.

VI. INVERSE AND EXPONENTIAL
CORRELATION FUNCTIONS: PSD AND

PROPERTIES

As in the previous section, we examine the PSD at the
MLI corresponding to the two classes of correlation func-
tions that cannot be factorised into spatial and temporal
parts, at the low- and high-frequency limits.

Inverse functions

Using Eq. (33), the scaled PSD corresponding to ρim
(m = s, st) is

Sc(ν) =
2

π

1ˆ

0

du1

1ˆ

0

du2 cos (2ν (1− u1))

cos (2ν (1− u2))
(
Pim(∆⃗∥)− Pim(∆⃗⊥)

)
. (69)

where

Pis(∆⃗j) = sinc
(
ν(j)s

)
, Pist(∆⃗j) =

π

2
J0

(
ν(j)s

)
, (70)

with ν
(j)
s = 2ν∥∆⃗j∥/L (j =∥,⊥) and Jα(z) being the

Bessel function of the first kind. It is useful to note that
by virtue of the functional forms of Pim and Eq. (69), we
find Sc(ν) corresponding to ρim (m = s,st) independent
of L and ℓr.
Using the Taylor expansion of Eq. (70) about ν

(j)
s = 0

(j =∥,⊥) in Eq. (69) yields the limiting behaviour of
Sc(ν) as ν → 0.

lim
ν→0

Sc(ν) = cimν
2, (m = s, st), (71)

cis = 2/(3π), cist = 1/2. (72)
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Here we note that Sc(ν = 0) = 0.
At the high-frequency limit ν ≫ 1, it is evident that Pis

(Eq. (70)), which is sinc function, has a 1/ν dependence.
This carries forward to the PSD as a 1/ν dependence in
this limit. Similarly, for ρist, the corresponding Pist (Eq.
(70)) can be approximated in the limit ν ≫ 1, as

Pist(∆⃗j) ≈ sin
(π
4
+ 2ν(j)s

)/
2

√
πν

(j)
s . (73)

It is immediately evident that the spacetime-based ρist
yields a PSD with 1/

√
ν dependence in this limit.

Exponential functions

The PSD for ρem is

Sc(ν) =
2L
πℓr

1ˆ

0

du1

1ˆ

0

du2 cos (2ν (1− u1))

cos (2ν (1− u2))
(
Pem(∆⃗∥)− Pem(∆⃗⊥)

)
. (74)

Here

Pes(∆⃗j) =
∥∆⃗j∥
L

e−
L
ℓr

∥∆⃗j∥
L sinc

(
ν(j)s

)
, (75)

Pest(∆⃗j) =

ˆ ∥∆⃗j∥
L

0

dφ e−
L
ℓr

√
(∥∆⃗j∥/L)2−φ2

cos (2 ν φ) ,

(76)

with ν
(j)
s = 2ν∥∆⃗j∥/L (j =∥,⊥). As before, we have

used the dimensionless φ = cT/L in Eq. (33) to obtain
Eq. (76) along with substituting in ρest. We note that

∆⃗j/L depends only on the pair (u1, u2), and is indepen-
dent of L. This clearly implies that Eqs. (75) and (76)
depend on the ratio κ = ℓr/L. Therefore, in contrast
to the PSDs corresponding to correlation classes consid-
ered earlier, Sc(ν) corresponding to ρem (m = s,st) is
dependent on this ratio κ.

For ρes

At low frequencies, the Taylor expansion is

Sc(ν) =
2

πℓr

1ˆ

0

du1

1ˆ

0

du2

[
∥∆⃗∥∥ e−

∥∆⃗∥∥
ℓr

(
1−

4ν2∥∆⃗∥∥2

3!L2

)
− ∥∆⃗⊥∥ e−

∥∆⃗⊥∥
ℓr

(
1− 4ν2∥∆⃗⊥∥2

3!L2

)]
[
1− 1

2!
(2ν (1− u1))

2 − 1

2!
(2ν (1− u2))

2
+O(ν4)

]
.

(77)

It is evident that Sc(ν = 0) is non-zero (and also obvi-
ously positive). While it is also evident that this does
not increase proportional to ν2 as in the inverse case,
finding an analytical expression for the above integral
is not possible. We can, however, resort to numerically
finding the logarithmic derivative of the PSD, as before.
However, due to the dependence of Sc(ν) on the ratio
κ = ℓr/L, the logarithmic derivative also changes with
the choice of κ. We find that the logarithmic derivative
S′
c(ν)/Sc(ν) ≈ −8ν/π for κ = 0.01. This shows that

Sc(ν ≪ 1) ∝ e−4ν2/π in this particular case. However,
this fit changes significantly for different values of κ.
In the high-frequency limit, the sinc function already

indicates a decay with increase in ν. A full analytical
expression cannot be obtained. However, we ascertain
the high-frequency behaviour as follows. We know that
if an expression is a sum of multiple terms with ν−q (q >
0) in the limit ν ≫ 1, the term most dominant is the
one with the smallest q value. So if we identify such a
dominant term without solving the full PSD, we could
still obtain the behaviour of the PSD at large ν. Using
the fact that ∥∆⃗∥∥ ⩽ ∥∆⃗⊥∥ by geometry, we know that

the terms involving e−
∥∆⃗∥∥

ℓr would be the dominant terms,
when computing the PSD. We consider one such term
involved.

1

πℓr

1ˆ

0

du1

1ˆ

0

du2 cos (2ν (u2 − u1))

∥∆⃗∥∥ e−
∥∆⃗∥∥

ℓr sinc
(
2ν∥∆⃗∥∥/L

)
. (78)

Using ∥∆⃗∥∥ = L|u2 − u1|, we find that this simplies to

4
ℓrL
π

(
−2

√
2ℓrL

(L2 + 16ℓ2rν
2)

2 +
1

(L2 + 16ℓ2rν
2)

)

+
√
2
ℓrL
π

e
− L√

2ℓr

[
8ℓrL

(L2 + 16ℓ2rν
2)

2 cos
(
2
√
2ν
)

+

(
L2 − 16ℓ2rν

2
)

ν (L2 + 16ℓ2rν
2)

2 sin
(
2
√
2ν
)]

(79)

We can see that the dominant trend in the above term
is
(
L2 + 16ℓ2rν

2
)−1

. This tallies with the numerical eval-
uation of the PSD and is illustrated in Fig. 2 (c) in the
paper.

For ρest

The PSD expression does not lend itself to analytic
simplifications even in the limit cases.
As illustrated in the case of ρes, here too we expect the

behaviour at the low-frequency limit to be an exponen-
tial decay. However, obtaining the logarithmic derivative
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numerically poses challenges and would ultimately be de-
pendent on the ratio κ. So we forego the exercise in this
case.

The high-frequency limit is more interesting. Though
the higher limit is not analytically tractable, we obtain a
few helpful pointers. It is known that the Fourier cosine

transform of eα
√

φ2+β2
(Re(α) > 0, Re(β) > 0) is given

in terms of the modified Bessel function of the second
kind K1(β

√
ν2 + α2) as follows.ˆ ∞

0

dφeα
√

φ2+β2
cos(φν) = αβ(ν2 + α2)−1/2

K1(β
√
ν2 + α2) (80)

Notice the similarity of the LHS of Eq. (80) to the RHS
of Eq. (76). Though this does not directly apply here, we
expect the limiting behaviour to have some similarity in
the gross feature, i.e., for instance, we expect it to tend
as eaν/νb. A numerical fit yields Sc(ν) ≈ 0.03e−0.01ν−0.3

in the limit ν ≫ 1. Considering that the arguments used
to obtain this fit are not rigorous, we agree that this need
not be the correct behaviour. However, we find that the
trend is distinctly different from that corresponding to
ρes or other correlation functions. This Sc(ν) correspond-
ing to ρest is, therefore, still distinguishable from those
corresponding to other ρ’s, even if we cannot identify an
analytical limiting behaviour.

VII. RESPONSE FUNCTION APPROACH:
OBTAINING ρ̃

Using Eqs. (39) and (40), we find

ρ̃is(ω1, k⃗1) =
ℓr

(2π)2ω1 |⃗k1|

[
δ
(
|⃗k1| −

ω1

c

)
− δ

(
|⃗k1|+

ω1

c

)]
,

(81)

and

ρ̃es(ω1, k⃗1) =
ℓ2r

(2π)2ω1 |⃗k1|

 1− ℓ2r

(
|⃗k1| − ω1

c

)2
4

(
1 + ℓ2r

(
|⃗k1| − ω1

c

)2)2

−
1− ℓ2r

(
|⃗k1|+ ω1

c

)2
4

(
1 + ℓ2r

(
|⃗k1|+ ω1

c

)2)2

 . (82)

It is evident from Eq. (81) that ρis implicitly assumes
the wave equation when condsidering the SFs, which be-
comes apparent in ρ̃is. This also conforms with the Pix-
ellon model where the Pixellon is assumed to satisfy the
wave equation [5]. The transformed ρ̃es is presented for
contrast. As we have considered only isotropic models,
we also find the transformed correlation functions depend
only on the magnitude of k⃗1.

VIII. LIGO: BEHAVIOUR OF PSD

As in Secs. V and VI, we examine the PSD of the
output of LIGO, corresponding to two different classes
of the correlation function, especially at the low- and
high-frequency limits. It is evident from Eq. (60) that
the behaviour of the PSD of the output of LIGO can be
examined by examining the behaviour of the PSD in the
case of the MLI without arm cavities and the Fabry-Pérot
cavity response, given by Eq. (61).
Low-frequency limit: In the limit ν ≪ 1, the Fabry-

Pérot cavity response in Eq. (62) is clearly shown to be
inversely proportional to ν2 and as ν → 0, this saturates

to T 4
m

(
1

1−
√
Rm

)6
, instead of diverging.

In the case of the correlation function ρis, we know
from Sec. VI that the PSD of an MLI without arm cavi-
ties is directly proportional to ν2. This implies that when
ν ≪ 1, the PSD of the output of LIGO is constant with
respect to ν. This is because the frequency dependence
of the Michelson interferometric response cancels that of
the Fabry-Pérot cavity response. However, as ν → 0,
the PSD of LIGO becomes directly proportional to ν2,
because of the saturation in the Fabry-Pérot cavity re-
sponse.
In the case of ρes, it is proportional to an exponen-

tial factor which is almost constant in this limit. This
implies that the low-frequency behaviour of the Fabry-
Pérot cavity response is identical to that of the PSD of
LIGO.
High-Frequency limit: In the limit ν ≫ 1, the Fabry-

Pérot cavity response maximises to T 4
m

(
1

1−
√
Rm

)6
at ev-

ery 4ν = 2mπ (m ∈ {1, 2, 3, . . . }), resulting in peaks at
every f = mflrt. The trend of the MLI response is also
carried forward. For instance, this is evident from top
panel of Fig. 4 in the paper, where the troughs between
the peaks fall as 1/ν, which is the behaviour correspond-
ing to the MLI for ρis. This is also illustrated in the
bottom panel of Fig. 4 in the paper. Here the response
remains flat in the range of ν considered due to the sig-
nificantly smaller r. This behaviour is identical to the
PSD correponding to an MLI of the same arm length
as LIGO, but with no arm cavities. In both cases, the

peaks with the gain T 4
m

(
1

1−
√
Rm

)6
render a PSD of the

arm strain in LIGO that is significantly larger than the
same in table-top interferometers such as QUEST.
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