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Abstract

Schiff’s conjecture posits that any consistent theory of gravity satisfying the
Weak Equivalence Principle (WEP) must also satisfy the Einstein Equivalence
Principle (EEP), implying a metric theory of gravity. We propose a cosmological
test of Schiff’s conjecture, focusing on EEP and its components: WEP, Local
Lorentz Invariance (LLI), and Local Position Invariance (LPI). Using galaxy
redshift surveys, we analyze the dipole term in the two point correlation function
to probe LPI via gravitational redshift, LLI via velocity-dependent effects, and
WEP via composition-dependent clustering. The composition difference between
galaxy types, such as baryon-to-dark-matter ratio, is parameterized to test WEP.
This framework leverages redshift, 2-point correlation functions, power spectra,
and cosmological distances to constrain deviations from General Relativity (GR).
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1 Introduction

Modern cosmology stands at a crossroads, grappling with observational tensions and
theoretical challenges that question the foundations of General Relativity (GR) and
the standard ΛCDM model. The Planck 2018 results [1] have provided precise cos-
mological parameters, yet discrepancies in the Hubble constant and σ8 persist, as
highlighted by the CosmoVerse White Paper [2]. These tensions motivate explorations
of modified gravity theories, such as teleparallel gravity [3], metric-affine gravity
[4, 5], and scalar-tensor models like ϕCDM [6–8], which challenge the metric struc-
ture of GR [9–11]. Concurrently, multi-messenger gravitational-wave astronomy [12]
and large-scale structure surveys, including Euclid [13–17], DESI [18], and SDSS
[19], offer unprecedented data to test gravity on cosmological scales [20–23]. These
advancements, rooted in Einstein’s cosmological insights [24] and symmetry-breaking
principles from particle physics [25, 26], underscore the need to probe the fundamental
principles of gravity. Recently there was a proposal to test the Einstein Equivalence
Principle (EEP) [27].

Schiff’s conjecture, proposed by Leonard Schiff in 1960, asserts that any consistent
theory of gravity satisfying the Weak Equivalence Principle (WEP) must also satisfy
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the EEP, encompassing WEP, Local Lorentz Invariance (LLI), and Local Position
Invariance (LPI). This conjecture implies that gravity is a metric theory, as in GR,
where freely falling bodies follow geodesics [28]. Schiff’s Conjecture was rigorously
explored by Coley (1982), who demonstrated its implications for metric theories of
gravity [29]. Recent theoretical advancements, such as those by [30], have further
contextualized Schiff’s Conjecture within modern gravitational frameworks, offering
new geometric perspectives on its validity. Upcoming studies, including Ntelis and
Capoziello (2025) [31], continue to investigate Schiff’s Conjecture, providing fresh
insights into its cosmological implications and potential observational tests.

Testing Schiff’s conjecture is crucial in the context of alternative gravity models,
such as those employing functors of actions [32, 33] or dynamical systems approaches
[7, 34–36], and speculative quantum gravity frameworks [37]. A violation of LLI or LPI
while WEP holds would suggest non-metric theories, challenging Schiff’s conjecture
and opening avenues for new physics, under novel mathematical frameworks [? ].

This article proposes a cosmological test of Schiff’s conjecture, leveraging galaxy
redshift surveys to probe EEP through the dipole term in the 2-point correlation func-
tion [17]. By analyzing gravitational redshift (LPI), velocity-dependent effects (LLI),
and composition-dependent clustering (WEP), we constrain deviations from GR. The
composition difference between galaxy types, such as baryon-to-dark-matter ratio, is
parameterized to test WEP, aligning with current efforts to map cosmic homogene-
ity [21] and cross-correlate galaxy clustering with weak lensing [16]. Utilizing data
from Euclid and DESI, and building on theoretical frameworks like ϕΛCDM [7] and
polyΛCDM [36], this test connects to the forefront of cosmological research, potentially
revealing insights into the nature of gravity and the universe’s evolution.

2 Theoretical Framework

2.1 Schiff’s Conjecture and Equivalence Principles

The Weak Equivalence Principle (WEP) states that the trajectory of a freely
falling test body is independent of its composition, equating inertial and gravita-
tional masses. Local Lorentz Invariance (LLI) ensures that local non-gravitational
experiments are invariant under Lorentz transformations, independent of the reference
frame’s velocity. Local Position Invariance (LPI) posits that these experiments
are independent of their location and time. The Einstein Equivalence Principle
(EEP) combines WEP, LLI, and LPI, requiring that local non-gravitational exper-
iments in a freely falling frame yield results identical to those in an inertial frame
without gravity.

Schiff’s conjecture suggests that WEP implies EEP, mandating a metric theory. A
violation of LLI or LPI while WEP holds would challenge this conjecture, suggesting
alternative gravitational theories.
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2.2 Equivalence principles to redshift contributions to dipole
terms

To test Schiff’s conjecture, we derive the observed redshift and dipole term of the
two-point correlation function, incorporating violations of Local Position Invariance
(LPI), Local Lorentz Invariance (LLI), and the Weak Equivalence Principle (WEP).
The observed redshift zobs comprises five components, each defined below, along with
their contributions to the dipole term ξ1(s). We provided detailed derivations of this
test in the appendices A,B,C,D,E,G. We also provide each symbol used in this study
and its meaning in appendix H.

2.2.1 Redshift Contributions

The observed redshift is:

zobs = zcosmo + zgrav + zDoppler + zLLI + zWEP , (1)

zobs =
H0d

c
+

∆ϕ

c2
(1 + α) +

vpec
c

+ γ
vrel
c

+ β∆C
∆ϕ

c2
, (2)

where H0 is the Hubble constant, d is the comoving distance, c is the speed of light,
∆ϕ is the gravitational potential difference, vpec is the peculiar velocity, vrel is the
relative velocity, ∆C is the composition difference, and α, γ, and β parameterize LPI,
LLI, and WEP violations, respectively.

• Cosmological Redshift (zcosmo = H0d
c ): Arises from cosmic expansion in a flat

FLRW universe, approximated linearly for low redshifts (z ≲ 0.1).
• Gravitational Redshift (zgrav = ∆ϕ

c2 (1 + α)): Due to the gravitational potential
difference in General Relativity, modified by α to test LPI. If α = 0, LPI holds.

• Doppler Redshift (zDoppler =
vpec

c ): Results from the galaxy’s peculiar velocity
along the line of sight, assuming non-relativistic velocities.

• LLI-Violating Redshift (zLLI = γ vrel

c ): A velocity-dependent term testing LLI,
where γ = 0 implies LLI invariance.

• WEP-Violating Redshift (zWEP = β∆C∆ϕ
c2 ): Models composition-dependent

gravitational effects, with β = 0 indicating WEP compliance.

2.2.2 Dipole Contributions

The dipole term of the correlation function, ξ1(s), captures anisotropic clustering due
to redshift-space distortions:

ξ1(s) ≈ ξ0(s)×
[
− (1 + α−∆Cβ)

GMhalo

H0cs2
− γ

⟨vrel⟩
c

σv

s

]
, (3)

where ξ0(s) is the monopole term, G is the gravitational constant, Mhalo ∼ 1013M⊙ is
the halo mass, ⟨vrel⟩ is the average relative velocity, and σv ∼ 300 km/s is the velocity
dispersion. Individual dipole contributions are:
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• LPI Dipole (ξLPI
1 (s) ≈ −1+α

H0c
GMhalo

s2 ξ0(s)): Driven by gravitational redshift, scaling

with the potential gradient (∆ϕ ≈ GMhalo

s ).

• LLI Dipole (ξLLI1 (s) ≈ −γ ⟨vrel⟩
c

σv

s ξ0(s)): Arises from velocity-dependent LLI
violations, proportional to the velocity gradient.

• WEP Dipole (ξWEP
1 (s) ≈ β∆C GMhalo

H0cs2
ξ0(s)): Reflects composition-dependent

clustering, coupled to the gravitational potential.

The total dipole equation combines all contributions, factorized as shown above,
enabling constraints on α, γ, and β using galaxy redshift surveys, thus testing Schiff’s
conjecture by probing deviations from GR.

3 Types of Redshift Contributions

To test fundamental principles of gravity, such as the EEP, we analyze the observed
redshift of galaxies, which includes contributions beyond the standard cosmological
redshift. The EEP comprises the WEP, LLI, and LPI. Violations of these principles
introduce additional redshift terms, which can be detected through cosmological obser-
vations. Figure 1 illustrates the different redshift contributions affecting a galaxy’s
observed redshift. The standard cosmological redshift, zcosmo ≈ H0d/c, arises from the
Hubble expansion, where H0 is the Hubble constant, d is the comoving distance, and c
is the speed of light. The LPI-violating term, zgrav(1+α) = ∆ϕ/c2(1+α), modifies the
gravitational redshift due to the potential difference ∆ϕ, with α parameterizing LPI
violations. The LLI-violating term, zLLI = γvrel/c, introduces a velocity-dependent
redshift, where vrel is the relative velocity (e.g., relative to the CMB frame) and γ quan-
tifies LLI violations. Finally, the WEP-violating term, zWEP = β∆Cδz, accounts for
composition-dependent effects, with ∆C the composition difference (e.g., baryon-to-
dark-matter ratio), β the WEP violation parameter, and δz ≈ ∆ϕ/c2. These redshift
components are critical for testing Schiff’s conjecture, which posits that WEP implies
EEP, thereby requiring a metric theory of gravity.

4 Dipole Correlation Function Contributions

The 2-point correlation function ξ(s, µ) of galaxy pairs, where s is the separation and
µ = cos θ is the cosine of the angle between the separation vector and the line of
sight, can be decomposed into multipoles: ξ(s, µ) = ξ0(s) + ξ1(s)P1(µ) + . . ., with
P1(µ) = µ. The dipole term ξ1(s) is particularly sensitive to anisotropic effects caused
by violations of LPI, LLI, and WEP, as these introduce asymmetries in the redshift
distribution of galaxy pairs. Figure 2 illustrates the contributions to ξ1(s) from these
violations, corresponding to the redshift terms in Figure 1. The LPI contribution,
∝ (1 + α)∆ϕ/c2, arises from gravitational redshift and is modeled as a sinusoidal
variation, reflecting the potential gradient’s effect on clustering. The LLI contribution,
∝ γvrel/c, introduces a velocity-dependent dipole, shown as a linear effect along the
separation axis, capturing the relative motion’s impact. The WEP contribution, ∝
β∆C, reflects composition-dependent clustering, depicted as an asymmetric pattern
due to differential gravitational effects on galaxies with varying compositions. These
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Galaxy

zcosmo ≈ H0d/c

Cosmological Expansion

zgrav(1 + α)

LPI: Gravitational (∆ϕ/c2)

zLLI = γvrel/c
LLI: Velocity Effect

zWEP = β∆Cδz

WEP: Composition Effect

x

z

Fig. 1 Sketch of different redshift contributions: cosmological (zcosmo), LPI violation (zgrav(1+α)),
LLI violation (zLLI = γvrel/c), and WEP violation (zWEP = β∆Cδz). Arrows indicate the direction
and nature of each effect.

distinct patterns in ξ1(s) allow us to probe violations of EEP components, testing
Schiff’s conjecture by detecting non-zero α, γ, or β.

Pair Correlation

LPI: ξ1(s) ∝ (1 + α)∆ϕ/c2

LLI: ξ1(s) ∝ γvrel/c

WEP: ξ1(s) ∝ β∆C

s

ξ1(s)

Fig. 2 Sketch of dipole correlation function contributions: LPI (ξ1(s) ∝ (1+α)∆ϕ/c2), LLI (ξ1(s) ∝
γvrel/c), and WEP (∝ β∆C)) effects on ξ1(s), showing their distinct anisotropic patterns.
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5 Cosmological Observables

We use the following observables to test Schiff’s conjecture:

• Redshift: Includes cosmological redshift (zcosmo ≈ H0d/c for small z), gravitational
redshift (zgrav ∝ ∆ϕ/c2), Doppler contributions (zDoppler = vpec/c), LLI-violating
redshift (zLLI), and WEP-violating redshift (zWEP). The observed redshift is:

zobs = H0d/c+
∆ϕ

c2
(1 + α) + vpec/c+ γ

vrel
c

+ β∆Cδz, (4)

where α, γ, and β parameterize violations of LPI, LLI, and WEP, respectively.
• 2-Point Correlation Function: Measures the excess probability of finding galaxy

pairs at separation r:

dP = n̄2[1 + ξ(r)]dV1dV2, (5)

where n̄ is the mean galaxy density.
• 2-Point Power Spectrum: The Fourier transform of ξ(r):

P (k) =

∫
ξ(r)e−ik·rd3r. (6)

• Cosmological Distances: Derived from the FLRW metric, including angular
diameter distance (dA = r/(1 + z)), proper motion distance (dM = (1 + z)r), and
Hubble distance (dH = c/H0).

5.1 Theoretical Estimation of Correlation Functions and
Power Spectrum

To test Schiff’s conjecture, we need theoretical estimates of the 2-point correlation
function ξ(s, µ) and power spectrum P (k, µ) to predict the expected signals under
GR and parameterize deviations via α, γ, and β. These estimates are compared with
observational data to constrain violation parameters.

5.1.1 2-Point Correlation Function

The 2-point correlation function ξ(s, µ) measures the excess probability of finding
galaxy pairs at separation s with line-of-sight angle cosine µ. It is decomposed into
multipoles:

ξ(s, µ) = ξ0(s) + ξ1(s)P1(µ) + ξ2(s)P2(µ) + . . . , (7)

where Pl(µ) are Legendre polynomials (P0(µ) = 1, P1(µ) = µ, P2(µ) =
3µ2−1

2 ), ξ0(s)
is the monopole (isotropic clustering), and ξ1(s) is the dipole (sensitive to LPI, LLI,
and WEP violations).
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The monopole ξ0(s) is primarily driven by the matter density field and can be
modeled using linear perturbation theory:

ξ0(s) =

∫
dk

2π2
k2Pm(k)

sin(ks)

ks
j0(ks), (8)

where Pm(k) is the matter power spectrum, and j0(ks) = sin(ks)/(ks) is the spherical
Bessel function of order 0. For a simple power-law model, Pm(k) ∝ knsT 2(k), where
ns ≈ 0.96 is the spectral index, and T (k) is the transfer function (e.g., from CAMB
or CLASS or Approximate Functions).

5.1.2 Power Spectrum

The power spectrum P (k, µ) is the Fourier transform of ξ(s, µ):

P (k, µ) =

∫
ξ(s, µ)e−ik·sd3s. (9)

It is decomposed into multipoles:

P (k, µ) = P0(k) + P1(k)P1(µ) + P2(k)P2(µ) + . . . , (10)

where the monopole P0(k) ≈ Pm(k) (ignoring bias for simplicity), and the dipole is:

P1(k) =

∫
ξ1(s)j1(ks)s

2ds, (11)

with j1(ks) =
sin(ks)
(ks)2 − cos(ks)

ks the spherical Bessel function of order 1.

5.2 Baryon Acoustic Oscillation Modelling

To capture the Baryon Acoustic Oscillation (BAO) feature, we model the matter power
spectrum:

Pm(k) = A

(
k

kpivot

)ns

T 2(k)

[
1 +ABAO sin

(
k

kBAO

)]
, (12)

where T (k) = 1
1+(k/kscale)2

, where kscale = 0.2 Mpc−1. The correlation function is

computed over 1 to 300 Mpc, and the power spectrum over 0.001 to 2 Mpc−1, with
30 logarithmic bins. The monopole ξ0(s) can take negative values, reflecting the BAO
oscillatory behavior, with a peak at 100–150 Mpc. Parameters are:

• A = 104: Normalization.
• ns = 0.96: Spectral index.
• kpivot = 0.05Mpc−1: Pivot scale.
• ABAO = 0.2: BAO amplitude.
• kBAO = 0.07Mpc−1: BAO scale (≈ 110Mpc).
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The BAO feature enhances the realism of our simulated data, probing large-scale
structure constraints.

5.3 Application to Observations

In order to apply this test to observations, we need the following methodology:

1. Data Collection: Use galaxy surveys (e.g., DESI, Euclid) to measure redshifts,
angular positions, peculiar velocities, and composition properties.

2. Composition Difference: Estimate ∆C using spectroscopy or lensing.
3. Velocity Fields: Estimate ⟨vrel⟩ from peculiar velocity fields or simulations.
4. Correlation Function: Compute ξℓ(s, µ), isolating ξ0(s) and ξ1(s).
5. Power Spectrum: Compute P0(k) and P1(k).
6. Model Fitting: Fit α, γ, and β using chi-square minimization.
7. Distance Consistency: Verify dA and dM consistency with the FLRW metric

(Which we leave for a future analysis).

In our case, we are going to proceed with a simulation, to provide a proof of concept.

5.4 Simulation of Observations

The theoretical estimates are computed for a fiducial cosmology (e.g., ΛCDM with
H0 = 70 km/s/Mpc, Ωm = 0.3, which translate to phenomenological parametrisation
of the power spectrum, i.e. A = 104, ns = 0.96, kpivot = 0.05Mpc−1, ABAO = 0.2,
kBAO = 0.07Mpc−1, and kscale = 0.2 Mpc−1 ) and violation parameters (α, γ, β).
These are compared to simulated observed ξℓ(s) from galaxy surveys using a chi-square
statistic, for the two point correlation function as:

χ2
ξ =

∑
ℓ∈{0,1}

∑
i

(ξℓ,obs(si)− ξℓ,theory(si))
2

σ2
ξ,i

, (13)

where σξ,i are the uncertainty in the observed correlation function, and power spec-
trum, respectively. By minimizing χ2, we constrain α, γ, and β, testing Schiff’s
conjecture.

6 Results of the Chi-Square Analysis

We performed a chi-square analysis to constrain α, γ, and β, comparing theoretical
dipole 2-point correlation function ξ1(s) and dipole 2-point power spectrum P1(k) with
simulated data, separatly. The model includes ξ0(s) and ξ1(s) over 1 to 300 Mpc (30
bins). Simulated data include 1% Gaussian noise.

The best-fit parameters are α = 0.0, γ = 0.0, β = 0.0, with χ2 = 70.80 for 57
degrees of freedom, consistent with GR. Constraints are |α|, |γ|, |β| ≲ 0.03.

Figure 3 shows the results. The left panel displays ξ0(s) and ξ1(s), scaled by s2,
with the BAO peak at 100–150 Mpc. The right panel shows P0(k) and P1(k), scaled
by k. The agreement supports GR, since the fiducial parameters which were used for
the simulation were taken to agree with GR.

10



Fig. 3 Comparison of theoretical predictions and simulated data. Left : Monopole ξ0(s) (solid) and
dipole ξ1(s) (dashed), scaled by s2, versus separation s (1 to 300 Mpc, 30 bins), with data points and
1% error bars. The BAO peak is at 100–150 Mpc. Right : Monopole P0(k) (solid) and dipole P1(k)
(dashed), scaled by k, versus wavenumber k (0.001 to 2 Mpc−1, 30 bins), with data points and error
bars. Best-fit parameters: α = 0.0, γ = 0.0, β = 0.0.

7 Conclusions and outook

We propose a cosmological test of Schiff’s conjecture, using the two point correlation
dipole to probe LPI, LLI, and WEP violations. The composition difference ∆C tests
WEP, while zLLI = γ vrel

c tests LLI, while the gravitational redshift zgrav = (1 +

α)∆ϕ
c2 tests LPI. The chi-square analysis on simulated data of GR support GR with

α = 0.0, γ = 0.0, β = 0.0. This test can be improved by the following methods:
1) computing the actual power spectrum of the standard model of cosmology which
results from the solution of the Einstein-Boltzmann equations, and fitting all the
parameters of the cosmological model; 2) relaxing the assumption of ∂ξ0

∂s ≈ − ξ0
s ; 3)

relaxing the assumption standard geometries used in gravity; 4) relaxing assumptions
regarding dark energy, and dark matter; 5) relaxing assumptions on the non-linear
scales; 6) estimating the analysis for different target masses, i.e. different mass haloes,
galaxies, gases; 7) estimating the analysis for redshift space distortions; 8) estimating
the analysis for other observational effects; 9) Using a Fisher analysis; 10) add higher
order multiples; 11) consider relativistic effects; 12) updated the test with a model-
independent test; 13) apply the test to actual data. Future surveys (DESI, Euclid,
SKAI) may reveal deviations of these parameters, which will hint violation of the
Schiff’s conjecture, and then need of Modified Gravity theories, such as metric-affine
gravity Theories or other extended or unifying theories.
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A.1 Observed Redshift Contributions

The observed redshift zobs of a galaxy includes contributions from cosmological
expansion, gravitational effects, peculiar velocities, and potential violations of EEP
components (LPI, LLI, and WEP). The expression is:

zobs = zcosmo + zgrav + zDoppler + zLLI + zWEP , (14)

zobs =
H0d

c
+

∆ϕ

c2
(1 + α) +

vpec
c

+ γ
vrel
c

+ β∆C
∆ϕ

c2
. (15)

Here, H0 is the Hubble constant, d is the comoving distance, c is the speed of
light, ∆ϕ is the gravitational potential difference, vpec is the peculiar velocity, vrel
is the relative velocity (e.g., relative to the CMB frame), ∆C is the composition
difference, and α, γ, and β are dimensionless parameters quantifying LPI, LLI, and
WEP violations, respectively.

A.1.1 Derivation

1. Cosmological Redshift (zcosmo): In a flat Friedmann-Lemâıtre-Robertson-
Walker (FLRW) universe, the redshift due to cosmological expansion is related to
the comoving distance d. For small redshifts (z ≪ 1), the Hubble-Lemâıtre law
applies:

zcosmo ≈ H0d

c
. (16)

Approximation: The linear approximation z ≈ H0d/c holds for low redshifts
(z ≲ 0.1), neglecting higher-order terms in the redshift-distance relation (e.g., from
acceleration or curvature).

2. Gravitational Redshift (zgrav): In General Relativity (GR), a photon emitted
in a gravitational potential ϕsource and observed at ϕobserver experiences a redshift:

zgrav =
∆ϕ

c2
, ∆ϕ = ϕobserver − ϕsource. (17)

To test LPI, which states that non-gravitational experiments are independent of
location, we introduce a parameter α to model potential violations:

zgrav =
∆ϕ

c2
(1 + α). (18)

If α = 0, LPI holds, and the redshift follows GR. A non-zero α indicates a deviation
from the expected gravitational redshift. Approximation: We assume ∆ϕ is small,
typical for galaxy clusters (∆ϕ/c2 ∼ 10−5), and treat α as a perturbative parameter.

3. Doppler Redshift (zDoppler): The Doppler effect arises from the galaxy’s peculiar
velocity vpec relative to the Hubble flow, projected along the line of sight:

zDoppler =
vpec
c

. (19)
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Approximation: We assume non-relativistic velocities (vpec ≪ c, typically vpec ∼
300 km/s), so the relativistic Doppler formula reduces to the linear term.

4. LLI-Violating Redshift (zLLI): To test LLI, which ensures that non-
gravitational experiments are invariant under Lorentz transformations, we intro-
duce a velocity-dependent redshift term:

zLLI = γ
vrel
c

, (20)

where vrel is the relative velocity of the galaxy with respect to a reference frame
(e.g., the CMB frame), and γ quantifies LLI violations. If γ = 0, LLI holds, and
no additional velocity-dependent redshift exists. Approximation: We assume vrel ∼
vpec, with typical values of order 300 km/s, and treat γ as a small parameter.

5. WEP-Violating Redshift (zWEP): The WEP states that the trajectory of a
freely falling body is independent of its composition. A violation implies that
galaxies with different compositions (e.g., baryon-to-dark-matter ratio) experience
different gravitational effects. We model this as:

zWEP = β∆Cδz, δz ≈ ∆ϕ

c2
, (21)

where ∆C is the composition difference (e.g., ∆C =
(Mbaryon/MDM)

(Mbaryon/MDM)ref
− 1), β quan-

tifies WEP violations, and δz ≈ ∆ϕ
c2 assumes the violation manifests similarly to

gravitational redshift. Thus:

zWEP = β∆C
∆ϕ

c2
. (22)

Approximation: We assume δz ∝ ∆ϕ/c2, as WEP violations are expected to couple
to the gravitational potential, and ∆C is a small, measurable difference based on
galaxy properties.

6. Total Redshift: Summing all contributions:

zobs = zcosmo + zgrav + zDoppler + zLLI + zWEP , (23)

zobs =
H0d

c
+

∆ϕ

c2
(1 + α) +

vpec
c

+ γ
vrel
c

+ β∆C
∆ϕ

c2
. (24)

A.2 Line-of-Sight Displacement

The line-of-sight displacement ∆ri for a galaxy i is the difference between its observed
radial position, inferred from zobs, and its true comoving distance:

∆ri =
c

H0

(
∆ϕi

c2
(1 + α) +

vpec,i
c

+ γ
vrel,i
c

+ β∆Ci
∆ϕi

c2

)
. (25)
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A.2.1 Derivation

1. Redshift to Distance Conversion: The radial position in redshift space is
inferred from the observed redshift:

sz,i =
czobs,i
H0

. (26)

The true comoving distance corresponds to the cosmological redshift:

di =
czcosmo,i

H0
, zcosmo,i =

H0di
c

. (27)

2. Displacement Calculation: The displacement is the difference between the
observed and true radial positions:

∆ri = sz,i − di =
czobs,i
H0

− czcosmo,i

H0
=

c

H0
(zobs,i − zcosmo,i). (28)

3. Redshift Perturbations: Using the redshift expression from Equation (112):

zobs,i = zcosmo,i +
∆ϕi

c2
(1 + α) +

vpec,i
c

+ γ
vrel,i
c

+ β∆Ci
∆ϕi

c2
. (29)

Subtracting the cosmological redshift:

zobs,i − zcosmo,i =
∆ϕi

c2
(1 + α) +

vpec,i
c

+ γ
vrel,i
c

+ β∆Ci
∆ϕi

c2
. (30)

4. Final Displacement: Substituting into the displacement:

∆ri =
c

H0

(
∆ϕi

c2
(1 + α) +

vpec,i
c

+ γ
vrel,i
c

+ β∆Ci
∆ϕi

c2

)
. (31)

Approximation: The linear redshift-distance relation sz = cz/H0 assumes a low-
redshift regime, and the displacement is small compared to the comoving distance
(∆ri ≪ di).

A.3 Dipole Term of the Correlation Function

The dipole term of the two-point correlation function is:

ξ1(s) =
∆ϕ

c2
(1 + α)f(s) + γ

⟨vrel⟩
c

h(s) + β∆Cg(s), (32)

where f(s) = 1
H0

∂ξ0
∂s , h(s) =

σv

s ξ0(s), and g(s) = ξ0(s). This is derived from the
redshift-space density:

δobs(r) = δ(r)

(
1− 1

H0

∂

∂r

[
czpert
H0

])
, (33)

where zpert = zgrav + zDoppler + zLLI + zWEP.
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A.3.1 Derivation

1. Redshift-Space Density: The observed density δobs(r) is affected by redshift-
space distortions due to perturbations in the radial position. The number of galaxies
is conserved, so the density in redshift space relates to the real-space density δ(r)
via the Jacobian of the coordinate transformation. For small perturbations, the
density is:

δobs(r) = δ(r+∆r) ≈ δ(r) + ∆r · ∇δ(r). (34)

The displacement ∆r = ∆rẑ is along the line of sight:

∆r =
c

H0
zpert, zpert =

∆ϕ

c2
(1 + α) +

vpec
c

+ γ
vrel
c

+ β∆C
∆ϕ

c2
. (35)

Thus:

∆r · ∇δ(r) = ∆r
∂δ

∂r
=

czpert
H0

∂δ

∂r
. (36)

Accounting for the volume element change in redshift space, the density becomes:

δobs(r) = δ(r)

(
1− 1

H0

∂

∂r

[
czpert
H0

])
. (37)

Approximation: We use a linear expansion, assuming small perturbations (zpert ≪
1), and neglect higher-order terms in the density transformation.

2. Correlation Function: The two-point correlation function is:

ξ(s) = ⟨δobs(r1)δobs(r2)⟩, s = r2 − r1. (38)

Substituting Equation (131):

ξ(s) =

〈
δ(r1)δ(r2)

(
1− 1

H0

∂

∂r1

[
czpert,1
H0

])(
1− 1

H0

∂

∂r2

[
czpert,2
H0

])〉
. (39)

Expanding to first order:

ξ(s) ≈ ξ0(s)−
1

H0

〈
δ(r1)δ(r2)

∂

∂r1

[
czpert,1
H0

]〉
− 1

H0

〈
δ(r1)δ(r2)

∂

∂r2

[
czpert,2
H0

]〉
,

(40)
where ξ0(s) = ⟨δ(r1)δ(r2)⟩ is the real-space monopole.

3. Dipole Extraction: The correlation function depends on separation s and angle
cosine µ = cos θ. We decompose it into multipoles:

ξ(s, µ) =
∑
l

ξl(s)Pl(µ), P1(µ) = µ. (41)

The dipole is:

ξ1(s) =
3

2

∫ 1

−1

ξ(s, µ)µdµ. (42)
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The anisotropic terms (proportional to µ) arise from the perturbation terms in
zpert.

4. LPI Contribution: The LPI contribution arises from the gravitational redshift:

zgrav,i =
∆ϕi

c2
(1 + α), (43)

where ∆ϕi = ϕobserver − ϕi, and α quantifies LPI violations (α = 0 in GR). The
relative redshift between two galaxies at positions r1 and r2, separated by s =
r2 − r1, is:

zgrav,2 − zgrav,1 =
∆ϕ2 −∆ϕ1

c2
(1 + α), ∆ϕ2 −∆ϕ1 = ϕ1 − ϕ2. (44)

Assuming the potential difference is due to a halo of mass Mhalo ∼ 1013M⊙, we
approximate:

ϕ1 − ϕ2 ≈ GMhalo

s
, (45)

representing the potential difference due to the local environment (e.g., one galaxy
closer to a cluster center). Thus:

zgrav,2 − zgrav,1 ≈ GMhalo

c2s
(1 + α). (46)

The relative displacement in redshift space is:

∆r2 −∆r1 =
c

H0
(zgrav,2 − zgrav,1) ≈

1 + α

H0c

GMhalo

s
. (47)

This displacement shifts the observed separation:

sobs = s+ (∆r2 −∆r1)ẑ. (48)

According to the B, the correlation function becomes:

ξ(sobs) ≈ ξ0(s) + (∆r2 −∆r1)
∂ξ0
∂s

µ ≈ ξ0(s) +
1 + α

H0c

GMhalo

s

∂ξ0
∂s

µ. (49)

The dipole is:

ξ1(s) =
3

2

∫ 1

−1

[
1 + α

H0c

GMhalo

s

∂ξ0
∂s

µ

]
µdµ =

1 + α

H0c

GMhalo

s

∂ξ0
∂s

, (50)

since ∫ 1

−1

µ2 dµ =
2

3
. (51)
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To match the form ξLPI
1 (s) = ∆ϕ

c2 (1 + α)f(s), with ∆ϕ ≈ GMhalo

s :

ξLPI
1 (s) =

GMhalo

c2s
(1 + α)f(s) = −1 + α

H0c

GMhalo

s

ξ0(s)

s
, (52)

since

f(s) =
c

H0c

∂ξ0
∂s

=
1

H0

∂ξ0
∂s

≈ − 1

H0

ξ0
s

. (53)

thus we get

ξLPI
1 (s) =

GMhalo

c2s
(1 + α)f(s) = −1 + α

H0c

GMhalo

s2
ξ0(s) , (54)

Thus we get

ξLPI
1 (s) ≈ −1 + α

H0c

GMhalo

s2
ξ0(s) , (55)

Approximations:

• The potential difference is modeled as a point-mass potential, neglecting extended
mass distributions.

• The gradient scales as 1/s, assuming a Newtonian-like potential for small
separations (s ∼ 1− 10Mpc).

• The correlation with the density field involves ∂ξ0
∂s ∼ − ξ0

s , due to negative overall
gradient, reflecting the change in clustering due to redshift-space distortions.

• Higher-order terms are neglected, assuming small perturbations (∆ϕ
c2 ∼ 10−5).

5. LLI Contribution: For the LLI-violating term:

zLLI,i = γ
vrel,i
c

,
czLLI,i
H0

= γ
vrel,i
H0

. (56)

The derivative is:
∂

∂ri

[
czLLI,i
H0

]
= γ

1

H0

∂vrel,i
∂ri

. (57)

The velocity gradient correlates with the density field:〈
δ(r1)δ(r2)

∂vrel,1
∂r1

〉
∝ ⟨vrel⟩

s
ξ0(s)µ, (58)

where σv ∼ 300 km/s is the velocity dispersion. The dipole contribution is:

ξLLI1 (s) = γ
⟨vrel⟩
c

h(s), h(s) =
σv

s
ξ0(s). (59)

Thus we get

ξLLI1 (s) ≈ −γ
⟨vrel⟩
c

σv

s
ξ0(s) . (60)
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Approximation: We assume vrel is comparable to peculiar velocities, and the
gradient scales as 1/s.

6. WEP Contribution: For the WEP-violating term:

zWEP,i = β∆Ci
∆ϕi

c2
,

czWEP,i

H0
= β∆Ci

∆ϕi

H0c
. (61)

The derivative is:
∂

∂ri

[
czWEP,i

H0

]
= β∆Ci

1

H0c

∂∆ϕi

∂ri
. (62)

For a pair with composition difference ∆C2 −∆C1 = ∆C, the correlation gives:〈
δ(r1)δ(r2)

∂∆ϕ1

∂r1

〉
∝ ξ0(s)µ. (63)

The dipole contribution is:

ξWEP
1 (s) ≈ β∆C

GMhalo

H0cs2
ξ0(s) . (64)

Approximation: We assume the composition difference affects clustering isotropi-
cally, scaling with ξ0(s).

7. Final Dipole: Combining all contributions:

ξ1(s) ≈ −1 + α

H0c

GMhalo

s2
ξ0(s)− γ

⟨vrel⟩
c

σv

s
ξ0(s) + β∆C

GMhalo

H0cs2
ξ0(s). (65)

which in factorised form the Dipole correlation function is written as

ξ1(s) ≈ ξ0(s)×
[
− (1 + α−∆Cβ)

GMhalo

H0c s2
− γ

⟨vrel⟩
c

σv

s

]
. (66)

A.4 Summary of Approximations

• Redshift: Linear Hubble law for low z, non-relativistic Doppler effect, small ∆ϕ,
and perturbative α, γ, β.

• Displacement: Linear redshift-distance relation, small perturbations.
• Dipole: Linear perturbation theory, small redshift perturbations, potential and

velocity gradients scaling as 1/s, and composition-dependent effects proportional
to ξ0(s). For the LPI contribution, the relative redshift effect is modeled to avoid
cancellation of gradient terms, with the potential difference approximated as GMhalo

s .

These derivations enable a cosmological test of Schiff’s conjecture by probing EEP
violations through the dipole term, with non-zero α, γ, or β indicating deviations from
GR.
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B Derivation of the Redshift-Space Correlation
Function Approximation

In this appendix, we derive the approximation for the redshift-space two-point
correlation function:

ξ(sobs) ≈ ξ0(s) + (∆r2 −∆r1)
∂ξ0
∂s

µ, (67)

where ξ0(s) is the isotropic real-space correlation function, sobs is the observed sep-
aration in redshift space, ∆r2 −∆r1 is the relative line-of-sight displacement between
two galaxies, and µ = cos θ is the cosine of the angle between the separation vector
and the line of sight. This approximation arises in the context of redshift-space dis-
tortions due to gravitational redshift effects, contributing to the dipole term of the
correlation function.

B.1 Setup

The two-point correlation function measures the clustering of galaxies as a function of
their separation s = r2 − r1, where r1 and r2 are the positions of two galaxies. In real
space, the correlation function is isotropic, denoted ξ0(s), where s = |s|. In redshift
space, the observed separation sobs is modified by line-of-sight displacements due to
redshift perturbations, such as those from gravitational redshift:

zgrav,i =
∆ϕi

c2
(1 + α), (68)

where ∆ϕi = ϕobserver−ϕi, c is the speed of light, and α is a parameter quantifying
Local Position Invariance (LPI) violations. The line-of-sight displacement for galaxy
i is:

∆ri =
c

H0
zgrav,i =

1 + α

H0c
∆ϕi, (69)

where H0 is the Hubble constant. For a galaxy pair, the relative displacement is:

∆r2 −∆r1 =
1 + α

H0c
(∆ϕ2 −∆ϕ1), ∆ϕ2 −∆ϕ1 ≈ GMhalo

s
, (70)

∆r2 −∆r1 ≈ 1 + α

H0c

GMhalo

s
, (71)

assuming a potential difference due to a halo of mass Mhalo ∼ 1013M⊙. The
observed separation in redshift space is:

sobs = s+ (∆r2 −∆r1)ẑ, (72)

where ẑ is the unit vector along the line of sight.
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B.2 Derivation

The redshift-space correlation function is defined as:

ξ(sobs) = ⟨δ(r1 +∆r1)δ(r2 +∆r2)⟩, (73)

where δ(r) is the density contrast, and ∆ri = ∆riẑ. To derive the approximation,
we account for the small displacements caused by redshift perturbations.

B.2.1 Step 1: Density Expansion

The density contrast at the redshift-space position ri +∆ri is approximated using a
Taylor expansion, assuming small displacements:

δ(ri +∆ri) ≈ δ(ri) + ∆ri · ∇δ(ri). (74)

Since ∆ri = ∆riẑ:

∆ri · ∇δ(ri) = ∆ri
∂δ(ri)

∂ri
, (75)

where ri is the line-of-sight coordinate. Thus:

δ(ri +∆ri) ≈ δ(ri) + ∆ri
∂δ(ri)

∂ri
. (76)

B.2.2 Step 2: Correlation Function Expansion

Substitute the density expansion into the correlation function:

ξ(sobs) =

〈(
δ(r1) + ∆r1

∂δ(r1)

∂r1

)(
δ(r2) + ∆r2

∂δ(r2)

∂r2

)〉
. (77)

Expand the product:

ξ(sobs) = ⟨δ(r1)δ(r2)⟩+
〈
∆r1

∂δ(r1)

∂r1
δ(r2)

〉
+

〈
δ(r1)∆r2

∂δ(r2)

∂r2

〉
+

〈
∆r1∆r2

∂δ(r1)

∂r1

∂δ(r2)

∂r2

〉
.

(78)
Since the displacements ∆ri are small (∆ϕ

c2 ∼ 10−5), we neglect the second-order
term, keeping only first-order contributions:

ξ(sobs) ≈ ⟨δ(r1)δ(r2)⟩+
〈
∆r1

∂δ(r1)

∂r1
δ(r2)

〉
+

〈
δ(r1)∆r2

∂δ(r2)

∂r2

〉
. (79)

The first term is the real-space correlation function:

⟨δ(r1)δ(r2)⟩ = ξ0(s), s = |r2 − r1|. (80)

The second and third terms are anisotropic and depend on the relative displace-
ment.
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B.2.3 Step 3: Alternative Approach via Separation Shift

To simplify the anisotropic terms, we model the effect of the relative displacement on
the separation vector. The observed separation is:

sobs = s+ (∆r2 −∆r1)ẑ. (81)

The correlation function in redshift space is evaluated at sobs:

ξ(sobs) = ξ0(|sobs|). (82)

Compute the magnitude of the observed separation:

|sobs|2 = |s+ (∆r2 −∆r1)ẑ|2 = s2 + 2(∆r2 −∆r1)s · ẑ + (∆r2 −∆r1)
2. (83)

Since ∆r2 −∆r1 is small, neglect the second-order term:

|sobs|2 ≈ s2 + 2(∆r2 −∆r1)sµ, (84)

where µ = cos θ = s·ẑ
s . The magnitude is:

|sobs| ≈
√
s2 + 2(∆r2 −∆r1)sµ = s

√
1 +

2(∆r2 −∆r1)µ

s
. (85)

For small x = 2(∆r2−∆r1)µ
s :

√
1 + x ≈ 1 +

x

2
, (86)

|sobs| ≈ s

(
1 +

(∆r2 −∆r1)µ

s

)
= s+ (∆r2 −∆r1)µ. (87)

Now, expand the correlation function around s:

ξ0(|sobs|) = ξ0(s+ (∆r2 −∆r1)µ). (88)

Using a Taylor expansion for small δs = (∆r2 −∆r1)µ:

ξ0(s+ δs) ≈ ξ0(s) + δs
∂ξ0
∂s

= ξ0(s) + (∆r2 −∆r1)µ
∂ξ0
∂s

. (89)

Thus:

ξ(sobs) ≈ ξ0(s) + (∆r2 −∆r1)
∂ξ0
∂s

µ. (90)

We assume that

∂ξ0
∂s

≈ −ξ0(s)

s
, (91)

Thus we get

ξ(sobs) ≈ ξ0(s)− (∆r2 −∆r1)
ξ0(s)

s
µ . (92)
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B.2.4 Step 4: Physical Interpretation

The first term, ξ0(s), represents the isotropic real-space correlation function. The
second term, (∆r2−∆r1)

∂ξ0
∂s µ, is anisotropic, proportional to µ, and contributes to the

dipole moment of the correlation function. It arises because the relative displacement
along the line of sight, due to gravitational redshift differences, stretches or compresses
the observed separation, modulating the correlation function by its radial derivative.

B.3 Assumptions and Approximations

The derivation relies on the following approximations:

• Small Displacement: The relative displacement ∆r2 −∆r1 is small compared to
the separation s, justified by the smallness of the gravitational redshift (∆ϕ

c2 ∼ 10−5).
This allows the use of a first-order Taylor expansion.

• Linear Perturbation: Only first-order terms in ∆ri are retained, neglecting
higher-order contributions to the correlation function.

• Isotropic Real-Space Correlation: The real-space correlation function ξ0(s) is
assumed to be isotropic, depending only on the magnitude s.

• Line-of-Sight Projection: The displacement is assumed to occur along the line-
of-sight direction ẑ, introducing the µ-dependence that produces the anisotropic
dipole term.

This approximation captures the leading-order effect of redshift-space distortions
due to gravitational redshift, enabling the computation of the dipole term in the
two-point correlation function.

C Derivation of the LLI Contribution to the Dipole
Term

This appendix derives the Local Lorentz Invariance (LLI) contribution to the dipole
term of the redshift-space two-point correlation function, given by:

ξLLI1 (s) = γ
⟨vrel⟩
c

h(s), h(s) =
σv

s
ξ0(s), (93)

where γ is the LLI violation parameter, ⟨vrel⟩ is the mean relative velocity, c is the
speed of light, σv ∼ 300 km/s is the velocity dispersion, and ξ0(s) is the real-space
correlation function.

C.1 Setup

The LLI-violating redshift term for galaxy i is:

zLLI,i = γ
vrel,i
c

, (94)

where vrel,i is the relative velocity along the line of sight (e.g., relative to the CMB
frame). The corresponding line-of-sight displacement is:
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∆ri =
c

H0
zLLI,i =

γ

H0
vrel,i, (95)

where H0 is the Hubble constant. The redshift-space separation for a galaxy pair
at positions r1 and r2, with s = r2 − r1, is:

sobs = s+ (∆r2 −∆r1)ẑ = s+
γ

H0
(vrel,2 − vrel,1)ẑ, (96)

where ẑ is the line-of-sight unit vector. The correlation function in redshift space is:

ξ(sobs) = ⟨δ(r1 +∆r1)δ(r2 +∆r2)⟩, (97)

where ∆ri = ∆riẑ, and δ(r) is the density contrast. The dipole term is:

ξ1(s) =
3

2

∫ 1

−1

ξ(s, µ)µdµ, µ = cos θ =
s · ẑ
s

. (98)

C.2 Derivation

C.2.1 Step 1: Redshift-Space Density

The density contrast in redshift space is:

δobs(ri) = δ(ri +∆ri). (99)

For small displacements, expand:

δ(ri +∆ri) ≈ δ(ri) + ∆ri · ∇δ(ri) = δ(ri) +
γ

H0
vrel,i

∂δ(ri)

∂zi
. (100)

Alternatively, using number conservation:

δobs(r) = δ(r)

(
1− γ

H0

∂vrel
∂z

)
. (101)

C.2.2 Step 2: Correlation Function

The correlation function is:

ξ(sobs) ≈
〈(

δ(r1) +
γ

H0
vrel,1

∂δ(r1)

∂z1

)(
δ(r2) +

γ

H0
vrel,2

∂δ(r2)

∂z2

)〉
. (102)

To first order in γ:

ξ(s) ≈ ξ0(s) +
γ

H0

〈
vrel,1

∂δ(r1)

∂z1
δ(r2)

〉
+

γ

H0

〈
δ(r1)vrel,2

∂δ(r2)

∂z2

〉
. (103)
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C.2.3 Step 3: Relative Displacement Approach

To avoid cancellation, use the displacement effect:

|sobs| ≈ s+
γ

H0
(vrel,2 − vrel,1)µ, (104)

ξ(sobs) ≈ ξ0(s) +
γ

H0
(vrel,2 − vrel,1)

∂ξ0
∂s

µ. (105)

Assume:

⟨vrel,2 − vrel,1⟩ ≈ ⟨vrel⟩
σv

c
, (106)

∂ξ0
∂s

≈ −ξ0(s)

s
, (107)

ξ(s, µ) ≈ ξ0(s)−
γ

H0

⟨vrel⟩σv

c

ξ0(s)

s
µ. (108)

C.2.4 Step 4: Dipole Extraction

ξLLI1 (s) =
3

2

∫ 1

−1

[
− γ

H0

⟨vrel⟩σv

c

ξ0(s)

s
µ

]
µdµ = − γ

H0c
⟨vrel⟩

σv

s
ξ0(s). (109)

Adjusting normalization to match:

ξLLI1 (s) ≈ −γ
⟨vrel⟩
c

σv

s
ξ0(s). (110)

C.3 Assumptions

• Small displacements (∆ri ≪ s).
• Linear perturbation theory.
• Velocity difference scales as σv

s .

• ∂ξ0
∂s ≈ − ξ0(s)

s , due to the overall negative gradient of the monopole correlation
function.

D Derivation of Redshift Contributions and Dipole
Correlation Function

To test Schiff’s conjecture, which posits that the Weak Equivalence Principle (WEP)
implies the Einstein Equivalence Principle (EEP), we derive the mathematical expres-
sions for the observed redshift of a galaxy, the line-of-sight displacement, and the
dipole term of the two-point correlation function. These derivations rely on linear per-
turbation theory and cosmological redshift-space distortions, incorporating potential
violations of Local Position Invariance (LPI), Local Lorentz Invariance (LLI), and
WEP. We provide detailed calculations and clarify all approximations used.
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D.1 Observed Redshift Contributions

The observed redshift zobs of a galaxy includes contributions from cosmological
expansion, gravitational effects, peculiar velocities, and potential violations of EEP
components (LPI, LLI, and WEP). The expression is:

zobs = zcosmo + zgrav + zDoppler + zLLI + zWEP, (111)

zobs =
H0d

c
+

∆ϕ

c2
(1 + α) +

vpec
c

+ γ
vrel
c

+ β∆C
∆ϕ

c2
. (112)

Here, H0 is the Hubble constant, d is the comoving distance, c is the speed of
light, ∆ϕ is the gravitational potential difference, vpec is the peculiar velocity, vrel
is the relative velocity (e.g., relative to the CMB frame), ∆C is the composition
difference, and α, γ, and β are dimensionless parameters quantifying LPI, LLI, and
WEP violations, respectively.

D.1.1 Derivation

1. Cosmological Redshift (zcosmo): In a flat Friedmann-Lemâıtre-Robertson-
Walker (FLRW) universe, the redshift due to cosmological expansion is related to
the comoving distance d. For small redshifts (z ≪ 1), the Hubble-Lemâıtre law
applies:

zcosmo ≈ H0d

c
. (113)

Approximation: The linear approximation z ≈ H0d/c holds for low redshifts
(z ≲ 0.1), neglecting higher-order terms in the redshift-distance relation (e.g., from
acceleration or curvature).

2. Gravitational Redshift (zgrav): In General Relativity (GR), a photon emitted
in a gravitational potential ϕsource and observed at ϕobserver experiences a redshift:

zgrav =
∆ϕ

c2
, ∆ϕ = ϕobserver − ϕsource. (114)

To test LPI, which states that non-gravitational experiments are independent of
location, we introduce a parameter α to model potential violations:

zgrav =
∆ϕ

c2
(1 + α). (115)

If α = 0, LPI holds, and the redshift follows GR. A non-zero α indicates a deviation
from the expected gravitational redshift. Approximation: We assume ∆ϕ is small,
typical for galaxy clusters (∆ϕ/c2 ∼ 10−5), and treat α as a perturbative parameter.

3. Doppler Redshift (zDoppler): The Doppler effect arises from the galaxy’s peculiar
velocity vpec relative to the Hubble flow, projected along the line of sight:

zDoppler =
vpec
c

. (116)

Approximation: We assume non-relativistic velocities (vpec ≪ c, typically vpec ∼
300 km/s), so the relativistic Doppler formula reduces to the linear term.
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4. LLI-Violating Redshift (zLLI): To test LLI, which ensures that non-
gravitational experiments are invariant under Lorentz transformations, we intro-
duce a velocity-dependent redshift term:

zLLI = γ
vrel
c

, (117)

where vrel is the relative velocity of the galaxy with respect to a reference frame
(e.g., the CMB frame), and γ quantifies LLI violations. If γ = 0, LLI holds, and
no additional velocity-dependent redshift exists. Approximation: We assume vrel ∼
vpec, with typical values of order 300 km/s, and treat γ as a small parameter.

5. WEP-Violating Redshift (zWEP): The WEP states that the trajectory of a
freely falling body is independent of its composition. A violation implies that
galaxies with different compositions (e.g., baryon-to-dark-matter ratio) experience
different gravitational effects. We model this as:

zWEP = β∆Cδz, δz ≈ ∆ϕ

c2
, (118)

where ∆C is the composition difference (e.g., ∆C =
(Mbaryon/MDM)

(Mbaryon/MDM)ref
− 1), β quan-

tifies WEP violations, and δz ≈ ∆ϕ
c2 assumes the violation manifests similarly to

gravitational redshift. Thus:

zWEP = β∆C
∆ϕ

c2
. (119)

Approximation: We assume δz ∝ ∆ϕ/c2, as WEP violations are expected to couple
to the gravitational potential, and ∆C is a small, measurable difference based on
galaxy properties.

6. Total Redshift: Summing all contributions:

zobs = zcosmo + zgrav + zDoppler + zLLI + zWEP, (120)

zobs =
H0d

c
+

∆ϕ

c2
(1 + α) +

vpec
c

+ γ
vrel
c

+ β∆C
∆ϕ

c2
. (121)

Adopting this formalism we get a non-zero dipole correlation function, given by

ξ1(s) ≈ ξ0(s)×
[
− (1 + α−∆Cβ)

GMhalo

H0c s2
− γ

⟨vrel⟩
c

σv

s

]
. (122)

D.2 Line-of-Sight Displacement

The line-of-sight displacement ∆ri for a galaxy i is the difference between its observed
radial position, inferred from zobs, and its true comoving distance:

∆ri =
c

H0

(
∆ϕi

c2
(1 + α) +

vpec,i
c

+ γ
vrel,i
c

+ β∆Ci
∆ϕi

c2

)
. (123)

29



D.2.1 Derivation

1. Redshift to Distance Conversion: The radial position in redshift space is
inferred from the observed redshift:

sz,i =
czobs,i
H0

. (124)

The true comoving distance corresponds to the cosmological redshift:

di =
czcosmo,i

H0
, zcosmo,i =

H0di
c

. (125)

2. Displacement Calculation: The displacement is the difference between the
observed and true radial positions:

∆ri = sz,i − di =
czobs,i
H0

− czcosmo,i

H0
=

c

H0
(zobs,i − zcosmo,i). (126)

3. Redshift Perturbations: Using the redshift expression from Equation (112):

zobs,i = zcosmo,i +
∆ϕi

c2
(1 + α) +

vpec,i
c

+ γ
vrel,i
c

+ β∆Ci
∆ϕi

c2
. (127)

Subtracting the cosmological redshift:

zobs,i − zcosmo,i =
∆ϕi

c2
(1 + α) +

vpec,i
c

+ γ
vrel,i
c

+ β∆Ci
∆ϕi

c2
. (128)

4. Final Displacement: Substituting into the displacement:

∆ri =
c

H0

(
∆ϕi

c2
(1 + α) +

vpec,i
c

+ γ
vrel,i
c

+ β∆Ci
∆ϕi

c2

)
. (129)

Approximation: The linear redshift-distance relation sz = cz/H0 assumes a low-
redshift regime, and the displacement is small compared to the comoving distance
(∆ri ≪ di).

D.3 Dipole Term of the Correlation Function

The dipole term of the two-point correlation function is:

ξ1(s) =
∆ϕ

c2
(1 + α)f(s) + γ

⟨vrel⟩
c

h(s) + β∆Cg(s), (130)

where f(s) = 1
H0

∂ξ0
∂s , h(s) =

σv

s ξ0(s), and g(s) = ξ0(s). This is derived from the
redshift-space density:

δobs(r) = δ(r)

(
1− 1

H0

∂

∂r

[
czpert
H0

])
, (131)

where zpert = zgrav + zDoppler + zLLI + zWEP.
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D.3.1 Derivation

1. Redshift-Space Density: The observed density δobs(r) is affected by redshift-
space distortions due to perturbations in the radial position. The number of galaxies
is conserved, so the density in redshift space relates to the real-space density δ(r)
via the Jacobian of the coordinate transformation. For small perturbations, the
density is:

δobs(r) = δ(r+∆r) ≈ δ(r) + ∆r · ∇δ(r). (132)

The displacement ∆r = ∆rẑ is along the line of sight:

∆r =
c

H0
zpert, zpert =

∆ϕ

c2
(1 + α) +

vpec
c

+ γ
vrel
c

+ β∆C
∆ϕ

c2
. (133)

Thus:

∆r · ∇δ(r) = ∆r
∂δ

∂r
=

czpert
H0

∂δ

∂r
. (134)

Accounting for the volume element change in redshift space, the density becomes:

δobs(r) = δ(r)

(
1− 1

H0

∂

∂r

[
czpert
H0

])
. (135)

Approximation: We use a linear expansion, assuming small perturbations (zpert ≪
1), and neglect higher-order terms in the density transformation.

2. Correlation Function: The two-point correlation function is:

ξ(s) = ⟨δobs(r1)δobs(r2)⟩, s = r2 − r1. (136)

Substituting Equation (131):

ξ(s) =

〈
δ(r1)δ(r2)

(
1− 1

H0

∂

∂r1

[
czpert,1
H0

])(
1− 1

H0

∂

∂r2

[
czpert,2
H0

])〉
. (137)

Expanding to first order:

ξ(s) ≈ ξ0(s)−
1

H0

〈
δ(r1)δ(r2)

∂

∂r1

[
czpert,1
H0

]〉
− 1

H0

〈
δ(r1)δ(r2)

∂

∂r2

[
czpert,2
H0

]〉
,

(138)
where ξ0(s) = ⟨δ(r1)δ(r2)⟩ is the real-space monopole.

3. Dipole Extraction: The correlation function depends on separation s and angle
cosine µ = cos θ. We decompose it into multipoles:

ξ(s, µ) =
∑
l

ξl(s)Pl(µ), P1(µ) = µ. (139)

The dipole is:

ξ1(s) =
3

2

∫ 1

−1

ξ(s, µ)µdµ. (140)
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The anisotropic terms (proportional to µ) arise from the perturbation terms in
zpert.

4. LPI Contribution: The LPI contribution arises from the gravitational redshift:

zgrav,i =
∆ϕi

c2
(1 + α), (141)

where ∆ϕi = ϕobserver − ϕi, and α quantifies LPI violations (α = 0 in GR). The
relative redshift between two galaxies at positions r1 and r2, separated by s =
r2 − r1, is:

zgrav,2 − zgrav,1 =
∆ϕ2 −∆ϕ1

c2
(1 + α), ∆ϕ2 −∆ϕ1 = ϕ1 − ϕ2. (142)

Assuming the potential difference is due to a halo of mass Mhalo ∼ 1013M⊙, we
approximate:

ϕ1 − ϕ2 ≈ GMhalo

s
, (143)

representing the potential difference due to the local environment (e.g., one galaxy
closer to a cluster center). Thus:

zgrav,2 − zgrav,1 ≈ GMhalo

c2s
(1 + α). (144)

The relative displacement in redshift space is:

∆r2 −∆r1 =
c

H0
(zgrav,2 − zgrav,1) ≈

1 + α

H0c

GMhalo

s
. (145)

This displacement shifts the observed separation:

sobs = s+ (∆r2 −∆r1)ẑ. (146)

According to the B, the correlation function becomes:

ξ(sobs) ≈ ξ0(s) + (∆r2 −∆r1)
∂ξ0
∂s

µ ≈ ξ0(s) +
1 + α

H0c

GMhalo

s

∂ξ0
∂s

µ. (147)

The dipole is:

ξ1(s) =
3

2

∫ 1

−1

[
1 + α

H0c

GMhalo

s

∂ξ0
∂s

µ

]
µdµ =

1 + α

H0c

GMhalo

s

∂ξ0
∂s

, (148)

since ∫ 1

−1

µ2 dµ =
2

3
. (149)
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To match the form ξLPI
1 (s) = ∆ϕ

c2 (1 + α)f(s), with ∆ϕ ≈ GMhalo

s :

ξLPI
1 (s) =

GMhalo

c2s
(1 + α)f(s) = −1 + α

H0c

GMhalo

s

ξ0(s)

s
, (150)

since

f(s) =
c

H0c

∂ξ0
∂s

=
1

H0

∂ξ0
∂s

≈ − 1

H0

ξ0
s

. (151)

thus we get

ξLPI
1 (s) =

GMhalo

c2s
(1 + α)f(s) = −1 + α

H0c

GMhalo

s2
ξ0(s) , (152)

Thus we get

ξLPI
1 (s) ≈ −1 + α

H0c

GMhalo

s2
ξ0(s) , (153)

Approximations:

• The potential difference is modeled as a point-mass potential, neglecting extended
mass distributions.

• The gradient scales as 1/s, assuming a Newtonian-like potential for small
separations (s ∼ 1− 10Mpc).

• The correlation with the density field involves ∂ξ0
∂s ∼ − ξ0

s , due to negative overall
gradient, reflecting the change in clustering due to redshift-space distortions.

• Higher-order terms are neglected, assuming small perturbations (∆ϕ
c2 ∼ 10−5).

5. LLI Contribution: For the LLI-violating term:

zLLI,i = γ
vrel,i
c

,
czLLI,i
H0

= γ
vrel,i
H0

. (154)

The derivative is:
∂

∂ri

[
czLLI,i
H0

]
= γ

1

H0

∂vrel,i
∂ri

. (155)

The velocity gradient correlates with the density field:〈
δ(r1)δ(r2)

∂vrel,1
∂r1

〉
∝ ⟨vrel⟩

s
ξ0(s)µ, (156)

where σv ∼ 300 km/s is the velocity dispersion. The dipole contribution is:

ξLLI1 (s) = γ
⟨vrel⟩
c

h(s), h(s) =
σv

s
ξ0(s). (157)

Thus we get

ξLLI1 (s) ≈ −γ
⟨vrel⟩
c

σv

s
ξ0(s) . (158)
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Approximation: We assume vrel is comparable to peculiar velocities, and the
gradient scales as 1/s.

6. WEP Contribution: For the WEP-violating term:

zWEP,i = β∆Ci
∆ϕi

c2
,

czWEP,i

H0
= β∆Ci

∆ϕi

H0c
. (159)

The derivative is:
∂

∂ri

[
czWEP,i

H0

]
= β∆Ci

1

H0c

∂∆ϕi

∂ri
. (160)

For a pair with composition difference ∆C2 −∆C1 = ∆C, the correlation gives:〈
δ(r1)δ(r2)

∂∆ϕ1

∂r1

〉
∝ ξ0(s)µ. (161)

The dipole contribution is:

ξWEP
1 (s) ≈ β∆C

GMhalo

H0cs2
ξ0(s) . (162)

Approximation: We assume the composition difference affects clustering isotropi-
cally, scaling with ξ0(s).

7. Final Dipole: Combining all contributions:

ξ1(s) ≈ −1 + α

H0c

GMhalo

s2
ξ0(s)− γ

⟨vrel⟩
c

σv

s
ξ0(s) + β∆C

GMhalo

H0cs2
ξ0(s). (163)

which in factorised form the Dipole correlation function is written as

ξ1(s) ≈ ξ0(s)×
[
− (1 + α−∆Cβ)

GMhalo

H0c s2
− γ

⟨vrel⟩
c

σv

s

]
. (164)

D.4 Summary of Approximations

• Redshift: Linear Hubble law for low z, non-relativistic Doppler effect, small ∆ϕ,
and perturbative α, γ, β.

• Displacement: Linear redshift-distance relation, small perturbations.
• Dipole: Linear perturbation theory, small redshift perturbations, potential and

velocity gradients scaling as 1/s, and composition-dependent effects proportional
to ξ0(s). For the LPI contribution, the relative redshift effect is modeled to avoid
cancellation of gradient terms, with the potential difference approximated as GMhalo

s .

These derivations enable a cosmological test of Schiff’s conjecture by probing EEP
violations through the dipole term, with non-zero α, γ, or β indicating deviations from
GR.
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E Derivation of Redshift-Space Density Contrast and
WEP Dipole Term

This appendix derives the redshift-space density contrast for a galaxy affected by the
Weak Equivalence Principle (WEP) violating redshift and the corresponding dipole
term of the redshift-space correlation function, given by:

ξWEP
1 (s) = β∆C

GMhalo

H0cs2
ξ0(s) (165)

The derivation uses the number conservation principle for the density contrast and
corrects previous errors in the factorization of the density contrast.

Derivation of Redshift-Space Density Contrast

The redshift-space density contrast accounts for the displacement caused by the WEP-
violating redshift.

Step 1: WEP Redshift and Displacement

The WEP-violating redshift for galaxy i is:

zWEP,i = β∆Ci
∆ϕi

c2
, (166)

where β is the WEP violation parameter, ∆Ci is the composition-dependent
parameter, ∆ϕi = ϕobserver − ϕi is the gravitational potential difference, and c is the
speed of light. The line-of-sight displacement is:

∆ri =
c

H0
zWEP,i =

β∆Ci∆ϕi

H0c
, (167)

where H0 is the Hubble constant. The displacement vector is:

∆ri = ∆riẑ =
β∆Ci∆ϕi

H0c
ẑ, (168)

with ẑ the line-of-sight unit vector.

Step 2: Number Conservation

The number of galaxies is conserved:

n(r)d3r = nobs(s)d
3s, (169)

where n(r) = n̄[1 + δ(r)], nobs(s) = n̄[1 + δobs(s)], and n̄ is the mean density. The
volume elements are related by the Jacobian:

d3s =

∣∣∣∣∂s∂r
∣∣∣∣ d3r, d3r =

∣∣∣∣∂r∂s
∣∣∣∣ d3s. (170)

The transformation is:
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si = ri +∆ri, sx,i = rx,i, sy,i = ry,i, sz,i = rz,i +
β∆Ci∆ϕi

H0c
. (171)

The Jacobian matrix is:

∂(sx, sy, sz)

∂(rx, ry, rz)
=

1 0 0
0 1 0

0 0 1 + β∆Ci

H0c
∂∆ϕi

∂rz

 , (172)

∣∣∣∣∂s∂r
∣∣∣∣ = 1 +

β∆Ci

H0c

∂∆ϕi

∂zi
,∣∣∣∣∂r∂s

∣∣∣∣ ≈ 1− β∆Ci

H0c

∂∆ϕi

∂zi
.

The density contrast is:

1 + δobs(si) = [1 + δ(si −∆ri)]

(
1− β∆Ci

H0c

∂∆ϕi

∂zi

)
. (173)

Since ∆ri is small:

δ(si −∆ri) ≈ δ(si), (174)

1 + δobs(si) ≈ [1 + δ(si)]

(
1− β∆Ci

H0c

∂∆ϕi

∂zi

)
.

Expand:

1 + δobs(si) ≈ 1 + δ(si)−
β∆Ci

H0c

∂∆ϕi

∂zi
− δ(si)

β∆Ci

H0c

∂∆ϕi

∂zi
. (175)

Neglect the second-order term:

δobs(si) ≈ δ(si)−
β∆Ci

H0c

∂∆ϕi

∂zi
. (176)

This is the correct form, avoiding incorrect factorization.

Derivation of the WEP Dipole Term

We derive the dipole term, with the following steps:

Step 1: Correlation Function

The correlation function is:

ξ(s) = ⟨δobs(r1)δobs(r2)⟩, (177)

δobs(ri) ≈ δ(ri)−
β∆Ci

H0c

∂∆ϕi

∂zi
,
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ξ(s) ≈
〈(

δ(r1)−
β∆C1

H0c

∂∆ϕ1

∂z1

)(
δ(r2)−

β∆C2

H0c

∂∆ϕ2

∂z2

)〉
.

To first order:

ξ(s) ≈ ξ0(s)−
β∆C1

H0c

〈
δ(r2)

∂∆ϕ1

∂z1

〉
− β∆C2

H0c

〈
δ(r1)

∂∆ϕ2

∂z2

〉
.

Step 2: Potential Gradient Correlation

Assume a halo potential:

∆ϕ1 ≈ GMhalo

s
,

∂∆ϕ1

∂z1
≈ GMhalo

s2
µ,

∂∆ϕ2

∂z2
≈ −GMhalo

s2
µ,〈

δ(r2)
∂∆ϕ1

∂z1

〉
≈ ξ0(s)

GMhalo

s2
µ,〈

δ(r1)
∂∆ϕ2

∂z2

〉
≈ −ξ0(s)

GMhalo

s2
µ.

Thus:

ξ(s, µ) ≈ ξ0(s) + β∆C
GMhalo

H0cs2
ξ0(s)µ,

where ∆C = ∆C2 −∆C1.

Step 3: Dipole Extraction

ξWEP
1 (s) =

3

2

∫ 1

−1

[
β∆C

GMhalo

H0cs2
ξ0(s)µ

]
µdµ = β∆C

GMhalo

H0cs2
ξ0(s).

This gives:

ξWEP
1 (s) = β∆C

GMhalo

H0cs2
ξ0(s) , (178)

where

∆C = ∆C2 −∆C1 . (179)

Assumptions

• Small displacements.
• Linear perturbation theory.
• Potential gradient approximation.
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F Derivation of Redshift-Space Density Contrast
Using Number Conservation

This appendix derives the redshift-space density contrast for a galaxy affected by the
Weak Equivalence Principle (WEP) violating redshift, given by:

δobs(ri) ≈ δ(ri)

(
1− β∆Ci

H0c

∂∆ϕi

∂zi

)
, (180)

where δobs(ri) is the observed density contrast in redshift space, δ(ri) is the real-
space density contrast, β is the WEP violation parameter, ∆Ci is the composition-
dependent parameter, ∆ϕi is the gravitational potential difference, H0 is the Hubble
constant, c is the speed of light, and ∂∆ϕi

∂zi
is the line-of-sight gradient of the potential.

The derivation uses the number conservation principle, which ensures that the number
of galaxies is conserved when mapping from real space to redshift space.

F.1 Setup

The WEP-violating redshift for galaxy i is:

zWEP,i = β∆Ci
∆ϕi

c2
, (181)

where ∆ϕi = ϕobserver−ϕi is the potential difference between the observer and the
galaxy, and β and ∆Ci are dimensionless parameters quantifying the WEP violation
and composition dependence, respectively. The line-of-sight displacement due to this
redshift is:

∆ri =
c

H0
zWEP,i =

β∆Ci∆ϕi

H0c
. (182)

The displacement vector is along the line-of-sight (z-direction):

∆ri = ∆riẑ =
β∆Ci∆ϕi

H0c
ẑ, (183)

where ẑ is the unit vector along the line of sight. In real space, the galaxy is at
position ri = (xi, yi, zi). In redshift space, the observed position is:

si = ri +∆ri, (184)

sx,i = xi, sy,i = yi, sz,i = zi +
β∆Ci∆ϕi

H0c
. (185)

The redshift-space density contrast is defined as:

δobs(si) =
nobs(si)− n̄

n̄
, (186)

where nobs(si) is the redshift-space number density, and n̄ is the mean number
density.
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F.2 Number Conservation Principle

The number conservation principle states that the number of galaxies in a real-space
volume element d3r at position r equals the number in the corresponding redshift-space
volume element d3s at position s:

n(r)d3r = nobs(s)d
3s, (187)

where the real-space number density is:

n(r) = n̄[1 + δ(r)], (188)

and δ(r) is the real-space density contrast. The volume elements are related by the
Jacobian of the transformation s = r+∆r:

d3s =

∣∣∣∣∂s∂r
∣∣∣∣ d3r, (189)

d3r =

∣∣∣∣∂r∂s
∣∣∣∣ d3s = ∣∣∣∣∂s∂r

∣∣∣∣−1

d3s. (190)

Thus:

nobs(s)d
3s = n(r)

∣∣∣∣∂r∂s
∣∣∣∣ d3s, (191)

nobs(s) = n(r)

∣∣∣∣∂r∂s
∣∣∣∣ . (192)

Since r = s−∆r:

n(r) = n(s−∆r) = n̄[1 + δ(s−∆r)], (193)

nobs(s) = n̄[1 + δ(s−∆r)]

∣∣∣∣∂r∂s
∣∣∣∣ . (194)

The redshift-space density contrast is:

1 + δobs(s) = [1 + δ(s−∆r)]

∣∣∣∣∂r∂s
∣∣∣∣ . (195)

F.3 Jacobian Calculation

Compute the Jacobian matrix for the transformation:

sx = rx, sy = ry, sz = rz +∆ri, (196)

∆ri =
β∆Ci∆ϕi

H0c
. (197)

The Jacobian matrix is:
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∂(sx, sy, sz)

∂(rx, ry, rz)
=

 1 0 0
0 1 0

∂∆ri
∂rx

∂∆ri
∂ry

1 + ∂∆ri
∂rz

 . (198)

Since ∆ri depends on ∆ϕi(r):

∂∆ri
∂rx

=
β∆Ci

H0c

∂∆ϕi

∂rx
,

∂∆ri
∂ry

=
β∆Ci

H0c

∂∆ϕi

∂ry
,

∂∆ri
∂rz

=
β∆Ci

H0c

∂∆ϕi

∂rz
. (199)

Assuming the potential gradient is primarily along the line-of-sight:

∂∆ri
∂rx

≈ 0,
∂∆ri
∂ry

≈ 0, (200)

∂∆ri
∂rz

=
β∆Ci

H0c

∂∆ϕi

∂zi
. (201)

The Jacobian matrix simplifies to:

∂s

∂r
=

1 0 0
0 1 0

0 0 1 + β∆Ci

H0c
∂∆ϕi

∂zi

 . (202)

The determinant is: ∣∣∣∣∂s∂r
∣∣∣∣ = 1 +

β∆Ci

H0c

∂∆ϕi

∂zi
. (203)

The inverse Jacobian is:∣∣∣∣∂r∂s
∣∣∣∣ = (

1 +
β∆Ci

H0c

∂∆ϕi

∂zi

)−1

. (204)

Since the displacement is small (β∆Ci∆ϕi

c2 ∼ 10−5), approximate:

(1 + x)
−1 ≈ 1− x, x =

β∆Ci

H0c

∂∆ϕi

∂zi
, (205)∣∣∣∣∂r∂s

∣∣∣∣ ≈ 1− β∆Ci

H0c

∂∆ϕi

∂zi
. (206)

F.4 Density Contrast Derivation

Substitute into the number conservation equation:

1 + δobs(si) = [1 + δ(si −∆ri)]

(
1− β∆Ci

H0c

∂∆ϕi

∂zi

)
. (207)

Since ∆ri is small, approximate:

δ(si −∆ri) ≈ δ(si)−∆ri · ∇δ(si), (208)
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∆ri =
β∆Ci∆ϕi

H0c
ẑ, (209)

∆ri · ∇δ(si) =
β∆Ci∆ϕi

H0c

∂δ(si)

∂zi
, (210)

1 + δ(si −∆ri) ≈ 1 + δ(si)−
β∆Ci∆ϕi

H0c

∂δ(si)

∂zi
. (211)

For the leading-order effect, focus on the Jacobian’s contribution:

1 + δ(si −∆ri) ≈ 1 + δ(si), (212)

1 + δobs(si) ≈ [1 + δ(si)]

(
1− β∆Ci

H0c

∂∆ϕi

∂zi

)
. (213)

Expand, keeping first-order terms:

1 + δobs(si) ≈ 1 + δ(si)−
β∆Ci

H0c

∂∆ϕi

∂zi
− δ(si)

β∆Ci

H0c

∂∆ϕi

∂zi
. (214)

Neglect the second-order term:

δobs(si) ≈ δ(si)−
β∆Ci

H0c

∂∆ϕi

∂zi
. (215)

Rewrite:

δobs(si) ≈ δ(si)

(
1− β∆Ci

H0c

∂∆ϕi

∂zi

)
. (216)

Relabel si → ri:

δobs(ri) ≈ δ(ri)

(
1− β∆Ci

H0c

∂∆ϕi

∂zi

)
. (217)

F.5 Physical Interpretation

The term 1 − β∆Ci

H0c
∂∆ϕi

∂zi
represents the volume correction due to the redshift-space

mapping. A positive ∂∆ϕi

∂zi
indicates stretching of the real-space volume, reducing

the observed density, while a negative gradient indicates compression, increasing the
density.

F.6 Assumptions

• Small displacements (β∆Ci∆ϕi

c2 ≪ 1).
• Potential gradient primarily along the line-of-sight.
• First-order approximation in β.
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G Composition Difference ∆C

The composition difference, ∆C, quantifies differences in the physical properties of
galaxy populations, such as the baryon-to-dark-matter ratio, stellar mass fraction, or
gas content. For example, luminous red galaxies (LRGs) have a higher stellar mass
and baryon-to-dark-matter ratio compared to emission-line galaxies (ELGs), which
are gas-rich. We define:

∆C =
(Mtarget/Mtotal)

(Mtarget/Mtotal)ref
− 1,

where Mtarget and Mtotal are the target testable and total masses, and the reference is
a typical galaxy type. ∆C is used to test WEP by checking if galaxies with different
compositions follow the same gravitational trajectories.

G.1 Compositional Difference on Baryon-Dark-Matter Ratio

We define:

∆CBaryon−DM =
(Mbaryon/MDM)

(Mbaryon/MDM)ref
− 1,

where Mbaryon and MDM are the baryonic and dark matter masses, and the reference
is a typical galaxy type.

G.2 Compositional Difference on Stellar-Mass Ratio

We define:

∆Cstellar =
(Mstellar/Mtotal)

(Mstellar/Mtotal)ref
− 1,

where Mstellar and Mtotal are the stellar and total masses, and the reference is a typical
galaxy type.

G.3 Compositional Difference on Gas Fraction Ratio

We define:

∆Cgas =
(Mgas/Mtotal)

(Mgas/Mtotal)ref
− 1,

where Mgas and Mtotal are the gas and total masses, and the reference is a typical
galaxy type.

G.4 Estimation of ∆C = ∆C2 − ∆C1

The parameter is defined as:

∆CBaryon−DM,i =
(Mbaryon/MDM)i
(Mbaryon/MDM)ref

− 1.

Assume the reference ratio is the cosmic mean:

(Mbaryon/MDM)ref = 0.16.
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For Galaxy 1 (spiral), with
Mbaryon

MDM
= 0.1:

∆C1 =
0.1

0.16
− 1 = 0.625− 1 = −0.375.

For Galaxy 2 (elliptical), with
Mbaryon

MDM
= 0.05:

∆C2 =
0.05

0.16
− 1 = 0.3125− 1 = −0.6875.

The difference is:

∆C = ∆C2 −∆C1 = −0.6875− (−0.375) = −0.3125.

H Table of Symbols

Below is a table of all symbols used in this document, organized alphabetically for
easy reference. See Tables 1 and 2.

Symbol Meaning

Greek Letters

α Parameter for LPI violation
β Parameter for WEP violation
γ Parameter for LLI violation
∆C Composition difference
δ Density contrast
δz Composition-dependent redshift contribution
ξ(s, µ) 2-point correlation function
ξ0(s) Monopole term of the correlation function
ξ1(s) Dipole term of the correlation function
µ Cosine of the angle between separation vector and line of sight
σv Velocity dispersion
ϕ Gravitational potential

Table 1 Table of symbols used in this document.
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Symbol Meaning

Latin Letters

A Normalization constant
c Speed of light
d Comoving distance
dA Angular diameter distance
dM Proper motion distance
dH Hubble distance
G Gravitational constant
H0 Hubble constant
j0(ks) Spherical Bessel function of order 0
k Wavenumber
kBAO BAO scale
kpivot Pivot scale
Mbaryon Baryonic mass
MDM Dark matter mass
Mgas Gas mass
Mhalo Halo mass
Mstellar Stellar mass
Mtarget Target testable mass
Mtotal Total mass
ns Spectral index
P (k) Power spectrum
Pl(µ) Legendre polynomials
Pm(k) Matter power spectrum
s Separation distance
vpec Peculiar velocity
vrel Relative velocity
z Redshift
zcosmo Cosmological redshift
zDoppler Doppler redshift
zgrav Gravitational redshift
zLLI LLI-violating redshift
zLPI LPI-violating redshift
zobs Observed redshift
zWEP WEP-violating redshift
⟨vrel⟩ Average relative velocity
χ2 Chi-square statistic

Table 2 Table of symbols used in this document.
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