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Abstract

A strategy for determining consensus solubilities with measurement uncertainties at
common temperatures from data reported at varying temperatures is presented. The
approach involves fitting the individual data sets to an appropriate equation of solubility (or
log solubility) as a function of temperature. This allows estimation of the standard
uncertainty of each data point and, if required, interpolated values of the solubility, with
uncertainties, at the temperatures of interest. Between-laboratory uncertainty is assessed
by the DerSimonian-Laird procedure.

The strategy is applicable to any measured quantity where its variation with experimental
variables can be represented by a robust equation.

1 Introduction

When tasked with critically evaluating published data it is rare to have well-described results
with a properly-constructed uncertainty budget that will allow the evaluator to decide
whether, and then how, to include the data in the consensus value. A recent guide [1] sets
out the principles of data evaluation, which accepts that a desire for perfection would not
leave much data to evaluate. However, by using their skill, evaluators can fill in some gaps to
produce the best possible consensus that can be used by chemists. The task is, therefore, to
provide a best estimate of the value of the target quantity with a reasonable standard
measurement uncertainty, and a description of how this was arrived at.

In this paper we provide an approach for dealing with solubility data from a number of
reports that measure solubility as a function of temperature, but without estimates of
measurement uncertainty. First, the data from each report are fitted to an appropriate
equation (van’t Hoff or Apelblat for example) which then yields the solubility at any desired
temperature. The measurement uncertainties of each reported set of solubilities are
obtained from the statistics of the linear regression. For a particular temperature the
consensus value and its standard uncertainty are calculated from fitted values weighted by
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their uncertainties. Between-laboratory uncertainty is then included by the DerSimonian—
Laird method.

We discuss approaches to decide which equations are most appropriate for fitting the data
and the implications of the use of the data to obtain consensus results with associated
standard uncertainties.

Two systems have been chosen to illustrate the method and highlight issues, the solubility
of hexanedioic acid (adipic acid) in ethanoic acid (acetic acid) and in propanone.

2 Termsand Symbols

The language of metrology can be somewhat obscure and confusing. Here we describe, for
the practicing chemist, terms and symbols used in this paper. We make measurements* to
obtain the value of a quantity (the value of the measurand). A measurement result is
considered to be our best estimate of the true value of the measurand and consists of a
number, a unit, and an expression of uncertainty. Measurement uncertainty has recently
been defined as “doubt about the true value of the measurand that remains after making a
measurement”. It may be quantified in a number of ways, most commonly as a single value
called the standard uncertainty which has the symbol u. This is a standard deviation of a
distribution (often taken as a normal distribution) that represents the possible spread of
values of the measurand [2].

A normal distribution has mean x and standard deviation o. Estimates of these quantities
may be written f1 and . (Note that a hat "~ above a symbol indicates an estimated value but
is often omitted). For a set of real data, the mean (average) is written X, where x is the
symbol for the quantity of interest, and its standard deviation, calculated from the set of
data, is sx. The symbol s is also used for the standard error of coefficients of a regression (s,
and sp), and sy/x for the standard error of the regression. It is common to express the
uncertainty as an expanded uncertainty (symbol U) which is the combined standard
uncertainty?> multiplied by a constant, where the interval x + U, is a region in which the true
value of the measurand x is expected to lie with a stated probability. For a normal
(Gaussian) distribution * 2u gives about a 95% probability and + 3u gives about a 99.7%
probability. Note that + U is not the confidence interval calculated from the standard
deviation of a number of repeats. The standard uncertainty should include this repeatability,
but also wider random effects and systematic errors should be included in a full uncertainty
budget. In the absence of sufficient information to construct such an uncertainty budget in a

1 n this section, on first occurrence, terms in italics indicate terms defined in the International Vocabulary of
Metrology (VIM) [3] and are hyperlinked to definitions in the on-line version (https://jcgm.bipm.org/vim/en/ ).
2 ‘Combined standard uncertainty’ is used to describe a measurement uncertainty obtained from a number of
individual standard uncertainties in a measurement model. Its use is likely to be discontinued.

2


https://jcgm.bipm.org/vim/en/2.1.html
https://jcgm.bipm.org/vim/en/2.10.html
https://jcgm.bipm.org/vim/en/2.3.html
https://jcgm.bipm.org/vim/en/2.9.html
https://jcgm.bipm.org/vim/en/2.11.html
https://jcgm.bipm.org/vim/en/1.9.html
https://jcgm.bipm.org/vim/en/2.26.html
https://jcgm.bipm.org/vim/en/2.30.html
https://jcgm.bipm.org/vim/en/2.35.html
https://jcgm.bipm.org/vim/en/2.31.html
https://jcgm.bipm.org/vim/en/2.31.html
https://jcgm.bipm.org/vim/en/2.33.html
https://jcgm.bipm.org/vim/en/2.33.html
https://jcgm.bipm.org/vim/en/

single laboratory, the consensus method outlined below does allow laboratories’ systematic
effects to be accounted for.

3 Experimental Data

Experimentally, the solubilities in the examples chosen were measured using two
approaches: (1) measurement of the composition of a solution saturated at a specific
temperature by gravimetry with evaporation of the solvent or by analysis of the saturated
solution by acid-base titration, liquid chromatography, spectrophotometry or heat flow
calorimetry or (2) measurement of the saturation temperature of a system of known
composition by turbidometry with laser detection or differential scanning calorimetry.
Results from all of these methods are generally in good agreement.

A complicating factor in evaluating these solubilities is that measurements of the saturation
temperature provide solubilities at essentially random temperatures, so that comparison of
solubilities at a particular temperature usually requires interpolation via regression analysis.

A second complication is that the authors provide no uncertainty budgets for the measured
amount fraction solubilities. Rather, differences between the experimental values and those
recovered from fitting the data to one or more model equations are reported. The lack of a
properly formed uncertainty in the published work may be at least partly overcome for the
consensus value by combining the within-laboratory random errors from the fits of the
linear regressions of the data sets considered, and then adding an estimate of the between
laboratory error.

4 Theory

4.1 Choosing data sets for consensus analysis

The evaluator will use their best judgement to triage the available published data [1]. If a
data set is considered for inclusion in the consensus, then it is recommended that any
calculated solubilities are interpolations within the temperature range of the set.
Extrapolating outside the fitted data can be dangerous and should only be contemplated
when the evaluator believes the linear relation still holds with an acceptable uncertainty.

4.2 Regressiononindividual data sets

Fitting experimental data to a measurement model both allows interpolation of solubilities
to a common temperature and provides estimates of the random uncertainty in the
experimental values.

Two equations, the van’t Hoff equation:

InS=A+B/T (1)

and the Apelblat equation:

InS=A+B/T+CInT (2)



are commonly used to represent the temperature dependence of the solubilities of solids,
where S is the amount fraction of the solute in a saturated solution (solubility) and T the
thermodynamic temperature. A, B and, for Eq. 2, C, are coefficients of the respective
models. (Note S is used here for solubility to avoid confusion with x being the independent
variable in a regression).

Mathematically, Eqg. 1 is simply Eq. 2 in the case where Cis set to zero. The decision of
whether to treat the data using Eq. 1 or Eq.2 was based on fitting the data to Eqg. 2 and then
testing the statistical significance of the coefficient C with a two-tail Student-t test on C
divided by its standard error: C /s with n — 3 degrees of freedom. The null hypothesis is
that the coefficient is not significantly different from zero and a probability of this
hypothesis of greater than 0.05 indicates that the use of the additional term is not justified.
In this case Eq. 1 equation is preferred.

The van’t Hoff equation (Eq. 1) is a simple linear model of the form Y =a + b X, where, in this
discussion, Y =In S and X = 1/T. The uncertainty budgets for the temperatures of the
measurements range from 0.05 K [3] to 0.13 K [4], which, given the temperature
dependences of the solubilities, would affect the measured In S in the fourth significant
figure, well below the experimental uncertainty; so that the uncertainty in the temperature
was neglected in analyses of the solubilities. This allows the use of a classical least squares
approach to fitting the data, which assumes only random, homoscedastic3errorin Y, i.e. in
the measured solubility.

We can usefully rewrite Eq. 1, as

Ins = 4'+B'((1/T) - /7)) (3)

where A’ estimates InS and InS and (1/T) are the means of In S and 1/T respectively. This
sidesteps the correlation between the coefficients A and B, leaving the uncorrelated
coefficients A’ and B’. Recall that in the classic least squares model there is no uncertainty in
X and therefore no uncertainty in X. From the Gaussian approach to estimating
measurement uncertainty [2], the standard uncertainty for In Siin Eq. 3

Uns = \/Sj/ + Sél ((1/T) - m)z (4)

where sg and sg are the standard errors of the regression coefficients. Equation 4 is derived
in Appendix I.

3 A homoscedastic data set is one in which the variance of the data is constant and independent of the value of
X. Data sets for which this is untrue are heteroscedastic. Homoscedasticity is assumed in unweighted least
squares analyses.



The Apelblat equation (Eq. 2) is also linear (in 1/T and In T) but the addition of another
correlated coefficient requires the use of the covariance matrix. The standard uncertainty of
In S for the Apelblat equation is

U s = \/Sj + 53/T? + sE(nT)2 + 2545/T + 255cInT + 25p¢ InT/T (5)

where sag, Sac, and sgc, are the covariances between the coefficients A, B and C. and are
recovered as elements of the covariance matrix of the coefficients. Note that the diagonal
elements of the covariance matrix are the squares of the standard errors of the coefficients.
Equation 5 is also derived in Appendix I.

Fitting to either Eq. 1 or Eq. 2 may be performed in Microsoft Excel, with the function LINEST
providing the standard errors (sa, Ss, Sy/x). The covariance matrix for Eq. 5 may also be
calculated using spreadsheet matrix functions (See Supplementary Material).

4.2.1 Dataat the same temperature

For the case where each data set includes a measurement at the desired temperature for
which a consensus is required, it is still necessary to perform a regression analysis to obtain
an estimate of the standard uncertainty (in the absence of any other information). Because
of the assumptions of classical linear regression (random, homoscedastic error in y only),
the standard uncertainty of a single y value is estimated by the standard error of the
regression, sy/x. Given the value of In S and taking u = sy)x, from each data set, the consensus
value may be calculated by the method described below. See Supplementary Material.

4.2.2 Consensusvalue

Fitting the data from a particular study allows calculation of the solubility and its uncertainty
at any temperature. However, simply averaging the interpolated values of In S from n
different studies, even weighted by the individual uncertainties (usually as 1/u12n5), may
give an uncertainty of the consensus value that is too small because it ignores potentially
large between-laboratory uncertainty, so called “dark uncertainty”[5]. This arises from
different systematic errors in the results from the laboratories, that are not picked up in
regression of the individual laboratory’s data. That is, within each laboratory the results
might appear internally consistent but all the data might suffer from the same non-random
error. This extra uncertainty manifests as values from the different laboratories that are
separated by greater differences than the individual uncertainties imply (i.e., the error bars
do not overlap). The between-laboratory uncertainty may be estimated by the method of
DerSimonian and Laird [6], which adds a single random between-laboratory error to the
measurement model.

The laboratory random effects model of DerSimonian and Laird represents the standard
uncertainty of a result from a laboratory (data set) as the combination of the uncertainty
from the fitted data discussed above (u;, 5) and an estimate of the between-laboratory
uncertainty 7. It is this combination that gives the new weight, w". The weight for laboratory
jis



wi = 1/(2+ () ) ©)

7 is obtained by the method of moments (see [6] and Appendix II). The presence of 72 in the
weight mitigates the effect of one very small laboratory measurement uncertainty.

The DerSimonian-Laird consensus value (In S¥) is then a weighted average of results from
the N laboratories.

9’:1 Wj*(ln S);

- (1)
=1 W]

InS* =

The standard uncertainty (u, s+) of the consensus value is

(2)

Ups* =

The approach to obtain a consensus value at a given temperature is therefore:

1. Consider all data and determine which sets can be used.

2. Obtain the fitted equation of choice (van’t Hoff Eq. 1, Apelblat Eq. 2) for the data
sets.

3. For each valid set, j, using the fitted equation, calculate the solubility (In S)j and its
standard uncertainty u;, s; at the desired temperature.

4. Calculate the consensus mean (Eq. 7) and its standard uncertainty (Eq. 8) by the
DerSimonian Laird procedure (Appendix Il).

A step-by-step method that may be implemented in a spreadsheet to obtain consensus
values with uncertainties by the DerSimonian Laird approach is given in Appendix Il. Worked
examples in Microsoft Excel are in the Supplementary Material.

5 Examples

Two examples of the proposed methodology are given here. First, data sets for the solubility
of hexanedioc acid in ethanoic acid are shown to be fitted by the van’t Hoff equation. The
second example, hexanedioc acid in propanone shows clear curvature and is fitted to the
Apelblat equation for five out of six sets of data. Calculation of the significance of the
coefficient of In T (C) should guide the choice of model, however, the difference is well
shown in plots of the residuals from fitting each equation. We take as an example
hexanedioic acid in ethanoic acid of Luo [7] (Fig. 1a), and hexanedioic acid in propanone of Li
[8] (Fig. 1b). Fig. 1a shows a random scatter of residuals about zero, with no improvement
using the Apelblat equation. In Fig. 1b the residuals for the Apelblat model are random
about zero, but van’t Hoff residuals show the typical parabolic shape indicating curvature.



For Luo the probability of Ho (the In T coefficient in the Apelblat equation is not significant)
is 0.45, while for Li the probability of Ho is 0.0001.
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5.1 Hexanedioic acid in ethanoicacid

For the nine sets of data, eight were sufficiently modelled by the van’t Hoff equation. The
data of Luo [9] required the additional coefficient of the Apelblat model (Eqg. 2). Fitted
values at 320 K, which is in the temperature interval of each set, are given in Table 1.

Table 1 log solubility values with standard uncertainties for measurements of hexanedioic
acid in ethanoic acid fitted to the van’t Hoff equation, calculated at 320 K

Calculated from regression
Temperature
Study range /K In S (320 K) Uns
297.93 -
1 Fan, et al. (2007) [10] 347.65 ~3.084 0.004
2 Gaivoronskii, et al. (2005) | 293.15 —

1] 33315 3.063 0.012
3 Suren, et al. (2013) [12] 303 - 383 -2.975 0.022
288.15 —

4 Zhang, et al. (2014) [3] 323.15 ~3.036 0.015
300.75 -

5 Luo. , et al. (2019a) [9] 342.25 ~3.028 0.003
302.35 -

6 Luo, et al. (2019b) [7] 342.75 ~3.020 0.012

7 Luo, et al. (2016) [4]? 301.85 -
338 25 3.016 0.003
301.85 -
8 Luo, et al. (2017) [13] 334.05 ~3.079 0.003
9 Shen, et al. (2013) [14] 303.2-343.2 | -3.041 0.009
Consensus -3.040 0.011
T 0.032

2 Fitted to the Apelblat equation (Eqg. 2)

Applying the DerSimonian Laird procedure gave a value of t of 0.032 which is seen to be
greater than the standard uncertainty of any individual InS value (i.e. 7 > uins). The results are
shown in Fig. 2. Note that considering the uncertainties including the between-laboratory
uncertainty, the consensus value has about a three-times smaller uncertainty than any

individual value, uj,s+ = ’(ujz + TZ), as expected from the combination of nine values.
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5.2 Hexanedioic acid in propanone
Out of six data sets, five were sufficiently curved to require the third coefficient in In T of the
Apelblat equation.

Fitted values at 300 K, which is in the temperature interval of each set, are given in Table 2.



Table 2 log solubility values with standard uncertainties for measurements of hexanedioic
acid in propanone fitted to the Apelblat equation, Eq. 2, (Studies 1 — 4 and 6) and van’t Hoff
equation, Eq. 1, (Study 5), calculated at 300 K

Calculated from regression

Temperature

Study range /K In S (300 K) Uns
298.15 -

1 Wei, et al. (2009) [15] 323.15 -4.020 0.003
288.05 -

2 Mao, et al. (2009) [16] 325.85 -3.914 0.007

3 Gaivoronskii, et al. (2005) | 273.15 -

[11] 313.15 -4.059 0.000
4 da Silva, et al., (2005) [17] | 297.9-322.8 | -4.024 0.011
288.15 -

5 Zhang, et al. (2014) [3] 323.15 -3.734 0.019
6 Li, et al. (2014) [8] 284.95-313 -4.054 0.002
Consensus -3.975 0.016

T 0.038

As with the first example the value of T is greater than the uncertainty of any study.
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Fig.3 In S values for studies of the solubility of hexanedioic acid in propanone at 300 K.
Study number (j) is in Table 2. Value (point) is calculated from the fitted equation. Solid
error bar is 95 % coverage interval of the calculated value (+2u;). Dashed error bar includes

the between-laboratory uncertainty (%), +£2 /(ujz + ‘fz). Solid red line is at the consensus
value (In S) with the 95 % coverage interval between the horizontal dashed red lines
(2uUps+)-
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The value from study 5 (Zhang et al. [3]) raises an interesting question. There are no obvious
flaws in the reported experimental method, which would provide objective grounds for
rejecting the results of study j, but the reported value(s) lie well away from those of the
other studies. Thus, the evaluator faces the dilemma of whether to exclude the value from
the evaluations as an outlier which could compromise the consensus value or to include it
since the reported scientific method is sound.

We recommend testing the value having the greatest deviation from the mean of the results
by a Grubbs’ (or maximum normed residual) test [18]. The assumptions of the test are that
the data are normally distributed, which should be checked by, for example, a normal
probability plot, and there is a single outlier (maximum or minimum). (See Appendix Ill). The
Grubbs statisticis g = |x, — X|/s, where x; Is the suspect point (perforce the maximum or
minimum of the data), X, the mean of the data, and s, the sample standard deviation of the
data. It is tested against a critical value calculated from the number of data (n) and the
required confidence (). Note for 95 % confidence a = 0.05, and the Student-t value is two-
tailed.

-1 te /) n—
Gerit = & (a/n)z,n 2 (9)
\/ﬁ n— 2 + t(a/n)",n—z

For multiple suspected outliers a generalized extreme Studentized deviate ESD test [19]
applies the Grubbs formula recursively to r data, where r is the maximum number of outliers
suspected. Of course, there comes a point where the number of outliers suggests the whole
data set is suspect.

In this case, the six data cannot be considered normally distributed (see Fig A2 in Appendix
[11) and therefore a Grubbs’ test is not appropriate. We therefore fall back on expert
judgement and keep the result from study 5, noting that the result does not make a great
difference to the consensus value. (If Study 5 is removed the consensus values are In S* =
-4.015 and u(In §¥) = 0.014, with 7= 0.031).

6 Conclusion

The procedure outlined above provides a rigorous way to evaluate solubilities from different
data sets, reported over a range of temperatures but with values reported at different
specific temperatures. Further the estimation of the statistical uncertainties in the individual
studies allows estimation of that in the consensus values and any between-laboratory
uncertainty.

In principle the procedure can be used with any experimental property where data are not
directly comparable but can be represented as a function of experimental variables to allow
interpolation to common experimental conditions (temperatures in this case).
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It is always important to document any data-analysis procedures, including the procedure
for estimating the uncertainty budget, to allow researchers to reevaluate data as new
methods, or requirements present themselves.

Supplementary Material

All data and calculations given in section 5 are available in “SupplementaryMaterial-
WaghorneConsensusSolubility.xIxs”.
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Appendix|
Derivation of the uncertainty of a calculated value from a
regression.

We use an equation attributed to Gauss to combine several uncorrelated uncertainties (See

section 5 of [2]). Fory = f(xq, X3 ... Xy)

N OF 2
ué = z (6_xl) uz, (A1)

If there are correlations between the quantities x

N N-1 N
of \* of \ [ Of
2 _r 2 e 9
oo Z <axi) Y 2 Z Z <0xl-> <axj Wi xj (A2)
=1 i=1 j=i+1

where (0f /0x;) is the partial derivative of the function y with respect to x;. u; is the
standard uncertainty of quantity x; and Uy, x; is the covariance associated with x; and x;.

We apply these formulae to the problem at hand.

I.1Van't Hoff equation
For the regression equation

Y = a+bX (A3)

classical linear regression assumes no uncertainty in X, and so when a value of Yis
calculated at a given value of X the uncertainty in the value of Y arises only from
uncertainties in the estimates of the coefficients a and b. Applying Eq. A2

ary? ary? aYy (dY
wt = (5a) @+ (G5) i +2(5) (5p) s A
where u,and u,, are the standard uncertainties of the coefficients a and b respectively,

(0Y/0a) and (3Y /0b) are the partial derivatives of Y with respect to a and b, and u,  is
the covariance between a and b.

If there is no correlation between a and b then u,;, = 0 and Eq. A4 becomes
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Y\ 2 Y\ 2
up = (57) v+ (55) v (A3)

For Eq. A3,3Y/da = 1 and (0Y/0b) = X, and from the regression the standard
uncertainties in a and b are estimated by the standard errors of the coefficients sq and sp.

For the van’t Hoff equation (Eq. 1), Y=1InS, (8InS/6A)=1 and (0InS/dB)=1/T so that

A6
ulnsz\/s§+s§/T2+25A,B/T (A6)

where s45 is the covariance between A and B which may be calculated by Eq. A17 below.
Avoiding correlation
Correlation between the coefficients is removed by subtracting the mean of X (X) from each
value of X. The regression equation is now

Y=a+b(X-X) (A7)

and Eqg. A5 becomes

= A8
Uy =\/S§,+S§,(X—X)2 (A8)
In the case of the van’t Hoff equation written as
InS=A+B8 ((1/T) - W) (A9)
2 2 )2
Uins = \/SA + Sg ((1/T) - (1/T)) (AlO)

where (1/T) is the mean of the reciprocal temperatures.

It is noted that the same result is obtained from the van’t Hoff equation (InS = A + B/T)
using the full form of the uncertainty calculation (Eq. A6), including correlation between A
and B (UA,B).

Subtracting the mean of 1/T simplifies the calculation of uins, allowing the use of the
regression statistics sa and sg (given, for example in Excel by LINEST) without need for matrix
multiplication.

1.2 Apelblat Equation
For a linear regression with two ‘X’ variables, X1 and Xz
15



Y =a+bX, +cX, (A11)

and

) (aY)Z 2 (6Y)2 2, (6Y)2 2 49 (6Y> (OY)
Uy =\737) UaT |57 U T\ 57) Uc 3, )\ 57 ) Yab
da ab dc da/ \odb ’
) <6Y> (ay) +2 <6Y) <6Y> (A12)
aa) \ac) e T “\Gp) \5c) Voe
Therefore as (dY/da) = 1, (dY/db) = X;,and (dY/dc) = X,

uf = ug + Xtug + X3uZ + 2Xquqp + 2Xoug o + 2X1 Xoup, ¢ (A13)

It is not possible to manipulate the equation to remove correlations among a, b and c. For
the Apelblat equation

InS=A+B/T+CInT (A14)
0lnS/0A =1, (0InS/0B) = 1/T, and (0InS/dC) = In T and the uncertainty in In Siis, by
Eq. A13

Uhs =ud +ud/T* +ui(InT)? 4+ 2uy5/T + 2uyc (InT) + 2up  (InT)/T  (A15)

Equating the standard errors of the coefficients with ua, us, and uc, and elements of the
covariance matrix with ua s, uacand usc

Al6
U s = \/sﬁ +s3/T? +s¢(nT)?+2s,5/T + 25, (InT) + 255 (InT)/T (A16)

The covariance matrix for the coefficients of a linear regression may be estimated as
sy (XTX)71 (A17)
where sy/x is the standard error of the regression and X is the matrix of x-values with an

additional column of ‘1’s to allow for the intercept. See Supplementary Material for Excel
Code.
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AppendixII
DerSimonian—Laird (DL) Method for Determination of
Consensus Values and their Uncertainties

A method of introducing a component of uncertainty that may be attributed to systematic
errors in laboratories, that are not manifest in repeatability studies, takes the simplified
view that a single between-laboratory uncertainty may be added, and then used to
determine the consensus value and its uncertainty.

A particular laboratory has a standard uncertainty u;,, s associated with a measured
solubility In S. In this paper, we have obtained u;,, s from a regression analysis of data at
different temperatures (See Appendix I).

In the DL method [6], the between-study standard uncertainty among the values from
different studies (sometimes called the dark uncertainty), symbol t, is estimated (%) and
combined with the standard uncertainty uin s from the regression (Eqgs. A10, A15 or A16). For
data set i the standard uncertainty of In S, uj, 5, pr, is now

A A18
Uln s;,DL = /ulznsi + &2 (A19)

w; is a weighting factor which is used to calculate the consensus value In S*

wi = 1/u12n5‘l-,DL (A19)

N *
i=a Wi In§;

N

InS* = "
i=1 Wi

(A20)

The between-laboratory uncertainty is calculated from the uncertainties of each calculated
value, via the weights w;

wy=1/ubs, (A21)

t=\/(Q-df/c (A22)

where, df are degrees of freedom=N-1

(Zﬁ\lzl V4] In Si)z
Tiaw; (A23)

N
Q=) w;(InS)*—
2
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S

)

i=1 Wi

(A24)
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Appendix i
Testing for an outlier by the Grubbs’ test

Before outlining the procedure that is undertaken to test an outlying result, we recall the
advice given by Grubbs himself [18]:

Actually, the rejection of "outlying" observations may be just as much a practical (or
common sense) problem as a statistical one and sometimes the practical or experimental
viewpoint may naturally outweigh any statistical contributions. In this connection, the
concluding remarks of Rider's survey are pertinent: "In the final analysis it would seem that
the question of the rejection or the retention of a discordant observation reduces to a
guestion of common sense. Certainly, the judgment of an experienced observer should be
allowed considerable influence in reaching a decision. This judgment can undoubtedly be
aided by the application of one or more tests based on the theory of probability, but any
test which requires an inordinate amount of calculation seems hardly to be worthwhile, and
the testimony of any criterion which is based upon a complicated hypothesis should be
accepted with extreme caution."

The Grubbs’ test outlined below assumes a single potential outlier in a data set that is
normally distributed. Therefore, it is good practice to perform a normality test. There are
many possible tests [20], and we recommend the visual assessment of a normal probability
plot. A normal probability plot plots expected values of n data if they were perfectly
normally distributed. These are plotted against the experimental data, a straight line being
an indicator that the experimental data is indeed normal. Outliers appear off the line, and
curvature implies various deviations from normality. The function calculated for each of n
values is

=m0 )
n+1-2a (AZS)

where ®~1 is the standard normal quartile function (NORM.S.INV() in Excel), i is the rank of
the value i, and ais 3/8 (0,375) for n <10 and 0.5 for n > 10. The function may be created
in Excel by

=NORM.S.INV((RANK(In S;, range of values, 1)-0.375)/(COUNT(range of values)+1-2*0.375)).
We use two examples from the paper.

The z and In S values for hexanedioic acid in ethanoic acid are given in Table Al
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Table A1 Data (not sorted) for normal probability plot for the solubility of hexanedioic acid in
ethanoic acid. See Eqg. A25

Study z InS

1 Fan, et al. (2007) [10] -1.49415 -3.084
2 Gaivoronskii, et al. (2005)

[11] -0.57164 -3.063
3 Suren, et al. (2013) [12] 1.494155 -2.975
4 Zhang, et al. (2014) [3] 0 -3.036
5 Luo. , et al. (2019a) [9] 0.274391 -3.028
6 Luo, et al. (2019b) [7] 0.571638 -3.020
7 Luo, et al. (2016) [4]° 0.931971 -3.016
8 Luo, et al. (2017) [13] -0.93197 -3.079
9 Shen, et al. (2013) [14] -0.27439 -3.041

Fig. A1 shows the normal probability plot, which has no obvious curvature or outliers.

2
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o 0.5
. 15
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InS

Fig. A1. Normal probability plot for the solubility of hexane in ethanoic acid measured in
nine laboratories.

The data in Fig. A1 appears normally distributed with no outliers, but we will test the most
extreme value -2.975 (Study 3). As with many statistical tests a parameter is calculated and
then compared with a critical value at a particular probability. The Grubbs parameter is
simply a z score calculated using the mean and sample standard deviation of the entire data
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set (i.e. including any potential outliers). The critical value for a probability of 1 — « (i.e. for

95 % confidence, a = 0.05) is obtained from tables or calculated using the formula

gi=(nS—InS)/ss

Gt = n—1 t(za/n)",n—z
crit \/ﬁ n—2+ t(za/n)",n—z

(A26)

(A27)

where t is the two-tailed Student t value at a probability of (a/n) and n — 2 degrees of

freedom. In Excel for 95 % confidence this becomes

=(n -1)/SQRT(n)*SQRT((T.INV.2T(0.05/n,n -2))A2/(n-2+ T.INV.2T(0.05/n,n -2)72)).

For the value In §=-2.975 (Study 3) and n=9, g = 1.84 (Eq. A26), G.rit for 95 % confidence =

2.22. As g < Git we conclude the value is not an outlier.

The problem with the solubility of hexanedioc acid in propanone is seen in the normal

probability plot (Fig. A2), taking data from Table A2.

Table A2 Data for normal probability plot for the solubility of hexanedioic acid in propanone.

See Eq. A25

Study z InS

1 Wei, et al. (2009) [15] 0.202 -4.020
2 Mao, et al. (2009) [16] 0.643 -3.914
3 Gaivoronskii, et al. (2005) [11] -1.282 -4.059
4 da Silva, et al., (2005) [17] -0.202 -4.024
5 Zhang, et al. (2014) [3] 1.282 -3.743
6 Li, et al. (2014) [8] -0.643 -4.054
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Fig. A2 Normal probability plot for the solubility of hexane in propanone measured in seven
laboratories.

The plot is clearly curved which suggests a non-normal distribution in which the extreme
point may not be an outlier. It is beyond the scope of this paper to speculate on why there is
a long tail on the distribution, but it is now not possible to use Grubbs, or any test based on
the assumption of normality, to test the potential outlier.
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