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I. BASIC OPERATION OF THE 11-QUBIT ATOM PROCESSOR

We operate the spin registers via two gates (gate 1 and 2), a single-electron transistor (SET) and an on-chip
antenna. Figure S1a shows the hydrogen lithography mask for the gates and the SET after incorporation of the spin
registers. Besides its reservoir functionality, the SET serves as charge-sensor via a radio-frequency (RF) reflectometry
setup enabling ramped single-shot spin readout [1]. Gate 1 and 2 control the number of electrons on each register
that are loaded from a single-electron transistor (SET) located 17(1) nm away from the registers (center to edge).
Figure S1b shows the SET signal (in arbitrary units) measured over the (1,1) charge where one electron is loaded
on each of the spin registers. To initialise and readout the spins of the electrons, we move to the breaks of the
Coulomb peaks indicated as e1 and e2. Between spin initialisation and readout, we bring the gate voltages into an
intermediate position where we drive nuclear-magnetic-resonance (NMR) and electron-spin-resonance (ESR) via a
broadband antenna, which is located on top of the chip at a horizontal distance of ≈300 nm [2, 3].
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FIG. S1. Basic operation of the 11-qubit atom processor via detuning gates. a, Scanning tunneling micrograph
showing the core of the atom processor with the detuning gates 1 and 2 and the single electron transistor (SET). The antenna
that drives ESR and NMR is located on top of the silicon chip. b, Gatemap showing the antenna-operation point (ESR &
NMR) and working points for initialisation and readout of the electrons (e1 and e2). The grey, dashed lines indicate the
separation between the charge configurations (N,M) with integer numbers N and M indicating the number of electrons in the
4P and 5P register. The arrow indicates the direction of voltage detuning ε of gate 1 and 2 to shift the antenna-operation point
to configurations with stronger electron exchange.
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II. CHARACTERISATION AND RECALIBRATION OF ELECTRON-SPIN RESONANCES (ESR)

A. Frequency stability of ESR

To track the resonant ESR frequencies conditional on a given reference and target nuclear spin state, we employ the
quantum circuit shown in Fig. S2a. The schematic shows the protocol by the example of electron e1 and a subsystem
of corresponding nuclear spins n1 and n2. To minimise the chance for frequency jumps or drifts, we interleave ESR
measurements for a reference and target state. Prior to the reference measurement we initialise all electron and
nuclear spins of the system to the down state (↓⇓4,↓⇓5). After the reference measurement, we transition into the
target state via a set of NMR π rotations (X gates) on the specific nuclear spins—that is only a single X gate on
n2 in the present example. High-precision ESR measurements are achieved by coherent ESR drive of n periods of π
(Xn). Here we have chosen n = 9 rotations to balance accuracy versus measurement duration. As we perform a fine
frequency sweep of the two signals around the reference (f0) and target (f1) frequency, be obtain two precise spectra
and thus the ESR offset.

Investigating the ESR stability, we find different results for the 4P and 5P register: Figure S2b shows time evolutions
of the ESR frequencies fref. of each register conditional to all nuclear spins being in the down-state (⇓4,⇓5). The
corresponding histograms are shown in Fig. S2c. Remarkably, the 4P register is stable for the entire tracking period
(up to 15 hours) with a standard deviation σ = 0.90(5) kHz. For the 5P register, on the other hand, we observe
distinct frequencies indicating the presence of two-level systems (TLS) with an extent of 10 kHz and 45 kHz. Since
these jumps are only observed for one register, we rule out the possibility of electrostatic fluctuations which should
affect both registers equally. We performed ionised NMR experiments [4], and observed no signal from Si29. For
the fidelity of qubit manipulations, the broadening of the Rabi frequency fRabi ≈ 430 kHz renders this 10 kHz shift
negligible. The 45-kHz jumps are less frequent and occur over tens of minutes or longer. By performing recalibration
every 5 to 10 minutes for sensitive experiments such as Bell State tomography, we are able to mitigate the effect
of these slow fluctuations. Based on these results, we speculate that the stability of the ESR frequency is either
determined by the specific geometry of the nuclear spin registers or growth imperfections. Accordingly, we anticipate
an increased ESR stability with further advances in deterministic-incorporation techniques.

B. ESR-calibration protocol for multi-nuclear spin registers

The presence of any TLS would require frequent recalibration of ESR frequencies. Since the number of ESR
frequencies is 2k for each multi-nuclear spin register, where k is the number phosphorus atoms, there are in total 48
ESR (24+25) frequencies to keep track of when the electrons are initialised to ↓. A typical recalibration measurement
for a single frequency takes approximately 1 minute. Consequently, performing a full calibration of the system could
take up to 50 minutes. Such a procedure is impractical, as the earliest calibrated frequencies may already have drifted
by the time the process is complete.

To overcome this challenge, we analyze the correlations in the ESR fluctuations for different nuclear spin-
configurations. Figure S2d and S2e show the statistical distribution of the ESR frequency offset for all nuclear
spin configurations referenced to the (⇓4,⇓5) ESR. Since the fluctuations are similar for all states, we find that the
ESR frequencies shift collectively. The mean standard deviation of the 4P register, σ̄4P ≈ 0.8 kHz, is consistent
with the extracted deviation of 1 kHz from tracking fref.. For the 5P system, all frequency offsets exhibit deviations
less than 10 kHz. Since σ̄5P ≈ 1.5 kHz is much lower than 45 kHz which is the extent of the largest fluctuation on
the 5P register (compare Fig. S2bc), the TLS jumps occur simultaneously for all ESR resonances. Therefore, by
calibrating the reference frequency fref. we can update all drive frequencies employing the characterised frequency
offsets—proving a scalable ESR-recalibration protocol for multi-nuclear spin registers.
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FIG. S2. Stability of the ESR frequencies over time. a, Circuit diagram for tracking the relative offset between an
ESR transition for a target nuclear spin and a reference nuclear spin state. Xn indicates the number n of π rotations on the
electron. f0 is the frequency parameter to scan across the reference ESR peaks (fref.) where all nuclear spins are in the down
state (⇓4,⇓5). f1 is the frequency parameter to measure a targeted ESR peak (ftarget) in any other nuclear configuration. f0
and f1 are swept in parallel to extract the resonant ESR frequencies fref. and ftarget relative to each other. b, Evolution of the
reference ESR transition in which all nuclear spins ⇓ for 4P (blue) and 5P (orange) over several hours. To compare the traces
from the 4P and 5P register, we subtract fmean from the data. Here, n = 9 rotations are employed. c, Histograms of fref. from
b. d (e), Boxplots of the frequency offset ftarget − fref. distribution for all possible nuclear spin states in the 4P (5P) register
with the mean standard deviation, σ̄. For comparison, the values are centered at the median value.
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C. Frequency stability of electron-exchange coupling J

The stability measurement of the exchange interaction J is similar to the protocol shown in Fig. S2a. In the
reference measurement, we have all spins initialised to the down state: (↓⇓4,↓⇓5). By having the control-electron in
the ↓ state, the corresponding ESR measurement is thus probing the zCROT branch. To measure electron-exchange
coupling, the target measurement is modified accordingly: Instead of changing the nuclear configuration, we invert the
control electron to the spin-up-state ↑ via an ESR π pulse and thus target the corresponding CROT branch. As we
repeatedly measure the frequency gap between the zCROT and CROT branches, we can characterise the fluctuations
of the electron-exchange coupling J . Figure S3 shows the results of such stability measurement for the electrons e1
and e2 on the 4P and 5P registers. Over 10 hours, the fluctuations of J remain below 1.8 kHz, indicating that any
TLS jumps do not affect the exchange interaction. Accordingly, we can simply recalibrate zCROT only and assign
the drive frequency for CROT using the frequency gap (J = 1.690 MHz in this configuration). Compared to the full
calibration protocol, we thus half the number of recalibration measurements for electron two-qubit-gate operations.
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FIG. S3. Stability of the exchange interaction, J. a (c), Evolution of the exchange strength J = fCROT − fzCROT from
4P (5P) over 10 hours. The employed quantum circuit is a modified version of S2a where the reference and target transitions
are the zCROT and CROT operations, respectively. Here, all nuclear spins are initialised to ⇓. b (d), Histogram of J from a
(c).



5

III. QUANTUM-NON-DEMOLITION (QND) NUCLEAR-SPIN READOUT

To measure the state of the nuclear spin, we perform quantum non-demolition (QND) readout [3, 5]. Using the
electron spin as an ancilla qubit, we map the target nuclear spin state to the electron spin via a sequence of conditional
ESR pulses. Figure S4a shows an example of a QND-readout circuit for a subsystem of n1 and n2 of the 4P register.
To account for variations in electron-spin readout visibility, we perform two sequences of 2k−1 π-ESR rotations (X
gate) that are conditional on n1 =⇓ and n1 =⇑ and unconditional on the other nuclear spins. Here, k is the total
number of nuclear spins in the register. In the present example, k = 2 with n2 being the only other nuclear spin
considered. As the ESR drives are sandwiched by an electron ↓-initialisation and readout, we project the nuclear spin
on the electron state. Repeating the cycle N times we obtain P⇑ and P⇓. Then, we classify the nuclear spin being ⇑
as ∆P = P⇑ − P⇓ ≥ 0.

In contrast to previous works [3], we use fast coherent rotations instead of slow adiabatic inversion pulses to drive
the ESR transitions. In this way, we can speed-up readout cycles and reduce the probability of nuclear spin-flip events
during the QND readout. A prerequisite to implementing such coherent drive process is to have all ESR resonance
frequencies well calibrated —see Supplementary Material II.

To characterise nuclear-spin readout, we perform 1000 repetitions of the circuit with N = 100 read shots. An
exemplary histogram of ∆P from such an experiment is shown in Fig. S4b. By fitting the two distinct peaks with

FIG. S4. Quantum-non-demolition (QND) readout of the nuclear spins. a, Exemplary QND-readout circuit of
nuclear spin n1 in the reduced subsystem with dependency on n2 only. b, Histogram of the net spin, P⇑ − P⇓, from N = 100
QND shots for qubit n9. The solid line is the fit using a Markov chain model. The grey shaded region (typically, ±0.2)
highlights the range at which net spin values are rejected in post-selection to remove uncertain spin classifications. The inset
shows the histogram baseline. c, The readout error extracted from b where the dotted line indicates the optimum number
of QND shots for highest readout fidelity. d, Optimum number of QND shots for all nuclear spins and their corresponding
readout fidelity in percent (%).
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a Markov-chain model [3], we reproduce the finite background (inset), which is caused by nuclear spin-flip events
during the QND readout cycles. Setting the threshold range appropriately (grey region), we can assess the nuclear-
spin-readout fidelity without bias from spin-flip events. Employing the Markov-chain model, we extract the readout
error as a function of the number of QND shots as shown in Fig. S4c. Despite an electron-spin readout fidelity of
≈75%, we can increase increase the number of QND shots to reduce nuclear-spin-readout error. Beyond a certain
point, the likelihood of nuclear spin flips becomes significant, leading to a degradation in overall fidelity. The optimum
number of shots for QND readout of each nuclear spin is shown in Fig. S4d. Remarkably, we find that we can achieve
nuclear-spin-readout fidelity above the fault-tolerant threshold of 99% for all data qubits.

The protocol to readout a specific set of states for all the nuclear spins is almost identical to the circuit that is
required to obtain a single, specific nuclear spin state as shown in Fig. S4a. Below, we show a similar example for a
readout circuit of both n1 and n2 with the target state being ⇓⇓:

e1

n1

QND read
state: ⇓⇓

n2

≡
e1 ↓ X X X ↓ X

n1

n2

P̸=⇓⇓ P⇓⇓

The first half of the circuit (P̸=⇓⇓) maps all the nuclear states that are different to the target spin state ⇓⇓ to
the electron spin. Subsequently, we realise the mapping of the target state and calculate the equivalent net value
Pnet = P⇓⇓ − P ̸=⇓⇓ We then assign the nuclear state as Pnet ≥ 0. Note that this protocol offers a speed advantage
over sequential nuclear-spin readout, since it only extracts a single binary outcome indicating if all nuclear spins in
the register occupy a specific state. In short, instead of performing QND readout measurements for each of the k
nuclear spins, only one sequence is executed.

IV. OPTIMISATION OF NUCLEAR SPIN INITIALISATION

The ability to initialise all nuclear spins from a random state to a certain initial state (such as all ⇓) is essential for
the operation of our quantum processor. We follow a protocol used in previous works [3] based on a process called
electron state transfer (EST) [6], followed by a verification QND nuclear-state readout to increase initialisation fidelity
by post-selecting on the desired target state. An example of an EST circuit initializing n1 in the subsystem with n2

is shown below:

e1

n1 ⇓

n2

≡

e1 ↓ X X

n1 X

n2

The central idea is to rotate the nuclear spin conditional on the electron spin. For instance, to initialise a given
nuclear spin n1 to ⇓, we first prepare the electron spin in the ↓ state with high-fidelity. Subsequently, we rotate the
electron to ↑ using ESR conditional to |n1⟩ = |⇑⟩, but unconditional to the other nuclear spins. If k nuclear spins
are present in the multi-nuclear spin register, 2k−1 ESR frequencies are needed to be driven in order to probe the
state of a specific data qubit. After the state of the nuclear spin has been projected on the electron state, a final
NMR π rotation conditional to |e⟩ = |↑⟩ is applied to prepare the nuclear spin to ⇓. Note that if |n1⟩ = |⇓⟩ from the
beginning, the sequence has no effect on the nuclear spin. To initialise all nuclear spins to ⇓, we perform such a EST
sequence for each spin sequentially—with up to 3 repetitions if high fidelity is required. To reach an initialisation
fidelity above 99%, we perform a QND nuclear state readout after the EST sequence and discard undesired states via
post-selection.
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V. FREQUENCY STABILITY OF NUCLEAR MAGNETIC RESONANCES (NMR)

We also assess fluctuations of the NMR frequencies by repeatedly measuring NMR spectra. We first initialise the
system in the (↓⇓4,↓⇓5) configuration. Subsequently, we apply a specific NMR drive before finally reading the nuclear
spin via QND readout. All nuclear spins in the 4P register shows fluctuations below 50 Hz (see Fig. S5a), except
for n4 which exhibits a non-negligible drift (up to 1.3 kHz) over 10 hours. We find that the observed NMR stability
correlates with the hyperfine Stark coefficient, η, of the nuclear spins (see Fig. S6d). Owing to large η value of n4

which is ≈ −25 MHz/(MV/m), this nuclear spin is more susceptible to charge noise. We can mitigate the impact of
such a strong frequency drift by more frequent recalibrations of n4. On the contrary, the 5P register shows no slow
drifts (see Fig. S5b). However, a striking feature of this data is the correlated jump of the nuclear spins n5, n7 and
n8 (red shaded regions). Note that, since these frequency jumps are less than 500 Hz in magnitude, any changes in
hyperfine values are not sufficient to explain the 45 kHz jumps observed in the ESR frequency tracking data shown
in Fig. S2b. We remark that for n1, n2, n3 of the 4P register and n6 of the 5P register, we find remarkable NMR
stability with fluctuations below 50 Hz.
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α = 0.07.



9

VI. OPTIMISATION OF GATE OPERATIONS

A. Compensation of frequency shifts induced by microwave drive

Microwave-induced frequency shifts during spin qubit operation in semiconductor devices have been repeatedly
reported in the literature [7–9]. We investigate this effect in our multi-nuclear spin register by running Ramsey-like
experiments with the nuclear- and electron-spin qubits in which we replace the idling between the π/2-pulses with off-
resonant NMR (ESR) driving at 50 MHz (38.86 GHz). The period of the resulting Ramsey oscillations thus reflects
the frequency shift that is introduced by the intermediate off-resonant drive. Figure S7 shows the corresponding
frequency shift as function of the amplitude of the off-resonant driving power. The four panels show different cases
where an ESR or NMR Ramsey pulse is executed with either ESR or NMR off-resonant driving. For example the
panel “ESR on NMR” shows the results of an NMR-Ramsey experiment sandwiched with an off-resonant ESR drive
of varying amplitude in mV.

We first focus on the influence of the NMR drive amplitude on the NMR resonance frequency—see Fig. S7a. Here
we observe quadratic changes in the NMR frequency as we increase the power of the off-resonant NMR signal. In
contrast to the work by Undseth et al. [8], we observe no sign of saturation over the range investigated. A striking
feature of the “NMR on NMR” data is the different behavior for each of the registers: The nuclear spins of the 5P
register show significantly smaller shifts. We suspect that the difference stems from the specific geometry of the
phosphorus atoms withing the multi-nuclear spin registers. Accordingly, we anticipate that advances in deterministic
phosphorus atom placement will enable us to reduce the susceptibility to NMR driving. For all the other cases “ESR
on NMR”, “NMR on ESR” and “ESR on ESR”—see Fig. S7b-d—, we observe smaller impact on qubit operation. For
electron spins e1 and e2, we observe a non-monotonous shifts in ESR frequency what poses a challenge for consistent
operation. In general we find that the extent of the ESR and NMR shifts increase with ESR or NMR driving power.

Overall, the data shows that both ESR and NMR qubit frequencies change during any idling time if the total
microwave input power is not kept constant during circuit operations. To compensate for such coherent errors, we
equalise the effective input power applied at any time by calibrating the electron (nuclear) qubit frequencies with
parallel NMR (ESR) drive at an off-resonant frequency, fn/e

off , as shown in the circuit below:

e X Idle

n X Idle

≡
ESR f⇓ fe

off fe
off

NMR fn
off f↓ fn

off

We thus establish a fixed budget for the antenna drive that covers the effective load for both ESR and NMR. In this
work, we set fn

off = 50 MHz and fe
off = 38.86 GHz. This approach ensures consistent input power during antenna

operation with any partial or complete idling periods.



10

2

0

2

4
N

M
R

 fr
eq

. s
hi

ft 
(k

H
z)

n4

n1

n2
n3

n5 9

a b

c d

NMR on NMR

2

0

2

4

N
M

R
 fr

eq
. s

hi
ft 

(k
H

z)

n3

n7

ESR on NMR

0 5 10 15 20
Amplitude of NMR off-resonant driving (mV)

30

20

10

0

10

20

ES
R

 fr
eq

. s
hi

ft 
(k

H
z) e2

e1

NMR on ESR

0 5 10 15 20
Amplitude of ESR off-resonant driving (mV)

30

20

10

0

10

20

ES
R

 fr
eq

. s
hi

ft 
(k

H
z)e2

e1

ESR on ESR

FIG. S7. Shifts in electron and nuclear spin-qubit frequencies with off-resonant microwave drive. a, Frequency-
shift of a nuclear-magnetic-resonance (NMR) peaks by off-resonant NMR drive (“NMR on NMR”) with increasing amplitude.
The frequency shifts are recorded via nuclear Ramsey experiments with off-resonant NMR drive at fw = 50 MHz during the
idling time. An initial microwave burst of 500 µs at fw is applied before the Ramsey pulse and a waiting time of 2 ms before
the readout. The off-resonant drive amplitude is the applied peak-to-peak voltage at room temperature without taking into
account attenuation. b, Frequency-shift of NMR peaks by an off-resonant electron-spin-resonance (ESR), namely “ESR on
NMR", with increasing amplitude. Similar experiment to a, but using instead an off-resonant ESR drive at fw = 38.86 GHz
during the idling time. Here, we have only characterised one nuclear spin from each register, n4 (4P) and n7 (5P), as the
impact on our measurements is comparably small in this case. c, Frequency-shift of ESR peaks by an off-resonant NMR drive
(“NMR on ESR”) with increasing amplitude. Similar experiment than in a, but performing an electron Ramsey sequence with
NMR off-resonance driving during idling. d, Frequency-shift of ESR peaks by an off-resonant ESR drive (“ESR on ESR”) with
increasing amplitude. For the present experiment, we set the off-resonant NMR and ESR amplitudes to 5.75 mV and 4 mV
(shaded grey).

B. Optimisation of NMR Rabi frequencies

The amplitude of the NMR pulses determines the corresponding Rabi frequency fRabi and is thus important for
efficient operation. Faster rotations make it possible to carry out more operations before error sources have an impact.
On the other hand, stronger NMR drive causes shifts of NMR and ESR frequencies—see Fig. S7. Accordingly, the
optimal choice of the NMR drive power needs to balance these aspects. Here, we use the fidelity of 1Q-RB experiments
as metric to find the optimal value of fRabi.

For the 4P register, the resulting 1Q-RB data—see Fig. S8a—shows the effect of NMR power on the gate fidelity
for all nuclear spins. Above a drive amplitude of 4 mV, where maximal fidelity >99.95% is observed, the Larmor
frequency starts to shift with a concomitant drop in performance. This observation is not true for n4 which shows an
optimal performance at 6 mV. For the range of drive amplitudes investigated, we observe a linear dependency on the
Rabi frequency and no change on T ∗

2 (data not shown). For the 5P register, no drop in 1Q-RB fidelity is observed
as the NMR-drive amplitude is increased—see Fig. S8b. The data is consistent with the shifts in nuclear spin-qubit
frequencies induced by off-resonant NMR drive which saturates at a smaller magnitude—compare pentagon markers
in Fig. S7a.

The NMR amplitudes for maximal 1Q-RB fidelity only remain a good choice if the absorbed power, which for
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NMR is proportional to the ratio of the Rabi and Larmor frequency fRabi/fNMR, is constant. Otherwise, if multiple
NMR pulses are employed, the power budget varies during execution owing to the different shifts in the Larmor
frequency. We plot the Rabi coupling versus the NMR-Larmor frequency in Fig. S8c. We find a deviation from a
linear trend for drive frequencies beyond 30 MHz. For NMR pulses driven beyond this threshold, we therefore need to
increase the drive amplitude to keep the ratio of fRabi/fNMR constant. The corresponding increase in drive amplitude
is extracted via a polynomial fit of degree 3 (dashed line) to the data. A list of typical NMR drive parameters
after such adjustments are listed in Table SI. The Table is sorted by NMR-Larmor frequency. The off-resonant NMR
compensation pulse—for idling —is set to fNMR = 50 MHz and ANMR = 5.421 mV to achieve similar power absorption
to the parameters listed. We note that this procedure cannot be generalised for ESR owing to a different relation of
the absorbed power to the Rabi and Larmor frequency.

#Qubit fNMR (MHz) fRabi (kHz) ANMR (mV)
n5 24.221 3.538 4.789
n1 24.450 3.582 4.726
n2 24.534 3.594 4.725
n3 24.985 3.661 4.750
n6 28.110 4.118 4.783
n7 34.324 5.029 4.952
n8 43.902 6.432 5.327
n4 65.412 9.584 5.895
n9 123.026 18.025 6.393

TABLE SI. Optimised NMR-drive parameters. To ensure the same power absorption, we keep the ratio fRabi/fNMR =
1.46× 10−4 constant.

C. Optimisation of the electron-exchange-based CROT operation

To link multi-nuclear spin registers we operate an exchange-based CROT gate [10, 11] at low exchange coupling
J ∼ 1.5 − 1.7 MHz, i.e., much smaller than the Larmor-frequency splitting of the CROT resonances of e1 and e2 of
∆Ez ≈ 109.9 MHz. In this regime, where J ≪ ∆Ez, the CROT operation is less susceptible to charge noise and not
conditional on the nuclear spin states of the other multi-nuclear spin register.

To further optimise the fidelity of the CROT operation, we can maximise its driving speed given by the Rabi
frequency fRabi. Such an increase in Rabi speed, however, comes with power broadening since for fRabi ≳ J/4 off-
resonant drive of the other exchange resonance zCROT becomes significant and causes population transfer to the
neighboring resonant peak. This effect can be particularly strong if no pulse shaping is applied (as in this work).
We can, however, mitigate the off-resonance drive if we choose the Rabi frequency such that the neighboring zCROT
peak lies within a node of the power spectrum. The spin-flip probability (Ps) of an antenna drive without any pulse
modulation (i.e. boxcar window), follows the square of a sinc function:

Ps =
Ω2

Ω2 +∆2
sin2

(
t
√
Ω2 +∆2

2

)
(1)

where Ω = 2πfRabi is the angular Rabi frequency, ∆ = 2πδf is the angular frequency offset with respect to the Larmor
frequency and t is the duration of the pulse. This function has local minima for a specific set of Rabi frequencies:

fRabi(n) =

√
n2

t2
− δf2 (2)

where n is an integer number. Optimizing fRabi for π/2 operations, we can minimise any off-resonant driving as shown
in Fig. S9. For a π/2 rotation—with the duration t = 1/(4 · fRabi)—, we obtain:

fRabi(n) = δf/
√
16n2 − 1. (3)

To fulfill this condition and obtain a maximum Rabi frequency, we set n = 1 for the discussed zCROT off-resonant
drive of a CROT operation where δf = J ≈ 1.55 MHz. Accordingly, we can minimise the off-resonant drive with a
maximal speed at fRabi(n = 1) ≈ 400 kHz.
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FIG. S8. Optimisation of nuclear-spin drives via single-qubit randomised benchmarking (1Q-RB). a (b),
Primitive 1Q-RB fidelity as a function of the room-temperature drive amplitude for nuclear spins in the 4P (5P) register.
Data points above 99% are highlighted. c, Rabi coupling, fRabi/Adrive, for coherent NMR frequencies conditional to electron
down-state ↓ (open symbols) and up-state ↑ (closed symbols). The data points are extracted using Rabi frequencies fRabi from
a and b. Grey dashed line is a fit using a polynomial function of degree 3. To highlight the linearity between fRabi and fNMR,
data points below 40 MHz are fitted with a linear function (red dashed line).

For the electron 2Q-RB data shown in Fig. 2 of the main paper, we also compensate for controlled-phase errors
following the protocol defined by Ref. [12]. The data obtained from measurements of phase-shift characterisation for
the CROT operation are shown in Fig. S10a. Applying the correction protocol, we observe a significant improvement
in the standard and interleaved 2Q-RB as shown in Fig. S10b with all fidelity benchmarks above 99%. We remark
however that by employing the electron spins as ancillary qubits, i.e., as an entanglement mechanism between the
nuclear spins, such phase errors have negligible impact, and thus no corrections are needed.
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FIG. S9. Optimisation of the Rabi frequency for high-fidelity CROT operation. a, Analytical spin-flip probability
for π rotations for various fRabi(n) = δf/

√
16n2 − 1 where n ∈ [1, 2, 3]. The traces are vertically shifted for better visualisation.

Here, for exchange operations, the CROT resonance frequency is located at δf = J—see dotted line. b, Infidelity, 1 − P↑, at
a frequency detuning of δf as function of Rabi frequency. The minima correspond to optimal Rabi frequencies fRabi(n) for π
rotations (vertical lines) where off-resonant drive is minimised at δf .

FIG. S10. Optimisation of electron two-qubit randomised benchmarking (2Q-RB). a, Phase shifts of coherent CROT
operations following calibration sequences from Ref. [12]: We execute a Ramsey-type experiment with π/2-zCROT (CROT)
pulses sandwiching the complementary π-CROT (zCROT) pulse under test with the other electron being correspondingly
initialised to ↓ and ↑. The measurement is executed by sweeping the phase of the second π/2 pulse. b, e-e 2Q primitive (black)
and interleaved RB fidelities (colors) with (solid) and without (semi-transparent) phase error compensation.
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