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I. MACROSCOPIC PARTICLE TRANSPORT THEORY IN CLOSED QUANTUM SYSTEMS

In this section, we review the macroscopic particle transport theory in long-range closed quantum systems. Firstly,
we show the proof of 7 > kjd55 . Since the density matrix follows the von Neumann equation, the dynamics of the
boson number density x;(t) := tr(n;p;)/N is given by

i Z 2.5 (t)Imltr(blbips)] = Y ¢i(1) (S1)
J J#i J(F#4)
where ¢;;(t) is the current flowing from the site j to the site i satisfying ¢;; = —¢;;. On the one hand, since a fraction

1 of bosons should be transported from X to Y in the time period 7, we have the relation
2y (1) — xx(0) > p. (S2)

Here, X¢ := A\ X is the complement of X. Since we consider the Wasserstein distance between the final distribution
x(7) and the initial distribution «(0), the coupling m,,, should satisfy Y  7m, = 2,(0) and Y, Tpmn = (7).
Accordingly, we obtain

ify(T)—.’EXC(O) = E Tij — E T = E Tij — E i S E g+ (83)
i€Y,jEA i€EN,jEXC ieY,jeX i€Ye jexe i€Y,jeX

Hence, the Wasserstein distance can be lower bounded by

%4 > i > pdShy S4
(w0, @7) > min cij YZXw > pdy (S4)

On the other hand, since the current can be upper bounded by

|Pis| < [Jij (D) (i + 25). (S5)
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With the Kantorovich-Rubinstein duality, we obtain

W (zo,z,) < max h'(z(r) —z(0)) = max h/ dt Y ¢i;(t)

Ihlz<1 IRl <1 =
1 T 1 /7

<5 max [ dt) |6 hi—hé*/ Aty cij|di (1)]- S6
2|\h\|L§1/0 ;WH =35/ 2 ili; (@)l (S6)

Here, we use ||h||z < 1 to represent |h; — h;| < ¢;;. Therefore, the upper bound of the Wasserstein distance can be
shown as

W(zo, ;) S%/o dthqu” |<ZJUCU/ t)dt _/ dtzx Z Z Z_]J”a—ozg

J#i i#j I=1 je(i[l+1]\i[1])
T 0 J
7 =1

Hence,

I

>
’ Jollao —ae — D+ 1)

dyy = k1dYy, (S8)
which is nothing but Eq. (5). Then, we move to prove the inequality (P, >ny+anN,),. < @, Where
o = (ANydSs ) 'NJp¢(a —ae — D+ 1)r. (S9)

By defining the probability distribution pg(t) = tr(Il gp;), where Il 3 = |N)(N| be the projection onto the state |N),
the time evolution for p(t) can be derived from the von Neumann equation as

by(t) = —ite (g [He,pe]) =i (Nlpe, Jig (0Ob]b5]IN) = i) Jij (8) /mirys (N]pe| N') = (N'|pe| )
i#£j i#j
i#]

where ¢ 5, (t) represents all possible flows from state |N) to state |N'), which satisfies n} = n; — 1, n’ =n;+1 and
nj, = ny for all k # ¢,j. For the neighboring states |N) jmd |N'), the transport cost is defined as cym = lli = gl
Following that, the cost between arbitrary two states |[N) and |M ) can be defined as the shortest-path cost over all
possible paths connecting these states, c;; 3 = min Z,If:l CNW N, ,» Where cy = cg ¢y, = ¢y, and IN,_;)and |N,)
are neighboring states for all 1 < k < K. The Wasserstein distance reads:

W(po,p-) = min ZC TN (S11)

m€C(po 7137)

where p, and pg represent the final and initial probability distributions, respectively. Similar to the previous analysis,
we obtain

QONN/ )| (812)

Wpopr) < 5 / S exn

N i#j

By combining Eq. (S12) with the definition for ¢ gy in Eq. (S10), the right-hand side of Eq. (S12) can be upper
bounded as

i J
N i J(#9)

N i#j



where we apply the Cauchy-Schwarz inequality in the first inequality as

log s (O < [ Jijllnap g (t) + njpg. (1) (S14)
Next, we make the following definitions:
So={N[ > ni < No}, S;:={N|D> ni>Ny+ANp}. (S15)
iexe i€y

The process N e So — M e S, signifies that at least ANy particles are transported from region X to the region Y.
To determine the lower bound of the Wasserstein distance, we first give the lower bound of c¢; 5 as

L L

CNi N > ANOZCNhN‘Lfl > ANOZ ||7/l - il_1||a5 > ANOd?{EY (816)
1=1 I=1

with 2\70 —..-—> Ny bea sequence of states that transfers one particle from X to Y. Following this, we obtain

W(po,p-) = min Y cigmyy > ANodyy min - Y g, (S17)
M,N MeS,,NeSo

and Y gog Ty = Pyp(7) since pg(0) = 0 for N ¢ So. Using these facts, we obtain a lower bound for the Wasserstein
distance:

W(po,pr) = ANod%sy Y pyi(7) = ANodSey (Pay > Not ANo Do (S18)
MeS,

where P, >nN,+AN,,N 1S & projection operator given by
Pry >No+an, = Z |N)(IV], (S19)
N:(N|ny |N)>No+AN,

and (Ppy >No+ANo) p, = Tr[Pny>No+AN, p7] 15 the expectation value of the projection operator, which is nothing but
the probability of finding Ny + ANy bosons in the region Y at time 7. Combining with Eq. (S13) and Eq. (S18) yields

NJol(a —a. — D+ 1)T
ANodS, ’

(Pry>No+ANo) pr < (S20)

which is the same as Eq. (17).

II. TRIANGLE INEQUALITY OF THE GENERALIZED WASSERSTEIN DISTANCE

In this section, we aim to prove that the generalized Wasserstein distance defined in Eq. (20) satisfies the triangle
inequality:

Wz, y) +W(y.z) > W(z, z2), (S21)
where [|z[|1 > [ly[ls > [z
Proof. We define a:fl) and y) be the optimal vectors satisfying |z, = |ly™||; to attain the generalized
Wasserstein distance W(z,y), i.e., W(z™,yM) = W(z,y) where W(x™®,y1) is defined as
Wz, yM) = mgnZﬂf,}zbc,,m. (S22)

Similarly, we can also define the vectors ¥y and z(® to attain the generalized Wasserstein distance W(y, z) with



ly@ |1 = [|z?||;. Similarly, we also have
W(y®,2?) := min Z 72 . (S23)
By defining 7,k = 7rkn @ /y(l) we can verify that
7"'l(c ) (211 (2) (1) yl(c : (1)
Zﬂ'mkn = Z % = Tk Zﬂ'mkn = Ten — (1) (1) < Thn * (824)
n n k m

By applying these two relations, we obtain
W(z,y) + W(y,z) = W@, yW) + W( ®),2))

= Zﬂ-kn Ckn + Z kacmk > Z TmknCmn = Z TmnCmns (825)

m,n,k

where we apply the triangle inequality ¢k + Cpn > Cmn and define a new coupling 7, = Zk Tmkn- Lhe edge
distributions of 7,,, are given by

Z Tmn = Z Timkn = Zﬂ- k= Z 2) Z Timn = Z Timkn = Z 7T'(1 yl(cl) = 'i’rw (826)
n n,k m,k

where we have x,, < z%) < x,,, indicating & > &. Consequently, we derive the following inequality:

W(m,y) + W(y,z) 2 Zﬁmncmn 2 W(i},z@)) 2 W(:I:,z), (527)

mn

which establishes the triangle inequality for the generalized Wasserstein distance and completes the proof. [
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