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I. MACROSCOPIC PARTICLE TRANSPORT THEORY IN CLOSED QUANTUM SYSTEMS

In this section, we review the macroscopic particle transport theory in long-range closed quantum systems. Firstly,
we show the proof of τ ≥ κε

1d
αε

XY . Since the density matrix follows the von Neumann equation, the dynamics of the
boson number density xi(t) := tr(niρt)/N is given by

ẋi =
1

N

∑
j,j ̸=i

2Jij(t)Im[tr(b†jbiρt)] =:
∑
j(̸=i)

ϕij(t), (S1)

where ϕij(t) is the current flowing from the site j to the site i satisfying ϕij = −ϕji. On the one hand, since a fraction
µ of bosons should be transported from X to Y in the time period τ , we have the relation

xY (τ)− xXc(0) ≥ µ. (S2)

Here, Xc := Λ \X is the complement of X. Since we consider the Wasserstein distance between the final distribution
x(τ) and the initial distribution x(0), the coupling πmn should satisfy

∑
m πmn = xn(0) and

∑
n πmn = xm(τ).

Accordingly, we obtain

xY (τ)− xXc(0) =
∑

i∈Y,j∈Λ

πij −
∑

i∈Λ,j∈Xc

πij =
∑

i∈Y,j∈X

πij −
∑

i∈Y c,j∈Xc

πij ≤
∑

i∈Y,j∈X

πij . (S3)

Hence, the Wasserstein distance can be lower bounded by

W (x0,xτ ) ≥ min
i∈Y,j∈X

cij
∑

i∈Y,j∈X

πij ≥ µdαε

XY . (S4)

On the other hand, since the current can be upper bounded by

|ϕij | ≤ |Jij(t)|(xi + xj). (S5)
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With the Kantorovich-Rubinstein duality, we obtain

W (x0,xτ ) ≤ max
∥h∥L≤1

hT (x(τ)− x(0)) = max
∥h∥L≤1

∑
i

hi

ˆ τ

0

dt
∑
j(̸=i)

ϕij(t)

≤ 1

2
max

∥h∥L≤1

ˆ τ

0

dt
∑
j ̸=i

|ϕij ||hi − hj | ≤
1

2

ˆ τ

0

dt
∑
j ̸=i

cij |ϕij(t)|. (S6)

Here, we use ∥h∥L ≤ 1 to represent |hi − hj | ≤ cij . Therefore, the upper bound of the Wasserstein distance can be
shown as

W (x0,xτ ) ≤
1

2

ˆ τ

0

dt
∑
j ̸=i

cij |ϕij(t)| ≤
∑
i ̸=j

Jijcij

ˆ τ

0

xi(t)dt =

ˆ τ

0

dt
∑
i

xi(t)

∞∑
l=1

∑
j∈(i[l+1]\i[l])

J

∥i− j∥α−αε

≤
ˆ τ

0

dt
∑
i

xi(t)

∞∑
l=1

J

lα−αε−D+1
= Jφζ(α− αε −D + 1)τ. (S7)

Hence,

τ ≥ µ

Jφζ(α− αε −D + 1)
dαε

XY =: κε
1d

αε

XY , (S8)

which is nothing but Eq. (5). Then, we move to prove the inequality ⟨PnY ≥N0+∆N0⟩ρτ
≤ ℘, where

℘ = (∆N0d
αε

XY )
−1

NJφζ(α− αε −D + 1)τ. (S9)

By defining the probability distribution pN⃗ (t) := tr(ΠN⃗ρt), where ΠN⃗ = |N⃗⟩⟨N⃗ | be the projection onto the state |N⃗⟩,
the time evolution for pN⃗ (t) can be derived from the von Neumann equation as

ṗN⃗ (t) = −itr
(
ΠN⃗ [Ht, ρt]

)
= i

∑
i ̸=j

⟨N⃗ |[ρt, Jij(t)b†i bj ]|N⃗⟩ = i
∑
i ̸=j

Jij(t)
√
ninj′(⟨N⃗ |ρt|N⃗ ′⟩ − ⟨N⃗ ′|ρt|N⃗⟩)

=:
∑
i ̸=j

φN⃗N⃗ ′ (t) , (S10)

where φN⃗N⃗ ′ (t) represents all possible flows from state |N⃗⟩ to state |N⃗ ′⟩, which satisfies n′
i = ni − 1, n′

j = nj + 1 and

n′
k = nk for all k ̸= i, j. For the neighboring states |N⃗⟩ and |N⃗ ′⟩, the transport cost is defined as cN⃗N⃗ ′ = ∥i − j∥αε .

Following that, the cost between arbitrary two states |N⃗⟩ and |M⃗⟩ can be defined as the shortest-path cost over all

possible paths connecting these states, cM⃗N⃗ = min
∑K

k=1 cN⃗k,N⃗k−1
, where cN⃗0

= cN⃗ , cN⃗K
= cM⃗ , and |N⃗k−1⟩ and |N⃗k⟩

are neighboring states for all 1 ≤ k ≤ K. The Wasserstein distance reads:

W (p0,pτ ) = min
π∈C(p0,pτ )

∑
M⃗,N⃗

cM⃗N⃗πM⃗N⃗ , (S11)

where pτ and p0 represent the final and initial probability distributions, respectively. Similar to the previous analysis,
we obtain

W (p0,pτ ) ≤
1

2

ˆ τ

0

dt
∑
N⃗

∑
i ̸=j

cN⃗N⃗ ′

∣∣φN⃗N⃗ ′(t)
∣∣. (S12)

By combining Eq. (S12) with the definition for φN⃗N⃗ ′ in Eq. (S10), the right-hand side of Eq. (S12) can be upper
bounded as

1

2

ˆ τ

0

∑
N⃗

∑
i ̸=j

cN⃗N⃗ ′ |φN⃗N⃗ ′ |dt ≤
∑
N⃗

ˆ τ

0

dtpN⃗ (t)
∑
i

ni

∑
j(̸=i)

J

∥i− j∥α−αε
≤ NτJφζ(α− αε −D + 1), (S13)
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where we apply the Cauchy-Schwarz inequality in the first inequality as

|φN⃗N⃗ ′(t)| ≤ |Jij |[nipN⃗ (t) + n′
jpN⃗ ′(t)]. (S14)

Next, we make the following definitions:

S0 := {N⃗ |
∑
i∈Xc

ni ≤ N0}, Sτ := {N⃗ |
∑
i∈Y

ni ≥ N0 +∆N0}. (S15)

The process N⃗ ∈ S0 → M⃗ ∈ Sτ signifies that at least ∆N0 particles are transported from region X to the region Y .
To determine the lower bound of the Wasserstein distance, we first give the lower bound of cM⃗N⃗ as

cM⃗N⃗ ⩾ ∆N0

L∑
l=1

cN⃗l,N⃗l−1
⩾ ∆N0

L∑
l=1

∥il − il−1∥αε ⩾ ∆N0d
αε

XY (S16)

with N⃗0 → · · · → N⃗L be a sequence of states that transfers one particle from X to Y . Following this, we obtain

W (p0,pτ ) = min
π

∑
M⃗,N⃗

cM⃗N⃗πM⃗N⃗ ⩾ ∆N0d
αε

XY min
π

∑
M⃗∈Sτ ,N⃗∈S0

πM⃗N⃗ , (S17)

and
∑

N⃗∈S0
πM⃗N⃗ = pM⃗ (τ) since pN⃗ (0) = 0 for N⃗ /∈ S0. Using these facts, we obtain a lower bound for the Wasserstein

distance:

W (p0,pτ ) ⩾ ∆N0d
αε

XY

∑
M⃗∈Sτ

pM⃗ (τ) = ∆N0d
αε

XY ⟨PnY ⩾N0+∆N0⟩ρτ , (S18)

where PnY ≥N0+∆N0,N is a projection operator given by

PnY ≥N0+∆N0
:=

∑
N⃗ :⟨N⃗ |nY |N⃗⟩≥N0+∆N0

|N⃗⟩⟨N⃗ |, (S19)

and ⟨PnY ≥N0+∆N0⟩ρτ
:= Tr[PnY ≥N0+∆N0ρτ ] is the expectation value of the projection operator, which is nothing but

the probability of finding N0+∆N0 bosons in the region Y at time τ . Combining with Eq. (S13) and Eq. (S18) yields

⟨PnY ⩾N0+∆N0
⟩ρτ

≤ NJφζ(α− αε −D + 1)τ

∆N0d
αε

XY

, (S20)

which is the same as Eq. (17).

II. TRIANGLE INEQUALITY OF THE GENERALIZED WASSERSTEIN DISTANCE

In this section, we aim to prove that the generalized Wasserstein distance defined in Eq. (20) satisfies the triangle
inequality:

W̃ (x,y) + W̃ (y, z) ≥ W̃ (x, z), (S21)

where ∥x∥1 ≥ ∥y∥1 ≥ ∥z∥1.

Proof. We define x(1) and y(1) be the optimal vectors satisfying ∥x(1)∥1 = ∥y(1)∥1 to attain the generalized

Wasserstein distance W̃ (x,y), i.e., W (x(1),y(1)) = W̃ (x,y) where W (x(1),y(1)) is defined as

W (x(1),y(1)) := min
π

∑
m,n

π(1)
mncmn. (S22)

Similarly, we can also define the vectors y(2) and z(2) to attain the generalized Wasserstein distance W̃ (y, z) with
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∥y(2)∥1 = ∥z(2)∥1. Similarly, we also have

W (y(2), z(2)) := min
π

∑
m,n

π(2)
mncmn. (S23)

By defining πmkn := π
(1)
kn π

(2)
mk/y

(1)
k , we can verify that

∑
n

πmkn =
∑
n

π
(1)
kn π

(2)
mk

y
(1)
k

= π
(2)
mk,

∑
m

πmkn = π
(1)
kn

y
(2)
k

y
(1)
k

≤ π
(1)
kn . (S24)

By applying these two relations, we obtain

W̃ (x,y) + W̃ (y, z) = W (x(1),y(1)) +W (y(2), z(2))

=
∑
k,n

π
(1)
kn ckn +

∑
m,k

π
(2)
mkcmk ≥

∑
m,n,k

πmkncmn =
∑
m,n

π̃mncmn, (S25)

where we apply the triangle inequality cmk + ckn ≥ cmn and define a new coupling π̃mn :=
∑

k πmkn. The edge
distributions of π̃mn are given by

∑
n

π̃mn =
∑
n,k

πmkn =
∑
k

π
(2)
mk = z(2)m ,

∑
m

π̃mn =
∑
m,k

πmkn =
∑
k

π
(1)
kn

y
(2)
k

y
(1)
k

=: x̃n, (S26)

where we have x̃n ≤ x
(1)
n ≤ xn, indicating x ⪰ x̃. Consequently, we derive the following inequality:

W̃ (x,y) + W̃ (y, z) ≥
∑
mn

π̃mncmn ≥ W (x̃, z(2)) ≥ W̃ (x, z), (S27)

which establishes the triangle inequality for the generalized Wasserstein distance and completes the proof. □


	Supplemental Information for ``Macroscopic particle transport in dissipative long-range bosonic systems''
	Contents
	Macroscopic particle transport theory in closed quantum systems
	Triangle inequality of the generalized Wasserstein distance


