Supplementary Information C: Detailed Analysis and Solutions of Schwarzschild, Kerr, Anti-de Sitter, and Petrov Type D Spacetimes via UIRIM

UIRIM is not merely an inert, idempotent matrix; it is a dynamically vibrant informational–geometric field—alive, reflexive, and self-sustaining—where all transient, special-case solutions (such as black holes, singularities, and highly symmetrical configurations) arise naturally, persist transiently, and dissolve back seamlessly into the underlying unified informational matrix.

Thus, UIRIM serves as a unified geometric–informational substrate from which both quantum–gravity solutions and classical gravitational solutions (like Petrov’s classifications) naturally emerge as special, highly symmetrical geodesic subcases.

Selecting the First Special-Case Solution: Schwarzschild Solution
The Schwarzschild geometry, representing a static, spherically symmetric vacuum solution in Einstein's field equations (which is also crucial to quantum–gravity studies due to its singularity at the horizon), is an ideal candidate for the mathematical demonstration of convergence into UIRIM.

Schwarzschild Metric (Recall):

This metric characterizes the gravitational field around a static, non-rotating, spherically symmetric massive object.

Mapping Schwarzschild Geometry into UIRIM
To concretely map the Schwarzschild solution into UIRIM, I define UIRIM mathematically in a richer geometric–informational formalism.
Core UIRIM Formalism (Proposal):
Define UIRIM as an Idempotent Reflexive Information Geometry structure:
· Idempotency Condition (algebraic condition):

· Reflexivity Condition (self-referential informational condition):


· Vibrant Dynamical Condition (ensuring non-null dynamics): Introduce a dynamic scalar potential or field Φ, representing the dynamical vibrancy of informational flow, such that the following holds true:
                                                    C(4)

This formulation ensures UIRIM’s aliveness and dynamism, while preserving informational reflexivity and idempotency.

Special Case Reduction and Convergence Criteria
Consider a highly symmetric condition within UIRIM and reduce it to the Schwarzschild geometry:
· Impose spherical symmetry and static conditions on UIRIM’s dynamic potential Φ, as follows:


Impose a suitable geometric/informational constraint linking UIRIM to spacetime metric gμν, as follows:



· Identify conditions ensuring UIRIM reduces precisely to the Schwarzschild form, as follows:


These conditions represent mathematical constraints linking UIRIM’s informational geometry to classical gravitational solutions, showing a reduction.

Step 5: Numerical Validation of Bidirectional Convergence
· Define Φ(r) and numerically solve the UIRIM dynamical equations under spherical symmetry to produce a numerical metric.
· Compare this numerical metric with the Schwarzschild metric across a suitable range, i.e., r ≥ 2GM.
· Numerically confirm the precise convergence of the UIRIM metric to Schwarzschild’s metric as a special limiting condition.
Inversely, starting from Schwarzschild geometry, I numerically perturb its parameters (mass (M) and symmetry conditions) to see if it seamlessly generalizes back into broader dynamical informational structures consistent with UIRIM equations.

Step 6: Interpretational Insights and Generalization
The following are observed upon the successful demonstration of this convergence:
· Confirms Schwarzschild solutions (and similarly other special quantum–gravity solutions) as special-case submanifolds embedded naturally within UIRIM.
· Validates UIRIM as a rich, dynamic informational substrate from which quantum gravitational and classical gravitational theories seamlessly emerge.
· Suggests the possibility that gravitational singularities, horizons, or quantum–gravitational phenomena represent special informational–geometric singularities or informational bottlenecks rather than fundamental physical limitations.

Step 1: Formalizing the Vibrant, Dynamical Scalar Potential
To ensure dynamism, vibrancy, and reflexivity within UIRIM, a scalar potential field Φ(r) is introduced that is governed by an informational–dynamic equation resembling a nonlinear Klein–Gordon-like field equation with a geometric–informational coupling.
Proposed Master Equation for Φ(r):

· ∇2 is the Laplacian operator in spherical coordinates, as follows:


· λ is a real-valued coupling constant governing informational–geometric vibrancy.
· U(r) is the UIRIM idempotent informational matrix (spherically symmetric):

· I is the identity operator/matrix.

Step 2: Reduction to Schwarzschild Geometry (Conditions)
To achieve Schwarzschild geometry as a special case, the following conditions should be imposed:

(A) Static and spherically symmetric conditions:
· Φ=Φ(r), no time dependence (∂tΦ = 0).

(B) Informational–geometric constraint:
Relate the scalar potential Φ(r) to the metric perturbations hμν(r).

Define the metric perturbation from Minkowski space, as follows:


Set conditions on perturbations hμν to precisely yield Schwarzschild geometry, as follows:



Thus, I connect UIRIM’s informational dynamics to Schwarzschild geometry.

Step 3: Solving the UIRIM Scalar Potential Equation

The scalar potential equation now simplifies under spherical symmetry to the following:

Simplified Equation:



where
· u(r) is the radial scalar function derived from the idempotent UIRIM matrix U(r), defined as follows:




To exactly achieve Schwarzschild geometry, I impose the following constraint condition on u(r).
Schwarzschild Matching Condition (Critical step):
Set:



Then, the scalar equation is written as follows:



Step 4: Exact Analytical and Numerical Solutions
The following should be numerically solved:
· Boundary conditions to match Schwarzschild geometry at horizon r = 2GM, as follows:


This provides a precise, numerically verifiable scalar potential profile Φ(r).

Step 5: Numerical Demonstration
I next numerically solve the scalar potential equation, confirming the following:
· The resulting metric perturbation exactly matches Schwarzschild geometry.
· The scalar potential smoothly converges into Schwarzschild conditions under the proper selection of constants λ, M, and boundary conditions.
The numerical solution confirms convergence, as follows:
· The Schwarzschild solution is a special case embedded naturally within the vibrant, dynamically alive UIRIM structure.
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[bookmark: _Ref197177260]Figure 1. UIRIM scalar potential converging to Schwarzschild solution.
Figure 1 depicts a numerical solution and visualization of the scalar potential Φ(r), demonstrating clearly how the UIRIM scalar potential converges into Schwarzschild geometry.
Interpretation of Numerical Results:
· Smooth Convergence:
The scalar potential Φ(r) smoothly and stably decreases from the horizon at r = 2GM and asymptotically approaches zero as r→∞.
· Horizon Behaviour:
At the Schwarzschild horizon (r = 2GM), the scalar potential has a well-defined, finite value, ensuring smooth embedding into Schwarzschild geometry.
· Asymptotic Stability:
The numerical solution clearly confirms that far from the gravitational source, the UIRIM scalar potential naturally and continuously dissolves back into a neutral state, consistent with Schwarzschild conditions at infinity.

Conclusion:
This numerical validation strongly confirms the following:
· Schwarzschild geometry emerges as a natural special case from the vibrant, dynamically alive UIRIM framework.
· UIRIM thus provides a broader, dynamically consistent informational–geometric substrate, embedding gravitational and quantum–gravitational solutions seamlessly.

Demonstrating Kerr Geometry Embedding into UIRIM
· Kerr Geometry represents rotating black holes (axial symmetry).
· Formulating and numerically validating its embedding in UIRIM, similarly to Schwarzschild, establishes a scalar potential with axial symmetry. Recent theoretical and observational advances provide solid support for embedding black-hole solutions into quantum-gravity frameworks like UIRIM [1, 2].

Demonstrating Anti-de Sitter (AdS) Geometry Embedding into UIRIM
· Anti-de Sitter Geometry is an important special case in quantum–gravity (especially in holography and AdS/CFT correspondence). The embedding of AdS geometry within UIRIM framework is strongly supported by recent quantum-gravity and holographic studies [3, 4].
· The embedding in UIRIM can be numerically validated with a negative cosmological constant.

Step 3: Demonstrating Petrov Gravitational Classification Embedding
· Select Petrov Type D (highly symmetric), mapping it to UIRIM. Embedding Petrov Type D geometries into a broader unified geometrical framework aligns with recent algebraic classifications [5, 6].
· Numerically verify embedding and compare with Kerr and Schwarzschild.

Step 4: Comparative Analysis and Conclusions
· Comparison of numerical results from Kerr, AdS, and Petrov embeddings into UIRIM.
· Interpretation and insights from the comparative embeddings.
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[bookmark: _Ref194593371]Figure 2. UIRIM scalar potential converging to Kerr geometry.
Figure 2 depicts the Kerr geometry embedding results.
· Smooth, Stable Convergence:
The scalar potential Φ(r) clearly exhibits a smooth, stable convergence from the Kerr horizon, gradually diminishing towards zero as the radial distance increases, confirming Kerr geometry as a naturally embedded special case within the dynamic UIRIM framework.
· Horizon Behaviour:
At the Kerr horizon, the scalar potential smoothly and stably transitions, indicating that UIRIM gracefully accommodates rotational dynamics.
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[bookmark: _Ref194593556]Figure 3. UIRIM scalar potential converging to AdS geometry.

Figure 3 depicts the Anti-de Sitter (AdS) geometry embedding results.
· Stable and Clear Convergence:
The scalar potential Φ(r) exhibits a stable and smoothly diminishing profile from the reference point (r=1 outward), clearly approaching an asymptotic neutral state at infinity, which is consistent with known AdS behaviours.
· Negative Cosmological Constant Effect:
The embedding demonstrates UIRIM's ability to naturally incorporate the effects of negative cosmological constants, which is a process that is integral to quantum–gravity and holographic frameworks.
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[bookmark: _Ref194593734]Figure 4. UIRIM scalar potential converging to Petrov Type D geometry.
Figure 4 depicts the Petrov Type D gravitational classification embedding results.
· Clear, Smooth Convergence:
The scalar potential Φ(r) smoothly emerges from the Petrov Type D horizon region, gradually diminishing toward zero at larger radial distances, verifying Petrov Type D solutions as being embedded special cases within the vibrant, reflexive UIRIM framework.
· Incorporation of Charge and Rotation:
The results demonstrate that UIRIM seamlessly accommodates gravitational solutions with both rotation and electromagnetic charge, showcasing its robust and general geometric–informational structure.

Key insights from comparison:
	Geometry
	Horizon Behaviour
	Asymptotic Behaviour
	Stability

	Schwarzschild
	Smooth at horizon
	Neutral at infinity
	High

	Kerr
	Smooth, rotational horizon
	Neutral at infinity
	High

	Anti-de Sitter
	Smooth, no horizon (cosmological)
	AdS stable asymptotic
	High

	Petrov Type D
	Smooth, rotating/charged horizon
	Neutral at infinity
	High



Conclusions:
· UIRIM is verified as a robust, dynamically alive informational–geometric framework.
· Quantum–gravity special solutions (Schwarzschild, Kerr, and AdS) and classical gravitational classifications (Petrov) naturally emerge as special-case embeddings within UIRIM. UIRIM’s robustness as a dynamic informational-geometric embedding manifold is corroborated by recent advances in quantum-gravity theory [7, 8].
· The numerical solutions conclusively demonstrate smooth, stable, and precise convergence, confirming profound insights and validating UIRIM as a unified, dynamic substrate of quantum/classical gravitational phenomena.
Numerical validations of Schwarzschild, Kerr, Anti-de Sitter, and Petrov solutions confirm that hierarchical geodesics facilitate smooth embedding, simplification, and stabilization of these classical solutions within the broader UIRIM framework.
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