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I. FORMULATIONS FOR LATTICE THERMAL CONDUCTIVITY 1 

Lattice thermal conductivity was calculated by solving Peierls-Boltzmann transport equation1 for the particle-like 2 

contribution and the Wigner transport formula2 for the wave-like contribution, both implemented in the ALAMODE 3 

package3,4. Considering the second-order perturbation within the relaxation approximation, the phonon linewidth due to 4 

the three-phonon scattering for phonon mode 𝑞 is derived as 5 

𝛤! =
𝜋
16𝑁 ( |𝑉"(−𝑞, 𝑞#, 𝑞$)|$/(𝑛# + 𝑛$ + 1)𝛿3𝜔! −𝜔# −𝜔$5 − 2(𝑛# − 𝑛$)𝛿3𝜔! −𝜔# +𝜔$57

!!,!"

, (S1) 6 

where the subscripts (i = 1, 2) denote phonon modes contributing to the scattering of the target mode q, ni is the Bose-7 

Einstein distribution function, ωi is the phonon frequency, N is the number of q points, and ±𝑞 = (±𝒒, 𝑠) with q and s 8 

being the wavevector and branch index, respectively. The three-phonon coupling matrix element V3 is given by 9 

𝑉"(𝑞, 𝑞#, 𝑞$) = <
ℏ
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#
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, (S2) 10 

where ℏ is the reduced Planck constant, Ri is the position of the primitive cell, li is the atom index, pi is the direction of 11 

the displacement of atom li, M is the atomic mass, Ψ is the cubic force constants, and e(q) is the eigenvector of the mode 12 

q. The phonon lifetime due to three phonon scattering 𝜏,, is given by 𝜏,,(𝑞) = 1/(2Γ!). The total phonon lifetime of 13 

mode q is obtained with Matthiessen’s rule: 𝜏!-# = 𝜏!,,,-# + 𝜏!,./0-# , where 𝜏!,./0-#  is the scattering rate due to isotopes5. 14 

Finally, the Peierls term is calculated as 𝜅,
12,/3,(𝑇) = (𝑁𝑉)-#∑ 𝑐!(𝑇)𝑣!4(𝑇)𝑣!

5(𝑇)𝜏!(𝑇)! . Here, V is the volume of the 15 

primitive unit cell, 𝑐 is the mode specific heat, 𝑣 is the group velocity, and 𝛼 and 𝛽 are the Cartesian directions. 16 

 In the automated workflow, the coherence contribution (𝜅3), corresponding to the nondiagonal terms of the heat 17 

flux operator, was also considered. Its contribution can be obtained as 18 

𝜅3
45 =

ℏ$

𝑘6𝑇$𝑉𝑁
( (

𝜔# +ω$

4 V#$4 (𝒒)V$#
5 (𝒒)

7!8/"

𝜔#𝑛#(𝑛# + 1) + 𝜔$𝑛$(𝑛$ + 1)
(𝜔# −ω$)$ + (Γ# + Γ$)$

(Γ# + Γ$)
𝒒

, (S3) 19 

where 𝑘6  is the Boltzmann constant. The subscripts (1 and 2) denote the phonon modes (𝒒, 𝑠#)  and (𝒒, 𝑠$) , 20 

respectively. The generalized group velocity operator V(q) is given as 21 

V#$(𝒒) =
1

𝜔# +𝜔$
\𝒆(𝑞#)]

𝜕𝐷(𝒒)
𝜕𝒒 ]𝒆(𝑞$)` , (S4) 22 

where D(q) is the dynamical matrix.  23 
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II. ELEMENTAL OCCURRENCE FREQUENCY 1 

The elemental occurrence frequency in the materials for which anharmonic properties were calculated in the anharmonic 2 

phonon property database (APDB) is illustrated in the periodic table shown in Fig. S1. The number shown for each 3 

element represents the number of materials that include that element. For example, the most frequently occurring element, 4 

oxygen, is found in 2,425 out of the 6,113 materials in the current version of the APDB. 5 

 This figure shows that chalcogens (group 16) and alkali metals (group 1) are the two most frequently occurring 6 

groups of elements. It also indicates that elements from groups 1–2 and 11–17 are commonly present in the APDB 7 

materials, whereas transition metals occur less frequently—likely due to the absence of magnetic materials in the current 8 

version of the APDB. Group 18 elements are included only as single-element systems. 9 

 Overall, the APDB contains a broad range of elements, which is important for improving data quality and enabling 10 

its application to diverse fields—not only for thermal properties, but also for various other material properties, including 11 

mechanical, electronic, electrical, optical, and magnetic characteristics. 12 

 13 

 14 

 15 

 16 

 17 

 18 

 

Fig. S1. Elemental occurrence frequency in the anharmonic phonon property database (APDB). The number in each cell 

indicates how frequently each element appears in the materials included in the APDB, with the magnitude visualized 

using a logarithmic blue color scale. Element symbols are colored according to their occurrence: yellow for elements 

appearing in more than 500 materials, orange for more than 200, white for more than 100, and black for all others. 
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III. LIST OF MATERIALS WITH HIGH AND LOW THERMAL CONDUCTIVITIES 1 

The target materials consist of non-metallic, non-magnetic materials from the Materials Project6–8, as well as those from 2 

Phonondb9, totaling 21,452 materials. To construct APDB, we developed an automated calculation software package, 3 

auto-kappa, for anharmonic phonon properties. So far, we have calculated the anharmonic phonon properties of 4 

approximately 6,000 materials, while harmonic phonon properties have been computed for an even larger set of materials. 5 

 Among the calculated high-𝜅 materials, the following materials, including their polymorphs, are novel or have been 6 

rarely discussed as high-𝜅 materials: triclinic Hg(BiS2)2 (943 Wm-#K-#), cubic HC (306 Wm-#K-#), cubic BiB (235 7 

Wm-#K-#), and trigonal CsHoS2 (340 Wm-#K-#). Only 90 materials (1.5%) has a 𝜅:;< exceeding 100 Wm-#K-#, as 8 

shown in Table S1. On the other hand, discovering novel materials with low thermal conductivity appears to be much 9 

easier. In APDB, more than 1,500 materials (>28%) have 𝜅:;< below 1.0 Wm-#K-#. Even when limited to binary 10 

compounds, 187 materials (3.1%) have a 𝜅:;< ≤ 1.0	Wm-#K-#. Considering that the thermal conductivities of typical 11 

thermoelectric materials Bi2T3 and PbTe are 1.210 and 2.211–13 Wm-#K-#, the constructed database provides an exciting 12 

opportunity to search for materials with low-𝜅 for applications such as thermal insulators and thermoelectric materials. 13 

 Phonon properties of the fifty-five high-𝜅 material (𝜅:;< ≥ 200	Wm-#K-#) and nineteen low-𝜅 materials (𝜅:;< ≤14 

0.1	Wm-#K-#) are shown in Fig. S1 and Fig. S2, respectively. 15 

 16 

 17 

 18 

 19 

 20 

 21 

 22 

Table S1. Number of materials exhibiting high and low thermal conductivity in APDB. The lattice thermal conductivity 23 

is evaluated as 𝜅:;< = (𝜅== + 𝜅>> + 𝜅??)/3 for all materials, including anisotropic ones, for simplicity. 24 

High thermal conductivity  Low thermal conductivity 

Range of 𝜿𝐥𝐚𝐭 (𝐖𝐦-𝟏𝐊-𝟏) Number of materials  Range of 𝜿𝐥𝐚𝐭 (𝐖𝐦-𝟏𝐊-𝟏) Number of materials 

>1,000 9 (0.15%)  <0.1 19 (0.32%) 

>500 20 (0.34%)  <0.2 197 (3.3%) 

>200 55 (0.93%)  <0.5 910 (16%) 

>100 90 (1.5%)  <1.0 1,656 (28%) 
(187 for binary) 
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 1 

Fig. S2 (1/2). List of phonon properties for materials with high thermal conductivity 2 



 6 

 1 

Fig. S2 (2/2). List of phonon properties for materials with high thermal conductivity. 2 
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 1 

Fig. S2. List of phonon properties for materials with high thermal conductivity (> 200	Wm-#K-# ), ordered by 

magnitude. Each panel includes phonon dispersion, density of states (DOS), phonon lifetime (in logarithmic scale), and 

spectral (green) and cumulative (blue) thermal conductivity for Peierls component (𝜅,), which are normalized by their 

respective maximum and total values. The chemical formula, space group number (in parentheses), and Materials Project 

ID are shown in the top-left corner, while the magnitudes of the Peierls (𝜅,) and coherent (𝜅3) components are displayed 

in the top-right corner of each panel. 
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  2 

 
Fig. S3. List of phonon properties for materials with low thermal conductivity (< 0.1	Wm-#K-#), arranged in ascending 

order. See the caption of Fig. S1 for a detailed description of the figure. 
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IV. COMPARISON BETWEEN PARTICLE AND COHERENT CONTRIBUTIONS TO HEAT 1 

TRANSPORT 2 

Lattice thermal conductivity is governed by both particle-like phonon gas transport and wave-like tunneling 3 

mechanisms2,14. In the early stages of first-principles phonon analysis, calculating the coherent component arising from 4 

wave-like tunneling was challenging. However, since Simoncelli et al. proposed a unified theory (also known as the 5 

Wigner heat transport formula) to evaluate both the Peierls component (𝜅,) from particle-like phonons and the coherent 6 

component (𝜅3)2, this approach has been widely adopted for analysis15. 7 

 Among the materials calculated in APDB, we identified that materials with a large coherent component (𝜅3) are 8 

polymorphs of SiC and related structures with the space group P3m1 (156). While the relative contribution of 𝜅3 to total 9 

heat transport remains small due to the relatively large 𝜅,, the absolute magnitude of 𝜅3 exceeds 50 Wm-1K-1. This 10 

significant coherent contribution arises from densely packed phonon branches, which result from the large number of 11 

atoms in the primitive cell. Their thermal conductivities (𝜅, and 𝜅3) and phonon dispersions are shown in Fig. S3. 12 

 13 

 14 

 15 

 16 

 17 

 18 

  19 

 

Fig. S4. Materials exhibiting large coherent thermal conductivity. (a) Distribution of Peierls (𝜅,) and coherent (𝜅3) 

thermal conductivity. Red markers indicate the top nine materials with the highest 𝜅3. (b) Phonon dispersion for these 

nine materials. 
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V. PRECAUTIONS FOR AUTOMATED CALCULATIONS 1 

In high-throughput calculations, there is always a trade-off between computational accuracy and speed. Based on our 2 

knowledge and experience with first-principles phonon calculations, we have aimed to ensure the highest possible 3 

computational accuracy in the automated calculations conducted in this study. However, we found that some materials 4 

still exhibit implausible data, as shown in Fig. S4. 5 

 Implausible data led to excessively high 𝜅,, exceeding a few thousand Wm-1K-1. In most cases, this overestimation 6 

arises from excessively long phonon lifetimes in isolated flat branches or low-frequency acoustic modes, as well as from 7 

excessively high group velocities. To eliminate the excessively long lifetimes, the increase in q-mesh density and 8 

consideration of four-phonon interaction16 are necessary. The computational cost of four-phonon interactions is 9 

excessively high, but machine-learning prediction17 may be an effective strategy for accurately predicting high 𝜅, values. 10 

In contrast, excessively large group velocities are likely due to insufficient structural optimization. For example, 11 

implausible changes in phonon branches can be observed around the T point of Sr2CuBrO2 in Fig. S4. While these 12 

implausible data can be automatically handled in future versions of the software, they were manually excluded from the 13 

discussion in this study. 14 

 15 

 16 

 17 

 18 

  19 

 
Fig. S5. Results of the automated calculations, including implausible data. 
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VI. MACHINE LEARNING-BASED PREDICTION OF PHONON PROPERTIES 1 

Using the APDB, we predicted the Peierls lattice thermal conductivity (𝜅,) and its cumulative value with respect to the 2 

mean free path (𝜅3CDC:), as mentioned in the main text. In addition to these properties, we also conducted the prediction 3 

for the coherent component (𝜅3), maximum phonon frequency (𝜔D;E), and spectral 𝜅,  as a function of frequency 4 

(𝜅/,F3(𝜔)). For training of these properties, we used log#&(𝜅3 + 𝜀)	(where 𝜀 = 0.001	Wm-#K-#), log#&𝜔D;E, and 5 

𝜅/,F3(𝜔) normalized by its maximum value, respectively. For 𝜅/,F3G0HD(𝜔), the data were prepared from 0 to 𝜔D;E with 6 

51 points. In the study on phonon density of states (DOS) prediction18, which we referred to for the prediction method 7 

using the Euclidean neural networks (e3nn)19, DOS data were discretized into 51 points from 0 to 1,000 cm-1. In contrast, 8 

in our prediction, the frequency was normalized by its maximum value because the maximum frequency does not reach 9 

1,000 cm-1 in most materials. Spectral thermal conductivity as a function of the absolute frequency can be obtained by 10 

combining the predicted values of 𝜔D;E and 𝜅/,F3G0HD(𝜔/𝜔D;E). For the machine learning technique, CGCNN20 was 11 

applied to the prediction of 𝜅3 and 𝜔D;E and e3nn19 was applied to 𝜅/,F3. 12 

 We observed deep learning scaling laws for these three phonon properties, similar to those for 𝜅, and 𝜅3CDC:G0HD (Λ), 13 

as discussed in the main text. In every case, the prediction accuracy increased as the training dataset size increased. The 14 

scaling factor was 0.06 to 0.3, which are compatible magnitude as those observed for large language model (0.095)21 and 15 

deep learning for materials in a previous study (0.21)22. Notably, since the prediction accuracy for 𝜔D;E was remarkably 16 

high (with an MAE of 0.030 on a logarithmic scale), integrating the predictions of 𝜔D;E and 𝜅/,F3G0HD(𝜔/𝜔D;E) may 17 

provide more valuable information than directly predicting 𝜅/,F3G0HD(𝜔), which approaches zero at high frequencies. 18 

 While the prediction accuracy for 𝜅/,F3(𝜔) (with an MAE of 0.073) was slightly lower than that for 𝜅3CDC:(Λ) 19 

(with an MAE of 0.068), APDB enables accurate prediction of the spectral anharmonic property, as shown in Fig. S5. 20 

The figure illustrates that spectral thermal conductivity was excellently predicted for half of the materials (green and blue), 21 

whereas predicting spectra with multiple peaks remains challenging, as indicated by the orange and red lines in Fig. S5. 22 

 Consequently, these data clearly show that APDB opens up multiple possibilities for predicting not only phonon 23 

properties but also their interactions with other quasiparticles or related properties. At the same time, further increasing 24 

the dataset size or developing advanced machine learning techniques for phonon properties remains essential. 25 

 26 



 12 

 1 

  2 

 

Fig. S6. Deep learning scaling law for phonon properties with respect to the training data size. (a) Coherent thermal 

conductivity (𝜅3), (b) maximum frequency (𝜔D;E), and (c) normalized spectral Peierls thermal conductivity (𝜅/,F3G0HD) were 

predicted. The MAEs were evaluated with log#&(𝜅3 + 𝜀) , where 𝜀 = 0.001  Wm-1K-1, log#&𝜔D;E , and 𝜅/,F3G0HD , 

respectively. (d) 𝜅/,F3G0HD prediction for the test data using all available data (𝑁;:: ≈ 6,000). See the caption of Fig. 3 in 

the main text for details. 
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VII. LIST OF SCREENED MATERIALS WITH HIGH AND LOW THERMAL CONDUCTIVITY 1 

Using the prediction models built with APDB, we screened materials with high and low 𝜅, from the GNoME database, 2 

as discussed in the main text. Through this screening, we identified three materials with 𝜅:;< > 200	Wm-#K-# and nine 3 

materials with 𝜅:;< < 0.2	Wm-#K-#. Their phonon properties are presented in Fig. S6. 4 

 5 

 6 

 7 

 8 

 9 

  10 

 

Fig. S7. Novel materials exhibiting extreme thermal conductivity. (a) A list of materials with 𝜅:;< > 200	Wm-#K-# and 

(b) materials with 𝜅:;< < 0.2	Wm-#K-#. The materials were identified through screening of the GNoME database22. 
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