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1 Derivation of the photoelectron purity

The total wave function of the combined ion and photoelectron system can be decomposed under
the decoupled representation as
) = > Coon, Imi) Ime) (S1)
mi,me
Cin,.m, denotes the amplitude of each decoupled state, where the contributions from different /, but
the same m, are already summed up. Although both the ionization from the 3s and 3p orbitals are
considered, for the ionization signal near &£ = 2w + w3 — I, the contributions primarily originate
from the 3p shells. Therefore, the angular quantum number of the ion, /;, can always be considered
as 1, which can be omitted in the decomposition of the total wave function.
Under linearly polarized fields, the conservation of the total magnetic quantum number (m; +
m, = 0) further simplifies the decomposition to
) =" Co, i} |-my) . (S2)
m;

The density matrix of the system is calculated as
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By taking the partial trace with respect to the ionic state, the density matrix of the photoelectron
can be obtained as

pe=Tulpl = ) > ConConf(mf Imi) |=my) (=mi|(milm)
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It is clearly observed that the electronic subsystem is in mixed states. For the ionization of argon

atoms induced by linearly polarized fields, m, = 0, +1. At the scattering energy range of interest,
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up to the d wave dominates the photoelectron energy spectrum. As mentioned before, the proba-
bilities, |C,,, |> contain the contributions with the same m, but different angular quantum numbers.

Therefore, the probabilities can be estimated by the partial-wave probabilities as
M so T M do
MS0 + Mdo + 2Md1 ’
My,
Mso + Mdo + 2Md1 '
These probabilities are normalized to ensure that Tr[p.] = 1. The factor of 2 in M, accounts for

|Col? = (S5)

|Ca1|* = |C4]? = (S6)

the equivalent contributions for the d; and d_; waves. Then, the purity of the scattering electron is
Lo (M + Mg,)? + 2M§I
Pe = Tr[pe] = 2°
(Mso + Mdo + 2Md1)

0

(S7)

2 Derivation of anisotropy parameters

For the (2+ 1) REMPI via the p resonant states in argon atoms, the m, = 0 electron can be ejected
to 5o and dp waves. Assume the corresponding complex amplitudes are denoted as Cy, and Cy,,

then the PAD for the m, = 0 electron can be expressed as

|CS()Y00(9) + Cd()YZO(H) |2

1 V5 i 5
= EMSO + ERe[CSOCdO]PZ(cos 0) + e

1o(6)

18 2 1
—P4(cos0) + §P2(cos 0) + 3

M,
35 dy(S8)

with Yj(0) = 2fl—jrlPl(cos 6), My, = |Cy,|?, and My, = |Cg4|?. Similarly, since the m, = +1
electron can only be ejected to d.; waves, the PAD for the m, = +1 orbitals can be obtained as

1

3 5 1
1:1(0) = |Ca,,Y221(6, 9)|* = —| — =P4(cos ) + — P(cos 6) + — | My, ,, (S9)
b 7 28 4

where C,, are the complex amplitudes of the d..; waves and My, = |Cg,,|*. Since the contributions
from the m = +1 orbitals are the same, the total PAD can be calculated as 1(0) = Iy(0) + 21,(0).

By projecting the PAD onto the Legendre polynomials based on 1(8) = 3,054 b,P,(cos ), we

can obtain
by = %(Mso + Mg, +2My,), (S10a)
by = %(Md0 +Myg,) + gRe[CjoCdo], (S10b)
by = %(31\4010 —4My,). (S10c)
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To build a quantitative connection between the quantum beat between the resonant states and
the anisotropy parameters, we first calculate the partial-wave probabilities with the amplitudes of
different coupled states, Cy; (See main text). In the calculation, the phases of the complex amplitudes
of different multi-electron states need to be written explicitly to show a clear dependence on the
pulse delay. According to the definition of the phases regarding different states |;) in the main

text, the partial-wave probabilities can be calculated as

My, (1) = |Cy, | = |Cys [*[1 + 203035 cos (AET + xps)], (Slla)
My, (1) = ‘\/761901 \/7Cl//2
_ 2 2 2\/_ 2
= §|C¢1| + §|C¢2| ICWIIICMI% cos(nz) | + ICMI ay a5 cos(AET + xps)
2V6
- T|C¢, ||Cys|@5 coS(AET + 112 + xDs), (S11b)

1 [3 P
Mdl(T):‘\/;CIM"' Ecwz

1 3 V6
= §|cwl ? + E'CW'Z + ?|C¢1 ||Cy, @3 cos(i2) | + |C¢,2|2a2 a5 cos(AET + xps)
V6
+ ?|C¢1||C¢2|a§’ cos(AET + 112 + xDs)- (S1lc)

Therefore, the anisotropy parameters can be calculated as

1
bo(7) = Hl|c¢1|2 +[Cy,? + Cys|* + 2(ICys [P a5 a5 +Cy, I*a)a@5) cos(AET + xps) |, (S12a)

V6 V3
by(7) = —[—|C¢/1 1+ |C¢/2|2 - ﬁlC’/" |Cy, | cos(n12) — 7|C¢, ||Cy, |5 cos(m13)
V2 2
+ 7|C¢/2||C¢3|6¥12)01]3) cos(m23) + —|C¢2||C¢/3|af§a/§ cos(1723)
\/5

|C¢,1||C¢2|cxz cos(AET + 012 + xps) + = |C¢2|2a2 a5 cos(AET + xps)

% v
- 7|C¢/1||C¢3|013 cos(AET + xps +113) + —|C¢2||C¢/3|a’2013 cos(AET + xps — 1123)
V2
+ 7|C¢2||C¢,3|a/2 013 cos(AET + xps +123) |, (S12b)

3
ba(7) = 7= 1Cu[? = 2V6ICy, |ICys a3 cos(mi2) = 2V6ICy,[Cy,l3 cos(AET + xps +112) |.

(S12¢)
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Table S1: The fitting results of the anisotropy parameters or the combinations of different
partial waves. The fittings are all conducted with the function f(7) = G cos(AET + ) + H. The

coeflicients obtained are also connected with the amplitudes or the phases in the equations above.

G Y
Targets values correspondence values correspondence
—147b4/3 1.053 2V6|Cy, [ICy, las -2.145 N2 + XDS
4My, —3My, 1.066 2V6|Cy, ||Cy, 05 -2.115 12 + XDS
4rthg 0.141  2(|Cy,[*ada3 + |Cy, [*ada5)  —0.026 YDS
DMy, + Mg, + My, 0.141 2(|c¢g|2a3 a3 +|Cy,[*ade3) —0.026 XDS
2My, + My, 0.075 2|Cy, [PaRa5 0.010 XDS
M, 0.066 2|Cy,*ayas -0.066 XDS

By fitting bo(7) and b4(7) with respect to 7, the phases yps and yps + 1712 can be extracted,
respectively. In addition, it should be noted that the fitting of My, + 2M,, = L —[1Cy, |2 + |Cy, 1> +
2|1Cy, |7 2 D as 5> cos(AET + yps)] can also directly obtain yps. The fitting results of the anisotropy
parameters and the partial-wave probabilities are listed in Table S1. By taking the ratio between
|Cy, ||Cw2|a and |Cy,|"a 2 2D S, we can find that |Cy, |/|C¢2|cy2D = 5.79. This illustrates the complete

dominance of the transition from 'D¢ to 'F° over D¢ to 'P°, which is an extension of Fano’s

propensity from the single-electron state to the multi-electron state.

3 Choice of the first pulse

To determine the frequency of the first pulse, w1, pulses with frequencies ranging from 6.31 eV
to 6.69¢eV are applied to induce the three-photon ionization in argon atoms. This range covers
the photon energies that can induce the two-photon transition to the resonant states D¢ and 'S€.
Fig. S1 shows the intensities of the photoelectron signal integrated over the ionization peak in the
vicinity of € = 3w; — I, with different applied laser frequencies. The contributions from different
photoelectron partial waves or the multi-electron states are displayed, respectively, in (a) and (b).

The two peaks shown in the total signal, which are also the peaks of the states |y,) and |3)
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Fig. S1: Three-photon ionization signal induced by the first pulse with different frequencies.

a Intensities of the photoelectron signal integrated over the ionization peak in the vicinity of

& = 3w — I, with different applied pulse frequencies w;. The contributions for different partial

waves are also provided. b Same as a but with contributions from different coupled channels.
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in Fig. S1, correspond to the ionization pathways via the two resonant 4p states. We can speculate
from the photoelectron energy spectrum (PES) that the energy difference between the two states is
around 0.218 eV. The pump pulse in the main text is chosen as 6.52 eV for two reasons. Firstly, the
contributions from |¢1) and |¢,) states are almost equivalent at this time, indicating a near-equal
proportion of the ionization from the two resonant states. Due to the selection rule, |¢;) can only
be transmitted from the 'De state, while due to Fano’s propensity rule, |i,) is more likely to be
ionized from the !S°® state. Secondly, at this frequency, the contribution of the dy wave is much
lower than the d.; waves, which makes the change of the PADs in the sequential two-stage scheme

more significant.

4 Comparison between RMT and MCTDHEF results

Intensity (arb. units)
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Fig. S2: Comparison between the PADs calculated by the RMT method and the MCTDHF
method. a Delay-dependent PADs calculated by the RMT method. b Same as a but calculated by
the MCTDHF method.

Figure S2 displays the comparison between the delay-dependent PADs calculated by the RMT
method and those by the MCTDHF method. The behavior of the PADs as a function of the pulse
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from the two methods highly agrees with each other. A slight difference occurs in the oscillation
periods and phases given by the two methods. Since the two methods apply different models, their
estimations of the energies of the excited states and the scattering phases induced by the short-range

potential are different, which leads to the difference in the PADs.

S Energy-resolved partial wave analysis
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Fig. S3: Photoelectron energy for different pulse delays. a Photoelectron energy spectrum for
7 = 24.75fs. The contributions from different partial waves are separated. b, ¢, and d Same as a

but for T = 29.5, 34.25, and 39 fs.

In the PES of the (2 + 1) REMPI, the peaks from different partial waves do not share the same
center. Instead, their locations are sensitive to the pulse delay. Fig. S3 shows the ionization signal near
g = 2w +wy — I,. (a), (b), (¢), and (d) show the total PES as well as the individual contributions

from sg, do, and d.; waves for pulse delays of 24.75, 29.5, 34.25, and 39 fs, respectively. It is
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discovered that d.; waves dominate the peak for v = 24.75 fs, whereas the situation reverses at the
edges of the peak. This brings about three local maxima of purity in the energy domain. The case
is similar for 7 = 34.25 fs, but the status of d.; and dy waves exchange with each other. Since d.
waves are actually two partial waves with equal contributions, when they dominate the process, the

purity will be much smaller than the case where the dy wave dominates.
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