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6 S1. DARK MODES

7 We use a generalization of the dark state basis introduced in [1, 2] to reduce the number of vibrational modes involved in the
s reaction. The bosonic operator for D ., the dark mode highly localized in the ¢’* molecule when it is in electronic state |R) with
total number of reactants Ng and products Np is
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10 Notice that, when gp = 0, this dark mode will not involve vibrations in the product molecules and when gg = 0, this dark mode

1 will be the same as a vibration localized in the ¢ molecule dg’c) = dg .. Similarly, the bosonic operator for D}, the dark mode

12 highly localized in the ¢/ molecule after it has reacted and is in electronic state |P) with total number of reactants Nz — 1 and
13 products Np + 1 is
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1 Here, when gp = 0, the dark mode in equation (S2) will be the same as a vibration localized in the ¢ molecule &g’c)/ =dp. and
15 when gg = 0, this dark mode will not involve vibrations in the reactant molecules.

16 S2. POLARITON RELAXATION KINETICS

17 We use Boltzmann rate equations as in [3, 4] to model polariton relaxation, and solve for the steady state of N + 1 coupled
18 differential equations. We assume that the scattering rate W;; between polariton and dark modes is the same for all dark modes,
19 labeled by k, this gives Wp, . = Wp, and W_p, = W_p [5]. Since our interests lie in the distribution of energy between polariton
20 and dark modes rather than individual dark modes, we can simplify the problem by summing over all dark-mode equations and
21 considering only their total population np = Zﬁc\':z nk.. We have the following rate equations for populations in the lower n_,
> upper n. polaritons and all dark modes np,
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FIG. S1. Reaction yield at room temperature. a, Condensation threshold (same as Fig. 3 from the main manuscript), where point B
marks a set of parameters at room temperature. b,d,f are results for a laser driven system without SC and c,e,g are for a system with SC and
P_=0.08NT|. b, Reaction yield N3’ /N at temperature kgT = 0.140870,;, (T = 300 K when /i, ;;, = 185 meV), Huang-Rhys factor § = 3.5,
and average occupation of the intramolecular vibrational mode 7 = 0.08. ¢, Reaction yield N3’ /N with A= —0.2113w,;, 2¢rVN =2gpV/N =
0.1w,;,, P~ = 0.08NT'|, N = 107, temperature and Huang-Rhys factor are the same as in b. d (f), The reaction yield when only the product
(reactant) weakly couples with light. e (g), Analogous plots under strong coupling with 2gpv/N = 0.1@,;,, gr = 0 (gp =0, 2gr VN = 0.1@,3,).
We assume the same scattering parameters W;; and decay rates I'|, k as in Fig. 2 of the main manuscript.

23 Where

R_p=W_p, (nD(l +n_)—e BrON2(Ny —i—nD)n_),
Re =Woy (ni(14n0) = P14y )n), (S4)

Rpy =Wp, 4+ <n+ (N—14np)— eiﬁh(QJrA)/z(l +n+)nD>.

24 For all calculations in the main manuscript, we use Kk = I}, (N — l)WDk, =100I"y, Wp,y =W_p, =W_, and N = 107 which
25 correspond to realistic experimental parameters k = 109 s~! (~ 100 ps), " = 1019 s=1 (~ 100 ps), and scattering from LP to

2 all dark modes (N — 1)Wp,— = 102 57! (~ 1 ps) [6].

S3. REACTION YIELD AND RATE CONSTANT

27

23 We look at the reaction yield (Fig. S1) and rate constant (Fig. S2) for point B in Fig. Sla which corresponds to room
20 temperature kgT = 0.14087%®,;, (T’ =300 K), A= —0.2113@,,, P~ =0.08NT"|, 2¢v/N =0.1m,;, and N = 10 for intramolecular
s electron transfer molecules with 7i@,; = 185 meV. We observe small changes in the yield at AG/h®,;, = —1.5,1.5 for the
a1 condensate relative to laser excitation without SC. The relative change in the rate constant is larger at low (point A in Fig. Sla)
3 compared to room temperature (point B in Fig. S1a) since changes in activation energy are amplified at low temperature. Both
33 show the same pattern with maximum change when Ag/fi@,; < 1 and AG/h®,;, = n/2 where n is an integer as seen in Fig. S2

s (and Fig. 6 in the main manuscript).
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FIG. S2. Rate constant at room temperature Ratio of the rate constants inside k“’” ”¥p and outside kl xp of the cavity under laser excitation
with kgT = 0.1408%@,, (T = 300 K when 7@, = 185 meV), A = —0.2113w,;;, S = 3.5, 2gV/N = 0.10,, P— = 0.08NT'| and N = 107
for cases when only the product is coupled to the cavity gr = 0; gp = g (dotted line), symmetric coupling gr = gp = g (solid line) and only

reactant is coupled to the cavity gg = g; gp = 0 (dashed line). a, Relative rate constant as a function of reorganization energy, Ag, with
AG = —3.3334h,;;, and b, as a function of AG with Ag = 0.0437h,;;

37 S4.  FRANCK-CONDON FACTORS

s Dependence of the FC factors on LP population is shown in Fig. S3 and they scale much better when the population in LP is

30 large. We obtain an analytical expression for the Franck-Condon factor |FV

2

s

+,V—,VD

0
va+,v,,vD (O,N_,0lvy,v_, VD>

—Swg
~ ~ exp —g—W
VeSS [ e [ ]<Hfmv*(y+yq) (zzq+zq)v0(1_(q‘_jq)fi)l> gr#0 (S5

(—1)* %(H S +3)¥ w7 (Vo = Frel(VD)re) gr =0

w where [¢"]G(q) is the coefficient of ¢" when you expand G(g) as a Taylor series, and
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FIG. S3. Franck-Condon (FC) factors for different channels as a function of LP population. Reaction rate changes by the condensate occur
due to channels featuring gain/loss f in vibrational quanta in the LP. The contribution of these channels is proportional to the corresponding
FC factors and becomes more significant as the LP population N_ increases. Here, we show FC factors for N_ = 0,10~*N, 10! N at resonance
A = 0 with symmetric light-matter coupling 2grv/N = 2gpv/N = 0.1®,;;, and Huang-Rhys factor § = 3.5.
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.3 We arrived at the expression in equation (S5) by using generating functions and the Lagrange-Biirmann formula [7]. We then

from F\ﬁ?v,,v,) [8]. Using
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s To derive equation (S5), we write the initial and final vibrational states in terms of creation/annihilation operators for the

s upper, lower polaritons and dark modes
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so Writing the polariton modes as a linear combination of the photon d,, and bright modes dp(y ny)> dB(Ng—1.Np+1)>
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s Here, [Apn, Ap(ngnp)] = 0 and [dpn, dp(ng—1np+1)] = 0. s0 we can use the binomial theorem and collect these operators,
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s> The only non-vanishing terms in the above summation will be those with equal number of photon creation and annihilation
s3 operators [ = m+ n, since the photon mode does not get displaced during the chemical reaction, the overlap is non-zero only

s« wWhen the initial and final states are exactly the same. Plugging in [ = m+n and <Oph| (apn)'(a (A;h ymtn ’Oph> = (m+n)!
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ss Rewriting the initial bright mode dg(y, v,). final bright mode dp(y, 1, 1), and the highly localized final dark mode &<DP’C)/ in

s terms of a bright mode involving all molecules other than the reacting molecule dg(y, 1 n,) = m [gR Z aR i+
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s Since [Ag(vg—1.np)>@r.c] = 0 and [dg(n,—1np),dpc| = 0, We can use the binomial expansion again
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so The vibrational modes of all molecules other than the reacting molecule are not modified by the chemical reaction, therefore, non-
& zero terms in the summation satisfy r = p+¢. Plugging in r = p+q and (Og(n,—1 np)| (Ap(ng—1.3p)) (@ (@, (N 1.Np)) )P | Op(np—t1 Np) ) =
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 Changing variables from {m,n,q,p} to {i,j,k,h}, where i=v, —m, j=v_—n k=Vvp—q, h=N_—m—n—p—q and
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& The above expression is valid only when gp # 0. The case of gp = 0 is explained in Section S4 A. Remembering the definitions
s of variables x,y,z,w and X, ¥, Z from equation (S6),
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66 This is not easy to evaluate because of the summation over & involves the term (hg ¢|(h+ f)p.). Substituting (g c|(h+ f)pc) =
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s With the operators O (S) and Ty(w) defined as:
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70 This simplifies to
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n Here we introduce M{ . v_vp as the part involving the summation in Fy, e . v_ v, for more readability. Evaluating M\j: Vo Vs
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72 We first focus on evaluating the summation over u. Without u! in the denominator, this would have simply been a binomial
73 expansion. The u! makes it difficult to evaluate, but each term in the summation looks like the product of terms from a binomial
74 (Z) and exponential (—S)*/u! expansion. We can use the powerful combinatorial technique of generating functions to evaluate
75 the summation. Here, 7 is a dummy variable that we introduce to count the terms,
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7 Bach term in the summation over 4 is a product of coefficients of two generating functions,
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70 This summation over & can be written as the coefficient of the product of two generating function
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s where ¢ is the new dummy variable. Now we will find a closed expression for the generating function
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s Using binomial expansion, we get the closed expression C(g) = (w + ¢)""/. However, it is much more complicated to obtain
w2 a closed expression for D(g). To do so, we use the powerful Lagrange-Biirmann formula, which states that for any generating



s3 series f(¢) and g(¢) such that f(0) # 0 and a change of variable g = ¢/ f(¢), we have an identity of generating functions in the
s dummy variable ¢,
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ss Note that in the above expression we again replaced g with ¢. Repeating the calculations using Lagrange-Biirmann formula three
s more times, for the summation over i, j and k, we get the final compressed expression of the desired summation
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% Applying operators O (S) and Ty(w) to M VoD
10 (E—2q+29)" 4 eXp( 1:53@)
Fl 1 (z Vi (5 V- 05T,
Vi, v VD V+’V ‘VD ] (x+qx) (y+yq) (l—q)f f( ) f(W) (1—C]—Wq)
(S36)
N exp (=224 )
= Ve SSf R i g\ f Vi (5 V(5 _3 Vb
e v vl [¢ 1| &+qx)" (F+yq)" (Z—Zq +2q) =g —wg)/ "l
a1 A. Product not coupled
o2 When gp =0, the expression in equation (S36) does not apply,
Woa RN v\ (v (Vi +vo) = (m+n)\ (Vb
Few B 5, L, () G o) ()
vamOanOthfq mj\ n h+q+f—vp q
m+n m n N_—(m-+n) Vi—m v_-n
sm@) (cos@ ) (Sine/) (—cos@) (sin@') (—cosB') (=1)¢
Vp+N_—h—m—n—2q (537)

(f+h+2g)—v,
? &2(Ng— 1)+ g2Np
812e(NR —1)+g3(Np+1)

l\/g,g Ng—1) +8P(NP+1)

1 N N_—h—m—n i
R* +gP P &R ( +f) <th|(h+f)Pc>
g&xNg + g2N, [ 2 h!
R T 8plNP NR+g Np
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s Since gp = 0, only terms with f +h+2g — vp = 0 will be non-zero,

B 5 (1 (5 )(0 ) () () ane)”

mOanO

oAaN" N_—(m+n) Ve AV 1 vp—f—2q
X (sme) <fcos(9) X (sm@) (fcose) (1)‘1() (S38)

VNg
N_+f+2g—vp—m—
A= e, 2g))
Ng (VD—2q—f)!

o« From the above, we see that ¢ = 0 because of the binomial coefficient involving —¢g and

(Vo =29 — f)rel(VvD—29)pc) -

vy v

Al o\ X () (%) (sn0)™" (costr)” (sner)" (—eose) ™" (sner)" "
+

vp—f N_+f—vp—m—n (839)
X(*C"SG')H N . (o Prel(o)re)
\/]TR NR (VD_f)! D R,cI\VD)Pc/ -
os Using the binomial expansion to collect terms, we get
Sy = oo (o 9 (45) 4 (V0 — Prel (Vo)) (540)
P vilv_l(vp—f)! ’ ’
9% B. Reactant not coupled
o7 Starting from equation (S5) and substituting gg = 0, we have w = 0,
1
f0 _s ~—f| N- ~ V(s Vo(s = %
Fylv vy, =Ve ss! V+,v 'vD W [61 } ((HW) T+ye)" (E-2g+z9)" =g ) : (S41)
s Changing variable from g tot = g(1+w)
£.0 - N_! B _FLN . Vi v_
FIO iy =Ve STy | (1 +w) 1] (R w) ) (5014 w) 1)
vilv_lvp!
31 1) — s42
X (Z( +W)+(Z_Z)t) m ( )
N_! . P
= eiSSf W(W(l +W)) fB{/Jr-,V—yVD’
9 and we call the part of FJ;OV vp thatinvolves taking the tN- coefficient
G ()
f [N Vi, VoV,
By, v v, =1[""] <(1+_t)fD+1>7 (543)
100 Where
Vi Vo \7)
Grow () = (F(1+w)t) (5 +w)4y) (2(14+w)+ (2=2)) (S44)

1o When f < 0, then deg(Gy, v vy, (1)(1 —1)/~1) = N_ — 1, therefore, B}, , ., =0. When f =0, then deg(Gy. v v, (1)) = N-
102 and we have the following identity

(] (W) =Gy,vwp(1). (S45)
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103 Using this identity, we obtain the expression for B{: . v_,vp base case f =0,

BY, v vy =Gy wp(1): (S46)

1« Now that we have the result for f = 0, let’s derive a recursive formula for B5 . v_vp When f > 1. The coefficient of N-*lina
w0s series Y, a,t" is related to the coefficient of V- of the derivative of the same series. Using this,

O e =)

G, (1) G (1) G o)
N[ Gvevow\D) N Gviv wp(@)) woir [ oo ()
[t ]( (1—1) >+f[t ]( -/ = (N_+ D[N (o (S47)
— Gy v (1)
FBL oy =N+ D)BLL ) el
(1—1)/
106
1 B - - ~ —
Poro = 7 (““ 0B vl L, vl >) (549

w7 The expression for B{: . v_,vp tor all the different cases,

0 <0
Gy RERY (1) f:()
Blivw=y /" (549)
-1 —1 -1 o —1
% (N_ + ])B{+~,V77VD - V+XB£+71,V7,V/_) - v_yBC+,V771,VD - VD(Z - Z)B€+7V,V[_)1> f > 0
108 C. Product and reactant equally coupled

0o For the special case when gg = gp, we change variable t = g(1 + w) and the expression becomes

IO,y =VeSST | — 2 (1 4 w)) /] ((i(l ) a) (504w +yr)

vilv_lvp!
—Swt
VDCXP(W)
_ . (S50)
x(z(1+w)+(z z)t) BT

| .
VeSS | — L (1t w) ALy

vilv_lvp!

110 Where

Al =[r’v]<(zf(1+w)+xr)v+ (51 +w)+3r) (z(1+w)+(z—z)t)v”w<(”m>. (ss1)
Vi,V_,Vp (1 _t)f+1
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w1 Expanding the exponential,

K- = 1) (Gz“ w)ar) (5004w 430) (214w + =) (1 _;fﬂ exp(u —i—:vL;‘?}lt—t)))

(e ) ) (0 -0) e ()

w'— <i>n[tQ] <()E(1 +w) +xt) " (y~(1 +w) +yt> - (Z(l +w)+(z— Z)t) " (1_;;%) (S52)

I
s
\

S

3
Il
=}

1
n'\14+w

Il
s

3
Il
=}

I
s

w”% (%)n[tQ*”] ((JZ(I tw)xt) (3w +ar) (20 4w)+ (- 2)) VD(l_t)lerHn>

- 1 =S \" f+n
:ngownﬂ<l+w> BV+7V—7VD

0

u2 For the case when gg = gp, w = 1/(N — 1) is very small when a large number of molecules are coupled to the cavity. Therefore,
us the summation in A{: . .v_,vp converges quickly and is easy to calculate on a computer.
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