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ABSTRACT

Structural Optimization

We perform structural relaxations to optimize geometries similar to the supercell presented in the Results section in the main
text. Within the framework of density functional theory, we use the SIESTA method in conjunction with a vdw-DF2 functional
to describe the non-local dispersion energies!. The geometry relaxations are performed using the following parameters: an
energy cut-off of 600 Ry, a smearing of 10 meV, a 31x31x 1 k-mesh, and an ion forces tolerance of 1.9 meV/A. As a result the
interlayer distance is found to be 3.66 Ain agreement with previous results®3, and the geometry relaxations slightly increase
almost all the intralayer carbon-carbon bond lengths. All these lengths are presented in a histogram in Fig. . We find that on
average the carbon-carbon distances are slightly greater than that of pristine graphene (1.42 A, which is shown as a dashed gray
line).

In the lower panel, we focus on the lattice structure near the defect-line using colors to indicate the values in bond lengths.
The large bond lengths are adjacent to the octagonal defects, while the small ones are in the pentagons. The bonds in the
layer beneath the defect line are analogous to those farther away from the defect line in the top layer following symmetry
considerations.
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Figure 1. Bond lengths histogram for the relaxed defect line array geometry. The relaxed structure
surrounding the defect line is displayed below with colors indicating bond lengths according to the
histogram color bar.
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Tight-Binding and Non-Polarized DFT Electronic Structure

We analyse the origin and response of the electron bands using electronic structure calculations performed on monolayer and
bilayer systems. As a reference point we additionally perform calculations on a monolayer containing defect lines. We use
atomistic calculations employing both tight-binding (TB) and non-polarised density functional theory (DFT).

Regarding the TB method, we consider an intralayer hopping factor of %y = —2.66 eV and an interlayer hopping factor of
N = 0.1y, following Ref. 4. The hopping factors are taken up to the first nearest neighbors both in the intralayer and interlayer
cases. In addition, we use supercells to do both TB and DFT calculations. It is noteworthy that even in the monolayer scenario,
we are dealing with an array of defect lines.
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Figure 2. Electronic structure of an array of defect lines, with a length of L = 24 unit cells. Comparison between monolayer
and bilayer cases calculated with tight-binding and non-polarised density functional theory.

We present our results in Fig. 2. We find that the bilayer bands with curvature at the K point split have a gap where the
defect states are lying, as shown in each panel. These defect states have the same origin as discussed in the Results section of
the main text, and are related to zigzag nodes - at zero energy - and Klein nodes located in the energy range of —1.0to —1.5 eV
at the I' point. Based on tight-binding calculations, the defect states in the monolayer case move below the Fermi level as the
K point is approached. Around the same point, we have the main differences with the bilayer case that features four bands
crossing at the gap.

A similar band behavior is observed in DFT and TB calculations. In the case of a monolayer, the defect band around the
Fermi level is not fully flat due to the inclusion of electron-electron interactions in DFT. These interactions cause the crossing
bands around the K point to move above the Fermi level for the monolayer. Similar trends are found for bilayers but, now with
the bilayer topological states also coming into play. That is why there are further physical effects that deserve to be investigated
by including electron-electron interaction beyond the tight-binding approach.

Fermi Surface Defect-Line States

We calculate the Lindhard function employing the Fermi surfaces obtained from DFT calculations. Here we focus on the Fermi
surfaces of the occupied spin-up defect bands labelled A and B in the main text, subjected to n-doping (1.0e). To perform a
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correct analysis of the Fermi surface, a better Brillouin sampling is required. Therefore, we set a fine k-mesh of 101 x15x
points using the Monkhorst-pack procedure’. Since the A and B bands are next to the Fermi level, we use a smaller smearing
broadening factor equal to 0.1 meV for these calculations.

Figure 3 shows the energy colormap of the A and B bands in the rectangular Brillouin zone. The lighter regions correspond
to the Fermi surfaces exhibiting a quasi-1D-like shape. The Fermi surface edges that yield the largest contribution in the
response function of the A and B bands are connected by arrows from left to right.
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Figure 3. Fermi surface in the entire rectangular Brillouin zone of the A and B defect bands displayed in Fig. 6 of the main
text.
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