I. ARRAY OF DOUBLE-WELL POTENTIALS

The trapping potential is the sum of three optical lattices realized with the three laser beams at A1 ~ 1013nm,
A2 >~ 1064 nm and A3 ~ 1120nm retro-reflected on a mirror placed at ~ 25 cm from the atoms

V(z)= Y Visin® (kix + ¢;) (SL.1)

i=1,2,3

where k; = 2w /)\;, V; and ¢; are the depth and the phase of i—th lattice. Following the analysis reported in [1], we
can demonstrate that in the low depth regime, i.e. V; < Eg, = h?k?/2m, where m is the mass of the atom, the choice
of the wavelengths such that k1 — ko = ko — k3 = Ak allows to provide an effective trapping potential

~ ViVacos (2Akz + 2(¢1 — ¢2)) ~ WaVzcos (2Akz + 2(¢p2 — @3)) ~ ViVscos (4Akx + 2(¢p1 — ¢p3))
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Please note that the three terms are the result of the beating between the lattices with wavelengths A\; and A, Ao
and Az and A; and Ag respectively. The first two lattices have a spatial periodicity of ~ 10um, while the third one of
~ Hum.

In order to achieve an array of balanced double wells, we choose ¢1 = ¢2 and ¢3 = o + ™ and we get

(Vi — V3)Va cos (2Akx) n V1V3 cos (4Akx)

Vear(z) = -
() 16EnR, 16EnR,

(SL3)

Interestingly, in this configuration the first two lattices have an opposite phase and, for V; = V3, they perfectly cancel
each other. During the initial loading of the BECs in the 10 yum BNSL, V; ~ 400nK and V5 ~ 350 nK. The barrier
height tunability is provided by the control of V5 that can achieve a maximum value of ~ 250 nK.

The three lasers are locked to the same optical cavity using a transfer frequency PDH technique [2—4] that allows
to tune the laser frequency plus/minus half the free spectral range of the cavity. The full width at half maximum of
the locked lasers is ~ 100kHz. The cavity geometry is a semi-circular one, with one mirror almost plane and the other
one with a radius of curvature of ~14 cm. The finesse is ~ 2400 for Ay, ~ 4500 for Ay and ~ 3100 for As3. The different
finesses are due slightly different reflectivities for the wavelenghts. The phase of the lattices can be changed tuning
the frequency of the lasers that are retroreflected on a mirror placed 25 cm away from the atoms. At full barrier
height, a frequency shift of 300 kHz of one of the lasers, corresponds to a phase shift of the lattice of 10 mrad and
an energy mismatch, common to all the double wells, of 5 Hz between the two modes. A larger frequency shift that
breaks the condition k1 — ko = ko — k3 introduces an effective harmonic confinement along the lattice direction. Using
a numerical simulation we quantify a 10 Hz longitudinal confinement, when the laser frequency of one laser is tuned
by 0.01 nm. Depending on the sign of the detuning the potential can be confining or anti-confining.

The BNSLs are generated by two diode lasers and one Nd :YAG laser, injected into three independent solid state
amplifiers. The depths of the lattice potentials are adjusted measuring the oscillation frequencies (of the order of 180
Hz) of the condensates around the minima of the effective potentials of the BNSLs formed by the lattice couples A,
Ao and Ao, A3 and by measuring the tunneling frequency between the two wells.

II. EXTERNAL HARMONIC POTENTIAL

The external potential used to create the differential energy mismatch § between two neighboring double wells is
created by a vertical laser beam with wavelength A ~ 1064 nm. This beam is focused on the atoms with a beam waist
of ~ 50 pm, significantly larger than the separation between two distinct double-wells. In Fig. 1 we report a typical
trapping frequency measurement.

III. CALIBRATION OF THE EXTERNAL MAGNETIC FIELD

In our experiment the Feshbach magnetic field is generated by a pair of circular coils placed ~ £2 cm above
and below the atomic sample. The calibration of the magnetic field (Bp) is performed by exciting the magnetically
sensitive RF transition from the internal sate |[F' = 1,mp = —1) to |F =1, mp = 0). The amplitude and duration of
the pulsed current is chosen to achieve a 50% probability transfer when the resonance condition is achieved. In Fig.
2 a) we report a typical measurement of the transferred population as a function of the RF current frequency. Using
a Gaussian fit, we determine the position of the peak center and from the Breit-Rabi formula [5, 6], we can convert
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FIGURE 1: Vertical beam trapping frequency. Measurement of the BEC position as a function of time. The data are fitted
with a sinusoidal function to determine the trapping frequency (for his specific set of measurements w = 2716.8(1) Hz).
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FIGURE 2: Magnetic Field calibration. a) Resonance peak of the transition from |F =1,mF = —1) to |F = 1,mF = 0) as
a function of the RF frequency. The data are fitted with a Gaussian function. b)Measured Br as a function of the current in
the Feshbach coils. Solid line is a linear fit to the data.

it from Hz unit to magnetic field unit. We repeat the measurement for different values of the current in the Feshbach
coils to achieve the magnetic field vs RF frequency calibration shown in Fig. 2 b).

In addition, we estimate the long term fluctuations of Br by choosing a magnetic field and a RF pulse to achieve
a transferred population of ~ 0.25 and repeating the measurement several times for a total duration of ~ 2 hours.
For small magnetic field variations, the linear dependence of the transferred population on the value of Br allows to
convert the measurement of the atoms in the |F = 1, mpr = 0) to a measurement of the external Feshbach magnetic
field. Collection of ~ 150 measurements is reported in the histogram of Fig. 3.

IV. DERIVATION OF EQ. (2) ISE OF BEAM SPLITTERS

In the following, we derive the Eq. (2) reported in the main paper. We model each Mach-Zehnder interferometer
as a system of N particles in two bosonic modes, a and b. In the ideal scenario, for non-interacting atoms, the first
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FI1GURE 3: Magnetic Noise. Histogram of the fluctuations of the measurements of Br performed over a time interval of ~ 2
hours. The data are fitted with a Gaussian distribution (solid line) with a width of 4.3(12) mGauss.

beam splitter (BS) prepares a binomial distribution of particles among the two modes,

N/2 N o\ N2 N/24p
|¢Bs>_u=§/2 (N/2—u)!(N/2—|—u)!<COS§) (sm§> IN/2 — 1), IN/2 + )y, (SL.4)

Here |[N/2 — p),, and |N/2 4+ p), are Fock states corresponding to N/2 4+ p particles in mode a and N/2 4+ p particles
in mode b. The parameter 6 is related to the effective reflectivity ((¢ps|Na|tBs) = N cos?0/2) and transitivity
((Bs| N, [¢s) = N sin? 0/2) of the beam splitter, where N, and N;, are number of particles operators. Notice that
z = cos f and the balanced beam splitter is recovered for § = /2. We consider the case where § =~ 7/2 and N > 1. We
can thus replace the sum in Eq. (SI.4) with an integral extending from 400, and approximate the binomial distribution
with the Gaussian

(H—HO)Z

+o0 - o2
o) = [ dn G ). (SL5)
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centered in jig = (N/2) cos § and with width 0 = (N/4) sin 0. Let us introduce the relative number of particles operator
J. = (Ng— Np)/2. During phase encoding (PE), the systems is characterized by particle-particle interactions, modeled
as e~iTIz , where 7 = x(B)T'/h, T is the interrogation time, and x(B) is total interaction strength, given by the sum
of the elastic particle-particle and the dipolar interaction within each well, see main text. Without loss of generality,
we assume that the accumulated phase shift is equal to zero in the following. The quantum state after interrogation

stage is thus described by

oo e_("_;‘;)Q o,
re) = [ g (516)

Following Ref. [7], we can evaluate the uncorrelated noise due to intrinsic quantum fluctuations by projecting the
state |1)pg) over phase states

+oo
16) / dpt €% |11 (SL7)
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FIGURE 4: The splitting fluctuation a) The imbalances z after the splitting sequence as a function of sequence repetition.
The blue circle points and the red triangle points are the data of two different double wells that work simultaneously. The black
lines represent the value of quantum shots noise for a mean experimental atom number. b) Histogram of the imbalance z for a
single DW after the splitting sequence. The blue line is the Gaussian fit of the data and the black line represents the projection
noise.

We compute the phase distribution

(¢—¢0)*
1 — 55z
P(¢|0) = [ (¢|vpr)|]* = | =—5—¢ olo (SL8)
27T0‘¢|0

obtained from the Fourier transform of the Gaussian function in Eq. (SI.6), where ¢g = N7 cosf and
1
2
g =
99" Nsin?6

In the case 8 = 7/2 we recover the results of Ref. [7]. We now take into account the effect of a noisy beam splitter by
considering # as a (shot-to-shot) stochastic variable with distribution P(#). We thus write the phase distribution as

+ N7%sin’ 6. (SL.9)

P(o) = /_ " 40 P(6]0)P(6). (SL.10)
with
Gy
POy =" 2 (SL11)
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and ogg quantifying the fluctuations of the beam splitter reflection coefficient 8 around the balanced case. Finally, we
compute
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By expanding the sin 6 and cos @ contribution around 6 = 7/2 and using Eq. (SI.11), we find

1
ai = N(l + 0‘1235) + N(1 - 0%5)7'2 + NQTQO%S. (SL.13)
This results provides the intrinsic phase fluctuations for a single interferometer. In the case of two interferometers,
the fluctuations are independent and sum up. Assuming for simplicity that the number of particles, noise ogg, and
interaction strength 7 is the same in both interferometers, and considering N > 1, we have

2
oAy = N(l +0pg) + N(1+ Nogg) 72 (SL.14)

Equation (2) of the main text is recovered taking into account the effect of technical noise and 7 = x(B)T'/h.

We have quantified ogg experimentally. In Fig. 4 we report the values of z recorded after the first beam splitter of
the two interferometers (blue triangles and red circles, respectively), as a function of the experimental shots. taking
into account that z = cosf and z < 1, we find that fluctuations of z directly provides the fluctuations of 8, which
we have indicated as ogsg. We find ogg = 0.0695 for the red circles and ogs = 0.069 and ogs = 0.068 for the blue
triangles : overall we estimate o¢ = 0.004, as mentioned in the caption of Fig. 4.
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