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Appendix A: Determination of the lattice misalignment

The TBG and graphite underneath the hBN could be imaged through electrostatic force microscopy. [1] The lattice
misalignment between graphite probe and TBG could be measured based on their edge orientations as shown in
FIG.S1 . Assuming their edge types are the same, the angle between the edge orientations of 102° (or 78°) indicates
that the lattice misalignment is 18°.

FIG. S1. Lattice misalignment by EFM imaging. The yellow (white) dashed line indicates the edge of TBG (graphite
probe). Darker contrast in TBG or graphite originates from the cover of the top hBN.

Appendix B: Fitting of exponential background

This exponential background is due to the gate dependence of the tunneling barrier height [2–4]. In our sample, the
tunneling layer is a 6-layer h-BN, which is thick enough to observe the exponential T (n). Through the normalization
by the exponential background, the effect of tunneling rate to the chemical potential could be excluded leaving the
chemical only depending on the filling.

∗ These authors contributed equally to this work.
† Corresponding author.Email: andrei@physics.rutgers.edu
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FIG. S2. Fitting of exponential T (n) background. dI/dVb curve at Vb = 34mV. The red dashed line is an exponential
fitting of the hole side with dI/dVb = const · exp(k ·n/n0), here k = 0.258 . The exponential term is from the filling dependence
of transmission coefficient

Appendix C: Filling correction near filling of -4 and 4

Usually, carrier density n is calculated simply using a parallel capacitor model and carrier density is proportional to
the gate voltage applied. However, it is noted that using this method, the dµ/dn peaks (Fig. S3a) around fillings -4
and 4 are away from integer by about 0.2. This may be explained by considering quantum capacitance and geometric
capacitance in series as shown below.

1

C
=

1

Cq
+

1

Cg
(C1)

Geometric capacitance Cg depends on sample-gate distance and is a known constant. Quantum capacitance Cq is
proportional to the density of states. When the sample enters insulating states at bandedges, the effect of quantum
capacitance becomes stronger, and the true filling needs adjustment. With the extraction of dµ/dn and the relationship
that Cq = e2 dn

dµ , the total capaticance is calculated (Fig.S3b) and the filling is corrected (Fig.S3c). After correction,
the dµ/dn peaks appear almost exactly at -4 and 4 (Fig.S3a). All the fillings in the paper are corrected with this
method. Note that it has little effect on the filling determination within the flat bands.

FIG. S3. Filling correction. a, dµ/dn before and after correction at 0.3 K. b, Total area capacitance combining Cg and Cq.
c, Filling as a function of Vg. Filling is proportional to Vg within the flat bands.

Appendix D: Landau levels and Chern insulators at 6 T

The LLs of the flat bands are quite hard to observe owing to the narrow bandwidth and large effective mass. By
contrast, the remote bands, which are wide and parabolic, are expected to develop LLs similar to those in Bernal
bilayer graphene where the carriers are massive chiral fermions. At 6 T, as the magic angle TBG sample is doped
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below filling of -4, abrupt energy jumps are observed at Landau filling of -4 and -8, indicating LLs with degeneracy of
4 and Berry phase of 0 or 2π (Fig. S4a). The energy jumps are equal to the energy spacings between the LLs, which
are comparable to the bandwidth of flat bands. The gate voltages corresponding to the CNP, LLs, Chern insulators
(C = −2,−3,+3,+2,+1 at n/n0 = −2,−1,+1,+2,+3) and band edges of the flat bands are marked in Fig. S4a, 4b.

FIG. S4. LLs and Chern insulators in TBG. a, dI/dVb map at 6 T. Gate voltages of dark vertical lines are marked with
distinct colors. At high energies above 40mV, discrete flat bands are observed which are LLs of the remote bands. b, Extracted
gate voltages corresponding to CNP, LLs, CIs, and band edges at various magnetic fields.

Appendix E: Magnetic field dependence of dµ/dn and dI/dVb.

The perpendicular magnetic field dependence of dµ/dn on the hole side is shown in Fig.S5a. No prominent CIs are
observed below 6 T (also not observed in the dI/dVb map at 6 T in Fig. S4a). The dI/dVb(n/n0, B) at the Fermi
energy (22 mV in this case) also shows features of LLs and CIs (Fig. S5b). CIs with C = −2,−3 develop only above
6.5 T, much weaker than on the electron side. The same trend implies a connection between cascade of transitions at
zero magnetic field and the CIs at high fields (both being stronger on the electron side, both happening near integer
fillings).

FIG. S5. Magnetic field dependence of dµ/dn and dI/dVb. a, dI/dVb map on the hole side as a function of filling and
perpendicular magnetic field. b, Magnetic field dependence of dI/dVb at the Fermi energy. CIs on the hole side develop only
above 6.5 T.
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Appendix F: The topological heavy-fermion model

1. Model

In this work, we employ the topological heavy-fermion (THF) model [5–20] to study twisted bilayer graphene (TBG).
We adopt the parameters from Ref. [5] for a twist angle θ = 1.05◦ and a tunneling amplitude ratio w0/w1 = 0.8,
incorporating strain and relaxation effects following Ref. [18].

At the single-layer graphene scale, uniform strain induces the transformation r → (1 + E) r, where E is a general
real two-dimensional square matrix. For each TBG layer l (with l = + for the top layer and l = − for the bottom),
the strain tensor is given by [18]

E l ≡
(
ϵl+ + ϵl− ϵlxy

ϵlxy ϵl+ − ϵl−

)
, (F1)

where ϵl+ and ϵl− denote the isotropic and anisotropic strain components, respectively, and ϵlxy represents the shear
strain. These strain tensors can be decomposed into symmetric (homostrain, E− + E+) and antisymmetric (heteros-
train, E− −E+) combinations. Since homostrain has negligible effects on TBG’s band structure to leading order [18],
we focus solely on heterostrain, characterized by opposite strains in the two layers, i.e., E− = −E+. Thus, we define

E = E− − E+, ϵ± = ϵ−± − ϵ+±, ϵxy = ϵ−xy − ϵ+xy, (F2)

with typical values of ϵ± and ϵxy ranging from 0.001 to 0.004. In this study, we consider compressive heterostrain ϵ
along the x̂ direction of the conventional TBG unit cell [5, 19], where ϵxy = 0 and ϵ∓ = − (1± νG) ϵ/2, with νG = 0.16
being graphene’s Poisson ratio [19]. Throughout, ϵ refers to compressive heterostrain along the x̂ axis.

We adjust the interaction parameters from Ref. [5] to align with the experimental geometry considered here.
Specifically, we model the Coulomb interaction between electrons using a single-gate screened potential [21]

V (q) = 2πUξξ
2 1− e−2ξq

ξq
, (F3)

where Uξ = e2

4πε0εξ
sets the interaction energy scale, ε is the dielectric constant, and ξ denotes the distance between

the sample and the screening gate. We use ε = 12 [22] and ξ = 2nm, resulting in Uξ = 60meV. The THF interaction
parameters are then [5]

U1 = 23.095meV, U2 = 0.77meV, W1 = W2 = 17.41meV,

J = 6.965meV, K = 2.17meV, W3 = W4 = 20.12meV. (F4)

The c-c interaction potential follows the same form as in Eq. (F3).

2. Hartree-Fock simulations in the symmetry-broken phase

We perform simulations incorporating strain and relaxation effects to compute the compressibility of the incom-
mensurate Kekulé spiral (IKS) ground state near ν = +2. To this end, we first obtain the self-consistent Hartree-Fock
solution of the IKS state exactly at integer filling ν = +2, utilizing the analytical variational ansatz for the corre-
sponding density matrix derived in Ref. [19]. We apply a strain of ε = 0.001 in these calculations.

Once the self-consistent solution at integer filling is obtained, we determine the Hartree-Fock self-consistent density
matrix for non-integer fillings by incrementally doping the system. To ensure efficient convergence, we employ standard
acceleration algorithms [23–27]. At fractional fillings, where the system becomes gapless, convergence is further
improved by introducing a small but finite temperature.

From the Hartree-Fock simulations, we can extract the dependence of the chemical potential on the filling, µ(ν).
To enable a direct comparison with experimental results, we subtract the classical charging energy associated with
uniformly charging the TBG sample to a filling ν. This procedure effectively removes a linear contribution in ν from
the chemical potential [17], leading to the following adjustment

µ → µ− 1

Ω0
V (0) ν. (F5)
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Appendix G: The atomic limit of the topological heavy-fermion model with strain

In this section, we consider the entropy of twisted bilayer graphene (TBG) within the topological heavy-fermion
(THF) model in atomic limit. In the atomic limit, the f -electrons are treated as uncoupled from the c-electrons at
either the single-particle or interaction level. This allows us to analytically obtain the entropy of f -electrons in the
presence of strain effects.

1. Atomic limit Hamiltonian

The atomic limit for the THF model of TBG [5] was considered by Ref. [28]. In the atomic limit, the f -electrons at
different lattice sites are decoupled from one another and also decoupled from the c-electrons. Because in this limit,
the f -electrons at a given lattice site are not hybridizing or interacting with any other fermions, we can study the
atomic problem via the following grand canonical Hamiltonian,

KAt =
∑
α,β
η,s

(
Mf [ϵxyσx + ηϵ−σy]αβ − µδαβ

)
f̂†
α,η,sf̂β,η,s +

U1

2

∑
α,η,s

α′,η′,s′

(
f̂†
α,η,sf̂α,η,s −

1

2

)(
f̂†
α′,η′,s′ f̂α′,η′,s′ −

1

2

)
. (G1)

In Eq. (G1), f̂†
α,η,s creates an f -electron at a given lattice site R0 (since the system is translationally invariant, the

exact choice of R0 is unimportant) in valley η = ±, orbital α = 1, 2, and having spin s =↑, ↓. The first term in
Eq. (G1) denotes f -electron strain contribution to the single-particle dispersion of the THF model, as derived by
Ref. [18], where Mf = 4252meV and σx, σy denoting the Pauli matrices acting on the f -electron orbital subspace.
The second term of Eq. (G1) is just the U(8) onsite Hubbard repulsion of the THF model, with U1 denoting the
corresponding interacting energy scale [5]. The zero-strain limit of Eq. (G1) was extensively studied in Ref. [28].

In what follows, we will find it useful to work in the basis in which single-particle term of KAt is diagonal. To this
end, we define rotated f -fermion operators f̂†

a,η,s, where a = ±, where(
f̂†
+,η,s

f̂†
−,η,s

)
=

1√
2

1
ϵxy+iηϵ−√

ϵ2xy+ϵ2−

1 − ϵxy+iηϵ−√
ϵ2xy+ϵ2−

(f̂†
1,η,s

f̂†
2,η,s

)
. (G2)

We then define the number operators

n̂a =
∑
η,s

f̂†
a,η,sf̂a,η,s, (G3)

in terms of which the atomic-limit grand canonical Hamiltonian is given by

KAt =
∑
a=±

(aε− µ) n̂a +
U1

2

(∑
a=±

n̂a −
Nf

2

)2

, (G4)

where Nf = 8 denotes the number of f -fermion flavors, while ε = |Mf |
√
ϵ2xy + ϵ2− is half the f -electron strain-splitting.

2. Entropy in the atomic limit

The single-site partition function corresponding to the atomic limit Hamiltonian from Eq. (G4) is given by

ZAt (β, µ) ≡ Tr
(
e−βKAt

)
=

Nf/2∑
n+,n−=0

(Nf

2

n−

)(Nf

2

n+

)
e
−β

[
ε(n+−n−)−µ(n++n−)+

U1
2

(
n++n−−

Nf
2

)2
]

=

Nf
2∑

N=−
Nf
2

Nf
4 − |N|

2∑
n=

|N|
2 −

Nf
4

( Nf

2

N
2 − n+

Nf

4

)( Nf

2

N
2 + n+

Nf

4

)
e
−β

[
2εn−µ

(
N+

Nf
2

)
+

U1
2 N2

]
, (G5)
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where β = 1
T is the inverse temperature. By definition, the corresponding single-site grand potential is

ΦAt (β, µ) = − 1

β
logZAt (β, µ) , (G6)

from which the entropy can be extracted using the thermodynamic relation

SAt (β, µ) = −∂ΦAt (β, µ)

∂
(

1
β

) = β2 ∂Φ
At (β, µ)

∂β
. (G7)

In principle, the partition function (and, as a result, the corresponding entropy) can be computed numerically for
different values of U1 and ε as a function of µ and β. In order to get some analytical understanding of the results, we
will also get approximate analytical expressions for the entropy in two experimentally-relevant regimes: 1

β ≪ ε ≪ U1

(the low-temperature regime) and ε ≪ 1
β ≪ U1 (the high-temperature regime). Note that the strain splitting of the

f -electrons is always smaller much smaller than their onsite Hubbard repulsion (ε ≪ U1). At the same time, for the
temperatures employed in the experiments 1

β ≪ U1 (the interaction TBG scale corresponds to hundreds of Kelvin).
To derive analytical approximations for the entropy, we start by defining the following probability distribution

p (N,n) =
d (N,n)

ZAt (β, µ)
e
−β

[
2εn−µ

(
N+

Nf
2

)
+

U1
2 N2

]
, with d (N,n) =

( Nf

2

N
2 − n+

Nf

4

)( Nf

2

N
2 + n+

Nf

4

)
, (G8)

such that p (N,n) denotes the probability of the system having N +Nf occupied f fermions, with 2n more fermions
in occupying the +ε strain band compared to the −ε one, a state which has degeneracy d (N,n). In terms of the
probability function defined in Eq. (G8), the single-site entropy can be directly obtained from Eqs. (G6) and (G7)

SAt (β, µ) = β2 ∂

∂β

(
− 1

β
logZAt (β, µ)

)
= logZAt (β, µ)− β

ZAt (β, µ)

∂ logZAt (β, µ)

∂β

= −

Nf
2∑

N=−
Nf
2

Nf
4 − |N|

2∑
n=

|N|
2 −

Nf
4

p (N,n) log
p (N,n)

d (N,n)
. (G9)

At the same time, the total f -electron filling (henceforth denoted by −Nf

2 ≤ ν ≤ Nf

2 ) is given by

ν =

Nf
2∑

N=−
Nf
2

Nf
4 − |N|

2∑
n=

|N|
2 −

Nf
4

Np (N,n) . (G10)

a. Asymptotic expressions for the atomic-limit entropy in the low-temperature regime

By definition, in this limit, 1 ≪ βε ≪ βU1. As a result, we find that

p (N,n1)

p (N,n2)
∼ e−2βε(n1−n2) ≪ 1, (G11)

where the order-one combinatorial prefactor has been dropped, as it is less important than the exponential. In
turn, this implies that in Eqs. (G9) and (G10), for every N only the terms with the smallest n give a non-vanishing
contribution, which allows us to approximate

SAt (β, µ) ≈ −

Nf
2∑

N=−
Nf
2

p′ (N) log
p′ (N)

d′ (N)
, (G12)
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ν ≈

Nf
2∑

N=−
Nf
2

Np′ (N) , (G13)

where, for simplicity, we have defined

p′ (N) = p

(
N,

|N |
2

− Nf

4

)
=

1

ZAt (β, µ)

( Nf

2

N
2 − |N |

2 +
Nf

2

)( Nf

2

N
2 + |N |

2

)
e
−β

[
ε
(
|N |−

Nf
2

)
−µ

(
N+

Nf
2

)
+

U1
2 N2

]

=
d′ (N)

ZAt (β, µ)
e
−β

[
ε
(
|N |−

Nf
2

)
−µ

(
N+

Nf
2

)
+

U1
2 N2

]
, with d′ (N) =

( Nf

2

|N |

)
. (G14)

Moving forward, we note that the leading behavior of p′ (N) with N is governed by the exponential prefactor, i.e.

p′ (N) ∼ eβ(µN−U1
2 N2), (G15)

which implies that at a given chemical potential, there will be at most two non-vanishing probabilities: p′ (N) and
p′ (N + 1), for some −Nf

2 ≤ N ≤ Nf

2 − 1. Therefore, at a given filling ν, the only way to satisfy Eq. (G13) is if

p′ (N) =


⌊ν⌋+ 1− ν if N = ⌊ν⌋
ν − ⌊ν⌋ if N = ⌊ν⌋+ 1

0 otherwise
, (G16)

where ⌊ν⌋ denotes the largest integer smaller than ν. In turn, through Eq. (G12), this allows us to obtain the
low-temperature entropy as a function of ν analytically

SAt (β, ν) ≈ − (⌊ν⌋+ 1− ν) log
⌊ν⌋+ 1− ν( Nf

2

|⌊ν⌋|

) − (ν − ⌊ν⌋) log ν − ⌊ν⌋( Nf
2

|⌊ν⌋+1|

) , for 1 ≪ βε ≪ βU1. (G17)

Exactly at integer fillings, Eq. (G12) reduces to

SAt (β, ν) ≈ log

(Nf

2

|ν|

)
, for ν ∈ Z. (G18)

b. Asymptotic expressions for the atomic-limit entropy in the high-temperature regime

In this limit, βε ≪ 1 ≪ βU1, as a result of which we can ignore the term proportional to ε in the exponential factors
of Eq. (G5). Under this approximation, the partition function of the single-site problem reduces to its zero-strain
form derived in Ref. [28],

ZAt (β, µ) ≈

Nf
2∑

N=−
Nf
2

(
Nf

N +
Nf

2

)
e
β
[
µ
(
N+

Nf
2

)
−U1

2 N2
]
. (G19)

Similarly to Eq. (G8), we now define the following probability distribution

p(N) =
d(N)

ZAt (β, µ)
e
β
[
µ
(
N+

Nf
2

)
−U1

2 N2
]
, with d(N) =

(
Nf

N +
Nf

2

)
, (G20)

where p(N) denotes the probability of the system having N +
Nf

2 electrons, while d(N) denotes the total number of
such states. Using Eqs. (G6) and (G7), we obtain the following expression for the entropy of the system

SAt (β, µ) ≈ −

Nf
2∑

N=−
Nf
2

p(N) log
p(N)

d(N)
, (G21)
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which is valid for βϵ ≪ 1. At the same time, the filling of the system can be found directly from the partition function
in Eq. (G19)

ν ≈

Nf
2∑

N=−
Nf
2

Np (N) . (G22)

Similarly to Eq. (G15), the leading behavior of p(N) with N is again governed by the exponential prefactor

p (N) ∼ eβ(µN−U1
2 N2), (G23)

which again implies that at most two probabilities p(N) (corresponding to consecutive integers N) are non-vanishing
at a given chemical potential. As a result, one again finds that

p (N) =


⌊ν⌋+ 1− ν if N = ⌊ν⌋
ν − ⌊ν⌋ if N = ⌊ν⌋+ 1

0 otherwise
, (G24)

such that the high-temperature entropy from Eq. (G21) has the following analytical expression

SAt (β, ν) ≈ − (⌊ν⌋+ 1− ν) log
⌊ν⌋+ 1− ν( Nf

⌊ν⌋+
Nf
2

) − (ν − ⌊ν⌋) log ν − ⌊ν⌋( Nf

⌊ν⌋+
Nf
2 +1

) , for 1 ≪ βε ≪ βU1. (G25)

Exactly at integer fillings, Eq. (G12) reduces to

SAt (β, ν) ≈ log

(
Nf

ν +
Nf

2

)
, for ν ∈ Z. (G26)

Appendix H: Zero-hybridization limit

In the atomic limit discussed in Appendix [G], we neglected the contribution of the c-electrons to the entropy of
TBG. In contrast, the zero-hybridization limit considered in this section includes the entropy contributions from both
f and c-electrons while ignoring any single-particle coupling between them. Apart from the inclusion of strain [18],
the zero-hybridization Hamiltonian is identical to that in Ref. [9]. Explicitly, the Hamiltonian is given by

H = Hc +HU1 +HV +HW +HStrain, (H1)

where Hc represents the kinetic term for the c-electrons

Hc =
∑
k,η,s


ĉ†k,1,η,s
ĉ†k,2,η,s
ĉ†k,3,η,s
ĉ†k,4,η,s


T (

0 v⋆ (ηkxσ0 + ikyσz)
v∗ (ηkxσ0 − ikyσz) Mσz

)ĉk,1,η,s
ĉk,2,η,s
ĉk,3,η,s
ĉk,4,η,s

 . (H2)

Here, 0 denotes the zero matrix, and the single-particle parameters v⋆ and M are specified in Ref. [5].
The interaction terms in Eq. (H1) include the onsite f -electron repulsion (HU1), the c-electron Coulomb interaction

(HV ), and the f -c density-density interaction (HW ) [5]:

HU1
=

U1

2

∑
R

∑
α,η,s

α′,η′,s′

:f̂†
R,α,η,sf̂R,α,η,s::f̂

†
R,α′,η′,s′ f̂R,α′,η′,s′ :, (H3)

HV =
1

2Ω0N0

∑
k1,k2

∑
q

∑
a,η,s

a′,η′,s′

V (q) :ĉ†k1+q,a,η,sĉk1,a,η,s::ĉ
†
k2−q,a′,η′,s′ ĉk2,a′,η′,s′ :, (H4)

HW =
1

N0

∑
k1,k2

∑
q

∑
α,η,s

a′,η′,s′

Wa′ :f̂†
k1+q,α,η,sf̂k1,α,η,s::ĉ

†
k2−q,a′,η′,s′ ĉk2,a′,η′,s′ : . (H5)
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In these expressions, Ω0 denotes the surface area of the TBG unit cell, N0 is the number of unit cells in the sample,
and V (q), U1, and Wa (for 1 ≤ a ≤ 4) are given in Appendix [F].

The strain effects are captured by HStrain, defined as [18]

HStrain =
∑
k,η,s



ĉ†k,1,η,s
ĉ†k,2,η,s
ĉ†k,3,η,s
ĉ†k,4,η,s


T (

c (ϵxyσx + ηϵ−σy) c′ (ϵxyσx − ηϵ−σy)
c′ (ϵxyσx + ηϵ−σy) M ′ϵ+σ2

)ĉk,1,η,s
ĉk,2,η,s
ĉk,3,η,s
ĉk,4,η,s



+

(
f̂†
k,1,η,s

f̂†
k,2,η,s

)T

Mf (ϵxyσx + ηϵ−σy)

(
f̂k,1,η,s
f̂k,2,η,s

) . (H6)

The strain parameters c, c′, M ′, and Mf are provided in Ref. [18].
In the zero-hybridization limit, the model can be solved exactly by treating HV and HW at the Hartree level [9].

The total entropy at chemical potential µ and inverse temperature β is given by

STot(β, µ) = Sc (β, µ) + SAt (β, µ) . (H7)

Here, SAt(β, µ) is the entropy of the f -electrons as defined in Eq. (G9), while Sc(β, µ) represents the entropy of the
c-electrons within the zero-hybridization model.

Let ϵk,n (β, µ) (for 1 ≤ n ≤ 4 × 2 × 2 = 16) denote the grand-canonical quasi-particle energies of the c-electrons
for the n-th c-electron band at momentum k. These energies are computed self-consistently for each µ by solving the
zero-hybridization model following Ref. [11]. The explicit expression for the c-electron entropy then reads

Sc (β, µ) = −
∑
k,n

[nF (ϵk,n (β, µ)) log (nF (ϵk,n (β, µ))) + (1− nF (ϵk,n (β, µ))) log (1− nF (ϵk,n (β, µ)))] (H8)

where nF (ω) =
1

eβω+1
is the Fermi-Dirac distribution at inverse temperature β.

Appendix I: The phonon contribution to entropy

In this appendix, we consider the potential phonon effects on the entropy of TBG. We qualitatively estimate the
entropy of phonons in TBG in the low-temperature limit.

The low-energy phonon spectrum of monolayer graphene comprises two in-plane linearly dispersing acoustic modes –
the longitudinal acoustic (LA) and the transverse acoustic (TA) modes – and one out-of-plane quadratically dispersing
mode, known as the z-directional acoustic (ZA) mode. The dispersion relations for these three modes are given by

ωTA (k) = vTA|k|, ωLA (k) = vLA|k|, ωZA (k) =
|k|2

2mZA
, (I1)

where vTA = 0.10 eVÅ, vLA = 0.16 eVÅ, and mZA = 1.1× 10−4me (with me being the electron mass) [29, 30].
To estimate the low-temperature entropy of twisted bilayer graphene, we make the approximation of neglecting

interlayer coupling. Additionally, we employ the Debye model for the phonon spectrum, which includes only acoustic
phonons. The dispersion of the acoustic phonons is assumed to hold up to the edge of the Brillouin zone (BZ), which,
for simplicity, is taken to be circular. The resulting “radius” of the BZ is known as the Debye wave vector KD, chosen
so that the circular BZ contains as many states as the original BZ. Letting NG denote the number of graphene unit
cells in one layer of the system and Ω the total surface area, we have

πK2
D

(2π)2

Ω

= NG, (I2)

which implies

KD =

√
4πNG

Ω
. (I3)
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The internal phononic energy associated with the moiré unit cell (denoted by Ω0) is given by

UPhonon (β) = 2
Ω0

Ω

∫ ∞

0

dω

∫
|k|≤KD

d2k
(2π)2

Ω

ω

eβω − 1
(δ (ωTA (k)− ω) + δ (ωLA (k)− ω) + δ (ωZA (k)− ω))

=
Ω0

2π2

∫ ∞

0

dω

∫ KD

0

2πk dk
ω

eβω − 1

(
1

vTA
δ

(
k − ω

vTA

)
+

1

vLA
δ

(
k − ω

vLA

)
+

mZA

k
δ
(
k −

√
2mZAω

))
=

Ω0

π

∫ ∞

0

dω
ω

eβω − 1

(
ω

v2TA
Θ

(
KD − ω

vTA

)
+

ω

v2LA
Θ

(
KD − ω

vLA

)
+mZAΘ

(
KD −

√
2mZAω

))
=

Ω0

π

∫ ∞

0

dx
1

ex − 1

(
x2

β3v2TA
Θ(βvTAKD − x) +

x2

β3v2LA
Θ(βvLAKD − x) +

mZAx

β2
Θ

(
βK2

D

2mZA
− x

))
≈ Ω0

π

[
1

β3

(
1

v2TA
+

1

v2LA

)∫ ∞

0

dx
x2

ex − 1
+

mZA

β2

∫ ∞

0

dx
x

ex − 1

]
≈ Ω0

π

[
Γ(3)ζ(3)

β3

(
1

v2TA
+

1

v2LA

)
+

mZAΓ(2)ζ(2)

β2

]
≈ Ω0

π

[
2ζ(3)

β3

(
1

v2TA
+

1

v2LA

)
+

π2mZA

6β2

]
. (I4)

The factor of two accounts for the two graphene layers in TBG. The internal energy was approximated in the low-
temperature limit by assuming βvTAKD, βvLAKD,

βK2
D

2mZA
≫ 1. In Eq. (I4), ζ(n) denotes the Riemann zeta function.

The corresponding specific heat is given by

CPhonon (β) =
dUPhonon (β)

d
(

1
β

) ≈ Ω0

π

[
6ζ(3)

β2

(
1

v2TA
+

1

v2LA

)
+

π2mZA

3β

]
. (I5)

Consequently, the phonon contribution to the entropy of graphene is

SPhonon (β) =

∫ β

0

βCPhonon (β) d

(
1

β

)
≈ Ω0

π

[
6ζ(3)

β2

(
1

v2TA
+

1

v2LA

)
+

π2mZA

3β

]
≈Ω0

π

[
3ζ(3)

β2

(
1

v2TA
+

1

v2LA

)
+

π2mZA

3β

]
≈
(
βTA/LA

β

)2

+

(
βZA

β

)
. (I6)

In Eq. (I6), we have introduced the characteristic inverse temperatures for the acoustic modes of graphene

1

βTA/LA
=

[
3ζ(3)Ω0

π

(
1

v2TA
+

1

v2LA

)]− 1
2

≈ 7K,

1

βZA
=

(
πΩ0mZA

3

)−1

≈ 5× 104 K. (I7)

The estimation in Eq. (I6) indicates that the in-plane acoustic modes of graphene begin to contribute significantly
to the entropy of TBG around 7K. In the absence of electron-phonon coupling, this phonon contribution would not
affect the experimentally measured entropy, as the experiment measures the difference between the entropy of TBG
at a given filling ν and at the band edge.

However, due to electron-phonon coupling effects, the acoustic phonon dispersion can acquire a weak dependence
on the filling, leading to phonon contributions in the experimentally measured entropy. Since the acoustic phonon
contribution becomes relevant around 7K and subsequently grows quadratically with temperature, this effect can
account for the observed increase in entropy beyond the second plateau at temperatures much lower than the f -
electron interaction energy scale or the characteristic energy dispersion of the c-electrons.
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Appendix J: Reduced entropy

The entropy per electron(hole) for c(f)-electrons (Fig.S6), is defined as

reduced Sc =
Sc

νc
, reduced Sf =

Sf

4− νf
(J1)

where Sc, Sf are the entropy of c- and f- electrons, respectively, and νc, νf are their partial fillings, respectively.
The reduced entropy for f -electrons is weakly temperature-dependent, while the reduced entropy for c-electrons is
almost linear with temperature, highlighting the contrasting behavior: f -electrons behave as a localized electron solid
with weak temperature dependence, while c-electrons act as an itinerant electron liquid, showing linear temperature
dependence. Between 30K and 45K, the c-electron reduced entropy exceeds that of f -electrons, which may explain the
entropy increase observed above 30K in Fig.4c This behavior resembles the melting of a solid, where some f -electrons
may delocalize from the AA sites, becoming itinerant c-electrons to minimize the Helmholtz free energy, F = U −TS
(where U is the internal energy, T is the temperature, and S is the entropy). Alternatively, this increase in entropy
could be due to low-energy charge excitations. [31]

FIG. S6. Reduced entropy of f- and c- electrons. a, Reduced entropy as a function of temperature at n/n0 = 1.4
calculated in the atomic limit of the topological heavy-fermion model with strain. The Hubbard interaction energy U1 of
23meV and the heterostrain of 0.001 are set to match the experiment data. The reduced entropy of f-electrons (orange) is
weakly temperature-dependent, in agreement with a solid-like state with free local moments. The jump near 15 K is attributed
to the change of degeneracy from 4 to 8. The reduced entropy of c-electrons (blue) is almost T-linear in a wide range of
temperatures, in agreement with a liquid-like state. The reduced entropy of f - and c-electrons cross around 30 K. b, Same as
a, but at a different filling n/n0 = 2.1. The crossing of reduced entropy happens around 40 K.
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