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PUMPING CYCLES C++
T , C−+

T , C+−
T AND C−−

T

We detail the actions of the pumping cycles Cξs
T upon the symmetric and antisymmetric states |pn⟩ = |cn⟩+|dn⟩√

2
and

|qn⟩ = |cn⟩−|dn⟩√
2

. These cycles Cξs
T are spherical triangles on the hyperplane Jc = Jd for s = +1 and Jc = −Jd for

s = −1, and have anti-clockwise orientation for ξ = +1 and clockwise orientation for ξ = −1. Their corresponding
holonomic transformations are

WCξs
T

= eiξ
k
2
(σ0−sσz) (1)

The four resulting cycles C++
T , C−+

T , C+−
T and C−−

T are shown in Fig. 1(a,d,g,j) and they implement the following
operators

C++
T :

∑
n

[
|pn+1⟩⟨pn|+ |qn⟩⟨qn|

]
C−+
T :

∑
n

[
|pn−1⟩⟨pn|+ |qn⟩⟨qn|

]
(2)

C+−
T :

∑
n

[
|pn⟩⟨pn|+ |qn+1⟩⟨qn|

]
C−−
T :

∑
n

[
|pn⟩⟨pn|+ |qn−1⟩⟨qn|

]
(3)

as explicitly shown in Fig. 1

QUANTUM WALK EQUATIONS AND QUASI-ENERGIES

For quantum walks CRCξ+
T , the one time-step advancement from t to t+ 1 in vector form reads(
ψp
n(t+ 1)

ψq
n(t+ 1)

)
=

(
cos θ sin θ
0 0

)(
ψp
n−ξ(t)

ψq
n−ξ(t)

)
+

(
0 0

− sin θ cos θ

)(
ψp
n(t)

ψq
n(t)

)
(4)

Subtract in both sides

(
ψp
n(t)

ψq
n(t)

)
and add and subtract in the right hand side

(
cos θ sin θ
0 0

)(
ψp
n(t)

ψq
n(t)

)
. By introducing

the finite difference

∂t

(
ψp
n(t)

ψq
n(t)

)
=

(
ψp
n(t+ 1)

ψq
n(t+ 1)

)
−
(
ψp
n(t)

ψq
n(t)

)
− ξ∂n

(
ψp
n(t)

ψq
n(t)

)
=

(
ψp
n−ξ(t)

ψq
n−ξ(t)

)
−
(
ψp
n(t)

ψq
n(t)

)
(5)

Eq. (4) reads

∂t

(
ψp
n(t)

ψq
n(t)

)
= −ξ

(
cos θ sin θ
0 0

)
∂n

(
ψp
n(t)

ψq
n(t)

)
+

(
cos θ sin θ
− sin θ cos θ

)(
ψp
n(t)

ψq
n(t)

)
−
(
ψp
n(t)

ψq
n(t)

)
(6)

Via the Pauli matrixes σi and the identity matrix σ0, Eq. (6) reads

∂t

(
ψp
n(t)

ψq
n(t)

)
= −ξ

[
cos θ

σ0 + σz
2

+ sin θ
iσy + σx

2

]
∂n

(
ψp
n(t)

ψq
n(t)

)
+ [(cos θ − 1)I+ sin θiσy]

(
ψp
n(t)

ψq
n(t)

)
(7)

For quantum walks CRCξ−
T , the one time-step advancement from t to t+ 1 in vector form reads(
ψp
n(t+ 1)

ψq
n(t+ 1)

)
=

(
0 0

− sin θ cos θ

)(
ψp
n−ξ(t)

ψq
n−ξ(t)

)
+

(
cos θ sin θ
0 0

)(
ψp
n(t)

ψq
n(t)

)
(8)
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FIG. 1. (a) Sketch of cycle C++
T . (b) and (c) Propagation of |pn⟩ and |qn⟩ respectively over one cycle period. The blue circles

indicate the initial point. (d-f) Same as (a-c) for cycle C−+
T . (g-i) Same as (a-c) for cycle C+−

T . (j-l) Same as (a-c) for cycle
C−−
T .

Alike in the previous case, subtracting in both sides

(
ψp
n(t)

ψq
n(t)

)
and add and subtract in the right hand side(

0 0
− sin θ cos θ

)(
ψp
n(t)

ψq
n(t)

)
, Eq. (8) reads

∂t

(
ψp
n(t)

ψq
n(t)

)
= −ξ

(
0 0

− sin θ cos θ

)
∂n

(
ψp
n(t)

ψq
n(t)

)
+

(
cos θ sin θ
− sin θ cos θ

)(
ψp
n(t)

ψq
n(t)

)
−
(
ψp
n(t)

ψq
n(t)

)
(9)

Via the Pauli matrixes σi and the identity matrix σ0, Eq. (9) reads

∂t

(
ψp
n(t)

ψq
n(t)

)
= −ξ

[
cos θ

σ0 − σz
2

+ sin θ
iσy − σx

2

]
∂n

(
ψp
n(t)

ψq
n(t)

)
+ [(cos θ − 1)I+ sin θiσy]

(
ψp
n(t)

ψq
n(t)

)
(10)

Hence, for quantum walks CRCξs
T the one time-step advancement from t to t+ 1 in vector form reads

∂t

(
ψp
n(t)

ψq
n(t)

)
= −ξ

[
cos θ

σ0 + sσz
2

+ sin θ
iσy + sσx

2

]
∂n

(
ψp
n(t)

ψq
n(t)

)
+ [(cos θ − 1)I+ sin θiσy]

(
ψp
n(t)

ψq
n(t)

)
(11)

In k-space ψ̃k(t) =
∑

n ψn(t)e
ikn, the one time-step advancement Eqs. (4,8) relative to a generic oriented quantum

walk CRCξs
T reads

ψ̃k(t+ 1) =Mξs
k ψ̃k(t) Mξs

k =

(
e

i
2 ξ(s+1)k cos θ e

i
2 ξ(s+1)k sin θ

−e− i
2 ξ(s−1)k sin θ e−

i
2 ξ(s−1)k cos θ

)
(12)
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For either s = +1 and s = −1, their eigenvalues λ1,2k,θ are

λ1,2k,θ =eiξ
k
2

(
cos θ cos

k

2
± i

√
1− cos2 θ cos2

k

2

)
= eiξ

k
2 e±iΩk,θ (13)

which yield the relation for the quasi-energies λ1,2k,θ = eiE
1,2
k,θ

cosE1,2
k,θ = cos

[
k

2
± Ωk,θ

]
⇔ E1,2

k,θ = ξ

[
k

2
± Ωk,θ

]
= ξ

[
k

2
± arccos

(
cos θ cos

k

2

)]
(14)
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