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I. MODELING.
A. Numerical simulation of the counter-propagating OPO
Defining the rotating frame as

w
Hyot/h = Wp(biwbcw + bicwbccw) + Ep(aZwacw + achaccw)» (S1)

where Gy, e are annihilation operators for half-harmonic signal and idler modes, b¢y ccy are those for pump modes,
and w,, is pump laser frequency. The Hamiltonian of the counter-propagating OPO in this frame can be written as

H/h=da (alwacw + alowaccw) + 5b(blwbcw + bicwbccw)
+ 9208l (Dew + beew) + hoc]
+ (gsallycew + gobblybecw + hec.)
+ep(bley + hoc), (2)

Where pump is injected into the mode b..,. Defining initial resonance mismatch factor as A = 2w, — wy, where
Wq = Wa,cw = Wa,cew 1S the unperturbed cavity resonance for half-harmonic modes and wp = Wy cowy = Wp,cew is that for
pump modes. The detuning for half-harmonic modes can be expressed by 0, = w, —w,/2 = #. Here, g2 represents
the second-order nonlinear coupling rate, gs, and gs, denote the back scattering coupling rate for half-harmonic and

pump modes, and ep = 1/% is pump strength.

The coupling mode equations are thus calculated via 9¢

7 = —ila, H/R] to be

d?i;w = ~i0alew ~ Kalew — igz(bcwaicw + bccwaj:cw) — i9salccw

dc;c;w = —i0q0ccw — Kalecw — igg(bcwaiw 4 beew alw) G tew

di)ictw = —i0pbew — Kpbew — 1928cwleew — 1Gshbecw

dbd% = —10pbccw — Kobecw — 1920 cwlecw — 19sbbew — 1€P- (S3)

The simulation in the main manuscript for Fig.2 and Fig.5 are performed by numerically solving the above CMEs.
Simulation parameters for Fig.2 are: A =0, go = 0.2 MHz, P;,,=5 mW, k;,=641 MHz, K¢y = Keew =192 MHz, assuming
critical coupling for all the modes so Kip = Keg-
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Extended Fig. S1 — Influence of backscattering on phase locking a, (i) The phase difference betweem signal
(aew) and idler (aeew) and (i) the frequency spectrum for them when linear coupling gs, = gs» = 0 and pump
detuning is d; = 0.1kp. b, The same plots when g5, = g5 = 150MHz and §, = 0.1k;. ¢, The same plots when

gsa = gsp = 0 and 6, = —0.1kp. d, The same plots when g, = gs» = 150MHz and §, = —0.1x,. Other parameters
used in simulation: A =0, go =0.2MHz, P;,, = 5mW, x,=641MHz, k,=192MHz.

B. Counter-propagating OPO without backscattering coupling

When ¢, = gsp = 0, the OPO is essentially a nondegenerate OPO happening between pump mode b..,, and signal
mode ac,, and idler mode accy, the phases between the three lasing signals satisfy ¢s + ¢; + 7/2 = ¢, + 2nm, where
n = 0,1,2... . This constraint cannot uniquely determine the value for ¢s and ¢;. If the system is reciprocal so
that modes ac, and acc, share the same physical properties (04,co0 = 0a,ccws Ka,cw = Ka,cew), then the generated
signal and idler will happen to be frequency-degenerate but still not phase-locked. In order to demonstrate that
counter-propagating phase matching itself gives only frequency degeneracy without phase locking, we solve the above
CMEs by setting gsq = gsp = 0, the simulated phase difference between a,, and a.q, are presented in Fig.S1 (a-i),
the variations of |¢ey, — Peew| in different simulation rounds clealy demonstrate their phase-unlocking. The frequency
spectrum shown in Fig. S1 (a-ii) indicates that their frequency are locked to the degeneracy point wy,/2.

As a comparison, the phase differences between signal and idler when turning on the linear coupling term show
a deterministic value over different simulation rounds, which is either m when 0, = 0.1k (Fig.S1 b) or 0 when
517 = —0.1I<;b (Flg S1 d)

C. Theoretical analysis of the counter-propagating OPO

: BT : _ Gcwtccw _ Ocw—0cew _ bewtbecw _ bew—bccw : :
Defining hybridized mode basis as a; = Ve an = 75 ,b1 = 73 ,bo = N the Hamiltonian can

be rewritten in the hybridized mode basis as

thbri/h = (5a + gsa)‘ﬁal + (5a - gsa)a£a2 + (51) + gsb)b'{bl + (5b - gsb)b;b2

2
+ %[(aiz — ab?)by + h.c)]
2
+ @(b{ — b} + h.c.). (S4)
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The nonlinear interaction term in this Hamiltonian reveals two key insights, 1. only the symmetric hybridized
pump mode b, will participate in the x(®) interaction, whereas the hybridized pump mode by serves as additional
pump power dissipation channel. 2. inclusion of linear coupling leads to the formation of two distinct degenerate
OPO states, one occurring between the modes b; and aj, another occurring between b; and as. The coupling mode

equations (CMEs) are thus calculated via 3—‘; = —ila, Huypri /] to be
day ) .
ar —i(0q + gsa)a1 — Ka101 — Z\/igzallh
% = —i(0q — Gsa)az — Ka2az + iV2g2a5b
% = —i(dp + gsb)b1 — Kp1b1 — i%(a% —a?) - i%

The above CMEs have two sets of steady-state solution, i.e. as = 0, d{% =0, % =0and a; =0, df% =0, d—btl =0.
Analytical analysis for the system can be given based on certain simplifications and assumptions. The thresholds for
hybridized OPOs can be analytically solved and compared. Consider the steady OPO emission between a; and b;

when as = 0, then we have

—i5a1a1 — Rq1Q1 — i\/iggaibl =0 (SG)

. 92 .Ep
zﬁa%—zﬁ = 0, (S7)

—10p1b1 — Kp1b1 —

where 0,1 = 04 + gsa = # 4 gsa, 0p1 = Op + gsp. Therefore, when OPO reaches steady-state, by = %% =
%2;“‘161‘2(#1, assuming a; = |ai|e’®t. Substituting this expression for by into Eq. S7, we have
2
—i041 — K ,
(—idp1 — Kp1) - —Cal 7 Pal igg\a1|2 = jepe 291, (S8)
192
Separating the real and imaginary part of Eq. S8 gives
Ka1kbl — 0a10p1 + g3la1]|? = —gaepcos(2¢1), (S9)
da1kp1 + Op1Kal = g2epsin(2¢7). (S10)
Since |a|* = £ - \/1 — (5”1”“;62“““1)2 — RarFn =019 4 > () the resulted ep should satisfy
g2 9g3€p 92
2> (Ka1kp1 — 0q10p1)2 4; (0q1kb1 + 5b1/€a1)2. (s11)
93
Hence the threshold pump powers for the hybridized OPOs are
P — (Kaitivl — 0ai0p1)? + (aikivr + Op1kai)®  hwp ($12)

2 ' :
93 2“b1,ez

The subscript ¢ € {1,2} denotes the indices for the symmetric and asymmetric hybridized half-harmonic modes,
respectively. The phase transition occurs when the threshold pump powers are equal, i.e., Pi, 1 = Py, 2. In the case
where the two hybridized modes share the same dissipation rate k,1 = ko2 = K, and the liner coupling rates are
the same g;, = gsp = ¢g¢, the phase transition point is reached when the pump detuning compensates for the initial
resonance mismatch, namely, when 6, = —A, thus 641,42 = +9c, dp1 = gc — A. At this point, the co-shared threshold
power can be simplified into:

hawp ) [(gc — A)* + K] - (w5 + 92)

Pth c =
, 2
QKerc,bl g3

. (S13)

The occurrence of dual OPO states and associated phase transition point is guaranteed when the applied pump
power surpass this co-shared threshold power. A larger linear coupling rate g. will elevate the required power for dual
OPO states. The permissible range of linear coupling for the coexistence of dual OPO states is depicted in Fig. S2(a).
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Extended Fig. S2 — Theoretical calculation results a, (i) The permissible linear coupling range for coexistence of
dual degenerate OPO states for different pump power. b, The power splitting ratio under different linear and
nonlinear coupling rates. Panels (i-iii) depict the situation when applied pump power is 0.1, 1, 10 mW, respectively.
Other parameters used here are: A =0, go =0.2MHz, P;, = bmW, kp;=641MHz, xk,=192MHz.

At the phase transition points, both hybridized OPOs are lasing simultaneously, the resulted output signal a.,, and
idler @, are thus an interference between the lased OPOs. The photon-number splitting ratio R are calculated via

_ |afcw|2 - |afccu)|2

R = 2\a1||a2| :COS(le _¢2)a

daikb1 =AKai
g2ep
rate gy, increases while a larger x(?) nonlinear coupling rate and a more intense pump lower down the ratio, as

illustrated by Fig. S2(b).

where ¢; = Zarcsin( ), 8ai = (—1)* " 1gsq i € {1,2}. The splitting ratio basically increases as linear coupling

II. MEASUREMENT
A. Experiment setup for OPO measurement

The pump laser is a custom-built amplified pulsed laser. A continuous wave (CW) seed laser at 1550 nm is
shaped into pulses using an intensity electro-optic modulator (EOM) controlled by an arbitrary waveform generator
(AWG). The AWG outputs voltages Viigh and View to switch the EOM between its on and off states. The pulses are
then amplified using a two-stage EDFA setup, with a 1 nm bandwidth filter placed between the EDFAs to remove
background noise from the first stage and enhance the pulse extinction ratio. The amplified infrared pulses are
subsequently frequency-doubled to the visible range using a commercial PPLN crystal [Fig. S4(a)]. A visible photon
detector measures the average power of the pulse P,,, and the peak power is calculated using (Pon — Poit)/ frepW s
where P,g represents the optical power when AWG output is DC off state. In our experiment, the repetition rate frep
and pulse duration W are set to be 5 KHz and 15 ns for the measurements in Fig.4 in the main manuscript.

For OPO generation, the visible pump laser is injected through the 780 nm port of the left wavelength-division
multiplexer (WDM), while the generated signal is collected from the 1550 nm port on the same side. A second WDM
on the opposite side separates the transmitted pump light and the generated idler. To prevent residual pump light
from interfering with the photodetector (PD) response, silicon absorbers with 40 dB attenuation at 780 nm are used.
To verify that the signal and idler are generated at degeneracy, a local oscillator, provided by another 1550 nm laser,
is split into two paths and mixed with both the signal and idler for simultaneous beat-note detection. The resulting
signals are recorded by two fast (12 GHz) photon detectors and analyzed using an electrical spectrum analyzer (ESA)
[Fig. S4(b)].



(a) | Vii
| AWG Vi
1550nm : I
seed laser | Visible pulse
EOM —— EDFA1 — Filter —— EDFA2 —— PPLN
1
1
(b) L e e e e e —————— = ———— -
Visible pulse
Vis pulse pump Vis PD

1t IR PD

*
S0 —D 214 IR PD
'.' ‘:
I

I
| || idler pulse OSA
W) LO[%] au !
Jd N}
. oo~ 1§ oo -R .
ESA

[F]°]

[¥ ¥

=0 @

3 |R PD 4% IR PD

(c)
1550nm . . - - —

—

seed laser | (@) 1

idler pulse

signal pulse | ||

source

rd
3" IR PD 4% IR PD

osc

Extended Fig. S3 — Measurement Setup a, Schematic of the 780 nm nanosecond pulsed laser system. b,
Experimental setup for counter-propagating OPO measurement. SiA represents a silicon absorber used to block
transmitted or reflected residual 780 nm pump light. The first and second infrared photon detectors are slow, while
the third and fourth detectors are high-speed. The local oscillator is another continuous-wave 1550 nm laser with a
fixed wavelength. ¢, Experimental setup for phase measurement of the degeneracy-locked OPO. Here, the local
oscillator is derived from the same 1550 nm seed laser and frequency-shifted by 300 MHz using an AOM.



b
@ Pulse number ®)
04 20 300 = . . T
0.08 m
A 16 200 - ; b
2 5 AW
S | A 12 7§ 100 1
k: 2 A /\
S £
> Q
s 5 of ) @ <
] N4
© | |
4 -100 |+ b
| |
0.4 . . . . 0 200 h [ . . .
0 5 10 15 20 25 0 2m 4 61 8m
Time (ns) Phase delay

Extended Fig. S4 — Phase measurement a, Beat notes of 20 consecutive signal pulses mixed with the
AOM-shifted laser. b, Cross-correlation of the 4th-5th and 6th—7th beat notes from (a), revealing phase delays of
0.087 and 1.117, respectively.

B. Degenerate OPO phase measurement

To measure the phase differences between consecutive signal pulses in the degenerate OPO, 10% of the 1550 nm
seed laser is extracted and sent to a 300 MHz acousto-optic modulator (AOM), while the remaining 90% follows the
optical path shown in Fig. S4(a) to generate the 780 nm pulsed pump.

The AOM-shifted laser is mixed with the generated signal, producing a 300 MHz beat note with a pulsed envelope.
The pump repetition rate is set to 100kHz, with a pulse duration of 50ns. Since the relative phase between the
signal and pump randomly locks to either 0 or 7 upon each OPO initiation, the phase differences between consecutive
signal pulses are also expected to be 0 or 7, provided the pump phase remains stable over one pulse period (10 us).
An oscilloscope records the beat notes, and Fig. S4(a) displays 20 overlaid consecutive beat notes, showing 300 MHz
oscillations with binary phase relationships.

Phase difference is determined via cross-correlation, with the delay at peak correlation corresponding to the phase
changes between successive pulses. Fig. S4(b) presents two example cross-correlation curves, where peak values occur
at phase delays of approximately 0 or 7. The distribution centered around 0 and 7 in Fig. 4(d) of the main manuscript
is attributed to pump phase variations during a single pulse period.

The same data acquisition and analysis procedure is applied to idler pulses.

C. Symmetric second-harmonic generation

To ignite counter-propagating OPO, the initial resonance mismatch A should be optimized, ideally close to zero.
Thus, the preliminary resonance alignment between the pump mode (wp) and the signal/idler mode (w,) is achieved
using a threshold-less symmetric second-harmonic generation (SSHG) measurement. In this process, continuous wave
1550 nm light is injected from both ends of the device, and symmetric SHG outputs are simultaneously monitored.
The chip temperature is adjusted using a heater beneath the chip holder, with the optimal operating temperature
determined by the peak SHG output. The 3-dB temperature bandwidth for SSHG is approximately 0.37°C, as shown
in Fig. S5(a).

Following the initial alignment procedure, we calibrated the nonlinear coupling rate g through SSHG power
measurements in the pump undepleted regime. By fitting the on-chip left-propagating SSHG power as a function of
on-chip pump power, we determined an SHG efficiency of PSHg/PZ? = 19790%/W (Fig.S5(b)), where Psyg and P,
represent the one-sided SHG power and one-sided pump power, respectively. The theoretical expression for the SHG
conversion efficiency is given by:

(S14)

2
PSHG _ g%wb . 2ffea:,b . < 2"€ew,a )
P2 h? 0f +kp \02+nK2)

where go is the nonlinear coupling rate, K4, Keg,a, Kb, and Keq p are the external and total coupling rates for mode a
and b, d, and &, are the mode detunings. By substituting the experimentally fitted values for kez ¢, Ka, Kex,b, and Ky
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Extended Fig. S5 — Symmetric SHG measurement a, Symmetric SHG output power as temperature varies. The
full-width at half~-maximum window is fitted to be 0.37° b, Symmetric SHG conversion efficiency at pump
undepleted regime.

into Eq. S14, and assuming an ideal dual-resonance condition where 6, = §, = 0, we calculate the coupling rate g to
be 0.2 MHz. This result is based on experimentally measured quality factors of Qq in = 7.75 X 105, Qg ez = 5.04 x 106,
Qp,in = 6.10 x 10°, and Qpep = 8.22 10%. The resulted theoretical threshold power for OPO is thus calculated to
be 1.4mW according to Eq. S13, which is consistent in order of magnitude with the experimentally measured value.
The nonlinear coupling rate can be further enhanced by utilizing dss for conversion from the 780 nm TMOO mode to
the 1560 nm TMOO mode. However, the current device exhibits a lower quality factor for the TM00 mode compared
to the TEOO mode, requiring further optimization to improve quality factors for efficient TM00-TMOO conversion.
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