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SUPPLEMENTARY NOTE 1: DENSITY MATRIX FORMALISM FOR THE NONLINEAR RESPONSE

In the presence of external electric and magnetic fields, the Hamiltonian of electrons in a lattice system can take
the general form

H(r 1) :—%[v+i%A(r,t)] LV (1) —edo (r8), (1)

with V (r) being the periodic lattice potential, Ag (r,t) and A (7,t) denoting the electromagnetic U (1) gauge fields.
Here the electric field takes the form E (r,t) = -0;A(r,t) — VAo (r,t), and the magnetic field reads B (r,t) =
V x A (r,t). There are two types of gauge choices to consider the perturbation effects induced by the electromagnetic
fields. One is the length gauge and the other is the velocity gauge. The two have been proved to be equivalent through
a gauge transformation [I]. In this work, we mainly consider the effect of an uniform external electric field, so we
choose to take the length gauge E (t) = -V Aq (7,t) to proceed. In the length gauge description, the Hamiltonian in
Eq. [1] becomes

H(r,t)=Hy(r)+eE(t)-r, with  Hy(r)= —%VQ +V(r). (2)

Since Hy (r) respects the translation symmetry, the eigenstate of H (r) is known to be the the Bloch state. In the
Dirac notation, the eigen equation of the Bloch state reads

FIO |'¢n,k) = En,k |¢n,k> 5 with |¢n,k) = eik-r |un,k> . (3)

Here E,, j is the energy dispersion of the band n, and |u, k) denotes periodic part of the Bloch function. The
corresponding density matrix operator reads

ﬁ _ 1 — Z |d}n,k> (1/1n,k| (4)
0 14 (BT~ &1 4 e(Brk-w)[T"
In an external electric field E (t) = € (w) e™™! + € (-w) ™“*, the coupling between the electrons in the lattice and
the external electric field gives rise to a series of nonlinear order electric current. In the second order, the electric
current density takes the form

Jg () =J,4 (2w) e 12wt 4 Jy (—2w) et 4 J4 (0), (5)
with
Jq (2w) = 04i5 Qwiw,w) & (W) & (w), and  Jg(0) = 045 (05w, -w) & (w) & (—w) + 045 (0; —w,w) & (—w) & (w) (6)

denoting the second harmonic generation and rectification respectively. Here the repeated indices imply to do the
summation. As the external electric field induces nonequilibrium distribution of the Bloch states, the Bloch electrons
start to move away from their original positions, giving rise to electric current in response to the external electric field.
One standard method to deal with the nonliear response of Bloch electrons to external electric fields is the density
matrix formalism [IH4]. Applying the density matrix formalism, we obtain the conductivity of the second harmonic
current
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and the conductivity of the rectification current
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Here fok = (VaklPoltak) = W denotes the Fermi Dirac distribution of the Bloch state |14 k), (121 o B)ab =

flabéab is the Hadamard product, and [A,B]ab =3, (Aachb —Bacflcb) means the commutator. Please note that



we have defined the complex frequency: @ = w +i7~ ' with 7 being a phenomenological parameter that denotes the
relaxation time. In the derivation of Eq. [7]and Eq. [§] we have assumed that the external electric field is adiabatically
switched on [I]. Eq. [7]and Eq. [§indicate that the second order conductivities are given by the trace of a series of
nested commutator. In the calculation, all the operators in the commutators are expressed as matrices in the Bloch
basis; for example, AEp . = Eq 1 — Fb . Specifically, D in the commutator is the covariant derivative operator [I], [].
In the Bloch basis, the matrix elements for a commutator that involves D are

. S e @
[D’S]ab,k:[D’S]ab,k+[D’S]ab,k’ (9)
with
[15, g]i)k = Ok Sabk — IA Ay kSab k. [D7 S]((j))k =~ (Z A kSe ke > gac,kAcb,k) . (10)
? cta c#b

Here gab,k = (¢a,k|5'|wb,k) means an operator in the Bloch basis, Agpx = @ (U k|Okus k) is the non-Abelian Berry
connection, and AAgp k= Aga,k — Avp,k. When a = b, the non-Abelian Berry connection reduces to the Abelian Berry
connection: A, g = i (Ug k|OkUa k). It is important to note that the commutators in Eq. |§| and Eq. all respect
the gauge invariance. With Eq. [0 and Eq. [I0] we are ready to proceed with the calculation of the second order
conductivities in Eq. [7]]and Eq.

SUPPLEMENTARY NOTE 2: THE LONGITUDINAL AND TRANSVERSE COMPONENTS OF THE
NONLINEAR RESPONSE

For the nonlinear current response Jy (w) = 045 (wywi,w2) & (w1) &; (w2), it is known that one can simultaneously
interchange the two fields &; (w1), £; (w2), and such interchange does not affect the result. This is the intrinsic per-
mutation symmetry of the nonlinear conductivity [5, [6]. It can be seen from Eq. [7|and Eq. [8|that both o4 (2w;w, w)
and o4;; (0;w, —w) respect the intrinic permutation symmetry:

Oqij Qwiw,w) = 045 2w;w,w), 0g4ij (0w, —w) = 04;i (0;—w,w) . (11)

However, the output index ¢ is not subjected to any permutation symmetry. By interchanging the output index ¢
with the input indices ¢ and j, one can get both the symmetric and anti-symmetric part of the nonlinear conductivity.
The symmetric part, which we refer to the longitudinal component, is the ordinary Ohm like conductivity, while the
anti-symmetric part, which we refer to the transverse component, is the nonlinear Hall conductivity.

The Longitudinal and Transverse Decomposition of the Second Harmonic Generation

Constructing the longitudinal and transverse components of the nonlinear conductivity basically follows 2 rules: 1)
interchanging ¢ with ¢ and j gives a positive sign for the longitudinal component and a negative sign for the transverse
component in the corresponding interchange channel; 2) the resulting longitudinal and transverse conductivity respects
the intrinsic permutation symmetry. For the conductivity of second harmonic generation, we then found that its
longitudinal and transverse components are constructed as

1
Ugij (2w;w,w) =3 [04ij Qwiw,w) + 0ig; (2wiw,w) + 0jiq (2w;w,w)], (12)
1
U;ij (2w;w,w) =3 [04ij Cw;w,w) — 0ig; (2w;w,w) + 045 (2w;w,w) — Tjiq (2w;w,w)]
1
=3 [204i; Qwiw,w) — i (2w;w,w) — i w;w,w)] . (13)

1
qij
(2w;w,w) and

It is evident that the summation of longitudinal component Ut‘]‘i y (2w;w,w) and the transverse component o ; (2w;w,w)

I I
qij qij
(2w;w,w) respect the intrinsic permutation symmetry. For the longitudinal component ¢ . (2w;w,w), it respects

recovers the second harmonic conductivity: og;; (2w;w,w) = 04, (2w;w,w) + 0y (2w;w,w). Both o
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the overall permutation symmetry for all the indices ¢,4,j. For the transverse component o2, . (2w;w,w), its form can

be further simplified to be

qij

1 . .
qZ] (2W w W) —§ [elqjelaba—aib (2w;wvw) + (Z A -7)]

=€rjqir (W) + (i < j), (14)
where vy (w) = -1

3 €labTaib (2w;w,w) is a rank-2 pseudotensor. Here equ is the Levi-Civita symbol, and the repeated
indices mean to do the summation. The anti-symmetric property of oq” (2w;w,w) when interchanging ¢ with ¢ and
7 is seen to arise from the anti-symmetric Levi-Civita symnbol. As a result, U (2w w,w) constructed in Eq. [13|and
Eq. [[4] corresponds to the Hall conductivity of the second harmonic generatlon

The Longitudinal and Transverse Decomposition of the Rectification

One can decompose the rectification conductivity og;; (0;w,—w) in the similar way to obtain its longitudinal and
transverse components. However, since the permutation symmetry of ¢, j in 04, (0;w,-w) is associated with the
frequency index, the decomposition becomes a bit more complicated. For the rectification conductivity oq;; (0;w, —w),
the intrinsic permutation symmetry and the reality condition implies [5, [6]

Oqij (O;UJ, —UJ) = 0Ogqji (O; —UJ,UJ) = [O'qji (O;w7 —w)]* y (15)
80 04ij (0;w,-w) is Hermitian in the latter two indices. As a result, one can first decompose o4;; (0;w, —w) as
qij (05w, ~w) =ngi; (W) +irgij (w) (16)
with
1 1
Maij () = 5 [04ij (03w, ~w) + 0g5i (Gw,~w)], #igij (@) = =5 [04ij (03w, ~w) = 0gji (00, ~w)]. (17)

Here 74,5 (w) = 1¢ji (w) denotes the linear photo-galvanic effect, while xg;; (w) = —kg;; (w) denotes the circular photo-
galvanic effect [7]. The longitudinal and transverse decomposition of 7,;; (w) follows exactly as what has been done
in the second harmonic generation:

=5 D () iy () i )], () = 5 20455 @) =y () =15 ()] (18)

For the circular photo-galvanic conductivity kq;; (w) that is anti-symmetric in ¢ and j, we know that it can be further
simplified as

0l ()

Raij (W) = = 5 €tij €labTgab (0w, —w) = ~5€tisVig (W), with vy (w) = €abogab (0,w,-w). (19)

Here v, (w) is a rank-2 pseudotensor that can be decomposed into symmetric part v, (W) = 1 [vig (w) + v (w)] and

anti- symmetric part vy, (w) = [ulq (w) —vg (W)] = €lgmPm (W) with py, (w) = emlqulq (w). It is important to note

that vy, (w) can always be diagonahzed through an orthgonal transformation. Let us choose the coordinate that makes
vy, (w) diagonalized as vy, (w) = ay (w) © 614, and then transverse component of kg;; (w) is found to take the form:

i i
Fgij (W) == —§€lisz+q (W) = =S eqij o aq (W) (20)

Substituting v;, (w) = €gmpm (w) into Eq. we find it gives the longitudinal componenent of kg;; (w):

1 )
_ielijflqmpm (w) = —5 [5z'qu (W) - 5jqpi (w)] . (21)

It is clear that r;; (w) in Eq. 1s anti-symmetric in all the three indices, while Ii i; (W) in Eq. is symmetric when
interchanging ¢ Wlth i and j. As a result, Eq. . 20| and Eq. 21] indeed correspond to the longitudinal and transverse
components of rg;; (w) in Eq. . With Eq. |18 Eq. m 20] and Eq. we are able to decompose the rectification
conductivity o4i; (0;w —w) into longitudinal and transverse components:

1 -
qz] (w) §€lljqu ((JJ) =

qv] (0w, -w) 77(11,] (w) + qu (w), O—tjiij (0w, -w) = 7731']' (W) + méij (w)- (22)
In recent experimental studies [8H22], since the nonlinear Hall effect is mainly identified through the second harmonic

generation that is perpendicular to the applied electric field, we will focus on the Hall conductivity O' (Zw w,w) of
the second harmonic generation in this work.



SUPPLEMENTARY NOTE 3: THE HALL CONDUCTIVITY OF THE SECOND HARMONIC
GENERATION

Combining Eq. [, Eq. 0} Eq. [[0] Eq. [I3] and Eq. [I4] we calculate the Hall conductivity of the second harmonic
generation and find that in the presence of time reversal symmetry, its explicit expression is composed of 4 terms

ot (2wiw,w) =eijq [157 (@) + AP (@) + 75 (@) + 95 (@)] + (i = ). (23)

The 4 terms are integrations of products between frequency dependent quantum geometric quantities and frequency
dependent form factors. The first term takes the form

(1) (UJ f Zak fa k Z (ZAac kX Aca k-)g gac k (W) (24)

c*a

with
3 yho =
& ¢ T e e ]
WO ()= | . B ) 25
& () 2h [h(l —iwT)  h2@2 - (AEac,k)2 4h?w? - (AEGC”“)Q .
The second term has the form
(2) (w) = / Z Ja, kl Apeke (3k x Acq k) - (5k x Aac,k)l Ai@k + Ok, (Aqek % Acmk)l] Yac, k (@), (26)
a, c*a
with
o 3%2-3
98 () = 2226 2 2]’ 0
; [h%Q ~(AEuek) ] [4h2w2 - (AEqck) ]
The third term is
(3) (W) / Z fa k ac,k X Aca,k)l AEaCykaki AEank] ac k: (OJ) (28)
a, c*a
with
1363203 (81202 - 5 (AEaer)?
ii)k (w) = [ ] .

2 2"
(40202 = (ABack)’ ][22 = (ABacs)’]
The fourth term reads

(4) (W) f Z [Aicl,k: (iAac,k’ X Acm,k)z - Ailc,k (iAaq,k x Aca,k)l] [fa k'gaccl k (W) fc kgccla k ( )]

a,c*a,c1#c,c1+a

with
3

0 ) =2 : : : (30)
acq k 6 (h@ - AEac,k) (2]’1@ - AEacl,k:) (hw + AEac,k) (Qh@ + AEacl,k)

and

(5) (w )_w[ 1 + 1
Jecrak 6 | (ho = AFE.c, 1) (2ho = AFcu )  (h@ + AEce, k) (20 + A4 1)
+ L + ! ]
(h@ - AEccl,k) (h(:) + AEca,k) (h(:) + AEccl,k) (h@ - AEca,k)

(31)

Here the superscript ¢ in AZ .k denotes the spatial component, the subscript [ also denotes the spatial component, and

O is the generalized derivative operator [3]: 5k5’ab7k = (O —1AAgp k) Sab k- It is clear that v, (1) (w) in Eq. accouts
for the Fermi surface contribution, so it vanishes in an insulator. However, the remaining 4 terms are integrations
over the occupied states and they are generally nonzero at finite frequency, leading to the nonlinear Hall effect in
insulators. In fact, at the frequency near resonance, the nonvanishing nonlinear Hall conductivity in insulators is
consistent with the breakdown of Kleinman symmetry in nonlinear optics [Bl 6, [23].



SUPPLEMENTARY NOTE 4: THE BREAKDOWN OF KLEINMAN SYMMETRY AND THE
NONLINEAR HALL EFFECT

In nonlinear optics, the Kleinman symmetry states that when the driving frequency is far below resonance, the
indices of the nonlinear susceptibilities can be arbitrarily permuted [Bl 6, 23]. For the optical second harmonic
generation Py (2w) = €yXqij (2w;w,w) & (w) & (w), it means that in far off-resonance, the indices of xg;; (2w;w,w)
respect the overall permutation symmetry. However, it is known that the Kleinman symmetry is an approximated
symmetry that holds when the frequency dependence of the nonlinear susceptibility is negligible [5,[6]. Near resonance,
the susceptibilities exhibit strong frequency dispersive properties, so the index ¢ is no longer interchangeable with
the indices ¢ and j. The anti-symmetric part when interchanging ¢ with ¢ and j corresponds to the nonlinear Hall
effect. According to the definition J (¢) = dP (t) /dt, the conductivity and the susceptibility of the second harmonic
generation respect the intrinsic relation:

0gij (2w;w,w) = —i2wepXqij (2w w,w) , (32)

80 04i; (2w;w,w) follows exactly the same form as xgi; (2w;w,w) and also has the finite Hall component as that of
Xqij (2w;w,w) near resonance.
In the contracted notation, the optical second harmonic generation has the form [5] 6]

£ (w)
52
P, (2w) dir diz dig dia dis dis & EZ;
By (2w) | =eofdar daz day dag das dag |50 (;)5 (w) I’ )
P.2w)]  \dat dsz dsy daa das dao) [ 50" (55 ()
28, (w) &y (w)

with
dll =Xzzz d12 = Xzyy d13 = Xzzz d14 = Xzyz d15 = Xzzz dlﬁ = Xzzy d21 = Xyzz d22 = Xyyy d23 = Xyzz (34)
doy =Xyyz das = Xyzz dog = Xyzy d3; = Xzzx d3o = Xzyy d33 = Xzzz d3y = Xzyz d3s = Xzzxz dse = Xzzy- (35)

Here x;;, with 4,7,k = z,y, z stands for the second harmonic susceptibility x;;x (2w;w,w), and the contracted suscep-
tibility d; is also frequency dependent (the frequencies are not written out for simplicity in notations). Constructing
the longitudinal and transverse components of x4i; (2w;w,w) follows exactly Eq. and Eq.

1
Xgij (2w;w,w) =3 [Xqij Qw;w,w) + Xigj (2w;w,w) + Xjig (2wiw,w)], (36)

1
Xgi; (2w;w,w) =3 [2Xqi5 (2w;w, W) = Xigj (2w;w,w) = Xjiq (2w;w,w)], (37)

so combing Eq. 33]- Eq. we obtain the longitudinal and transverse components of the contracted second harmonic
susceptibility matrix:

3d11 dio +2dos dyz+2d3s dig +dos +dgs  2dis5 +d3y 2dy6 + d21

1
dl‘ll :§ d21 + 2d16 3d22 d23 + 2d34 2d24 + d32 d25 + d14 + d36 2d26 + d12 s (38)
ds3y +2dy15 dso +2das 3dss 2d34 + dos 2d3s +diz  dse +dos +dig
and
1 0 2(di2 —dos) 2(diz—dss) 2dia —das — dse dys — d31 dys — do1
=212 (da1 - dig) 0 2 (da3 — daa) doy — d32 2das — d14 — d3g dog — d12 . (39)
2(ds1 —dis) 2(ds2 —das) 0 d34 — da3 dss — di3 2d36 — d1a — das

It is clear to check that d;; = dlll +dj;. It is known that materials belonging to the 20 piezoelectric point groups can
exhibit the second harmonic generation [5] 6, 24], and the specific forms of the second harmonic susceptibility tensor
are listed in Table [I With the help of Eq. and Eq. we also get the forms of the longitudinal and transverse
components of the second harmonic susceptibility tensor for the 20 piezoelectric point groups, which are lsited in Table
and Table [3] We find that finite Hall component (or the transverse component) of the second harmonic generation
is allowed to exist in 16 point groups: C,,, Cp., Dy, Dog and Sy, with n=1,2,3,4,6 and n’ = 2,3,4,6. For the media
belonging to the 16 point groups, the symmetry dicated that its second harmonic generation susceptibility always
invovles the Hall component, and whether the media is an insulator or a metal does not matter. Near resonance, as
the Kleinman symmetry breaks down, the Hall component of the second harmonic generation becomes significantly
nonzero, indicating that the nonlinear Hall effect generally exists in insulators that belongs to the 16 point groups.
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Supplementary Fig. 1: (a) The AB stacked (Bernal) bilayer graphene before adding the uniaxial strain. A z-directional electric
field F, is applied to induce a potential difference between the two layers. All the hoppings between the carbon atoms are
labeled. (b) The top view of the Bernal bilayer graphene under uniaxial strain. The uniaxial strain is applied along the zigzag
direction. The system respects the C1, point group symmetry. (c) The band dispersions of the strained Bernal bilayer graphene.
The uniaxial strain is set to be € = 0.03. The dispersions are plotted relative to the K valley: §k; = k; — K. In the energy
spectrum, a gap of A =84 meV is introduced by the z-directional electric field.

SUPPLEMENTARY NOTE 5: THE NONLINEAR HALL EFFECT IN A GAPPED BERNAL BILAYER
GRAPHENE

In the below, we choose the gapped Bernal bilayer graphene under uniaxial strain to demonstrate the nonlinear Hall
effect in an insulator. The Bernal bilayer graphene originally belongs to the D34 point group. Applying a z-directional
electric field reduces the symmetry from D3y to Cs,. The z-directional electric field can open a gap of 0 ~ 0.25 eV in
the energy spectrum of the Bernal bilayer graphene [25H28]. In a dual gate device, the chemical potential becomes
gate tunable so that one can tune the chemical potential into the gap and make the Bernal bilayer graphene become
insulating. Further applying a uniaxial strain breaks the C3 symmetry, so the biased Bernal bilayer graphene becomes
an insulator that falls into the 16 point groups that allow the nonvanishing nonlinear Hall effect. As shown in Fig.
the uniaxial strain in our model is applied along the zigzag direction (z-direction), so the Bernal bilayer system in
our model respects the Cp,, symmetry. The only remaining symmetry is the in-plane mirror that maps x to —zx.

The Hamiltonian of the Biased Bernal Bilayer Grphane under Uniaxial Strain

The Bernal bilayer graphene is AB stacked as depicted in Fig. [1| In the basis of (|4, k), VB, k) [Vas k) VB k),
where the subscript 1,2 denotes the layer index, one can write down the tight binding Hamiltonian of the Bernal

bilayer graphene as [29, [30]

hn (kg +)A0 ( f;o (k) hy (k) hs gkg
Wi (k) hy (k) + Mg+ A t hy (K
HE =l 2y T (k) —Bos A (k) (40)
h; (k) hj (k) hg (k) hy (k) - Ao

Here t, denotes the vertical hopping, A and A’ are the layer dependent potential induced by the z-directional electric
field. Other matrix elements in the Hamiltonian have the form

ho () = — to1%1 — tg9e7 802 — g5k
hy (k) =-2ty1cos (k-a}) - 2ty, cos (k- ab) — 2ty, cos (k- a}),
ha (k) = =ty €™ — t15e™%% — 45¢7%

. ’ . ’ . ’
h3 (k) - _ t31e—zk~51 _ t32e—zk‘52 _ t33€—1k-53 )

41
42

43

(
(
(
(44

)
)
)
)

The hopping parameters and the lattice site vectors are all modified by the uniaxial strain. Before adding strain,

the lattice vectors connecting the nearest neighbor carbon atoms in the same layer are §; = (0,1)d, 2 = (—ﬁ —1) d,

03 = (@, —%) d, and those connecting the next nearest neighbor carbon atoms in the same layer are a; = v/3 (l ﬁ) d,

as = \/g(—%, ?) d, a3 = —\/5(1,0) d. Here d = 1.42A denotes the distance between the neighboring carbon atoms.



For simplicity, we consider a homo-uniaxial tensile strain applied to the Bernal bilayer graphene. The strain tensor
takes the form

(45)

£oc cos? 0’ —vsin?@’ (1 +v)cosf sinf’
T\ (1+v)cosf'sing sin?0 —vcos?d' |’

with € denoting the strain amplitude and v = 0.165 being the Poisson’s ratio in graphite [31]. Here 6’ is the angle
between the strain applied direction and the zigzag direction (a-direction). As the uniaixal strain we considered is
along the zigzag direction, the angle is set to be 6’ = 0 in the simulation. After applying the uniaxial strain, the three
nearest neighbor bonding vectors become

y (1+&m Exy \([O b (14 Ee Euy [~ y (14 Euy V3
61_( Eya “Eyy)(l)d’ 52_( Eyz 1+ &y —§ b0t Eya 1+&y, —2% * (46)

and the three next nearest neighbor bonding vectors are changed to be

b (146 Eny : b (14E Ewy \[-3 b (14 & Emy \[-1
(e ity ) (v w (i ) (g) e (e T )(O) e

2
The hopping changes induced by the homo-uniaxial tensile strain are

to; = toeiﬁo[‘aj‘il]y tn; = tNeiﬁN[ljé‘lfl]’ ty; = t4€754[‘5;|71], t3; = t3€763[|§‘71] (48)

where tg, ty, t4 and t3 are the hopping parameters before adding strain. Here 8y = 2 and By = 84 = B3 = 1 are the
Griineisen parameters [30, [32] 33]. All the tight binding parameters before adding strain are set to take the values
to=3.16eV, iy =0.3eV,t, =0.38 eV, t,=0.14 eV, t3 =0.38 eV, A =0.05 eV, A’ =0.022 eV [26, 27, 29, [30} 34, B35].
With the given parameters, one can plot the band dispersions of the biased Bernal bilayer graphene under the uniaxial
strain € = —0.03, which is shown in Fig. [I] (¢).
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Supplementary Fig. 2: (a) The z’ direction polarized input electric field and the resulting second harmonic generation P (2w) =
[Py (2w), Py (2w)]. The angle between the 2’ direction and the z direction (zigzag direction) is 6. In the second harmonic
microscopy, one can fix the input electric field polarized in the z’ direction and rotate the electric field polarization in the Bernal
bilayer graphene plane to measure the second harmonic generation intensities in the parallel 2’ direction and the perpendicular
3y’ direction respectively. In this way one can obtain the intensity of the secomd harmonics as a function of the polarization
angle. (b) The polarplot of the second harmonic intensity from a biased Bernal bilayer graphene with no strain. (c) The
polarplot of the second harmonic intensity from a biased Bernal bilayer graphene under a uniaxial strain applied along the
zigzag direction. The second harmonic intensity is determined by the polarization of the second harmonics: [,/ o< PQ?,, JAS P;,.
Here the driving frequency is set to be hw = 40 meV in the simulation.

Symmetry Analysis for the Second Harmonic Generation in Bernal Bilayer Graphene

For the Bernal bilayer graphene under a uniaxial strain applied along the zigzag direction (z-direction), Table
tells that an electric field polarized in the = -y plane gives a second harmonic generation of the form

& (w)
Py (2w) — ¢ 0 0 —x(w)+d (w)+ds(w) z N
(Py (2@) = 0(_X (w) + 61 (w) =285 (w) X (w) 0 ) 25;(651)(53 © : (49)



Here x (w) denotes the second harmonic generation before adding strain, while ¢; (w) and d3 (w) correspond to the
second harmonic generation arising from the Cs symmetry breaking induced by the uniaxial strain. It is clear to
see that xpey 2w;w,w) = —x (W) + 01 (w) + 62 (w) and xyee (2w;w,w) = —x (W) + 01 (w) — 202 (W), S0 Xgzy (2w;w,w) #
Xyze (2w;w,w) as long as d (w) # 0. As a result, the key to detect the nonlinear Hall effect in this system is to
measure the difference between x;qy (2w;w,w) and Xyz. (2w;w,w).

The first step is to identify the crystalline axis. In a polarization resolved second harmonic microscopy setup [36H38],
the polarization direction can rotate in the graphene plane (see Fig. , so one can measure the intensity of the second
harmonic generation as a function of the polarization angle to identify the crystalline axis of the material. Let us set
2’ and 3’ to be the direction parallel and perpendicular to the polarizatioin direction respectively. Then the intensity
of the second harmonic generation measured along the 2’ and v’ direction becomes

Iy o< P2 (2w) =63 Ey, (w) [-x (w) sin 36 + 361 (w) cos® Osin 9]2 ) (50)
2
I o< Py2, (2w) :egE;l, (w) [—X (w) cos 36 + 351 (w) (cos @+ 3cos) — 255 (w) cos 9] , (51)

where 6 denotes the angle between x’ and the zigzag direction (z-direction). Before adding strain (e = 0), as the
polarization direction rotates in the graphene plane, both sz, (2w) and Pyz, (2w) exhibit the C3 symmetry as shown in
Fig. |2 (b). After the uniaxial strain along the zigzag direction (x-direction) is applied, the C3 symmetry in the polar
plot of I,/ o< P2 and Iy o< Py2, disappears. As can be seen in Fig. [2[ (¢), when the polarization direction is parallel
to the zigzag direction, I, is maximal while I, is the minimum. When the polarization direction is perpendicular
to the zigzag direction, I,s gets the minimum value but I, is the maximum. Such feature of the second harmonic
generations in the polarplot identifies the zigzag direction of the strained Bernal bilayer graphene.

As the zigzag direction of the strained Bernal bilayer graphene of the Cq, symmetry can be identified by the
polarization resolved second harmonic microscopy, one can proceed to detect the signature of the nonlinear Hall
effect. One can first apply an electric field polarized in the z-direction: &€ (w) = (1,0) € (w) and then measure the
second harmonic generation in the y direction

Py (2w) = €oXyaa (2w3w,w) & (W) = €0 [~x (w) + 01 () = 282 (w)] € (W) (52)

Then one can apply the electric field that polarized in the angular bisector line of the x and y direction: & (w) =
% (1,1) £ (w) to measure the second harmonic generation in the x-direction:

P:I: (20‘)) = €0Xzxy (2"'};"'}7"'}) 2596 (W) gy (UJ) =€ [_X ((U) + 61 (w) + 62 (OJ)] 82 (W) . (53)

It is evident that a nonzero ds (w) gives different values for the second harmonic intensities I, o< P2 (2w) and I, o
Py2 (2w) measured in this way. The deviation between I, and I, identifies the anti-symmetric nature of the nonlinear
Hall effect.

The Explicit Expressions for the Nonlinear Conductivities in the Biased Bernal Bilayer Graphene

In a two dimensional material, the Hall component of the second harmonic generation is given by
Py (2w) =[ejgYa (W) + (i < )] & (w) €5 (w) (54)

with 4, (w) = ﬁ’m (w). As the electric polarization is constrained in the -y plane, we can write the Hall component
of the second harmonic generation in Eq. explicitly out

L ~ ~ & (w)
(le (Qw)) _ ( i 0 -2%y2 (w) oz (w)) £2 () - (55)
Py (2w) 22z (W) 0 Vyz (w) 28, (g)) g, (w)
Comparing Eq. [55 with Eq. 9] we obtain
1
Xi’m’y (2w;wvw) == §X;zz (20');0')70‘}) = _’?‘”L’Z (2UJ;UJ,OJ) = 62 ((.U) ) (56)
Xﬂcmy (2w;w7w) zxylaca: (2w;w,w) ==X (w) +01 (w) ) (57)

le‘yy (2w w,w) =xyyy (2wiw,w) = x (w). (58)
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Specifically, Eq, [56] clearly reveals the anti-symmetric nature of the Hall component of the second harmonic suscepti-
bility.

For the strained Bernal bilayer graphene of the C;, symmetry, the nonlinear Hall conductivity is determined by
Yoz (2w;w,w). According to Eq. we know that 7, (2w;w,w) is composed of 5 terms:

Yoz (W) =9 (W) + 782 (w) + 78D (W) + 9 (W) + 42 (), (59)

and the explicit expression of each term takes the form

W @)= [ Dhfur D (A x Aca). 850 () (60)
c*+a
Va(czz) (w) f Z fa kZ ac k (819 x Aca k) (ak X Aac,k:)z Agcﬁa,k: + 3km (Aac7k X Aca,k) ]gac k ( ) ’ (61)
a, c*a
x?z) ( ) f Z fa k [ (Aac kX Aca k) AE’ac kak AE,. k:] Yac, k (UJ) (62)
a, c*a

'Ya(ci) (w) = [ Z [Aﬁcl,k (iAgck X Acyak), — Aflc,k (iAqe; ke % Aca,k)z] [fa kgaccl k(W) - fe, kgiil)a,k: (W)] .

a,c#a,c1#c,c1#a
(63)

The nonlinear Hall conductivity is then given by o7, (2w;w,w) = —%G;M 2w w,w) = =7z, Cw;w,w).

x10* %107 1
2 . . .
(a) 0.4 —=0.01 -
15 —¢=0.01
02 =0.03 '
o . 10 444_*4_____===ﬁ:
T, 0
2 0
..s? R -1
0.2
2
)
04 3 . . .

30 35 40 45T 50 55 60

5L (nm hw (meV)
120

100 | | | ((l)

110

w

Yoo (nm?%/V)

o

50

s : _
£ AE E 100
i
s 2 -
-50 0
-
100
‘ , ‘ ‘ 80
(c) 0 0.2 0.4 0.6 0 0.2 0.4 0.6
Sk, (nm™') Ok, (nm~1)

Supplementary Fig. 3: (a) The k space distribution of 7., (w, k). The unit of v, (w, k) is mA-nm?/V2. The driving frequency
is set to be hw = 40 meV and the strain amplitude is € = 0.03. The nonzero v (k,w) is found to mainly concentrate around the
K. The black line denotes the Brillouin zone boundary. (b) 7. (w) as a function of Aw. As strain amplitude increases, vz, (w)
that determines the nonlinear Hall conductivity also increases. Given e = 0.01, the nonlinear Hall conductivity can reach 200
nm?/V in the slightly off-resonant regime. The green arrows indicate the 3 local optimal values of 7., (w). (c) The Mexican
hat like bands of the biased Bernal bilayer graphene under uniaxial strain. The band dispersions are near the K valley with
0kz = kz — Kz. (d) The energy difference between the empty conduction band and the occupied valence band. The green arrows
label the 3 local optimal values of AE (k).

For the longitudinal component of the second harmonic conductivity, there are three terms: me (2w;w,w),
aym (2w;w,w) and ayyy (2w;w,w). The first two terms are equivalent: omy 2w;w,w) = a”ﬁ(Qw,w,w), S0 one

only needs to calculate two terms: Umy (2w;w,w) and O’yyy (2w;w,w). Combing Eq. |7|and Eq. |12} we have
my (2w; w,w) Uﬂz(;) (2w;w,w) + aﬂ’m(j) (2w;w,w) + agll’m(g) (2w;w,w), (64)



11

with
Sl (1) ¢’
Oy’ (2wiw,w) =- thm /fa %Ok, Ok, Ok, Eaok, (65)
ﬂ‘l ) (Qw w w) Y f Z f“ k ( ac, kak Aca k ékwAgc,k ' Aza,k + Agc,kékwA - 8/6 ac,k Z;a,k
a,cta
AL kO, Ay = O, AL g AZ, 1) gb ) 66
+ ac,kYky cak: ky c,k ca.k ack(w)v ( )
l:c(;) (20‘) w OJ) = / Z fa k a(' k ccl kAcla k + Aacl kAclc kA(»a k + Aac kAccl kAcla k + Aac1 kA('l(' k;AI Jk
AT AT LAY+ AY AT AT ) gl ) 67
+ ac,k**cey,k acy,k*‘cic,k* cak accl k(w) ( )
and
yyy (2w;w,w) Jl‘/‘y(;) Quw;w,w) + UL‘;/(yQ) Qw;w,w) + UM;) 2w;w,w), (68)
with
II,(1 . _
@Jy(y) (2w;w,w) =~ %(1 zwr) ffa kOk, Ok, Ok, Ea k., (69)
O.?ll%!(y?) (2(.0;(4}7(.0) = f Z fa,k: Aac,k‘ékyAcha,k - éky141w k AZcJa k) tllc(2k) (w) (70)
” (3) (2w w w) f Zfa, ac k ccl kA a,k + Aacl kAzlc kAzc/a,k) lec(ci)k (w) (71)

Here the frequency dependent form factors are

” (2)( ) 3 3w B 3w B o (72)
Jac.k 2= (AEuer)’ ("0 -AFEuk) (20 -~ ABack) (ho+ AEuck) (2hi + ABack)’
and
H (3) ( ) B €3 N €3
Jacer k (h = ABuer) (200 — AEu, ) (hwo + AFEue k) (200 + ABqc, k)
e 3 (73)

(A&~ ABaer) (2h - AEoop) (h@ + ABaer) (2hio + AE, o p)

As Eq. Eq. involve both the transverse (Hall) and longitudinal components, the conductivity of the sec-
ond harmonic generation can then be obtained: 04y (2w W,Ww) = Oy (2wiw,w) + amy (2w;w,w), Tyze Cwiw,w) =

Oee (2050, W) + aym (2w;w,w), and oy, (2w;w,w) = ayyy (2w;w,w). With Eq. we can obtain Xgzy (2w;w,w),
Xyzz (2w;w,w) and Xyyy (2w;w,w) accordingly. In our calculation, since we focus on the insulating state with no
Fermi surface, we take the relaxation free limit 7=' — 0* to perform the calculation.

In Fig. 3| (a), we plot V. (w, k), which shows the k space distribution for the integrand of v, (w) in Eq. It is
clear to see that nonzero 7, (w) mainly concentrate around the K (and -K) valley. In Fig. [3| (b), we plot .. (w) as
a function of the driving frequency. As the uniaxial strain amplitude increases, the C3 symmetry gets more broken
so that 7, (w) increases. It is noteworthy that 7., (w) can reach 200 nm?/V given a small strain amplitude € = 0.01.
From Fig. |3| (b), one can find that v, (w) has 3 local optimal values. Those 3 local optimal values stem from the
Mexican hat shape of the bands as seen in Fig. [3| (¢). The energy difference between the empty conduction band and
the occupied valence band is plotted in Fig. [3[ (d), which shows 3 local optimal values in AFE (k) as well. Each time
when the frequency 2hw approaches to one local optimal value of AFE (k) labeled by the arrows in Fig. [3| (d), the
corresponding second harmonic generation gets accordingly optimized. Therefore, as the driving frequency increases
from zero, the resulting second harmonic susceptibility 7,. (w) increases to reach the first local maxima, then decrease
to reach the local minima, and finally reach the second local maxima, as depicted in Fig. 3 (b) and Fig. 2 (c). A
supplementary video is attached to show how 7, (w, k) evolves with the driving frequency.
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Supplementary Table 1: The 20 piezoelectric point groups that allow the second harmonic generation. The corresponding forms
of the second harmonic generation susceptibilities are presented in the contracted notation.

Point group Contracted matrix d;; Coordinate notation
di1 diz2 diz dia dis dis
C1 do1 dog dos doy dos dog arbitrary

d31 d32 d3z das dzs dse

0 0 0 disa O dis
Ca da1 daz dos 0 das O 2-fold rotation along y
0 0 0 dsa O dss

0 0 0 0 dis dis

Cin=0Cs = Chy do1 dog dog dog O O in-plane mirror z — —x
ds1 ds2 d3z dsa 0 O
C 8 8 8 d24 d(1)5 8 2-fold rotation along z,
v dsy dso dss O 0 0 in-plane mirror z - -z, y - -y
00O0da 0 O
Dy=V 000 O dos O three 2-fold rotation axes along z,y, z
000 O O dss
dir —din 0 dia dis —do22
Cs —d22 daz 0 dis —dia —du 3-fold rotation axis along z
d31 d31 d3z O 0 0
D dél _Céu 8 dé4 _3 —c(l) 3-fold rotation axis along z,
3 0 0 0 0 014 011 2-fold rotation axis along =
C ( 3 dO 8 dO d65 _%22) 3-fold rotation along z,
3v —d22 d22 15 . .
-plane mirror: x —» —x
dsi dsi dss 0 0 0 P
0 0 0 dis dis O
C4,Cs 0 0 0 dis —-dia O rotation axis along z
d31 d31 dsz O 0 0
0 0 0 dig -dis O
S4 0 0 0 dis dia O improper rotation axis along z
d31 —d31 0 0 0 d36
00 0 0 ds0 rotation axis along z
Caw, Cov dO dO dO dés 8 8 in-plane mirror: © — —x
31 d31 ds3
DuD 8 8 8 d(1)4 —c(l) 8 4-fold,6-fold rotation axis along z,
4,6 000 0 014 0 2-fold rotation axis along x
Doi = V. 8 8 8 6%4 dO 8 three 2-fold rotation axes along x,y, z,
24 = Vd 000 0 64 dao in-plane mirror z - y,y -«
din —din 0 0 0 —doo
Csp = S3 —da2 dos 0 0 0 —din 3-fold rotation axis along z
0 0 000 O
D —c(l) dO 8 8 8 7%22 3-fold rotation axis along z,
3h 22 022 000 0 2-fold rotation axis along y

0 0
000da 0 O

T, T 000 dia O (x,y,2) along crystal axis (a,b,c)
000
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Supplementary Table 2: The longitudinal components of the second harmonic generation susceptibilities in Supplementary
Table[l] The contracted matrix forms of the longitudinal second harmonic generation susceptibilities are constructed from Eq.

The coordinate choice is the same as Supplementary Table

Point group

Contracted matrix dj

di2 +2dze di1z +2d3s dia + das + dze 2d15 + d31 2d16 + d21
Ch $|dar+2die 3dz2  doz+2dza 2doa+dza das+dia+dzs 2dos +dio
d31 +2d15 d32 +2daa 3d33 2d34 + da3 2d3s +diz  dse +d2s +dia
0 0 0 d14 + d25 + d36 0 2d16 + d21
Co d21 +2d1s 3d22 da3 +2daa 0 das + d14 + d3e 0
0 0 0 2d34 + do3 0 dse + dia + dss
0 0 0 0 2d15 + d31 2d16 + d21
Cin=0Cs =Chy 2d16 + d21 da2 d23 +2d3s 2d24 +d32 0 0
2d15 + d3z1 2d24 + d3o 3ds3 dos + 2d34 0 0
0 0 0 0 2d15 + d31 0
Ca i 0 0 0 2doa +ds2 0 0
d31 + 2d15 d32 + 2doy 3d33 0 0 0
000 d14+d25+d36 0 0
Dy =V % 000 0 dos + d14 + dsg 0
000 0 0 dse + d1a + das
3d11 -3d11 0 0 2d15 +d31 —3da2
03 1 —3d22 3d22 0 2d15 + d31 0 —3d11
d31 + 2d15 d31 + 2d15 3d33 0 0 0
din -din 000 O
Ds 0 0 000 —dy
0 0 000 O
0 0 0 0 2d15 + d31 —3da2
Csy % —3da2 3da2 0 2dis +ds1 0 0
d31 + 2d15 d31 + 2d15 3d33 0 0 0
0 0 0 0 2d15 + d31 0
04, CG % 0 0 0 2d15 + d31 0 0
2d15 + d31 2d15 + d31 3d33 0 0 0
0 0 0 2d14 + d36 —2d15 + d31 0
S4 % 0 0 0 2d15 - d31 2d14 + d36 0
d31 - 2d15 —d31 + 2d15 0 0 0 d36 + 2d14
0 0 0 0 2d15 +d31 O
C4v7 0611 % 0 0 0 2d15 + d31 0 0
d31 + 2d15 d31 + 2d15 3d33 0 0 0
0000O00O0
Dy, Ds 0000O0O
0000O00O
000 2d14 + d36 0 0
Dzd = Vd % 000 0 2d14 + d36 0
000 0 0 dse +2d14
din —=din 0 0 0 —da2
C3n =53 —da2 d22 0 0 0 —diy
0 0 000 O
0 0 00 0 —da2
D3y, —d2a da2 000 O
0 0 000 O
000dsa O O
TdvT 000 0 d14 0
000 O O diu
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Supplementary Table 3: The transverse components of the second harmonic susceptibilities in Supplementary Table The
contracted matrix forms of the longitudinal second harmonic generation susceptibilities are constructed from Eq. [39] The
coordinate choice is the same as Supplementary Table

Point group

Contracted matrix d, i

0 2(di2 —das) 2(diz—dss) 2dia —daos — dze dis — da1 di6 — da1
Ch 212 (da1 - die) 0 2 (da23 — d3a) daa — d32 2da5 — d1a — d3e d2e — di2
2(ds1 —dis) 2(ds2 —daa) 0 d3q — da3 d3s — di3 2d36 — d14 — das
0 0 0 2d14 — d25 — d3e 0 di6 — d21
Co 2| 2(da1 —dis) 0 2(das —dsa) 0 2da5 — d14 — d3s 0
0 0 0 d34 - d23 0 2d36 - d14 - d25
0 0 0 0 dis —ds1 die — d21
Cin=Cs =Chy % 2(d21 - d16) 0 2(d2s — dsa) doa —ds32 0 0
2(ds1 —dis) 2(ds2 —d24) 0 dz4 —da3 0 0
0 0 0 0 dis —ds1 O
Cay i 0 0 0 d2a - ds2 0 0
2(d31 —d15) 2(d32 —d24) 0 0 0 0
0 0 0 2di4—dos —dse 0 0
Dy =V % 000 0 2das — d14 — dsg 0
000 0 0 2d36 — d14 — dos
0 0 0 3dia dis —ds1 0
Cs % 0 0 0 dis—ds1 -3disa O
2(ds1 —dis) 2(ds1 —dis) O 0 0 0
000da 0 O
Ds 000 O -dis O
000 O 0 0
0 0 0 0 dis —dz1 O
Csy % 0 0 0 dis —ds1 0 0
2(ds1 —dis) 2(ds1—dis) O 0 0 0
0 0 0 3d14 dis —ds1 O
C4,Cs i 0 0 0 dis—dsi —-3dia O
2(ds1 —di5) 2(ds1—dis) das 0 0 0
0 0 0 dis—dse —dis—ds1 0
S4 % 0 0 0 d15 + d31 d14 - d36 0
2(d31 +d15) -2 (d31 +d15) 0 0 0 2(d36 —d14)
0 0 0 0 dis —ds1 0
Cav, Cou i 0 0 0 dis—ds1 0 0
2(ds1 —dis) 2(ds1 —dis) O 0 0 0
000da 0 O
D, Dg 000 0 —dy 0
000 O 0 0
00 0 dig—dss 0 0
Doy =Vy % 000 0 di4 — dsg 0
000 0 0 2(dss—dus)
0000O0O
C3n =53 0000O0O0
0000O0O0
0000O0O0
D3y, 0000O0O
0000O0O
0000O0O
To, T 000000
0000O0O
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