
SUPPLEMENTARY MATERIAL

Numerical Simulations

This section implements Monte Carlo simulation on different data generation processes to evaluate the performance of our

proposed method in comparison with other state-of-the-art approaches. We adopt the Gaussian kernel function in our KTCS

method and set the hyper-parameters according to the suggestions in1. The first competitive method is the most intuitive uniform

subsampling method (Uniform), where all the selected data points are uniformly selected. We also consider Support Point

(SP)2, and SPARTAN3, which primarily aim to achieve representativeness. Additionally, we evaluate two competitive methods

that focus on coverage: the MMD-Critic4 and MED5. The simulation is conducted through Python. For each simulation setup,

we repeat 200 times.

We first generate the the synthetic dataset xxx1, ...,xxxN and each of the xxxi ∈ Rd is a 1× d vector. In order to introduce

non-linearity into the data, we consider setting it under a generative model setup. That is, we firstly generate xxx∗1, ...,xxx
∗
N from a

simple distribution, for example, a mixture of Gaussian distribution. We name these xxx∗1, ...,xxx
∗
N as latents. Here, each of the

xxx∗i ∈ Rd∗ is a 1×d∗ vector, and the dimension of latent variables is much smaller than the dimension of dataset, i.e., d∗ < d.

Based on the generated latent variables, we then apply a nonlinear transformation to generate a synthetic dataset xxx1, ...,xxxN . We

set xxx⊤i = A(WWWxxx∗⊤i ), where WWW is a d ×d∗ matrix and A(·) is a nonlinear activation function, for example a Logit function. Such

a setup is able to generate a very complicated nonlinear data structure, for example6 shows that sampling from a Gaussian

distribution with a similar generation setup can generate highly complicated images.

In application, researchers have observed that safety-critical events are not only rarely observed, but also largely deviate

from the center and show great diversity7. To mimic this, we separate the generations for the latent into two parts, major and

minor. For the major part, we set the number of cases to be larger and the variance to be small. For the minor part, we set the

number of cases to be smaller and the variance to be larger. The center of latents for the major part and minor part are far away

from each other.

For each of the generated synthetic datasets, we use our proposed methods and the five other competitive methods to select

0.5
√

N,
√

N,2
√

N points individually. The performance of the different methods is evaluated based on IP and MMD. We also

calculate the proportion of the minor modes covered through different methods—namely, as PCT in the proceeding analysis.

Intuitively, larger values in the PCT indicate these sub-selected points are more likely to cover corner cases, meaning a larger

coverage. For example, if we set the number of minor modes to be 10, and 8 of these minor modes can exhibit at least one point

selected through the sub-sampling method, then here PCT = 0.8.

Example 1: We consider the generation for the latents to come from a two-dimensional ring-shaped Gaussian mixture
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Table 1. Performance comparison under simulation example 1.

IP MMD PCT
N d Method 0.5

√
N

√
N 2

√
N 0.5

√
N

√
N 2

√
N 0.5

√
N

√
N 2

√
N

1100 20

KTCS 0.184 0.153 0.129 0.038 0.011 0.004 0.566 0.722 0.905
MED 0.121 0.120 0.120 0.036 0.019 0.014 0.987 1.000 1.000

MMD-Critic 0.143 0.135 0.146 0.026 0.012 0.014 0.727 0.997 1.000
SP 0.169 0.148 0.137 0.011 0.006 0.004 0.107 0.271 0.520

SPARTAN 0.221 0.188 0.168 0.052 0.026 0.012 0.134 0.251 0.442
Uniform 0.223 0.187 0.168 0.054 0.025 0.012 0.137 0.261 0.467

1100 50

KTCS 0.130 0.100 0.085 0.056 0.023 0.008 0.688 0.899 0.982
MED 0.079 0.070 0.073 0.051 0.025 0.016 0.998 1.000 1.000

MMD-Critic 0.096 0.084 0.089 0.039 0.019 0.014 0.723 0.999 1.000
SP 0.120 0.103 0.095 0.012 0.005 0.003 0.080 0.223 0.444

SPARTAN 0.165 0.136 0.121 0.055 0.029 0.014 0.123 0.238 0.400
Uniform 0.163 0.132 0.118 0.055 0.026 0.013 0.146 0.269 0.479

5500 20

KTCS 0.146 0.129 0.118 0.010 0.002 0.000 0.837 0.949 0.984
MED 0.113 0.113 0.111 0.024 0.020 0.017 1.000 1.000 1.000

MMD-Critic 0.130 0.146 0.172 0.013 0.018 0.037 0.998 0.998 1.000
SP 0.151 0.145 0.138 0.004 0.002 0.001 0.265 0.482 0.760

SPARTAN 0.184 0.166 0.154 0.022 0.011 0.006 0.270 0.493 0.748
Uniform 0.184 0.166 0.154 0.023 0.011 0.006 0.284 0.498 0.741

5500 50

KTCS 0.103 0.087 0.080 0.016 0.004 0.000 0.850 0.988 0.995
MED 0.065 0.067 0.070 0.031 0.024 0.020 1.000 1.000 1.000

MMD-Critic 0.079 0.088 0.114 0.021 0.016 0.029 1.000 1.000 1.000
SP 0.104 0.101 0.098 0.004 0.002 0.001 0.244 0.449 0.767

SPARTAN 0.129 0.118 0.110 0.023 0.012 0.006 0.293 0.479 0.734
Uniform 0.131 0.117 0.110 0.024 0.012 0.006 0.282 0.488 0.736

distribution. We set the generation of latent as: xxx∗i,k ∼ ∑
10
j=1 0.1×N

(
µ j,k,Σk

)
where k ∈ [Major,Minor]. This implies

that both Major and Minor parts each have 10 modes. For the vector µµµ j.k, we set the parameters to j = 1, ...,10, and

µµµ j,Major =
(

2cos( jπ
10 ),2sin( jπ

10 )
)

and µµµ j,Minor =
(

4cos( jπ
10 ),4sin( jπ

10 )
)

. We set the covariance matrix as follows, where ρ is

used to control the correlations:

ΣMajor =

 0.02 0.02ρ

0.02ρ 0.02

 and ΣMinor =

 0.1 0.1ρ

0.1ρ 0.1

 (1)

We set the ratio between Major and Minor as 10:1. We consider the total number of points to be N = 5500 and N = 1100. For

example, if the total number of points N = 5500, then 5000 points come from the Major part and each mode has 500 points.

The remaining 500 come from the Minor part and each mode has 50 points. In the simulations, we consider ρ = 0.5 and the

dimension d = 20,50. The entries for the transformation matrix come from a standard Normal distribution WWW i, j ∼ N (0,1),

where WWW i, j denotes the row i and column j for matrix WWW . The results are reported in Table 1.

Example 2: We consider the generation for the latent to come from a factorial design-based process. We first consider a 24

full factorial design for generating the synthetic data, so as the number of modes here to be 24 = 16. Each of the modes k and

k = 1, ...16, is generated from a multivariate Gaussian distribution as N (µµµk,Σ), the covariance matrix is as Σi, j = 0.5|i− j|, and

here we set the parameter ρ = 0.5.
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Table 2. Performance comparison under simulation example 2.

IP MMD PCT
N d Method 0.5

√
N

√
N 2

√
N 0.5

√
N

√
N 2

√
N 0.5

√
N

√
N 2

√
N

840 20

KTCS 0.160 0.118 0.097 0.074 0.032 0.008 0.451 0.683 0.830
MED 0.095 0.077 0.075 0.070 0.052 0.038 0.566 0.813 0.951

MMD-Critic 0.192 0.117 0.095 0.077 0.031 0.021 0.375 0.685 0.902
SP 0.158 0.136 0.123 0.014 0.008 0.005 0.063 0.128 0.276

SPARTAN 0.211 0.171 0.150 0.064 0.029 0.015 0.084 0.153 0.304
Uniform 0.209 0.172 0.150 0.062 0.029 0.015 0.087 0.151 0.296

840 50

KTCS 0.116 0.078 0.061 0.080 0.037 0.013 0.517 0.778 0.899
MED 0.076 0.048 0.040 0.072 0.052 0.038 0.558 0.803 0.946

MMD-Critic 0.143 0.074 0.054 0.100 0.041 0.024 0.363 0.685 0.902
SP 0.118 0.095 0.084 0.014 0.008 0.004 0.042 0.121 0.265

SPARTAN 0.161 0.126 0.105 0.068 0.035 0.017 0.074 0.151 0.286
Uniform 0.157 0.120 0.103 0.067 0.032 0.015 0.094 0.177 0.308

4200 20

KTCS 0.120 0.101 0.090 0.020 0.005 0.001 0.674 0.789 0.870
MED 0.071 0.067 0.067 0.058 0.048 0.042 0.880 0.958 0.987

MMD-Critic 0.111 0.090 0.104 0.033 0.024 0.020 0.820 0.945 0.977
SP 0.137 0.124 0.115 0.006 0.004 0.003 0.165 0.345 0.566

SPARTAN 0.174 0.152 0.138 0.028 0.013 0.007 0.182 0.323 0.553
Uniform 0.171 0.151 0.139 0.027 0.014 0.007 0.177 0.330 0.554

4200 50

KTCS 0.081 0.066 0.058 0.028 0.009 0.003 0.773 0.868 0.925
MED 0.043 0.035 0.034 0.057 0.047 0.041 0.870 0.957 0.987

MMD-Critic 0.071 0.051 0.055 0.045 0.030 0.021 0.831 0.945 0.983
SP 0.096 0.086 0.081 0.006 0.004 0.002 0.164 0.374 0.612

SPARTAN 0.125 0.106 0.099 0.030 0.015 0.008 0.167 0.331 0.571
Uniform 0.121 0.106 0.098 0.028 0.014 0.007 0.181 0.337 0.551

The vector µµµk is generated based on a 24 full factorial design process. The matrix Π is defined to take the form of 24 full

factorial design as follows:

Π
⊤ =



+1 +1 +1 +1 +1 +1 +1 +1 −1 −1 −1 −1 −1 −1 −1 −1

+1 +1 +1 +1 −1 −1 −1 −1 +1 +1 +1 +1 −1 −1 −1 −1

+1 +1 −1 −1 +1 −1 +1 −1 +1 +1 −1 −1 +1 −1 +1 −1

+1 −1 +1 −1 +1 +1 −1 −1 +1 −1 +1 −1 +1 +1 −1 −1


The matrix Π is used to control the sign for the vector of µµµk. UUU is used to control the coefficient for the vector µµµk, and it

is defined to be a 16×4 matrix and each of the entries for matrix UUU comes from a Uniform distribution as UUU i, j ∼ Unif(0,1).

We define the ⊙ as the Hadmard matrix product, meaning that for these two matrices A and B, it will have the following:

(Π⊙UUU)i, j = Πi, j ×UUU i, j. Finally, the vector µµµk = (Π⊙UUU)i,·.

We randomly split the 16 modes into two parts, half of them labeled as Major, and the remaining half of them labeled as

Minor. The ratio of the number of points between these two parts is 20:1. We consider two situations. In the first situation, the

total number of points is N = 840, meaning that each of the Major modes has 100 points, and each of the Minor modes has 5

points. In the second situation, the total number of points N = 4200, meaning that each of the Major modes has 500 points, and

each of the Minor modes has 25 points. The entries for the transformation matrix come from a standard Normal distribution
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WWW i, j ∼ N (0,1), where WWW i, j denotes the row i and column j for matrix WWW . We consider the dimension for the final generated

data to be either 20 or 50. The results are reported in Table 2. Our methods achieve great balance between IP and MMD.

Example 3: We further extend the 24 full factorial design into a more complicated 25 full factorial design. Here, a total of

32 modes are considered, and 16 of them are labeled as Major while the remaining 16 are labeled as Minor. The ratio of the

number of points between these two parts is 20:1. We also consider two situations. In the first situation, the total number of

points N = 1680, meaning that each of the Major modes has 100 points, and each of the Minor modes has 5 points. In the

second situation, the total number of points N = 8400, meaning that each of the Major modes has 500 points, and each of

the Minor modes has 25 points. The results are reported in the supplementary material Section . The simulation results also

confirm our KTCS method can simultaneously achieve good performance in representativeness and coverage.

Table 3. Performance comparison under simulation example 3.

IP MMD PCT
N d Method 0.5

√
N

√
N 2

√
N 0.5

√
N

√
N 2

√
N 0.5

√
N

√
N 2

√
N

1680 20

KTCS 0.103 0.075 0.059 0.049 0.021 0.008 0.311 0.510 0.696
MED 0.061 0.046 0.042 0.054 0.037 0.026 0.502 0.708 0.857

MMD-Critic 0.126 0.072 0.056 0.047 0.021 0.013 0.299 0.608 0.817
SP 0.101 0.086 0.076 0.010 0.006 0.004 0.043 0.101 0.209

SPARTAN 0.138 0.110 0.093 0.046 0.024 0.011 0.056 0.121 0.220
Uniform 0.137 0.108 0.092 0.045 0.022 0.011 0.063 0.128 0.236

1680 50

KTCS 0.073 0.047 0.035 0.053 0.025 0.011 0.376 0.614 0.797
MED 0.051 0.030 0.023 0.048 0.031 0.021 0.507 0.716 0.862

MMD-Critic 0.092 0.045 0.031 0.060 0.025 0.014 0.296 0.611 0.817
SP 0.064 0.051 0.043 0.012 0.006 0.004 0.039 0.100 0.207

SPARTAN 0.094 0.069 0.056 0.048 0.024 0.012 0.062 0.119 0.219
Uniform 0.094 0.069 0.055 0.047 0.023 0.011 0.057 0.118 0.218

8400 20

KTCS 0.075 0.061 0.052 0.017 0.006 0.002 0.514 0.665 0.770
MED 0.041 0.036 0.034 0.043 0.034 0.029 0.749 0.852 0.907

MMD-Critic 0.068 0.052 0.058 0.022 0.016 0.011 0.707 0.871 0.943
SP 0.086 0.076 0.069 0.005 0.003 0.002 0.114 0.237 0.424

SPARTAN 0.109 0.091 0.081 0.020 0.010 0.005 0.128 0.246 0.430
Uniform 0.108 0.092 0.082 0.020 0.010 0.005 0.131 0.242 0.424

8400 50

KTCS 0.048 0.037 0.031 0.022 0.009 0.003 0.609 0.763 0.847
MED 0.027 0.020 0.017 0.034 0.027 0.023 0.751 0.847 0.899

MMD-Critic 0.042 0.028 0.025 0.026 0.017 0.012 0.707 0.864 0.946
SP 0.051 0.044 0.041 0.005 0.003 0.002 0.112 0.245 0.442

SPARTAN 0.068 0.057 0.050 0.022 0.011 0.005 0.127 0.243 0.410
Uniform 0.069 0.057 0.050 0.021 0.010 0.005 0.124 0.245 0.442

In conclusion, our simulation results for multiple data generation scenarios consistently demonstrate that KTCS strikes

a balance between representativeness and coverage. Compared with existing state-of-the-art methods, our proposed KTCS

method achieves superior IP values and remarkably low MMD scores while also capturing an impressively high proportion

of minor modes. These findings confirm that KTCS not only selects representative samples from complex data but also

successfully covers safety-critical and corner cases that lie far from the center of the distribution. Moreover, performance

advantages persist as we vary both the sample size and the dimension, reflecting the robustness and generalizability of our

approach.
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All Selected Test Cases

The 48 extracted features with their corresponding calculation formula and engineering interpretations are presented in Table

4. Figures 1 and Figure 2 present the 118 cases using radar plots. Each case is accompanied by its corresponding weights

generated by the attention mechanism, case ID, and descriptive metrics for the selected features.

Technical Lemmas

Lemma 1. Let X1, . . . ,Xn be i.i.d. random variables on Hilbert space with the condition that supi=1,...,n ∥Xi∥H ≤ A for some

real number A > 0. Then, for any δ ∈ (0,1), the following holds with probability at least 1−δ that

Pr

(∥∥1
n

n

∑
i=1

Xi
∥∥

H
≤ A

√
2log(2/δ )√

n

)
≥ 1−δ (2)

Lemma 2. Let X1, . . . ,Xn be i.i.d. random variables in a Hilbert space (H ,∥ ·∥) such that - ∀i ∈ [n],EXi = µ , - ∃σ > 0,∃H >

0,∀i ∈ [n],∀p ≥ 2,E∥Xi −µ∥p ≤ 1
2 p!σ2H p−2. Then, for any δ ∈ [0,1], we have with probability at least 1−δ ,

∥∥1
n

n

∑
i=1

Xi −µ
∥∥

H
≤ 2H log(2/δ )

n
+

√
2σ2 log(2/δ )

n
(3)

Lemma 1 rely on the Theorem 3.5 in8, and Lemma 2 rely on Theorem 3.3.4 of9.10 and11 use similar approaches.

Lemma 3 (McDiamrd’s inequality). Suppose X1, ...,XN in the domain of X are independent random variables. For any

function f : X N → RN , there exists a constant ci > 0, such that
∣∣ f (X1, ...,Xi, ...,XN)− f (X1, ...,X ′

i , ...,XN
∣∣ ≤ ci, then the

following holds:

Pr
(∣∣ f (X1, . . . ,XN)−E[ f (X1, . . . ,XN)]

∣∣≥ ε

)
≤ 2exp

(
− 2ε2

∑
N
i=1 c2

i

)
(4)

where ε is some constant here.

Lemma 4 (Hoeffding inequality). Suppose X1, . . . ,Xn are independent random variables satisfying that E[Xi] = 0 and

ai ≤ Xi ≤ bi for all i. If ε > 0 and for all t > 0, then:

Pr

[
1
n

n

∑
i=1

Xi ≥ ε

]
≤ e−ntε

n

∏
i=1

et2(bi−ai)
2/8 (5)

where ε is some constant here.
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Table 4. All extracted features and their associated calculation formula and descriptions

Driving Data Feature Formula Engineering Interpretation

X-Axis Acceleration

Initiation accx-init = ax,1 Longitudinal acceleration at initial time
Mean accx-mean = 1

T ∑
T
t=1 ax,t Average of the longitudinal acceleration

Maximum accx-max = max[ax,1, ...ax,T ] Maximum of longitudinal acceleration
Minimum accx-min = min[ax,1, ...ax,T ] Minimum of longitudinal acceleration
Std Dev accx-std = SD[ax,1, ...ax,T ] Level of volatility in longitudinal acceleration

Skewness accx-skew = Skew[ax,1, ...ax,T ] Skewness of the longitudinal acceleration
Kurtosis accx-kurt = Kurt[ax,1, ...ax,T ] Kurtosis of the longitudinal acceleration

Y-Axis Acceleration

Initiation accy-init = ay,1 Lateral acceleration at initial time
Mean accy-mean = 1

T ∑
T
t=1 ay,t Average of the lateral acceleration

Maximum accy-max = max[ay,1, ...ay,T ] Maximum of lateral acceleration
Minimum accy-min = min[ay,1, ...ay,T ] Minimum of lateral acceleration
Std Dev accy-std = SD[ay,1, ...ay,T ] Standard deviation of lateral acceleration

Skewness accy-skew = Skew[ay,1, ...ay,T ] Skewness of the lateral acceleration
Kurtosis accy-kurt = Kurt[ay,1, ...ay,T ] Kurtosis of the lateral acceleration

Z-Axis Acceleration

Initiation accz-init = az,1 Horizontal acceleration at initial time
Mean accz-mean = 1

T ∑
T
t=1 az,t Average of the horizontal acceleration

Maximum accz-max = max[az,1, ...az,T ] Maximum of horizontal acceleration
Minimum accz-min = min[az,1, ...az,T ] Minimum of horizontal acceleration
Std Dev accz-std = SD[az,1, ...az,T ] Standard deviation of horizontal acceleration

Skewness accz-skew = Skew[az,1, ...az,T ] Skewness of the horizontal acceleration
Kurtosis accz-kurt = Kurt[az,1, ...az,T ] Kurtosis of the horizontal acceleration

Driving Speed

Initiation speed-init = v1 Driving speed at initial time of the case
Mean speed-mean = 1

T ∑
T
t=1 vt Average of speed within the case

Maximum speed-max = max[v1, ...vT ] Maximum of speed within the case
Minimum speed-min = min[v1, ...vT ] Minimum of speed within the case
Std Dev speed-std = SD[v1, ...vT ] Standard deviation of speed within the case

Skewness speed-skew = Skew[v1, ...vT ] Skewness of speed within the case
Kurtosis speed-kurt = Kurt[v1, ...vT ] Kurtosis of speed within the case

Relative X-Axis Position

Initiation xpos-init = ∆sx,1 Relative longitudinal distance at initial time
Mean xpos-mean = 1

T ∑
T
t=1 ∆sx,t Average of relative longitudinal distance

Maximum xpos-max = max[∆sx,1, ...∆sx,T ] Largest relative longitudinal distance
Minimum xpos-min = min[∆sx,1, ...∆sx,T ] Closest relative longitudinal distance
Std Dev xpos-std = SD[∆sx,1, ...∆sx,T ] Level of interactions in relative longitudinal position

Relative Y-Axis Position

Initiation ypos-init = ∆sy,1 Relative lateral distance at initial time
Mean ypos-mean = 1

T ∑
T
t=1 ∆sy,t Average of relative lateral distance

Maximum ypos-max = max[∆sy,1, ...∆sy,t ] Maximum of relative lateral distance
Minimum ypos-min = min[∆sy,1, ...∆sy,T ] Minimum of relative lateral distance
Std Dev ypos-std = SD[∆sy,1, ...∆sy,T ] Level of interactions in relative lateral position

Relative X-Axis Velocity

Initiation xvel-init = ∆vx,1 Relative longitudinal velocity at initial time
Mean xvel-mean = 1

T ∑
T
t=1 ∆vx,t Average of longitudinal velocity

Maximum xvel-max = max[∆vx,1, ...∆vx,T ] Maximum of longitudinal velocity
Minimum xvel-min = min[∆vx,1, ...∆vx,T ] Minimum of longitudinal velocity
Std Dev xvel-std = SD[∆vx,1, ...∆vx,T ] Level of interactions in relative longitudinal velocity

Relative Y-Axis Velocity

Initiation yvel-init = ∆vy,1 Relative lateral velocity at initial time
Mean yvel-mean = 1

T ∑
T
t=1 ∆vy,t Average of relative lateral velocity

Maximum yvel-max = max[∆vy,1, ...∆vy,T ] Maximum of relative lateral velocity
Minimum yvel-min = min[∆vy,1, ...∆vy,T ] Minimum of relative lateral velocity
Std Dev yvel-std = SD[∆vy,1, ...∆vy,T ] Level of interactions in relative lateral velocity
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Figure 1. Part 1 of the 118 selected cases with corresponding weight and selected features.
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Figure 2. Part 2 of the 118 selected cases with corresponding weight and selected features.
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Proof for Theorem 1

Proof. For simplicity, we define wθopt(xxxi) = ψi. Based on this, we can have the follows:

EX (θopt) =
N

∑
i=1

N

∑
j ̸=i

wθopt(xxxi)wθopt(xxx j)K (xxxi,xxx j) =
N

∑
i=1

N

∑
j ̸=i

ψiψ jK (xxxi,xxx j) (6)

Similar to the definition in12, we define πi and as the factual importance measure approximated through Pareto order sampling

and ψi as the target importance measure. In order to investigate the asymptotic behaviors of ÎPzzz, we can decompose the

difference between ÎPzzz and EX (θopt) as the follows:

ÎPzzz −EX (θopt) = ÎPzzz −
N

∑
i=1

N

∑
j ̸=i

πiπ jK (xxxi,xxx j)︸ ︷︷ ︸
T1 Term

+
N

∑
i=1

N

∑
j ̸=i

πiπ jK (xxxi,xxx j)−EX (θ)︸ ︷︷ ︸
T2 Term

(7)

So as investigating the asymptotic behaviors of ÎPzzz −EX (θopt) is equivalent with verifying T1 and T2 term individually. First

we look at the T1 term. We use I(xxxi) to define whether xxxi is included in the Pareto order sampling. With this, T1 term can be

decomposed as:

T1 =
1

M(M−1)

M

∑
t=1

M

∑
s=1,s ̸=t

K (zzzt ,zzzs)−
N

∑
i=1

N

∑
j ̸=i

πiπ jK (xxxi,xxx j)

=
M

∑
t=1

M

∑
s=1,s ̸=t

1
M(M−1)

K (zzzt ,zzzs)−
N

∑
i=1

N

∑
j ̸=i

πiπ jK (xxxi,xxx j)

=
N

∑
t=1

N

∑
s=1,s ̸=t

I(xxxi)I(xxx j)

M(M−1)
K (xxxi,xxx j)−

N

∑
i=1

N

∑
j ̸=i

πiπ jK (xxxi,xxx j)

=
N

∑
t=1

N

∑
s=1,s ̸=t

[
I(xxxi)I(xxx j)

M(M−1)
−πiπ j

]
K (xxxi,xxx j)

(8)

Here, based on the fact E[I(xxxi)] = Mπi that we can know that:

E[I(xxxi)I(xxx j)] =
M(M−1)
N(N −1)

×N(N −1)πiπ j =
M(M−1)
N(N −1)

π
′
i π

′
j (9)

So as we can have the following equations:

E
[

N(N −1)
M(M−1)

I(xxxi)I(xxx j)−π
′
i π

′
j

]
= 0 (10)
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Based on this equation, we can have the follows:

I(xxxi)I(xxx j)

M(M−1)
−πiπ j =

1
N(N −1)

[
N(N −1)
M(M−1)

I(xxxi)I(xxx j)−π
′
i π

′
j

]
(11)

Then, based on Equation 11, the T1 term can be transformed into the following:

T1 =
1

N(N −1)

N

∑
t=1

N

∑
s=1,s ̸=t

[
N(N −1)
M(M−1)

I(xxxi)I(xxx j)−π
′
i π

′
j

]

=
1

N(N −1) ∑
i ̸= j

[
N(N −1)
M(M−1)

I(xxxi)I(xxx j)−π
′
i π

′
j

] (12)

Here we set that
[

N(N−1)
M(M−1) I(xxxi)I(xxx j)−π ′

i π
′
j

]
∈ [−u,u]. For simplicity, we can define N′ = N(N −1) we apply the Lemma 4,

we can have the following inequality:

Pr

(
1

N(N −1) ∑
i ̸= j

[
N(N −1)
M(M−1)

I(xxxi)I(xxx j)−π
′
i π

′
j

]
≥ ε

)
≤ exp

(
−N′tε +

u2t2N′

2

)
(13)

If we let t = ε/u2 and ε =

√
−2u2 logδ

N′ where δ ∈ (0,1). The with at least a probability of 1−δ , we can have the following

bound:

1
N(N −1) ∑

i ̸= j

[
N(N −1)
M(M−1)

I(xxxi)I(xxx j)−π
′
i π

′
j

]
≤
√

−2u2 logδ

N′ (14)

As long as u < N, then
√

−2u2 logδ

N′ → 0 when N → 0. Here, as the πi denotes the factual importance measure through Pareto

order sampling with the fact that π > 0 and ∑
N
i=1 πi = 1, so as πi = o(1/N), so as π ′

i π
′
j = N(N−1)πiπ j < N. So as the condition

that u < N can be satisfied. Based on this, when N goes sufficiently large, we have T1 → 0

As for the T2 term, from the equation (1.25) in12, we can have:

πi/ψi → 1 as N → ∞, i = 1, ...N (15)

According to the continuous mapping theorem, we can have that:

∑
N
i=1 ∑

N
j ̸=i πiπ jK (xxxi,xxx j)

∑
N
i=1 ∑

N
j ̸=i ψiψ jK (xxxi,xxx j)

→ 1 as N → ∞ (16)
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which is equivalent as T2 → 0 when N → ∞. Combining the previous results in the asymptotic behaviors in the T1 term, we can

know that:

ÎPzzz/EX (θ)→ 1 as N → ∞ (17)

This completes the proof.

0.1 Proof of Theorem 2

Proof. We first define E (θ) as the population version of EX θ as follows:

E (θ) =
∫

xxx∈X

∫
xxx′∈X

K (xxx,xxx′)wθ (xxx)wθ (xxx′)dP(xxx,xxx′) (18)

and θ ∗ = argmin
θ∈Bp

E (θ). We can take the differences between these two functions between E (θ), which is the population

version of EX (θ). The difference can be bounded as following:

E (θ)−EX (θ)≤ sup
θ∈Bp

{
E (θ)−EX (θ)

}
(19)

And EX (θ) is calculated based on xxx1, ...,xxxN , and here we replace xxxi ∈ {xxx1, ...,xxxN} with xxx′i. Based on these new sequences

(xxx1, ...xxx′i, ...,xxxN) we can construct the calculations for EX ′(θ). For simplicity, we can define Λ(X) = E (θ)−EX (θ) and similarly

Λ(X ′) = E (θ)−EX ′(θ). We further define ηθ (xxxi,xxx j) = wθ (xxxi)wθ (xxx j)K (xxxi,xxx j)

Such that we can calculate the differences between Λ(X) and the Λ(X ′):

∣∣Λ(X)−Λ(X ′)
∣∣= sup

θ∈Bp
|EX (θ)−EX ′(θ)|

= sup
θ∈Bp

∑
j ̸=k

|ηθ (xxxi,xxx j)−ηθ (xxx′i,xxx j)|

≤ sup
θ∈Bp

∑
j ̸=k

(
|ηθ (xxxi,xxx j)|+ |ηθ (xxx′i,xxx j)|

)
(20)

Here, we assume that wθ (xxx)≤ s/N for any xxx ∈ X . This can simply be achieved by doing the threshold for the output of the

approximated function wθ (·). Now the key question turns to investigating the upper bound for ηθ (xxxi,xxx j) and ηθ (xxx′i,xxx j):

ηθ (xxxi,xxx j) = wθ (xxxi)wθ (xxx j)K (xxxi,xxx j)≤
s2

N2 sup
xxx,xxx′

K (xxx,xxx′) =
s2K
N2 (21)
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Based on this and the results from Equation 21, we can have the following:

∣∣Λ(X)−Λ(X ′)
∣∣≤ 2s2K

N
(22)

Applying the McDiamard inequality in Lemma 3, we can have the follows:

Pr
(
|Λ(X)−E(Λ(X)|> ∆

)
≤ 2exp

(−N∆2

2s4K2

)
=

δ

(1+2/ε)p (23)

From equation 23, we can know the follows toward ∆:

∆ =
s2K√

N

√
2log(2/δ )+2p log

(
1+

2
ε

)
(24)

Let Θ be an ε-cover of Bp. Here, this means that ∀θ ∈ Bp ∃ θ ′ ∈ Θ such that ∥θ −θ ′∥ ≤ ε . By Lemma 5.2 of13 we have

|Θ| ≤ (1+2/ε)d . Using the above and union bounding over all elements of A and all k, we have:

Pr
{
∀θ ∈ Θ :

∣∣Λ(X)−E(Λ(X))
∣∣≤ ∆

}
≥ 1−δ (25)

Combining equation 24 and 25, with at least probability of 1−δ and for any θ ∈ Θ:

E (θ)−EX (θ)≤ E
{

sup
θ∈Bp

(
E (θ)−EX (θ)

)}
+

s2K√
N

√
2log(2/δ )+2p log

(
1+

2
ε

)
(26)

Next, we can investigate the upper bound for the E
{

supθ∈Bp
(
E (θ)−EX (θ)

)}
. Through the symmetrization technical in14,

we can have the following:

E
{

sup
θ∈Bp

(
E (θ)−Exxx(θ)

)}
≤ Exxx,σ

1
⌊N/2⌋

sup
θ∈Bp

∣∣∣ ⌊N/2⌋

∑
i=1

σiηθ

(
x̄xxi, x̄xx⌊N

2 ⌋+i

)∣∣∣
≤ Exxx,σ

1
⌊N/2⌋

sup
θ∈Bp

∣∣∣ ⌊N/2⌋

∑
i=1

σiξi

∣∣∣= RN

(27)

Here, we define σ1, ...σN to be a sequence of Rademacher variables and for each σi. we have Pr{σi = 1}= Pr{σi =−1}= 0.5.

We further define ξi = K (x̄xxi, x̄xx⌊N/2⌋+i) and x̄xx1, ..., x̄xxN represents an i.i.d independent copy of xxx1, ...,xxxN . The notation ⌊N/2⌋

denotes the largest integer less than N and the notation RN defines the empirical Rademacher complexity.
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With this, we can have the following bound with at least a probability of 1−δ :

E (θ)−EX (θ)≤ RN +
s2K√

N

√
2log(2/δ )+2p log

(
1+

2
ε

)
(28)

Combining the bound in equation 19, we can have with at least probability of 1−δ :

E (θ ∗)−EX (θopt)≤ RN +
s2K√

N

√
2log(2/δ )+2p log

(
1+

2
ε

)
(29)

This completes the proof.

Proof for Theorem 3

Proof. Here, this empirical density estimation can be constructed as µ̂N = 1
N ∑

N
i=1 φ(xxxi) and µ =

∫
φ(xxx)dP(xxx). The estimator

based on the proposed KTCS is defined ∥µ̂M −µ∥H , and we define the constructed kernel mean embedding based on the

ground truth weights λ ∗
1 , ...λ

∗
M is as µ̂M∗ = ∑

M
j=1 λ ∗

j φ(zzz j). In order to generate an upper bound for ∥µ̂M −µ∥H , we can

constitute the error decomposition as follows:

∥µ̂M −µ∥H ≤ ∥µ̂M∗ − µ̂M∥H +∥µ̂M∗ − µ̂N∥H +∥µ̂N −µ∥H (30)

First, let’s look at the third component ∥µ̂N −µ∥H , which investigates the concentration ability of µ̂N around its mean µ

on a Hilbert space:

∥µ̂N −µ∥H =
∥∥∥ 1

N

N

∑
i=1

[
φ(xxxi)−µ

]∥∥∥
H

(31)

Furthermore, we can have ∥φ(xxxi)−µ∥ ≤ 2supxxx∈X ∥φ(xxx)∥= 2supxxx∈X ∥K (xxx, ·)∥= 2K, indicating that each individual term is

bounded by 2K. With this bounded term, we can apply the the Lemma 1 with at least 1−δ/3 probability to have the following

bound

∥µ̂N −µ∥H ≤
2K
√

2log(6/δ )√
N

(32)

Next, we move to investigate the bound toward the second term. Considering the underlying covariance structure among the

selected points zzz1, ...,zzzM , we define C :=
∫

φ(xxx)⊗H φ(zzz)dP(zzz). To avoid singularity in C and C−1, we introduce Cλ =C+λ I
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where I is an identity matrix. And for the first component, we can define:

∀zzz ∈ Z ,Nzzz(λ ) :=
〈
φ(zzz),C−1

λ
φ(zzz)

〉
H

N∞(λ ) := sup
zzz∈Z

Nzzz(λ )

(33)

Based on these, we extend the second component as:

∥µ̂N − µ̂M∗∥H = ∥(I −PM)µ̂N∥H = ∥(I −PM)(µ̂N − µ̃M)∥H (34)

where here µ̃M = 1
M ∑

M
j=1 φ(zzz j) is defined to be the average of feature map aggregations.

Based on this Cλ matrix, we can generate the following bound:

∥(I −PM)(µ̂N − µ̃M)∥H ≤
∥∥(I −PM)C1/2

λ

∥∥
H

∥∥C−1/2
λ

(µ̂N − µ̃M)
∥∥

H
(35)

In the proceeding part, we will derive an upper bound for the
∥∥C−1/2

λ
(µ̂N − µ̃M)

∥∥
H

part. As the selected points zzz1, . . . ,zzzM are

independent from the original dataset xxx1, ...,xxxN . For the random variable zzz, its expectation is calculated as follows:

E
[
φ(zzz)

]
=
∫

φ(zzz)dP(zzz) =
1
N

N

∑
i=1

φ(xxxi) = µ̂N (36)

Based on the calculation of the E
[
φ(zzz)

]
, we can decompose the

∥∥C−1/2
λ

(µ̂N − µ̃M)
∥∥

H
as:

∥∥C−1/2
λ

(µ̂N − µ̃M)
∥∥

H
=
∥∥∥ 1

M

M

∑
j=1

(
C−1/2

λ
φ(zzz j)−C−1/2

λ
µ̂N
)∥∥∥

H
(37)

For simplicity, we define ξ j = C−1/2
λ

φ(zzz j), and it is easy to verify that E(ξ j) = C−1/2
λ

µ̂N for any j = [1, ...,M]. With the

application of the Cauthy-Schwartz inequality, we can derive the upper bound for the second order moment condition for

random variable ξi

E∥ζi −E [ζi]∥2
H = E

∥∥C−1/2
λ

(φ(zzz j)− µ̂N)
∥∥2

H

≤ E(∥C−1/2
λ

∥H )E(∥φ(zzz j)− µ̂N∥H ) = νzzz tr(C−1/2
λ

)

(38)

Here, ν2
zzz is the variance of zzz in the RKHS as introduced in15. Here, ν2

zzz = E(∥φ(zzz j)− µ̂N∥2
H ). For simplicity, we define
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c = tr(C−1/2
λ

). Then:

E∥ζi −E [ζi]∥2
H ≤ cνzzz (39)

After considering the second moment condition, we investigate the upper bound for higher order moments E∥ζi −E [ζi]∥p
H ,

when p ≥ 3:

E∥ζi −E [ζi]∥p
H = E∥ζi −E [ζi]∥2

H ×E∥ζi −E [ζi]∥p−2
H

≤ ν tr(C−1/2
λ

)(esssup∥ζi −E [ζi]∥H )p−2

≤ 1
2

p!cνzzz

(
2NQ,∞(λ )

1/2
)p−2

(40)

as 1
2 p! ≥ 1 always holds whenever p ≥ 3. Combining the equations 39 and 40, we have:

E∥ζi −E [ζi]∥p
H ≤ 1

2
p!cνzzz

(
2NQ,∞(λ )

1/2
)p−2

(41)

holds for all p ≥ 2. With the application of Lemma 2, with at least a probability of 1−δ/6, we can get the following upper

bound:

∥∥C−1/2
λ

(µ̃M − µ̂N)
∥∥

H
≤

4
√

N∞(λ ) log(12/δ )

M
+

√
2cνzzz log(12/δ )

M
(42)

Adopting the results from10, with at least probability of 1−δ/6:

∥∥(I −PM)C1/2
λ

∥∥
H

≤
√

3λ (43)

Combining equation 42 and 43, with at least probability of 1−δ/3, the follow holds:

∥µ̂N − µ̂M∗∥H ≤
√

3λ ×
(4
√

N∞(λ ) log(12/δ )

M
+

√
2cνzzz log(12/δ )

M

)
(44)

In the last step, we investigate the upper bound for the first part. We define the parameters are trying to optimize the

λλλ
∗ = argminw ∥ΦMw− µ̂N∥H , this is equivalent with minimizing the associated MMD values. And λλλ

∗ = (λ ∗
1 , ...,λ

∗
M). We
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can achieve this λλλ
∗ = (Φ∗

MΦM)+Φ∗
M µ̂N . We work on the bound:

∥µ̂M − µ̂M∗∥H = ∥ΦMλλλ −ΦMλλλ
∗∥H =

∥∥ M

∑
j=1

(λ j −λ
∗
j )φ(zzz j)

∥∥
H

(45)

We make the assumption that |λ j −λ ∗
j | ≤ c′/M. The rationale behind this assumption is when ∥λλλ∥1 = 1 and there are M

sub-components within the vector λλλ , we aim to limit the deviation of λ j from λ ∗
j to prevent excessively large disparities. Large

deviations |λ j −λ ∗
j | in could potentially lead to trivial solutions, where a few points dominate all the weights within λλλ . With

this, we have:

∥∥ M

∑
j=1

(λ j −λ
∗
j )φ(zzz j)

∥∥
H

≤
∥∥ 1

M

M

∑
j=1

c′φ(zzz j)
∥∥

H
(46)

Meanwhile, according to the definitions of the feature map, the upper bound for the φ(zzz j) is as φ(zzz j) = K (zzz j, ·)≤ K. Based

on the Lemma 1, with at least a probability of 1−δ/3:

∥∥∥ 1
M

M

∑
j=1

c′φ(zzz j)
∥∥∥

H
≤ c′K

√
2log(2/δ )√

M
(47)

Based on equation 46, this implies with at least a probability of 1−δ/3:

∥µ̂M − µ̂M∗∥H ≤ c′K

√
2log(6/δ )√

M
(48)

As we can have
(

1− δ

3

)3
≥ (1−δ ) so combining all the previous results in equation 32 44 and 48, we can have the follows

with at least probability of 1−δ :

∥µ̂M −µ∥H ≤
2K
√

2log(6/δ )√
N

+ c′K

√
2log(6/δ )√

M

+
√

3λ ×

(
4
√

N∞(λ ) log(12/δ )

M
+

√
2cνzzz log(12/δ )

M

) (49)

Proof of Remark 1: We can make several further assumptions toward the parameters investigated above, to discuss more on

the order of M here. Given the fact that:

N∞(λ ) = sup
zzz∈Z

Nzzz(λ ) = sup
zzz∈Z

〈
φ(zzz),C−1

λ
φ(zzz)

〉
≤ K2

λ
(50)
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So as for the third part of the equation 49, we can have the bound as:

√
3λ ×

4
√

N∞(λ ) log(12/δ )

M
≤ 4

√
3K log(12/δ )

M
(51)

And we make further assumptions toward c = tr(C−1/2
λ

). As the parameter c is a constant determined by λ , here we assume the

c satisfying a polynomial decaying toward lambda as c = tr(C−1/2
λ

) = cλ λ 1−γ , here cλ is some constant and γ ∈ (0,1). Similar

assumptions have been adopted in10. As λ is some constant, here we set λ inversely proportion to the size M. The larger the

size M is, the smaller λ will be. We assume λ = ( 1
M )1−γ , and with all of these, we can have the bound:

√
3λ ×

√
2cνzzz log(12/δ )

M
=

√
6cγ log(12/δ )

M
(52)

Combining the equation 51 and equation 52, we can have the following:

√
3λ ×

(
4
√

N∞(λ ) log(12/δ )

M
+

√
2cνzzz log(12/δ )

M

)
= O

( 1
M

)
(53)

Furthermore, we assume the deviance between λλλ and λλλ
∗ satisfying M|λ j −λ ∗

j | ≤ 1
M1/2 , indicating that c′ = O(M−1/2) Similar

conditions and theoretical results can be found in16. Then the following will satisfy:

c′K

√
2log(6/δ )√

M
= O

( 1
M

)
(54)

If we set the the size for subselected samples M = O(N1/2), then ∥µ̂M −µ∥H = O( 1√
N
)
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