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S1. NLSE Simulation
Nonlinear MPCs are simulated using the equivalent lens sequence model, where cavity mirrors are replaced by focusing lenses and beams are assumed to propagate forward. The Kerr medium, chosen as fused silica with a thickness of 2d, is placed at the center of the cavity. NLSE for forward propagation with radial symmetry is given by [1]
, (S1)
where U represents the complex field amplitude, t is the retarded time , with vg being the group velocity near the carrier frequency ω0, k0 is the wave vector in the vacuum,  represents the dispersion term, ,  is the coefficient for the Raman response and  is the Raman response function. The effect of cavity mirrors is incorporated using the transformation  within the thin-lens approximation.
The split-step Fourier method is used to numerically solved the NLSE [2]. Due to the large variation in the beam radius during propagation in the MPCs, a non-uniform grid is applied in the radial direction to improve numerical accuracy. This is achieved through a non-uniform grid defined by the transformation  where y is uniformly discretized. In practice, r0 is chosen to approximate the beam waist radius of the eigenmodes of the corresponding cavity. The numerical error at each step is carefully maintained at O(dz3), where dz is the step size in propagation. 
For our simulations for the phase diagram (Fig. 2 in the main text), the cavity length is set to 2L = 79.5 cm. For solid and gas MPCs, we use fused silica and argon as the nonlinear media, respectively, both of which are commonly used in MPC compressors. The unfilled volume is assumed to be vacuum for simplicity. For d=dMCS, to avoid significant temporal dispersion caused by long propagation distances in the solid medium, we artificially tuned the group-velocity dispersion (GVD) of fused silica to a near-zero value k’’≈ 0.2 fs2 mm−1. In practice, this can be achieved by adding negative GVD to the spherical mirror coating or by operating at laser wavelengths where the Kerr medium is near the zero GVD regime. The parameters used in our simulation are listed in Table S1.
Table S1. Parameters used in the NLSE simulation
	
	fused silica
	argon

	n0
	1.4535  [3]
	1.000274  [4]

	n2 (m2/W)
	2.4⨉10-20  [5]
	6.5⨉10-23  [6]

	k’’ (fs2/mm)
	18.973  [3]
	0.0162  [4]

	𝜒K
	0.160  [1]
	0.5  [7]

	τ1 (fs)
	13.5  [1]
	62  [7]

	τ2 (fs)
	40  [1]
	77  [7]



S2. Propagation of stable spatial discrete solitons
In Fig. S1, we plot the beam propagation dynamics for conditions A and B as shown in Fig. 2 of the main text. It is clear that for condition B, the laser pulses maintain stable spatial profiles within the nonlinear medium and on the cavity mirrors, indicating the formation of stable spatial discrete solitons. However, for condition A (degenerate cavity geometry), the spatial profile distorts as the beam propagates forward, and the temporal profile undergoes strong splitting.
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Figure S1. Beam propagation dynamics corresponding to conditions A and B.

S3. Fox-Li algorithm for the soliton solution in solid MPCs. 
For a solid MPC, under thin-lens and thin-Kerr-medium approximations, the simplified NLSE has an equivalent integral form, where the propagation in free space is described by Fresnel-Kirchhoff diffraction (FKD), and the effects of the lens and the Kerr medium is represented by the phase factors  and . The FKD integral for free-space propagation with length L (half the cavity) is given by 
,       (S2)
where J0 is the zeroth-order Bessel function, and  is the reduced radial coordinate. The propagation from the k-th Kerr plate to the (k+1)-th plate is given by 
.               (S3)
Here,  describes the linear part of beam propagation, where  represents the focus of the spherical mirrors, and  represents the nonlinear self-focusing induced by a thin Kerr plate.
This model can be solved following the Fox-Li iteration framework [8,9]. The idea here is to find the soliton solution that satisfies  using the Fox-Li algorithm. The Fox-Li pseudocode is as follows:
[image: ]
S4. Soliton stabilization analysis 
To analyze the stability of the soliton solutions, we employ a linear stability analysis approach [10]. We perform the standard linearization procedure, introduce a small perturbation to the soliton solution, and use the perturbed solution as the initial condition in the simplified NLSE simulations. Specifically, we choose the perturbation to be , where  is the LG0n mode and an is a random coefficient in the interval [0.02, 0.04] [11].

S5. Derivation of the overlap integral and MCS length
The overlap integral has been derived from the perturbative analysis, which is given by
.        (S4)
For the convenience of calculation, we introduce
,              (S5)
which yields the Floquet state
.             (S6)
Substituting Eq. (S6) into Eq. (S4), we obtain
.  (S7)
The integral with respect to r can be analytically calculated as 

                (S8)
with the substitution of variable . 
The integral with respect to z can be evaluated analytically in the case when the cavity is degenerate, i.e.,  or equivalently . Thus, the overlap integral can be simplified to 
                        
             
                  
.                     (S9)
By setting the overlap integral in Eq. (S9) equal to zero, we obtain
.               (S10)
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Algorithm 1 Fox-Li algorithm for the soliton solution in solid MPC

Input: f.b
Output: the soliton solution

1: Choose an initial ansatz for the soliton solution Uy(p)

2: for k = 0 —maxiter do

3: add the Kerr phase, Ui(p) = Uy(p) - exp(ib|Ux(p)|?)

4: apply the spatial filter, Uy(p) = Up(p) - max{(1 — y.p?), 0}

5: calculate the linear propagation part via Uy(p) = LU, (p)

6: normalize and update the field by Ui11(p) = Uk(p)/ max(|Ux(p)|)
7: end for

8: check the convergence |Ui.1(p)/Uk(p)] — 1 and output the final field





