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Supplementary Notes 1. Mandelbrot-Zipf modelling – Theoretical background
The concept of power-law distributions, foundational for understanding the dynamics of diverse systems, emerged in the 19th century. Italian economist Vilfredo Pareto first observed that a small proportion of the population held a large portion of the wealth, forming the Pareto distribution - a particular instance of a power-law distribution. Since then, power-law distributions have been identified across a wide array of fields. In the 20th century, linguist George Zipf found a similar pattern in language frequency, where a few words dominate usage while most are rare. Known as Zipf’s law, this pattern highlights the ubiquity of power-law distributions in both natural and social phenomena, from city populations to webpage visits. Such distributions typically reflect complex, scale-invariant systems, characterised by unconstrained growth, extensive value ranges, and intricate network effects [1–7].
While power-law distributions have broad applicability, their direct use in modelling certain aspects of corrosion, such as maximum pit depth evolution, must be approached with caution. Although the maximum pit depth may not follow a power-law distribution strictly, modeling the average pit depth over relatively short time intervals can still produce useful approximations[8].
The Central Limit Theorem (CLT), often suitable for data of similar orders of magnitude, falls short when values span several magnitudes. In these cases, Zipf’s law provides a more appropriate framework, as observed through log-log rank-value plots (Fig. 2(a)). Such plots often appear linear on log-log scales, allowing the slope to be estimated via linear regression and revealing how well the data adhere to Zipf’s law [9]. Among power-law distributions, the Mandelbrot-Zipf distribution extends Zipf’s law by introducing an additional parameter q (Fig. 2(b)), accommodating a plateau at lower ranks and thereby capturing more nuanced distributions. This modification is especially valuable when describing phenomena with complex, multifactorial influences. The Mandelbrot-Zipf distribution captures the typical power-law decay by adjusting for lower-ranked items. It incorporates curvature into the distribution's representation, particularly at its head (region of highest data density).
In the context of corrosion, fractal geometry provides a transformative approach to analyse systems with irregular, non-Euclidean patterns[10–14]. Fractal characteristics, such as self-similarity and scale invariance, distinguish fractal patterns from purely random or chaotic behaviors. Fractal dimensions (FD) quantitatively describe this complexity by quantifying the heterogeneity and self-similarity of objects, making FD a key metric for characterising surface irregularities including corrosion processes[15]). Studies have shown that pit morphology and distribution often exhibit fractal traits[16], demonstrating that localised corrosion damage may follow structured randomness.
Accelerated corrosion tests on materials like 7B04 aluminium alloy, low-carbon steel and stainless steel have revealed an increase in fractal dimension over time, highlighting the fractal nature of pit growth[10,16,17]. Wavelet analysis (WA), which considers different time-scales for pitting stages, complements fractal theory in describing the temporal evolution of corrosion[18]. Similarly, self-similar pit distributions have been identified on corroded aluminium surfaces, reinforcing the view that pitting might be governed by fractal statistics[13,19]. Methods like the box-dimension technique, discrete wavelet transforms, and fractal analyses quantify these attributes, offering a rigorous understanding of pitting complexity[10,20,21]. 
Integrating fractal geometry with electrochemical techniques enriches our understanding of corrosion processes. For instance, studies involving 304 stainless steel in FeCl3 solutions show that fractal dimensions can be used to feed predictive models like artificial neural networks, enabling diagnoses of pitting rates and depths under various conditions[17]. However, a single fractal dimension may not fully capture the multifaceted nature of localised attacks. Evidence of multifractal characteristics[12] suggests that a more detailed examination of current distributions under stable corrosion conditions is warranted.
Though fractal approaches to corrosion remain relatively sparse, consensus on the fractal nature of pit dimensions[11] encourages continued exploration. Such insights set the stage for advancing localised corrosion modeling through data-driven strategies that embrace fractal and multifractal concepts.
Clarification of “Rank”: in the Mandelbrot-Zipf approach, “rank” refers to the position of a data point in a sorted list, ordered by its frequency of occurrence. The most common value holds rank 1, while progressively rarer values receive higher ranks. Thus, a low rank corresponds to frequent (common) events, and a high rank corresponds to rare events. Understanding this notation is key to interpreting Mandelbrot distributions, where the tail of the rank-frequency curve often holds critical information about rare occurrences - such as the stable pitting events described in the main manuscript.
For simplicity, the term Mandelbrot-Zipf is often shortened to Mandelbrot in both the main manuscript and these supplementary notes.
Supplementary Notes 2. Anodic branch: Data preparation and histogram analysis
Fig. 3 in the main manuscript presents the populations of polarisation curves obtained at each chloride concentration. Directly comparing histograms of log(j) values from the three different media (Fig. S1) provides useful insights, especially when considered alongside the population plots of polarisation curves (Fig. 3). As the NaCl concentration increases, the distribution of log(j) values across the potential axis broadens, particularly in the pitting region, indicating increased variability in electrochemical activity[22]. 
Secondly, the first frequency peak, located around log(j) = -2 µA/cm², corresponds to the onset of the passivity region (j_pass indicated in the Fig. S1). Qualitatively, this passivity descriptor exhibits nearly identical distributions regardless of chloride concentration. Thirdly, the second frequency peak, shifting to higher log(j) values with increased chloride content (from ~2 to ~3 µA/cm²), relates to the plateau at the end of the stable pitting region (Fig. 3). This second peak, denoted as the limiting current density (j_lim, as indicated in Fig. S1), is clearly sensitive to testing conditions: higher chloride concentrations lead to a more pronounced and elevated peak. Thus, the anodic process associated with j_lim intensifies with rising [Cl-], which makes sense given that mass transport limitations of dissolving metal cations in occluded pit cavities are expected to be influenced by the chloride concentration[23,24]. The uncompensated ohmic drop may also affect the observed limiting current despite the minimal RE-WE distance, especially as anodic activity intensifies within pits[25,26].
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Fig. S1. Histograms of the log(j) value distributions obtained in each polarisation test medium (0.005, 0.01, and 0.05 M NaCl). The j_pass, corresponding to the first peak, indicates the passivity current density. The j_lim, corresponding to the second peak, marks the limiting current conditions at high anodic potentials. The coloured arrow indicates the trend observed for j_lim as chloride concentration increases.
A minor peak (indicated with a question mark in Fig. S1) appears at approximately log(j) = 0.5 µA/cm². Defining the corresponding regions in the polarisation curves (Fig. 3) based solely on histogram analysis is misleading, as multiple potential (E) regions across both the passivity and stable pitting regimes may display log(j) ≈ 0.5 µA/cm². To clarify this, Fig. S2 shows histograms colour-mapped according to the average potential (V). Averaging is necessary since many plotted points represent multiple log(j) counts associated with different E values. Through this approach, the minor peak corresponds to log(j) values of curves that reached high potentials (~0.9 V) without exhibiting stable pitting. This minor peak thus represents a “j_pass-lim” descriptor: a steady-state passivity current density observed in a few curves that do not undergo stable pitting even at elevated potentials. Its distribution appears relatively unaffected by the test media, reflecting a net passivity current governed by surface oxidation rather than chloride concentration.
In theory, one might expect j_pass and j_pass-lim to be identical if passivity remained unchanged regardless of the applied potential. However, Fig. 3 suggests the first and last passivity j values often deviate. Such cases represent samples not transitioning into stable pitting at the end of the test (final anodic overpotential ~1 V). In the context of the weakest link theory, these represent the “strongest links” in the chain[27], i.e. samples least prone to stable pitting due to epistemic uncertainty[28]. Not surprisingly, in the more aggressive 0.05 M NaCl solution, this behaviour occurs less frequently (Fig. S2, red dataset, where the j_pass-lim peak at ~0.5 µA/cm² is nearly undetectable), indicating fewer “strong links” remain under these more severe conditions.
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Fig. S2. Histograms of log(j) value distributions with data points colour-mapped to the average potential (V). (a) 0.005 M, (b) 0.01 M, and (c) 0.05 M NaCl. The j_pass-lim denotes the minor peak corresponding to a steady-state passivity current, observed in a few curves not exhibiting stable pitting at high (>0.9 V) overpotentials.
Relying solely on histogram interpretation poses two main drawbacks. Firstly, histogram peaks alone provide limited insight into pitting phenomena. Although histograms effectively highlight common events, they are less capable of revealing tail events - the rare but significant occurrences critical to understanding pitting corrosion. Stable pitting, especially in its metastable forms, often involves such infrequent events[18]. Even though stable pitting was observed in nearly the entire sample population (Fig. 3), the key pitting descriptors (e.g., E_pit) are often sparse[27], emphasising the importance of capturing rare events.
Secondly, while histograms help to identify essential phenomena such as j_pass, j_lim, and j_pass-lim, these distributions cannot be easily fitted with conventional models. The resulting log(j) histograms are complex, arguably bimodal (first and second peaks) with a minor peak and extensive dispersion. Recognising these limitations, we turn to the Mandelbrot-Zipf function for dataset fitting. Its suitability for modelling rare events provides a pathway to circumvent these shortcomings, thus enhancing our capacity to quantitatively analyse and interpret pitting corrosion data.
Supplementary Figure 4
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Fig. S3. Correlation plots between the last metastable current density (log(j_m)) and the current density reached at the stable pitting potential (log(j_sp)) for each NaCl concentration: (a) 0.005 M, (b) 0.01 M, and (c) 0.05 M NaCl. The fitted regression lines and corresponding R² values highlight the generally low correlation between these two current density features.
Supplementary Notes 3. Mandelbrot modelling: implementation and qualitative evaluation
The Mandelbrot-Zipf plots for the three datasets are presented in Fig. S4, with data points colour-mapped according to the average log(j) computed for each Frequency-Rank pair. Converting the data from Frequency vs. log(j) plots (Fig. S2 in Supplementary Notes 2) into a Mandelbrot (Frequency vs. Rank) representation provides a more straightforward means of visualisation. Unlike the original histograms, which can be complex and multimodal, the Mandelbrot plots yield relatively smooth curves that are more accessible to fitting and interpretation.
Each Mandelbrot curve exhibits a “bent” shape, transitioning from a plateau region at low ranks (frequent events) to a steep slope at high ranks (rare events). Between these extreme log(j) values lies a range of moderately likely occurrences. The multiplicity bars indicate Frequency-Rank positions corresponding to multiple data points: for example, the highest rank (212) groups all log(j) values that occurred only once. As expected - and verified in all three datasets - this last rank point is associated with the largest number of distinct log(j) values, hence the greatest multiplicity. The size of the bar (in log scale) is proportional to the multiplicity count. When multiplicity is absent (unique rank numbers), the bar is as small as the plotted marker and may not be visible. Similar to previous figures, the colourmaps in Figs. S4 and S5 can represent either average log(j) or average E. The presence of higher multiplicity at 0.05 M NaCl indicates greater diversity of measured log(j) values for increased concentration [22]. 
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Fig. S4. Mandelbrot plots (Rank-Frequency of log(j)) for the populations of polarisation curves obtained at (a) 0.005 M, (b) 0.01 M, and (c) 0.05 M NaCl. Data points are colour-mapped by average log(j). Horizontal bars represent multiplicity, i.e. the number of data points sharing the same Rank/Frequency.
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Fig. S5. Mandelbrot plots from the populations of macro-scale polarisation curves obtained at (a) 0.005 M, (b) 0.01 M, and (c) 0.05 M NaCl, now colour-mapped by average E (V). Horizontal bars indicate multiplicity. This figure complements the main text by illustrating how the Mandelbrot transformation facilitates visualising the association between rank and electrochemical parameters.

To further compare the datasets, Fig. S6 displays all three Mandelbrot curves together. For simplicity, no multiplicity bars or colour mapping are included, and the normalised frequency has been numerically adjusted so that the integrated area under each curve equals unity. Interestingly, all three datasets produce the same number of ranks (212), suggesting a certain uniformity under the Mandelbrot framework. In this context, “diversity” refers to the spread of normalised frequency across different ranking regions. Higher [Cl-] concentrations lead to distributions with reduced frequency of very frequent events and relatively higher frequency in moderately occurring/rare events. Thus, the 0.05 M NaCl dataset shows greater “diversity” in the Mandelbrot space, as predicted by the main text (see Fig. S6).
[image: ]
Fig. S6. Comparison of Mandelbrot plots from the populations of polarisation curves at different NaCl concentrations, with normalised frequencies adjusted so that the integrated area under each curve equals one. Coloured arrows indicate observed trends, confirming expectations that higher [Cl-] fosters a more diverse distribution of events.

However, while Mandelbrot modelling makes the data more tractable, classic Mandelbrot-Zipf distributions typically feature a plateau followed by a near-linear decay on a log-log plot. In contrast, our electrochemical data yield more arc-shaped curves (Fig. 2), indicating that the standard Mandelbrot function alone may not fully characterise these distributions. Such curvature may signify transitions between different dynamic regimes, suggesting that the corrosion phenomena we are examining cannot be explained by a single fractal dimension across all scales. In the activity region, the surface is still active (not passivated), and the anodic overpolarisation progressively increases the intensity of the active dissolution. When the passivity domain is reached, the rate of anodic reaction increase is significantly hampered due to the formation of a “stable” (protective) passive film. The distinct regimes could be understood through fractal modelling as a distinct fractal process in which a multi-scale electrochemical response results from the different intensities of overpolarisation imposed on the surface. Similar observations have been made in linguistic corpora studies[2,5], where datasets split into multiple power-law registers distinguish common items from less frequent, more specialised items[29]. Analogously, our data may require a multifractal approach, recognising the complexity and scale-dependence of underlying corrosion processes.
Initial attempts to divide the Mandelbrot plot into three segments - aligned with the activity, passivity, and pitting regimes commonly identified in potentiodynamic polarisation curves -proved challenging. Although fitting curve segments yielded high R² values, they did not neatly correspond to these well-known corrosion regimes. Commonly used for modelling the distribution of city populations, applying Zipf’s law to a set of the entire anodic polarisation branch is like mixing the populations of cities, villages and neighbourhoods: the resulting heterogenous set would potentially lack “coherence”[1]. To address this challenge, we employed data-driven techniques (Principal Component Analysis and clustering) to identify natural segmentations within the Mandelbrot space. It is important to note that no labels (such as E_sp or E_pit) were provided to guide the clustering. The clusters emerged purely from the data’s statistical structure, and only afterward were these clusters associated with stable pitting events. This “divide and conquer” approach ultimately revealed more than three fractal processes, indicating that the anodic branch is governed by multiple overlapping regimes. By acknowledging the necessity for multiple Mandelbrot models within a single dataset, we better capture the multifaceted, multifractal nature of the electrochemical phenomena at play. 
These results reinforce the main manuscript’s conclusion that fractal-based modelling, combined with advanced clustering techniques, provides a robust and flexible framework for interpreting complex electrochemical datasets. In doing so, it moves beyond traditional single-curve exemplars or simplistic analytical approaches, paving the way for richer insights into localised corrosion mechanisms and stable pitting pathways.
As introduced in the main manuscript, after applying PCA to the Mandelbrot-transformed polarisation data, a natural segmentation of the datasets emerged. This segmentation highlighted the presence of five distinct clusters, subsequently named “head,” “neck,” “core,” “tail,” and “tail’s tip” for ease of reference. These names reflect the worm-like shape formed in the PCA space and correlate intuitively with distributions commonly described as having a “head” (high concentration of frequent events) and a “tail” (low concentration of rare events). Crucially, the “tail’s tip” cluster is associated with the rarest events - those that correspond to E_sp in the main text.
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Fig. S7. PCA-transformed versions of the Mandelbrot curves for the three NaCl concentrations: (a) 0.005 M, (b) 0.01 M, and (c) 0.05 M NaCl. Each curve is segmented into five distinct clusters - head, neck, core, tail, and tail’s tip - highlighting natural discontinuities and structural patterns not easily discernible in the original Mandelbrot plots. The similarity in the clustering outcome across the three datasets emphasizes the robustness of this approach.

To illustrate how PCA-guided clustering translates back into the Mandelbrot domain, Fig. S8 shows the original Mandelbrot curves segmented according to the identified clusters. Each cluster defines a distinct segment of the rank-frequency distribution, capturing its own characteristic range of events and corresponding electrochemical behaviours. The transitions between these clusters are subtle but crucial, representing shifts in the underlying processes governing current distribution and pitting likelihood. 
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Fig. S8. Mandelbrot curves segmented into the five PCA-defined clusters for (a) 0.005 M, (b) 0.01 M, and (c) 0.05 M NaCl. The boundaries between clusters indicate points of discontinuity in the Mandelbrot curves, reflecting multifractal complexity in the underlying electrochemical processes.

By applying a “divide and conquer” strategy, each cluster (or region) can be modelled separately. As a result, a significantly improved fit can be achieved for each cluster compared to attempting a single fractal model for the entire dataset. The R² values obtained for each segment are generally above 0.9, demonstrating that treating the anodic branch as a composite of multiple fractal regimes yields a more accurate representation of the data. Fig. S9 provides an example of the fitting procedure for the 0.01 M NaCl dataset, where each cluster is fitted individually, leading to a series of high-quality fits that together offer a comprehensive fractal characterisation of the entire system.
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Fig. S9. Example of the multi-region fitting procedure for the clustered Mandelbrot curve of the 0.01 M NaCl macro anodic branch. Each coloured segment corresponds to one of the five clusters (head, neck, core, tail, tail’s tip), and the associated R² values indicate the high goodness of fit achieved for each region. This approach validates the multifractal perspective suggested by the PCA-based segmentation, revealing complex, scale-dependent fractal processes governing the observed electrochemical phenomena.

By projecting the defined clusters back into the original histograms, we gain additional insight into how the five clustered regions, which appear continuous in Mandelbrot space (Fig. S8), relate to the inherently multimodal distributions in the Count vs. log(j) domain (Fig. S10). It is unsurprising that continuity observed in the Frequency vs. Rank representation does not necessarily manifest in the histogram plots, as histograms can exhibit complex, multimodal patterns. Without passing through the PCA-transformed Mandelbrot space, defining the number of clusters or their respective positions directly from these histograms would have been arbitrary. 
(a) 					(b) 					(c)
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Fig. S10. Histograms of the log(j) populations segmented into the five regions defined by clustering the PCA-transformed Mandelbrot curves: (a) 0.005 M, (b) 0.01 M, and (c) 0.05 M NaCl. Despite the clarity in the Mandelbrot space, direct interpretation from these histograms would be less objective.

Our PCA-based clustering method, rooted in the fractal and multifractal perspective, acknowledges the continuous yet distinct nature of the electrochemical processes. By viewing the data as a series of interrelated fractal regimes, we can represent these five defined regions on the original population plots of polarisation curves. As Fig. S11 shows, the clusters derived from the Mandelbrot domain - which we model independently - are clearly recognisable when mapped back to the log(j)-E space.
[image: ]Fig. S11. Populations of potentiodynamic polarisation curves segmented into five clusters for (a) 0.005 M, (b) 0.01 M, and (c) 0.05 M NaCl. Each cluster, initially identified in Mandelbrot space via PCA, can be located and interpreted in terms of underlying electrochemical behaviour.

Notably, the “head” region, associated with the most frequent log(j) values, appears in two distinct areas: near the activity/passivity transition and at high overpotentials, where stable pitting currents approach limiting values (j_lim). This highlights the fractal-like complexity - both the onset of passive film formation at lower log(j) scales and the approach to stable pitting growth limits at higher log(j) values can be understood as limiting regimes in a fractal sense [25,26,30,31]. The gradual shift in “head” data from the passivity onset to the stable pitting zone as [Cl-] increases illustrates how achieving a truly passive state (defined as “the region in which the current response is independent on the applied anodic overpotential”[32]) becomes more challenging under more corrosive conditions, consistent with observations related to j_lim (Fig. S1).
The “neck” regions, supporting the “head” clusters, correspond to log(j) values approaching, but not yet reaching, limiting behaviour. In 0.05 M NaCl, a second wave of “neck-head” points emerges at higher overpotentials, illustrating how increased aggressiveness alters the log(j) distribution. This effect manifests as a deterministic-like peak at ~-1 µA/cm² in Fig. S2, reflecting a rapid convergence of log(j) values.
The “core” regions represent well-developed states of both passive film formation (low log(j)) and stable pitting growth (high log(j)). These clusters shrink with increasing [Cl-], as forming a stable passive state becomes more difficult and reaching pitting j_lim becomes easier. Interestingly, some “core” points appear on curves not exhibiting stable pitting, implying that even these “strongest link” curves (see Fig. S1 discussion) can display limited growth at high anodic overpotentials due to the oxide film’s high impedance properties [30,31].
The “tail” and “tail’s tip” clusters mostly capture rare events occurring at both extremes of the log(j) scale. The tail’s tip, representing the rarest events, aligns with conditions close to the open circuit potential (OCP) or near stable pitting initiation. At lower potentials, these rare points reflect the inherent variability in starting surface states across samples. At higher potentials, examining “tail’s tip” points in Fig. S12 (a zoomed-in view of Fig. 3) confirms that they coincide with the transition between metastable and stable pitting, encapsulating the critical E_sp descriptor. This association demonstrates the Mandelbrot-clustering approach’s ability to identify rare events indicative of stable pitting onset, a valuable insight for advanced corrosion monitoring techniques[33,34]. 
(a)
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Fig. S12. Zoomed-in version of Fig. 3 (populations of macro potentiodynamic polarisation curves) showing the “tail’s tip” cluster points superimposed on the defined corrosion regimes: (a) 0.005 M, (b) 0.01 M, and (c) 0.05 M NaCl. These rare events occur at the stable pitting onset, reinforcing the link between frequency-based analysis and key corrosion descriptors.

Lastly, the “tail” points are rare but do not represent unlimited scalability. Scalability denotes the extent to which the variable of interest (here, the electrochemical activity) current density log(j) - can increase or amplify without encountering growth limitations, affecting the frequency distribution of the observed events. Instead, they signify log(j) increments already influenced by limiting processes - be it the establishment of a passive state or the onset of stable pitting limitations. Some isolated “tail” or “tail’s tip” points at very high overpotentials can be considered outliers, arising from unique behaviour in a few samples.
By interpreting each cluster as a fractal or multifractal regime, we gain a holistic frequency-based perspective of electrochemical activity. This approach transcends the conventional search for a single deterministic E_pit, encouraging the definition of stable pitting regions (and potentially other corrosion states) in terms of the frequency of log(j) values. Such a viewpoint aligns with the main text’s emphasis on incorporating fractal analysis and data-driven strategies to better understand and predict localised corrosion phenomena.
Supplementary Notes 4 -  Classification Metrics: Definitions and Implications
To evaluate the performance of the binary classifier in distinguishing between E_sp and E_pit classes, we employed four key metrics: Accuracy , Precision , Recall , and F1 Score. Below, we provide formal definitions and interpretations of these metrics.
Definitions of Key Terms:
True Positives (TP): Instances correctly identified as belonging to the positive class (E_sp).
True Negatives (TN): Instances correctly identified as belonging to the negative class (E_pit).
False Positives (FP): Instances incorrectly identified as belonging to the positive class (E_sp), when they actually belong to the negative class (E_pit).
False Negatives (FN): Instances incorrectly identified as belonging to the negative class (E_pit), when they actually belong to the positive class (E_sp).
These terms form the foundation for calculating the classification metrics, as shown below:
Accuracy:
Accuracy is the ratio of correctly classified instances (both true positives and true negatives) to the total number of instances. It is calculated as:

A high accuracy indicates that the classifier correctly identifies most instances, but it may be misleading in imbalanced datasets where one class is significantly rarer than the other.
Precision:
Precision measures the proportion of true positive predictions out of all positive predictions. It is calculated as:

High precision indicates that the classifier has few false positives, which is crucial when the cost of misclassifying negative instances (e.g., E_pit as E_sp) is high.
Recall (Sensitivity):
Recall measures the proportion of true positives correctly identified out of all actual positives. It is calculated as:

High recall indicates that the classifier effectively identifies most positive instances, which is important when missing positive cases (e.g., failing to detect E_sp) is costly.
F1 Score:
The F1 Score is the harmonic mean of precision and recall, providing a balanced measure of the classifier's performance. It is calculated as:

The F1 Score is particularly useful in imbalanced datasets, as it balances the trade-off between precision and recall.
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