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1 Supplementary Results: Analytical considerations for the
MP-SBM

While the Cahn-Hilliard equation has often been employed for the simulation of intercalation into
lithium iron phosphate (LFP) [1–3], the potential of multiphase-field approaches for the simulation of
agglomerated particles [4] and materials which undergo multiple phase transitions during cycling [5]
has been highlighted in our previous works. An extension of the smooth boundary concept to multi-
phase systems is necessary to generalize the proposed simulation framework for arbitrary particle
morphologies. As discussed in our previous work [6], the phase transition within an LFP particle
can be modelled employing a multiphase-field approach based on an Allen-Cahn evolution equation
coupled with mass conservation given by the evolution of the chemical potential [7]. This three phase
system (electrolyte, FP and LFP) is an ideal starting point for the validation of the MP-SBM and
a subsequent generalization to multi-phase systems. The first order phase transformation (LP→LFP)
can be described through the evolution of a single order parameter φ which denotes the LFP volume
fraction. From Eq. 5 in the main manuscript we derive

∂φ

∂t
= −Mαβ

(
−γαβ∇2φ+

8γαβ
ε2π2

(1− 2φ) + |∇φ|
(
∆αβ

chem

))

where |∇φ| can be approximated as |∇φ| ≈ 4
επ

√
φ(1− φ) and the chemical driving force is given as

∆αβ
chem = (fLFPchem − µLic

LFP
Li ) − (fFPchem − µLic

FP
Li ). Note that all following considerations can be equally

made for the well-potential where ∂fwell/∂φ = 2
9γαβ

ε φ(1 − 2φ)(1 − φ) and |∇φ| ≈ 3
εφ(1 − φ). From

Eq. 9 in the main manuscript, we derive the coupled evolution equation of the chemical potential of

1



intercalated ions

∂µ

∂t
=

[
∂cα

∂µ
φ+

∂cβ

∂µ
(1− φ)

]−1(
∇ · (M∇µ) +Rbulk − (cα − cβ)

∂φ

∂t

)
.

The ion mobility M = (Dα ∂cα

∂µ φ+Dβ ∂cβ

∂µ (1−φ) is defined by linear interpolation of the phase-inherent
mobilities. To compute the phase transition within a given particle geometry which is parametrized by
the indicator function ψ, we re-write the problem as

ψ
∂φ

∂t
= −Mαβ

2ε

[
− 2εγαβ∇ · (ψ∇φ) + 2εγαβ∇ψ ·∇φ (1)

+
16γαβ
επ2

(ψ − 2ψφ) + 2εψ|∇φ|
(
∆αβ

chem

) ]
.

The term ∇ψ · ∇φ imposes the wetting angle condition and is assumed to be zero in the following.
The concentration evolution equation can be re-written as

∂c

∂t
=

1

ψ
∇ · (ψM(φ)∇µ) +

|∇ψ|
ψ

JN +Rbulk.

Employing ∂c
∂t = ((∂cα/∂µ)φ− (∂cβ/µ)(1− φ))∂µ∂t + (cα − cβ)∂φ∂t , this results in

∂µ

∂t
=

[
∂cα

∂µ
φ+

∂cβ

∂µ
(1− φ)

]−1(
1

ψ
∇ · (ψM(φ)∇µ) +

|∇ψ|
ψ

JN +Rbulk − (cα − cβ)
∂φ

∂t

)
(2)

where |∇ψ|JN defines the flux boundary condition. This set of equations corresponds to the coupled
evolution of φ and µ everywhere in the domain, while ψ marks the region of interest as sketched in
Figure 2 a).

We now reformulate Eq. (1) and (2) in terms of the multi-phase field perspective shown in Figure 2
b). The three phase variables ϕα, ϕβ and ϕγ denote volume fractions and, therefore, must fulfill the

Gibbs simplex constraint, i.e.
∑N

α=1 ϕα = 1 and 0 ≤ ϕα for all phases α. The electrolyte region is given
by ϕγ = 1 − ψ while the active material is given by ϕα + ϕβ = ψ. Therefore, the following relation
between volume fractions can be derived

ϕα =
Vα
V

=
Vα

Vactive

Vactive
V

= φψ and thus
∂ϕα
∂t

= ψ
∂φ

∂t
. (3)

As we restrict the evolution of the electrolyte-electrode interface, the evolution of phase variables fulfills

∂ϕγ
∂t

= 0 and thus
∂ϕα
∂t

= −∂ϕβ
∂t

.

We start from a general form of the multiphase-field equations based on the two interfacial energy
contributions

fgrad = −ε
∑
α

∑
β>α

γαβ∇ϕα ·∇ϕβ and fpot =
16

επ2

∑
α

∑
β>α

γαβϕαϕβ (4)

where we employ the multi-obstacle potential in accordance with [8]. As ϕγ does not evolve over time,
we set the phase mobilities Mαγ = Mβγ = 0. Furthermore, the pairwise interfacial energies with
respect to the electrolyte phase are assumed to have the same value γαγ = γβγ which corresponds
to the formation of 90◦ angles of the αβ-interface with respect to the particle boundary. With these
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assumptions, the evolution equation reads

∂ϕα
∂t

= −Mαβ

2ε

(
εγαβ

(
∇2ϕβ −∇2ϕα

)
+

16

επ2
γαβ(ϕβ − ϕα) +

8

π

√
ϕαϕβ∆

αβ
chem

)
. (5)

Eq. (1) can be expressed in terms of ϕα and ϕβ using the relations in Eq. (3), which yields

ψ
∂φ

∂t
=
∂ϕα
∂t

= −Mαβ

2ε

(
εγαβ

ϕα + ϕβ

(
ϕα∇2ϕβ − ϕβ∇2ϕα

)
+

16

επ2
γαβ(ϕβ − ϕα) +

8

π

√
ϕαϕβ∆

αβ
chem

)
.

The comparison with the multiphase-field approach in Eq. (5) shows that the last two terms are
identical due their linearity while the laplace terms differ slightly. For ϕγ = 0 and thus ϕα+ϕβ = 1 and
∇ϕβ = −∇ϕα both evolution equations become identical which means the bulk behaviour is identical
while triple junction dynamics might differ.

Similarly, Eq. (2) for the chemical potential can be re-written employing φ = ϕα/ψ and (1− φ) =
ϕβ/ψ which results in

∂µ

∂t
=

[
∂cα

∂µ

ϕα
ψ

+
∂cβ

∂µ

ϕβ
ψ

]−1(
1

ψ
∇ ·

(
ψM

(
ϕα
ψ

)
∇µ

)
+

|∇ψ|
ψ

JN +Rbulk − (cα − cβ)
1

ψ

∂ϕα
∂t

)
=

[
∂cα

∂µ
ϕα +

∂cβ

∂µ
ϕβ

]−1(
∇ ·

(
ψM

(
ϕα
ψ

)
∇µ

)
+ |∇ψ|JN + ψRbulk − (cα − cβ)

∂ϕα
∂t

)
.

The ion mobility is then given by ψM = Dα ∂cα

∂µ ϕα + Dβ ∂cβ

∂µ ϕβ . This can be generalized for a multi-

phase system with N phases if we introduce the two subsets of inactive material ϕ0 =
∑A−1

α=0 ϕα and

active material ψ =
∑N

α=A ϕα and, thus

∂µ

∂t
=

[
N∑

α=A

∂cα

∂µ
ϕα

]−1 [
∇ ·

((
N∑

α=A

Dα ∂c
α

∂µ
ϕα

)
∇µ

)
+ |∇ψ|JN + ψRbulk −

N∑
α=A

cα
∂ϕα
∂t

]
. (6)

This is equivalent to defining the concentration in the active material as cactive = (
∑N

α=A c
αϕα)/ψ.
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2 Supplementary Note: Simulation validation

From the considerations above, it becomes clear that both approaches yield almost identical evolution
equations for the first-order phase transformation and the coupled chemical potential. Deviations of
the field solutions are expected at the diffuse boundary due to the differences in laplace terms (i.e. in
triple junctions in the MPF approach). The important difference is that the second approach (MP-
SBM, compare Fig. 2 b) in main manuscript) is directly compatible with most existing multiphase-field
formulations and can be easily implemented for an arbitrary amount of phases.

For validation, we employ an ellipsoid particle under galvanostatic boundary conditions. An initial
patch of the high-concentration phase will grow due to the continued intercalation reaction (see Fig. 1a).
Note that the surface fluxes are locally varying while the integral fulfills the constraint of a constant
C-rate according to Eq. 12 in the main manuscript. As the concentration increases spontaneous phase
nucleation occurs at the right side of the particle as shown in Figure 1 b). The first simulation is based
on the standard smooth boundary derivation (SBM), i.e. Equations (1) and (2). The corresponding
temporal evolution of concentration is shown in Figure 1b. The second simulation is based on the
extended multi-phase smooth boundary method (MP-SBM) given by Equations (5) and (6). The
difference of concentration fields between both approaches is shown in Figure 1 c). The comparison of

(a) Simulation setup

(b) Reference concentration from SBM approach

(c) Concentration difference ∆c = cMP-SBM − cSBM
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Figure 1: Comparison of the concentration evolution in an ellipsoid particle with constant current
intercalation boundary fluxes as sketched in a). The reference solution based on the SBM approach
(compare Fig. 1 a) main manuscript) is shown in b). Growth of the existing high-concentration area
as well as nucleation at the high curvature area to the right can be observed. The same simulation has
been carried out with the MP-SBM approach (compare Fig. 1 b) main manuscript) and the difference
of concentration fields in shown in c). The black dotted line denotes the cSBM = 0.5 isoline while the
cMP-SBM = 0.5 isoline is shown in green for comparison.

concentration fields in Figure 1 c) reveals that the interface motion of the high-concentration phase is
almost identical in the initial timesteps with small deviations around the triple junction. As the diffuse
boundary influences the nucleation behaviour, larger differences arise later during the simulation when
another patch of ϕα nucleates at the right side of the ellipse. Nucleation is more likely to happen where
the curvature of ψ is higher [9], which can be observed in both simulations.
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