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Vorticity

Distributions of vortex size. In 2D nematic dynamic simulations, the exponential distribution of
vortex areas is proposed by L. Giomi (56). The density distribution of vortex areas between a,,;,

and a,;,, follows:

No
P(a) = — exp(-a/ax) (S1)

where N, = /a “mx daP(a) is the number of vortices, the normalization factor is given by Z =

min

/ “max dae=a/%* In 3D confined bacterial suspensions, this distribution has been widely validated

through various experiments (45). As shown in Fig. S1, our experiments measure the distributions
of vortex areas at the air-liquid surface of the bacterial monolayer, indicating that the exponential
form is universal for various fluid thicknesses and bacterial lengths.
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Figure S1: Exponential distribution of vortez areas. Density probability distribution of vortex

areas for three bacterial lengths at various fluid thicknesses.

Mean-field theory for vorticity power spectrum

In the section, we present the expression for the vortex spectrum in the k-space by closely fol-

lowing Giomi’s derivation. The mean-field theory was initially developed for self-similar coherent
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structures in two-dimensional decaying turbulence and later extended by Giomi to describe active
turbulence. First, the total vorticity at a given position results from the superposition of small
vortices, each with a radius R;, w(r) = }; w,. In mean-field theory, the vorticity of the i-th vortex
is proposed as a simple distribution, w;(r) = w,;fo(r/R;), where w, ; is a constant, and r is the
distance from the vortex center. The function fy(x) is defined as fo(x) =0 forx > 1 and fy(x) =1

for x < 1, representing a circular unit disk. Therefore, the total vorticity yields

n ) (S2)

w(r) = Y oo

The k-space vorticity is obtained by Fourier transform, & (k) = f w(r)exp(—ik-r)dr. The function

Jfo in k-space is given by:

~ ) K r Rk 2R
fowr = [ e (m) = 2n [ arefo( )itk = 25 [ arraohn = ZEn k)
0 0
(S3)
where k = |Kk|, Jo and J; are Bessel functions of the first kind of order zero and one, respectively.

Thus, the k-space vorticity becomes:
R; kT
o(k) =2n Z wyi7 N1 (kRi)e ke, (S4)

The power spectrum of the vorticity is defined as |&(k)|*:
A 2 2 —ik-(r;-1;) RiR;
lo(k)|= = 4n Zwv,iwv,je = Fjl(kRi)Jl(kRj) (S5)
i.j
Assuming that spatial correlations between vortices are negligible, only diagonal term are consid-
ered,

R12 Amax R2
(k) = 47> ) w75 L (kR)) ~ 4n° / dRP,(R)w}(R) 5 JF (kR)  (S6)
i Amin

The distribution function of vortex size is related to the distribution of vortex areas: P, (R) =
P.(a)|da/dR|, where a = nR>. Substituting this, we have:
da|R?

(o)) = 47r2w2/ dRP. (@) T SIKR)
3 2 —a/a*R 2

=8 w,~ dRe ﬁjl (kR)
- (S7)
- np i [ dee e R @)
_ 2n3Nw%R KR )2 [IO(kZR*z) ) Il(sz*z)]
Z 2 2
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where & = kR and « = kR*. The functions I and I represent the modified Bessel functions of the

zeroth and first kind, respectively.

Vorticity power spectrum and active force

In a bacterial film, active forces act as a source of vorticity. Based on the Stoke equation without
external fluid interactions, the relationship between vorticity and active force in an isolated bacterial
film has been established by B. Martinez-Prat et al. (16) First, the force-balance condition leads to
the following Stokes equation,

Vv -VP+F =0 (S8)

where 7, is the 2D shear viscosity of the film, and F is the force density arising from bacterial
swimming. Here, we consider an isolated bacterial film, and F is assumed to be independent of the
flow field. Taking the curl of the above equation yields a Poisson equation for the vorticity field
w=2-(Vxv),

V2w = s(r,1) (S9)

where s(r, t) is the vorticity source due to nematic forces, defined as s = —Z - (V X F). In k-space,
the equation becomes

_K20(K) = ni(kyﬁx — k) (S10)
n

Thus, the vorticity spectrum of the active film is related to the source force spectrum as follows:

A 1 - - ra * P
(|oK))?) = W@iwxlz + K2\ Fy|* = keky (B + FyEY)) (S11)

Kinetic Energy Spectrum and asymptotic behaviors

In the section, our goal is to establish a simplified theoretical framework to understand the scaling
behavior of the energy spectrum at various length scales observed in our experiments. In bacterial
flows, the kinetic energy spectrum is determined by both the correlation of active force and the
propagator of flow field, and it can be derived using standard procedures (/6, 45). The active force
is associated with the vorticity spectrum, while the propagator depends on the geometry and the
boundary conditions of the liquid film. The k-space propagator in the film can be determined using

the image reflection method (49). The vorticity spectrum is derived from mean-field active liquid
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crystal theory in previous section. The asymptotic behaviors and scaling analysis at the long and
short wavelengths can be done and is consistent with our experimental measurements.
The kinetic energy per unit mass density, £, in the 2D bacterial suspension is defined as:

E = % / v(R)2d’R (S12)

where R € {x, y} is the 2D position vector at the air-water interface. Using the 2D Fourier transform,

F(k) = f F(R)e ™ Rg2R the angle-averaged kinetic energy is expressed as

EK) = 1k (9HP) 513)

The velocity in k-space is related to the point force generated by bacterial layer through the k-space

Green’s function v, = QAQﬁF - Consequently, the angle-averaged kinetic energy is given by:

1

(E(K) = —<kGopGay (Fp(K) Fy (K)) (S14)

Here, we present the Green’s function in the k space and the force-force correlation function
in the liquid film between the air-liquid interface and the solid boundary, as shown in Fig. S2a.
The propagating Green’s function reflected from the bottom solid plane was modified using the

image system derived from Blake’s seminar work (62). The induced flow field is a combination of
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Figure S2: Schematic diagram of film with perfect-slip air-liquid surface and no-slip solid
plane. The velocity at p generated by Stokeslet s and its two images (s” and s’). (b) The air-liquid
interface induces an image of Stokeslet. The two point forces possess identical components in the

xy plane and opposite components along the z-axis.
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a Stokeslet and a Stokes doublet, expressed as:

9
ad,

W o, did!

- } (S15)

d’3 d’ d’3

! L] 6y did;
Gl = g{ ~7 "Bt 2Z(5ju5uv - 5jz5zv)

As shown in Fig. S2b, The air-liquid surface at the top is a perfect-slip surface. The fundamental
solution induced by this surface is a Stokeslet, given by G (r) = M-Gy(r), where G is the Oseen-
Burger tensor, Gy = ﬁ(‘% + %), and the reflection tensor is M = diag(1, 1, —1) (49).

The horizontal components of the force at point s and its image at s” are equal, while the normal
components of the force exhibit opposite directions. When a force is applied in close proximity to
the plane, the normal component of the force and its corresponding image force combine to form a

dipole.

Finally, the total Green’s function in the liquid film is given by:

0 i lane
Gij=G,+G +G

L [oy did; oy did (@Jr di’d}')
_87'[/,[ 7 PE pT 473 ik d” 43 (S16)
d |zd, ¢, dd.
+ 2Z(6jy6yv - 5jZ6ZV)6_d; d/3 - i - d’3Z]}

The 2D component of the 3D tensor in the xy-plane can be simplified as:

1 (Sap dadg [Sap dadpy (045 dady 9 1
wp = ——1 — + - + + + +2z7 —} S17
Gap snﬂ{ d P ( PR ) (d” 43 ) = odyody d (517)
| ———

(M) ) 3) "

where @, B € {x, y}. The Green’s functions in k-space can be derived via a two-dimensional Fourier
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transform as outlined in (50). For the individual components in eq S17:

Sap kakp ]

k2+ k2 (k% +k2)?

= l/ d* ke X Rp—Rs) %e—klzrzsl _ kak,B |ZP _zzkslk + le—k|Zp_Zs|]
T

(1) = iz‘/dedkzeik(Rp—Rs)eikz(zp—zs)
T

(2) = 1 / ke Ro R [ 098 k(zprzy) _ kakg (zp +20)k +1 e—k(zp+zs)]
T

1 . B 2H -z, —z9)k + 1
<3> — ;/ dzkelk(Rp—Rs) Zﬁ e—k(ZH—Zp—ZS) _ ka/kﬁ( I;k?) S) —k(ZH—Zp—Zs)]
4
_ ik(R, R;) ik (zp+zs) 0
4) = ZZPZS/CI Kdk kykge L k2+k2
—k(zp+zs)
Z ZS . p
=P / dzkkakﬁe’k(Rl’_Rs)e
n k

where k = {k,, k,} is a 2D vector in the xy-plane, and k = |k| is the magnitude of the wavevector.
R, and R; are the xy-components of the positions of the velocity point p and force point s,

respectively. Using the 2D Fourier tranform,

F(R) =

1 . .
F(k)e™Rd’k S19
er [ Fwe (319)
the k-space Green’s function is readily extracted.
For hydrophobic bacteria swimming in the liquid film, the force point (z5) and the velocity

point (z,,) are located at the air-water interface, with z; = z,, = H. Thus, the total k-space Green’s

function becomes:

. 1 ((6as kok kokg (2H
Gap = 2_{(% 2k3ﬁ)(2 +e) - gkﬂ (Te_ZkH B ZHze_ZkH)} (520)
U

Substituting this into the mean kinetic energy spectrum eq. S14, we have:

(E(k)) = —kQaﬁQay<Fﬁ(k)F (k))
- MLAk[(él%ﬁ _ kzklzﬁ)(ézv B kzak/;v)(2+ e—2kH)2<Fﬁﬁ;>
4k2 —2kH)( . 2H2) « o2KH @(ZTH _ 2H2)2 x e HKH (fy
- gat] (2 - e,:kH)2<k§F3 HIE] = koky (EeFy + FyFY))
[ A

(S21)
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where F? = F 2+ F yz Substituting the vorticity eq. S11 into this result yields:

2+ ¢ 2kH

(E(K)) = %{ni(lcﬁ(k)lzﬂh e 4 [

- k(% - Hz)e'zkH ]2<ﬁ2>} (S22)

The asymptotic behaviors of the kinetic energy spectrum for small and large kH, with respect
to vorticity and k, are given by

(F?)

RS S23
4k (523

(E(K)) ~ mak(lo(K)[*) +

Assuming F' < nwk, the scaling behaviors of the kinetic energy spectrum in 2D interfacial bacterial
turbulence is entirely determined by the asymptotic behavior of the vorticity. According to eq. S14,

the asymptotic scaling of the vorticity spectrum for small and large kR* is given as

!
(kR*)3

Jim (Jok)1?) ~ (kR")°

lim (|o(K)|*) ~
kR*—0o0 (824)

In experiment, we observe that the vortex size becomes comparable to the liquid height when
H < 100um. Consequently, our analysis focuses on cases where k is either smaller than both 1/R*
and 1/H, or greater than 1/R* and 1/ H. The asymptotic behavior of the energy spectrum for narrow

and large liquid films can then be expressed as:

11
(E(K)) kl’ (" < Rl*’ If) (S25)
(E(Kk)) ~ =k (k > R ﬁ)

Hydrodynamic instability

Flow field of the film between the air-liquid interface and the solid plane. In mean-field kinetic
theory, we treat the bacteria as dipoles and calculate the flow induced by a force dipole « with
orientation p located in the liquid film between the air-liquid interface and the solid plane as shown

in Fig. S2. The velocities are obtained through the first two images reflected by the boundaries:

s _ L§[3(x-p)2 B 1]

" Tnasl
’ (v . )2 2(y’ ’ 2(< . )2y’
s _ L[X_ _3x (X' -p) +6h° (X" +2p(X - p)) N 30h°(x’ - p)°x (S26)
8rLd”3 dr» d’
o kX’ [3(x”~p)2 1]
- 8 d1/3 d//2
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N

where u® is the flow field in an unbounded geometry, u® is the velocity induced by the no-slip
boundary at the bottom, and u*" is the velocity induced by the air-liquid interface. The orientation
is taken as p = {px, py}. The flow field in k-space is obtained using the 2D Fourier transform,

defined as i, (k, p) = f d’xuq (x, p)exp(—ik - x). These velocities are given by

2
ﬁs,s” — x Xa [3(xﬁpﬁ) —1|e X425
a 8 (r2+72)321 r2+ 72

ik 0 / [ N ) S 3p; L 0 opwy ] iex 2
- e X
87 dkq (r2+22)32 0k (r2+22)52 ~ 0k3 (r? + 2252 Bkiky (r2 +22)3/2
(827)
oo _ L/ [ X, B 3x;(x2;pﬁ)2 +6h%(x! + ZpQ(xlgplg)) N 30h2x;(x’gp,3)2]e_ik.’(d2x
@~ g (r2 + 72)312 (r2 + £2)5/2 (r2 + 22)112
:i_K@/{ L e & 32 8% 6ppy P 3p)
81 dk, (r2+22)32 (12 + 2252 0k (r2+ 2232 Bkiky (r2+22)52 9k3 (r2 +22)3/?
2
3 3Oh2[ 0 Pi 3 0 Py 3 0 2pxpy ”e-ik.xdzx
D22+ 221 K2 (P2 + )12 Bkiky (P2 4+ 22)772
. 2
4 K 0 12h7pppa o kX 2
8m kg J (r2+72)5/2
(528)

where r is the distance between velocity and force points at xy-plane. For points s, s’, and s”, r is
the same. The height difference, z, is defined as z = |z, — z,,| for the dipole in the film, z = z, + 2,
for the image from the non-slip boundary, and z = 2H — z; — z,, for the image reflected by the air-
liquid interface. In the work, we measure the vortex and energy spectrum at the air-liquid interface.
Therefore, z, and z, are taken as H.

Derivation for growth rate equation. By substituting the velocity spectra derived in the preceding
section into eq. 9 and 10, it is observed that the integral depends solely on the angle between the
dipole orientation vector and the wave vector. For simplicity, the direction of the wave vector k can

be aligned with the x-axis. Upon integration, eq. 9 and 10 yield an eigenvalue problem as follows:

My-1 0 0 60U,
Ms My — 1 ikM23 : 50” =0 (829)
0 kM3, Miz3—1 op

where 60, | 1s the longitudinal velocity perturbation along k direction, and 6 U, is the transverse
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velocity perturbation normal to k-direction. The matrix elements are listed as follows:

nBk 2+ b% = 2V1 + b2

My = o 53 [2— (1 - kH)e 2]
My = B g2 022N D2
Vg b3

kd 1, 1 kd 1 1

M3 = vskzﬂ( 0 - ) - vskzﬂ( — - 1)(1 — Hk +2H*k»)e ¥
_n 2B(V1+b2-1) - b*(1+B) (S30)
2T vk N5

o b

vsk T+ b2
My = K (B2(V1+b2—1-B) +2B(N1+ b2 — 1))(1 — 2¢2H — 2k H + 2k2H?) e 2kH

Vs 4b3V1 + b2

where b = vk /(x + A). The presence of air-liquid interface introduces a non-diagonal term, M»,
but since M1, = 0, the longitudinal mode and density fluctuation do not influence the stability of the
transverse mode. We analyses the orientational instability by considering the transverse mode (36),

nBk2+b?—2V1 + b2
Vg 2b3

My =1= [2 = (1 — kH)e 2k (S31)

The equation could be solved analytically as:

o) b
where f(x) arises from the effect of fluid thickness and is defined as:
1
f&)=5—= (S33)
As a result, the growth rate equation y is derived,
X =—A+ G(é:;) 2VS§IEZH) (534)

where G (x) = 6x2[4—(1+iV3)/h(x)—(1FiV3)h(x)] ' and h(x) = [54x2—1+6V3xV27x2 — 1]'/3.
For deterministic swimming (4 = 0), the orientation instability occurs when x < 1/ V2, where the
real part of the function G (x) becomes positive. Two distinct instability regimes are identified: one

without oscillation (Im[G] = 0) and one with oscillation (Im[G] # 0), as shown in Fig. S3.
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Figure S3: Instability of growth rate equation. The real and imaginary parts of the function G (x)

for x < 1/V2.
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Figure S4: Dependence of effective intrinsic velocity on liquid thickness. Effective intrinsic

velocity as a function of kH at vy = 200um/s.
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Scaling behaviors between vortex size and fluid thickness

At the onset of instability (y = 0), the growth rate A is given by

2vf(kH)\ vok
1=6(=3—=)
G 120 2f(kH) (535)
where v = Bkn. Using the scaling argument G (x) ~ x”, we obtain, after some algebra,
21 Y
FKHY "k = —( Y0 ) -C (S36)
vo \2v,

with C being a constant independent of the wavevector. If f(x) follows the scaling relation f ~ x?,
we then have

KBO-D BV — ¢ (S37)

Considering k = 27/ R,, the scaling relation between vortex size and fluid thickness is
R, ~ HF-T5y (S38)

Thus, R, ~ H?, where the scaling exponent « is determined by two contributions: i) the exponent
B, depending on the flow propagation in the film, ii) the exponent 7y, associated with bacterial
swimming as a dipole in the two-dimensional plane embedded in the three-dimensional fluid.
Estimating « for intermediate fluid thicknesses from experimental bacterial parameters (vo =
Bkn = 200um/s,A = 1s7'), MFKT predicts a critical reduced wavevector k. = kH ~ 0.29 at
H = 10um. As shown in Fig. S5, the corresponding exponents are § = —0.244 and v = —0.37,
yielding

weBA=Y) 005 (S39)

B-1-By

which is consistent with both our experimental measurements and theoretical predictions.
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Figure S5: Scaling exponents of functions G (x) and f (kH) (a) The scaling exponent y in function
G as a function of x = 2vf(k.)/vo. (b) The scaling exponent S in function f(x) as a function
of k" = kH. The dashed line indicates the values of these exponents at intermediate thickness

H = 10um, vo = Bkn = 200um/s, and 1 = 157!
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Experimental supplementary figures

1.0 1.0
L=8um L=10um

C(r/R)
C(r/R)

0.0 B L Ty 00 o = ot

10 0 10

5 5
/R /R - 50
1.0 1.0 - 60
L=15um \ L=23um - 100
- 150
200
300

\ 500
0.0f N— 0.0F -

5 10 0 5
/R /R

C(t/R)
C(t/R)

Figure S6: Velocity correlations. Velocity correlation functions for varying fluid thicknesses and

four bacterial lengths.
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Figure S7: Correlation lengths. Correlation lengths as a function of correlation time for three

fluid thicknesses and four bacterial lengths.
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Figure S8: Dependence of vortex size on liquid thickness. Vortex size is measured based on the

velocity field using an Okubo-Weiss (OW) method.
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