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1 Segmentation and tracking51

Phase-contrast movies were acquired every 2 s using a 100× objective, providing sufficient temporal reso-52

lution to capture M. xanthus dynamics, including in high-density regions where individual cells move at53

approximately 4 µm min−1. Segmentation was performed using Omnipose1. For each segmented object,54

a medial-axis skeleton was extracted using the skan Python library2, and cell length was defined as the55

arc length of this skeleton. Each bacterium was represented by eleven equidistant points sampled along56

its skeleton, including both poles (see Fig. 1). Segmentation errors occasionally occur, including spurious57

small objects that do not correspond to bacteria and merging events between adjacent cells. To reduce58

false detections, we retained only objects with a length between 2 µm and 20 µm, and whose skeleton59

consisted of a single path (i.e., no branches). However, some merging events cannot be reliably excluded:60

end-to-end mergers can fall below the length threshold, and side-by-side mergers may still produce a single61

unbranched skeleton. As a result, a small fraction of merged objects remains in the dataset.62

To track individual bacteria over time, we implemented a custom tracking algorithm based on Gaussian-63

weighted overlap between skeleton nodes. This approach is particularly well-suited to high temporal reso-64

lution imaging, as the limited displacement between consecutive frames ensures that genuine associations65

yield high similarity scores. For each bacterium in frame t+1, the k nearest skeleton nodes in frame t are66

queried using a KD-tree. A Gaussian similarity score is computed between each node and its neighbors67

as:68

sij = exp
(

−
d2
ij

4σ2

)
,

where dij is the Euclidean distance and σ is a fixed scale parameter, set to 2 pixels (i.e., σ ≈ 0.13 µm69

at a resolution of 0.0646 µm px−1). The scores are aggregated for each candidate pair by summing over70

all nodes, and the target from frame t with the highest total score is selected. To enforce one-to-one71

associations, ambiguous matches are resolved by retaining only the best-scoring link for each source72

identity; unmatched cells are assigned a new track ID.73

After initial identity assignment, we apply a velocity-based correction step. For each trajectory, if the74

instantaneous centroid velocity between two consecutive frames exceeds 15 µm min−1, the trajectory is75

split and a new track ID is assigned from that point onward. The algorithm is intentionally conservative:76

it does not attempt to reconnect broken trajectories, thereby avoiding erroneous identity assignments in77

ambiguous cases. Given the high density of cells in each frame (typically thousands), we can subsequently78

select long-lived trajectories for downstream analyses while still yielding ample data for population-level79

quantification. This prevents abrupt displacements—often due to segmentation artifacts—from being80

misidentified as reversals, and ensures reliable inputs for subsequent reversal analysis.81
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Figure 1: Segmentation and tracking steps. (a) Zoom on a phase contrast image taken with a 100×
magnitude objective. (b) Segmentation with the software Omnipose. (c) Extraction of 11 points along
the main axis of each segmented bacteria.

2 Reversals detection82

In this section we describe the method to detect reversals in M. xanthus bacteria. The method is based on83

detecting changes in the movement of the bacteria thanks to the segmented trajectories, see Section 2.184

(the trajectory-based method). The advantages of this method is that it is computationally fast and85

automatic, and allows measuring the reversal frequencies directly from the phase contrast movies. To86

test the accuracy of this method, we benchmarked it to another method is based on the detection of the87

polar switch of the fluorescent protein SgmX-YFP, a protein which is localized at the leading pole and88

relocates at the opposite pole during a reversal event3. This approach has the advantage of being very89

precise, yet it is low throughput as it requires recording microscopic videos at 100× objective in both90

phase contrast and fluorescence modes. In what follows we describe the two methods and compare them91

on the same dataset. Our results show that both methods detect the reversals of M. xanthus bacteria92

with high accuracy even in highly congested areas with comparable precision. These results validate the93

use of the trajectory-based method for the analysis of reversals in cell groups throughout the study.94

2.1 Detection from the trajectories95

Figure 2: (a) Rules for the trajectory smoothing. (b) Example of a smoothed trajectory.

To detect reversals within a trajectory, the common approach is to identify 180◦ changes in movement96

direction. This method is rather robust to detect reversals when cells move in isolation. However in97

cell groups, cell interactions frequently push the cells or jam them and measuring acute angles in the98

trajectory of the bacteria fails to detect many reversals. Lowering the angle threshold also has drawbacks,99

potentially leading to the detection of directional changes that are not reversal events. These errors100

commonly result from the detection of fluctuations (noise) in the movement of the bacteria, and are101
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particularly pronounced when the velocity of the bacteria is very low, or when bacteria are jammed. To102

resolve this problem, we designed a two-step strategy. The first step consists in smoothing the trajectories103

and the second step in detecting the reversals on the smoothed trajectories. The smoothing procedure104

works as follows:105

• For each trajectory, a correction is applied whenever the distance between two consecutive tracking106

points is less than a certain threshold denoted σ. In Fig. 2a we show the three possible scenarios when107

the length of segment [BC] is below the threshold σ.108

• In scenarios where angles ÂBC and B̂CD are both obtuse or both acute (rules 1 and 2), the algorithm109

removes points B and C and introduces a new point at the center of segment [BC] (the smoothing point110

in red) and the latter is now a new point of the trajectory.111

• If ÂBC is acute and B̂CD is obtuse (rule 3), the algorithm eliminates point C. Notably, this last rule112

is symmetrical.113

• These corrections are iterated several times for each point of the trajectories until the configuration of114

the trajectory points (including the new smoothing points) verify that the distance between consecutive115

smoothed points is higher than σ.116

Following the iterations, acute angles on the newly smoothed trajectories are identified as reversals.117

Additionally, the timestamp of the newly smoothed point is saved, enabling the attribution of reversals118

to the nearest time point in the initial trajectories. The result after the iterative smoothing process is119

shown in Fig. 2b, highlighting the detection of a reversal at the acute angle of the smoothed trajectory.120

The choice of the parameter σ is crucial for correctly detecting the reversals because it removes any small121

directional changes. To fit this parameter, we compared, for different values of σ, this algorithm with the122

molecular-based reversal-scoring method using the SgmX-YFP protein (see below). This protein has been123

shown to form cluster at the leading pole of the bacteria and switch between poles when cells reverse3.124

The method to detect the fluorescent cluster of this protein from microscopic movies and the fit of the125

parameter σ is explained in the following section.126

2.2 Calibrating the reversal detection method using the dynamics of the polar pro-127

tein SgmX128

SgmX has been shown to localize to the leading pole and switch poles when reversals take place3. Scoring129

SgmX dynamics is in theory a highly accurate method to score reversals. However, this method requires130

genetic modification and fluorescent illumination of the cells, which is impractical for high throughput131

analysis of single cell trajectories over extended periods of time. On the contrary, the method described132

above is non-invasive and computationally it is not demanding. However, it is potentially error prone133

and thus we needed to determine how it compares to a high precision approach such as monitoring the134

localization of SgmX.135

To this aim, we imaged M. xanthus cells expressing a functional SgmX-YFP fusion protein and recorded136

time lapse movies employing a 100× objective in both phase contrast and YFP fluorescence modes. To137

limit phototoxic effects, we used a laser intensity set to 10 % of its maximal intensity with an exposure138

duration of 200 ms to avoid fast photobleaching.139

To accurately measure SgmX-YFP polar switches during reversals, we first designed a procedure to140

detect the leading pole of each bacterium, defined as the pole where SgmX-YFP localizes. The entire141

process is illustrated in Fig. 3. To achieve this, we follow the following steps subsequently:142

• Step 1: Image segmentation (Fig. 3a). We segment each phase-contrast image of the movie. This143

process creates a labeled image that provides a distinct value to the pixels constituting a bacterium,144

enabling the detection of each bacterium.145
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• Step 2: Locating bacterial poles (Fig. 3b). We locate the two ends (poles) for each bacterium146

by identifying the ends of the skeleton, which is computed from the labeled image. This approach is147

particularly effective for rod-shaped bacteria, as it allows to pinpoint the extremities of their skeletal148

structure.149

• Step 3: Fluorescence extraction and leading pole detection. To measure polar fluorescence150

intensity, we extracted the fluorescence of the two poles from the fluorescent images by determining151

the intersection between the pixels inside squares (each side measuring approximately 0.7 µm) centered152

on each end of the skeleton and the labeled pixels for the respective bacterium (see Fig. 3b). We then153

extract the fluorescence value at the two opposing poles and determine which one is the leading cell pole154

(i.e., the pole with the highest fluorescence value). Determining if a pole is indeed the leading pole can155

be tricky as sometimes during the switch of the protein SgmX-YFP, the distribution of the fluorescence156

value is homogeneously spread across the cell body. In such cases, where the cell is reversing, taking the157

higher fluorescence pole value cannot indicate the leading pole because such a pole is not well defined.158

To resolve such events, the pole with the highest fluorescence value is considered as a leading pole when159

the three following features are verified: a) the fluorescence at that pole is 1.4 times brighter than the160

fluorescence at the opposite pole; b) the fluorescence intensity at that pole is bigger than 3 standard161

errors of the mean (induced by the fluorescence noise); c) the fluorescence intensity at that pole is162

strong enough, i.e above a certain threshold threshon, here we take threshon = 1.2. This threshold163

is not manually selected, but automatically calculated by the algorithm for the first given image (see164

Fig. 3c). The algorithm also accounts for the decrease of the threshold over the course of multiple165

frames as the YFP fluorophors bleach. 1166

• Step 4: Reversal detection. Finally, we detect reversals by simply following the relocation of the167

fluorescence from the leading pole to the opposite pole. If no pole can be detected due to diffuse168

fluorescence during the relocation of the protein, the previously detected leading pole is considered the169

leading cell pole.170

In Fig. 3d we provide an example of a reversal detection. The pole to the right is discarded as a candidate
for the leading pole, as it does not satisfy the first feature: the fluorescence intensity around the right
pole is not 1.4 times bigger than the intensity around the left pole. In contrast, the left pole verifies the
first feature. The second feature is verified by the pole on the left: the fluorescence noise was detected
from the complete image and found to be equal to,

σnoise = 0.28.

With
nleft = 93

pixels being evaluated at the left pole, the standard error of the mean is given by,

SEMleft = σnoise
nleft

= 0.029.

The fluorescence intensity of the left pole is clearly above the SEM. Finally, with the value of the threshold171

fluorescence threshold threshon = 1.2, the third feature is verified by the left pole and is then attributed172

as the leading pole.173

1At first (first frame of the movie), the threshold threshon is set to zero and the leading poles are determined by the
first two features aforementioned. This yields a distribution of leading (and lagging) poles’ intensities. The respective pole
intensities are fit to Johnson-SU distributions, whose intersection is determined to be the new threshold threshon, see Fig. 4a.
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Figure 3: (a) Detected leading poles (orange circles) and reversal (red dot). (b) The skeleton of the
bacterial cell is represented by the white line, and the detected poles are represented by the two crosses.
The fluorescence intensity of the two poles is computed by extracting the mean fluorescence intensity
of the pixels inside the white squares (centered with the pole detection) that are part of the body of
the bacterium. In this case the left pole is attributed as a leading pole (orange cross). (c) Leading and
lagging pole intensities fit to a Johnson-SU distribution at initial guess, where threshon is set to zero.
(d) Temporal example of the detection of a reversal from the relocation of the SgmX-YFP cluster (third
image).

Dealing with rare errors. Although this 5-step process is robust, some (rare) errors can occur due174

to the pollution of the fluorescence intensity of a bacterium by neighboring bacteria. In what follows we175

describe how we deal with such issues.176

The contamination by the fluorescence of neighboring bacteria is measured with a linear regression
model. An ordinary least-squares (OLS) linear regression model with fixed intercept and slope is imple-
mented via the OLS (Ordinary Least Squares) function from the regression.linear_model module of
the statsmodels library in Python24. To train the model, all the detected lagging poles are selected.
For each lagging pole i ∈ {1, ..., n}, its intensity Ii is taken as the response variable. The intensities
Ineighbour,ij and distances dneighbour,ij of all neighbors j within a range of two bacteria widths from the
lagging pole of cell i are used to calculate one combined explanatory variable, called Signal Si. The Signal
Si is constructed from ideas of classical physics - it is known that the intensity of a point light source is
inversely proportional to the square of the distance from the point source,

I ∝ 1/d2.

In this model, different weights are given to each of the neighbors by multiplying with their intensity.177

The influence of each neighbor is then just added up. The linear regression model is then given by,178

Ii = β0 + β1Si + εi, (1)
Si =

∑
j∈neighbourhood of i

Ineigbour,ij/d
2
neigbour,ij ∀i ∈ {1, ..., n}, (2)

2https://www.statsmodels.org/stable/generated/statsmodels.regression.linear_model.OLS.html
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Figure 4: (a) Fluorescence contamination by neighboring bacteria. Poles are indicated by cyan crosses.
The right pole of the left bacterium (which is the lagging pole in this example) is polluted by neighboring
poles. (b) The histogram of the residuals ε. The residuals have a mean value of zero and follow approxi-
mately a normal distribution. (c) The linear regression line (orange) and point cloud of measured signals
Si (black). The correlation of the intensities compared to the neighbor’s signal is cor(I,S) = 0.493,
underscoring a good fit of the linear model. (d) Leading and lagging pole intensities distribution after
applying the pole-on-threshold and removing the pollution. Both distributions are now well separated.

with n being the number of detected lagging poles and εi the residuals, i.e. the difference between response
Ii and model output Îi = β0 +β1Si. In OLS linear regression, the sum of squares of residuals is minimized,∑

i

ε2
i −→ min .

The results of the linear regression are represented in Fig. 4c. After the linear regression is done and179

the model is trained, the influence Si of the neighbors of each bacterium is measured and subsequently180

the intensity Îi = β0 + β1Si is subtracted for all detectable poles in the movie (leading and lagging181

poles). The fluorescence analysis ends by multiple iterations of detecting the leading poles (applying the182

three features) and estimating the threshold at each iteration, until the threshold becomes constant. The183

resulting distribution can be seen in Fig. 4d. The final leading pole detection methodology was tested on184

artificial data, where the fluorescent clusters on the bacteria poles were set on known poles. This allowed185

us to observe how well the program was able to detect them. The artificial fluorescent image was created186

from bottom-up using an image containing segmented cells, see Fig. 5a and Fig. 5b, where small gaussian187

intensity clusters were randomly added at one of the detected poles. 81 % of bacteria had their fluorescent188

cluster clearly visible on one pole, 9 % had clusters distributed along the cell body and 10 % contained no189

visible clusters. Noise was added on top of the picture. Then, to simulate an increase in intensity in the190

entire bacterial body in larger groups, gaussian SgmX-YFP concentration gradients were added, which191

had their maximum close to the leading pole and spread over to neighboring bacteria. From N = 3232192

detected bacteria, 99.9 % were correctly detected, yielding only 4 mistakes. Consequently, the accuracy193

in reversal detection was determined to be 92.5 %.194

Calibrating reversal detections. We next used SgmX-based reversal detections to calibrate our195

trajectory-based reversal detection method and determine which smoothing parameters should be ap-196
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Figure 5: (a), (b) Extract of real fluorescence image and artificial image. The fully bright circles cor-
respond to bacteria with a clear unipolar SgmX cluster ("on" pole), see red star. Less bright circles
correspond to bacteria with an unclear unipolar SgmX cluster ("halfway on" pole), see red star. Bacte-
ria without SgmX cluster ("off" pole) have a higher noise than background noise, see green star. While
fluorescent gradients decaying from the "on" towards the "off" pole are not visible on isolated bacteria,
their effect becomes visible in big clusters of bacteria, where they spread over to neighboring and add up
(pink star), as it can be observed in the real data of image (a). (c) Trajectory-based versus SgmX-based
reversal detections.

plied to limit errors. For this, we applied both methods on the same data set (swarming movies) to197

detect M. xanthus reversals. The trajectory-based method was run with different smoothing parameters,198

ranging from 0.1 to 2 with step of 0.1 and from 2 to 10 with step of 1. From the resulting data sets,199

we extracted the overall number of reversals as well the time step and position at which each reversal200

occurs. To compare the performance of both methods, we used three quantities: the precision score, the201

recall score and the F1 score, a metric commonly used when comparing boolean distributions; simply the202

harmonic mean of the precision and recall scores, which attributes a score to the overall performance of203

the algorithm. Their formulas are given below:204

Precision = TP

TP + FP
(3)

Recall = TP

TP + FN
(4)

F1 score = 2 × Precision × Recall
Precision + Recall , (5)

where TP stands for True Positive, i.e events detected by both methods, FP stands for False Positive, i.e205

events detected by the first method and not the second, and FN for False Negative, i.e events detected by206

the second and not the first method. Figure 5c shows the plots of the three scores described above with207

respect to the smoothing parameter. We observe that smoothing parameters ranging from σ = 0.5 to208

σ = 2 give an optimal F1 score of around 91 % to 92.5 %. For our analysis of swarming and rippling movies209

using the trajectory-based algorithm, we therefore opted for the lowest smoothing parameter σ = 0.5,210

as we want to smoothen trajectories the least possible, while maintaining a good reversal detection, to211

capture fast reversals.212

TBR distribution in experiments: related to main Figs 1e-f, 5c, 6c. We used the trajectory-213

based method to detect reversals in both swarming and rippling experiments, allowing us to extract the214

time between reversals (TBR) distribution in both conditions. In Fig. 6, we show the TBR distributions215

of three independent experimental replicates for both rippling and swarming. For both conditions, we216

observe some variability between the replicates, as shown by the mean. When compared with TBR from217

our 2D numerical simulations in swarming (see Fig. 27 below), we see that one replicate displays a higher218

mean TBR than the simulation, one a lower mean TBR, and one a similar value. For rippling, in all cases219
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the experimental TBR values are consistently lower than those obtained in the simulations. In the main220

text (Figs 1e-f), we chose to present the replicates where the experimental and simulated distributions221

were most similar. We note that such variability between experimental replicates is common in M.222

xanthus experiments, and can arise from slight differences in experimental conditions such as temperature,223

humidity, or agar concentration. However, our aim here was to show that despite this variability, our model224

can capture the key features of reversal dynamics in both patterns, that is, unimodal TBR distributions225

in swarming and bimodal TBR distributions in rippling (see Fig 5c and 6c in the main text).

Figure 6: TBR distribution in rippling (top) and swarming (bottom) of 3 independent experiments.
226

3 Reversal Machinery in Myxococcus xanthus227

We built a 1D age-structured model based on the reversal mechanism proposed by5. In this section, we228

detail the main components of that reversal mechanism which helps understand our modeling choice.229

The M. xanthus reversal system is depicted in Figs. 7 and 8. Central to the M. xanthus reversal230

system is the concentration of MglA-GTP at the leading cell pole, where it triggers activation of the231

motility complexes. This unipolar positioning is regulated by MglB, functioning as a GTPase-Activating232

Protein (GAP), and RomRX, acting as a Guanine Nucleotide Exchange Factor (GEF). MglB localizes at233

the lagging pole, setting MglA polarity by transitioning it to the inactive MglA-GDP state. When cells234

reverse, the polarity of MglA changes, facilitated by the simultaneous inversion of MglB, allowing cell to235

move in the opposite direction. Critical to these reversals is the Frz signal transduction pathway, which,236

because it acts upstream from the RomR-Mgl system, is subject to a refractory period—a crucial time237

interval post-reversal before the cell becomes sensitive to further activation. This system exhibits two238

crucial properties:239

• At low signal intensities, it acts as a toggle switch, triggering reversals in response to sudden bursts240

of any activating signal.241

• At high signal intensities, it functions as a spatial oscillator, with its frequency modulated by the242

length of the refractory period. Different oscillation states are attainable for cells owing to the regulation243

of the refractory period by the activity of the Frz system.244
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The Frz pathway. The Frz system regulates the reversal frequency in M. xanthus6. It functions as a245

so-called chemosensory system7,8, where a receptor called FrzCD detects a signal that activates reversals246

(although how it gets activated exactly is still unclear). FrzCD then triggers FrzE, a histidine kinase247

similar to CheA, to transfer phosphate groups to two other regulators, FrzX and FrzZ. While the exact248

targets of these regulators are not identified, they seem to work together. FrzX-P works at the lagging249

end of the cell, depending on MglB, to activate reversals. Meanwhile, FrzZ-P becomes important when250

signaling levels are high, operating at the leading end of the cell. Its role seems to accelerate MglA251

dissociation from the pole and shortening the refractory period established by RomR. Then, when the252

activation level is low, the amount of FrzX-P becomes crucial, and any signal causing a sudden increase in253

FrzX-P will quickly trigger a reversal (as a toggle switch). Conversely, when FrzX-P is high, the speed of254

RomR relocation becomes the limiting factor, causing cells to reverse in oscillating patterns. And as FrzZ-255

P increases, the frequency of these oscillations rises until it reaches a maximum frequency corresponding256

to the maximum of FrzX-P levels.257

The model proposed by Guzzo et al.5 posits that the regulation of reversals by Frz can occur at two258

different signaling regimes:259

• In conditions of low signal density, the [FrzX-P] is low and a cell must wait for RomR to relocate fully to260

the lagging pole before executing another reversal. Thus, reversals can only occur if two conditions are261

met: (i), a critical [RomR] is attained at the lagging cell pole. (ii), [FrzX-P] increased to Frz activation.262

• Conversely, in high signal environments, the level of [FrzX-P] is maximal and thus the slow RomR263

dynamics (which appear constant) become the limiting step. This sets a limit on the reversal frequency,264

which is partially bypassed by the action of FrZ-P. This protein ensures that reversals occur at lower265

[RomR] thresholds, shortening the refractory period and thus allowing reversal frequencies faster than266

dictated by RomR alone. Thus, the refractory period, initially maximal at low signaling levels, decreases267

with higher signaling due to FrzZ-P activity.268

A schematic view of the process is illustrated in Fig. 8. This motivated us to consider a low and a high269

signaling regime in the 1D model where the reversal rate and the refractory period behave differently, see270

Fig. 9. In low signaling regime, the refractory period is constant and equal to a maximal period, whereas271

the reversal rate is modulated and increases linearly with the signal levels. In high signaling regime, the272

reversal rate reaches its maximum rate and remains constant, whereas the refractory period is modulated273

and decreases with the signal.274

4 A pair of mathematical models for the emergence of the rippling275

collective stage276

This section is devoted to the design of mathematical models to explore how the dynamics of the reversal277

machinery, as described in the previous section, can influence pattern formation. More precisely, we ask278

the following question: can we assess mathematically the impact of the mechanism of regulation279

(either the reversal rate, or the refractory period) on the outcome of collective interactions280

at the macroscopic scale? Here, the outcome we focus on is the emergence of rippling density waves281

out of a nearly spatially homogeneous state. We make the strong hypothesis of one-dimensional spatial282

geometry to mitigate the complexity. This restricts the panorama of possible patterns, of course, but it283

enables mathematical analysis which is biologically sound. Moreover, this paves the way for agent-based284

simulations in a two-dimensional space, which are detailed in Section 6.285

286

Our strategy. In order to address the question of rippling emergence, we rely on two PDE models,287

which correspond to the state-of-the-art of continuous density modeling of Myxococcus xanthus collectives.288
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Figure 7: The Frz system (left part) interacting with the Mgl polarity complex (right part). At the
surface of the nucleoid, the methyl-accepting protein FrzCD forms an association with the FrzE histidine
kinase through the coupling protein FrzA. FrzF and FrzG regulate the methylation and demethylation of
FrzCD, respectively. FrzE phosphorylates two different response regulator domains: FrzX and FrzZ. The
protein FrzZ-P might dissociate MglA-GTP from the pole and limit the length of the refractory period
set by RomR. The protein FrzZ-P, when acting at the lagging pole, might inhibit the MglB GAP activity.
The figure is adapted from the work of Herrou and Mignot9.

We deliberately omit the full description of protein dynamics in the bacteria cytoplasm to retain the289

essential principles discriminating between the low versus high signal intensities. The two models are290

different in details, but they share similar principles. Here, we show that they also share similar qualitative291

conclusions.292

Brief description of two models under study. The first model is in line with a series of works10,11.293

It describes a density of bacteria structured with respect to space, velocity, and time since last reversal294

(to account for a refractory period). The second model is in line with another series of works12,13. It295

describes a density of bacteria structured with respect to space, velocity, and a phase variable describ-296

ing the progression of the cell through a kind of "cell cycle". The second model is closer to viewing297

Myxococcus xanthus as an oscillator which can be impacted by signal modulation, whereas the first model298

is more Markovian in essence, subject to an exponential distribution of times between reversal (notwith-299

standing the refractory period of course). Of note, the distribution of times between reversals shown in300

the experimental swarming phase (see Main Text Figure 1d) in the absence of population synchronization301

(that is, the rippling phase) shows a fair amount of spreading, possibly advocating in favor of the first302

model.303

304

Mathematical tool for the qualitative analysis of the two models. In this section our aim is305

to draw robust conclusions out of simple and fairly general models. Therefore, we chose to analyse both306

models in parallel. For the analysis to be tractable, it is essential to retain the main ingredients, and307

simplify non-essential ones. As mentioned above, to manage the complexity of the problem at hand, we308

have the following set of hypotheses:309

• We restrict our study to one dimension in space.310
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Figure 8: The dynamics of the Mgl polarity complex. Before a reversal, MglA and MglB are respectively
localized at the leading and the lagging cell pole. RomR, initially localized at the leading pole, slowly
relocates to the lagging pole. During low signaling, RomR completely relocates to the lagging pole before
a possible switch of MglA-GTP, leading to the maximal refractory period. Then, the switch of MglA-GTP
must wait for the effect of FrzX-P, which is in low quantity and possibly inhibits the action of MglB on
MglA. At high signaling, FrzX-P is not limiting, and FrzZ-P assists in the unbinding of MglA-GTP at
the leading pole. In this case, the reversal occurs before the complete relocation of the RomR protein,
shortening the refractory period. The figure is adapted from the work of Herrou and Mignot9.

• We assume that the speed of single bacteria is constant in amplitude, such that only the direction311

(left/right) matters.312

• We ignore cell division in the model, as we are only interested in cell self-organization by collective313

motion under starvation.314

The analysis consists in standard pattern formation analysis at first order, also referred to as linear315

stability analysis. In practice, we assume a spatially homogeneous initial density, with small perturba-316

tions. We compute the first order approximation for the perturbations. This results in a linear problem,317

for which we can study the spectrum as function of the spatial frequency, and in particular the sign of318

the real part of eigenvalues. This informs us of whether the perturbations grow or decay in time (with319

possible oscillations in space, and even more complicated patterns in the last variable, namely the time320

since last reversal). The rule is standard: if all eigenvalues have negative real part, no mode can grow321

in the Fourier decomposition of the initial perturbations, whereas if at least one mode has positive real322

part, then the corresponding mode can grow at such frequency, and patterns emerge.323

324

Pattern formation analysis is standard in developmental biology (e.g. the archetypal Turing instability14).325

The same type of analysis was performed in the literature11 in a simpler model where bacteria can only326

have two states: reversing or non-reversing. This type of analysis addresses only partially the pattern327
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formation, as it can follow emerging patterns only on a short time scale (that is when the amplitude328

of fluctuations are small enough). In this case, pattern formation analysis can be summarized into two329

outcomes: when the spectrum is negative, then it ensures stability of the homogeneous state, which is330

an indication of the absence of rippling or whatever pattern (but more complicated strongly non-linear331

effects are possible). On the contrary, when the spectrum has a positive eigenvalue, then we can conclude332

that some pattern emerges out of the homogeneous state. It is possible to identify the features of the333

eigenvalues with positive real parts. In particular, imaginary parts are signatures of moving patterns such334

as waves, at least at small scale (while the linear approximation is still valid). However, we decide to not335

push the analysis too far, and we rather rely on numerical simulations to appreciate the patterns in the336

long term beyond the emergence phase.337

Before we enter into the mathematical analysis, let us clarify that in case of instability, only the338

rippling pattern could be observed in numerical simulations, in line with the intuition behind the model.339

4.1 The age-structured model (time since last reversal)340

4.1.1 Description of the model341

We introduce a 1D (in space) kinetic age-structured model of M. xanthus bacteria. The model incorporates342

two population densities of M. xanthus bacteria denoted u+ and u− representing respectively right-moving343

and left-moving bacteria at constant speed v. Here, ’kinetic’ refers to persistent motion, as opposed to344

’diffusive’ models where diffusion prevails in the long-time scale. Bacteria are able to reverse (switch from345

left to right moving and vice versa) upon which they go through a waiting time called the refractory346

period (denoted TRP ) before being able to reverse again. Once this refractory period elapses, bacteria can347

reverse at a rate denoted as T−1
REV := 1

TREV
, which induces a transfer between the two populations, u+348

and u−. To discriminate whether bacteria are within the refractory period or not, the model is equipped349

with an internal clock r that measures the time elapsed since the last reversal. By analogy with standard350

models in population dynamics, this time variable r is sometimes called the age variable, in short. A351

reversal event is obviously not a birth nor a death, but it implies this time being reset to zero. This352

additional variable enables to store the information whether the elapsed time is greater or smaller than353

the refractory period TRP . By definition, it is reset to zero following a reversal. The governing equations354

are as follows,355

u±
t (t, x, r) ± vu±

x (t, x, r) + u±
r (t, x, r) = −T−1

REV (ρ)u±(t, x, r)H(r − TRP (ρ)),

u±(t, x, r = 0) = T−1
REV (ρ)

∫ +∞

0
u∓(t, x, r)H(r − TRP (ρ)) dr.

(6)

The population densities u± are functions of time t, space x and of the internal clock variable r. Here, the356

subscripts denote partial derivatives, and the function H is the Heaviside function. In the first equation,357

the reversal of left and right moving bacteria is modeled by the loss term on the right-hand side, which358

recapitulates all the reversal events, occurring at rate TREV , provided r > TRP (ρ), the latter being359

encoded by the Heaviside function H. The second equation accounts for the cumulation of all reversal360

events, by resetting the internal clock to r = 0 and flipping the velocity (it is a flux term from u∓ to361

u±). The signal, denoted by ρ, can modulate (increase or decrease) the reversal frequency T−1
REV or the362

refractory period TRP .363

4.1.2 Local sensing: a pair of assumptions about the nature of the signal364

The nature of the signal is questionable, as discussed in another part of this work. In this section, we365

explore two different options: either a feedback by the local density, given by,366

ρ(t, x) :=
∫ +∞

0

(
u+(t, x, r) + u−(t, x, r)

)
dr, (7)
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or a feedback going through the local directional density, given by,367

ρ(t, x) := either ρ+(t, x) or ρ−(t, x), where ρ±(t, x) =
∫ +∞

0
u±(t, x, r) dr. (8)

The latter choice (8) should be understood as follows: bacteria moving in some direction (to the right,368

say), are sensitive to the number of bacteria moving in the opposite direction (to the left), around the369

same position x. This modeling choice is commonly used in the literature12,15,16,10,11. In contrast, the370

former choice (7) means that bacteria are sensitive to the number of bacteria around them, whatever their371

direction17. Importantly, these two choices are based on local sensing only. It means that we assume local372

interactions only, in the absence of diffusible signal or any long-range interactions. They are meant to373

account for local congestion in various terms. The case (7) is a conservative hypothesis, which disregards374

the geometry of cell configurations. The case (8) is classically motivated by the putative C-signaling which375

would rely on head-to-head contact for triggering reversions. Since our goal is to revisit the modeling of376

the rippling phase, we decided to explore both assumptions. For a better account of local congestion, we377

postpone the discussion to the two-dimensional modeling, see Section 6.378

In the following section, we linearize Eq. (6) and conduct a stability analysis to understand the379

outcomes of the model with respect to pattern formation.380

4.1.3 Modulation of the rate of reversal versus modulation of the refractory period381

In Eq. (6) we explicitly express the dependence of both T−1
REV and TRP on the signal. For the sake of382

simplicity, we shall deal with each dependency separately. More precisely, we assume that both the rate383

of reversal T−1
REV and the refractory period TRP can vary as a function of the signal ρ, but we assume384

that they cannot vary simultaneously.385

The next sections deal with the numerical simulations and the linear stability analysis of Eq. (6).386

The latter is rather abstract, as it only focuses on deriving the dynamics of small variations around a387

homogeneous spatial density, hence it is not necessary to have an explicit expression for the reversal388

rate nor for the refractory period with respect to the signal (in both the local or directional case). On389

the contrary, we need to assign a global dependency in order to perform numerical simulations. Here,390

we retain a simple form for each of the dependencies. We assume that there is a unique threshold ρT391

separating the variations of the reversal rate from the variations of the refractory period. Moreover, we392

assume that each durations, either the duration of the refractory period TRP and the mean duration393

before next reversal TREV are inversely proportional to the signal density ρ. This is illustrated in Fig. 9394

in terms of T−1
REV and TRP as they appear in the model Eq. (6). The two functions are superimposed395

to illustrate the dichotomy of variations, but they have of course different units. In our mathematical396

analysis, we will use the following expressions,397

T−1
REV (ρ) = F ∗

ρT
ρ , TRP (ρ) = R∗ρT

ρ
. (9)

398

4.1.4 Numerical scheme for the 1D simulation of the model399

In this section we show the numerical scheme used for the 1D simulations of the model. The scheme
used is classical and commonly used in literature for such models10,11. We consider the time in [0, T ]
with T = 50 min, the 1D space domain in [0, L], with L = 100 µm and the age to be in [0, rmax], with
rmax = 6 min. Following the numerical implementation in Degond et al.10, to simulate System (6) we
derive the corresponding discrete age system by discretizing the time variable t ∈ [0, T ] as tn = n∆t, the
space variable x ∈ [0, L] as xi = i∆x, and the age variable r ∈ [0, rmax] as rj = j∆r for n = 0 . . . N ,
i = 0, . . . , I, and j = 0, . . . J . The step sizes ∆t,∆x,∆r are given in the table at the end of this section.
We denote,

u±,n,i,j := u±(tn, xi, rj), n = 0 . . . N, i = 0, . . . I, j = 0, . . . J.
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Figure 9: Refractory period TRP (ρ) (solid curve) and rate of reversal T−1
REV (ρ) (dashdotted curve) as

functions of the signal ρ.The density ρT is the density threshold separating low and high signaling regime.
In low signal regime, the refractory period TRP is constant and equal to R∗ whereas the reversal rate is
modulated and increases linearly with the signal T−1

REV (ρ) = F ∗

ρT
ρ. In high signal regime, the reversal rate

reaches its maximum T−1
REV = F ∗, whereas the refractory period is modulated and it decreases with the

signal as TRP (ρ) = R∗ρT
ρ

.

The signal ρ(t, x) given by either Eq. (7) or Eq. (8) is denoted by its discrete version ρn,i. The scheme for400

the density equations uses a upwind finite difference scheme for the time, space and age derivates. The401

corresponding discrete system is then given by,402

u+,n+1,i,j − u+,n,i,j

∆t + v
u+,n,i,j − u+,n,i−1,j

∆x + u+,n,i,j − u+,n,i,j−1

∆r = −T−1
REV (ρn,i)u+,n,i,jH(rj − TRP (ρn,i)),

u−,n+1,i,j − u−,n,i,j

∆t − v
u−,n,i+1,j − u−,n,i,j

∆x + u−,n,i,k − u−,n,i,j−1

∆r = −T−1
REV (ρn,i)u−,n,i,jH(rj − TRP (ρn,i)),

(10)
for n = 0 . . . N , i = 0, . . . , I and j = 1, . . . J − 1. The last age J is treated differently as bacteria cannot403

age anymore and can only reverse, which yields,404

u+,n+1,i,j − u+,n,i,j

∆t + v
u+,n,i,j − u+,n,i−1,j

∆x − 1
∆ru

+,J−1(t, x) = −T−1
REV (ρn,i)u+,n,i,JH(rJ − TRP (ρn,i)),

u−,n+1,i,j − u−,n,i,j

∆t − v
u−,n,i+1,j − u−,n,i,j

∆x − 1
∆ru

−,J−1(t, x) = −T−1
REV (ρn,i)u−,n,i,JH(rJ − TRP (ρn,i)),

(11)
for n = 0 . . . N., i = 0, . . . , I and j = J .
Finally, we close the system with periodic boundary conditions in space,

u±,n,−1,j = u±,n,I,j , u±,n,I+1,j = u±,n,0,j .

Finally we have the condition for the age at j = 0,405

u±,n,i,0 = T−1
REV (ρ)

J∑
j=1

u∓,n,i,jH(rj − TRP (ρn,i))∆r. (12)

For a signal given by the local density Eq. (7), the discretization is as follows,406

ρn,i =
J∑
j=1

(
u+,n,i,j + u−,n,i,j

)
∆r, (13)

and for a signal given by the directional density Eq. (8), the discretization is as follows,407

ρ±,n,i =
J∑
j=1

u±,n,i,j∆r. (14)
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L (µm) T (min) rmax (min) v (µm min−1) ∆x (µm) ∆r (min)
100 50 6 4 0.05 0.05

∆t (min, CFL condition) F ∗ (min−1) R∗ (min) ρT N I J

0.25min(∆x,∆r)
v

= 0.0042 3 5 0.5 12 000 2000 120

Table 1: Parameters of the 1D simulations in Fig. 10 (a), (d).

Model parameters and simulation setup. For the numerical simulations and to generate the ky-408

mograph we take the reversal rate and the refractory period as chosen in Fig. 9, that is, in low regime409

(i.e ρ < ρT ) the refractory period is constant equal to R∗ and the reversal rate increases linearly with the410

signal; in high regime (i.e ρ > ρT ) the reversal rate is constant equal to F ∗ and the refractory period is411

inversely related to the signal. Finally, for the initial condition, we take u±(t = 0, x, r) initialize with the412

homogeneous steady state, see (17) below, and perturb it with a gaussian random variable N (0, 0.01). In413

Table 1 we write the model parameters used to generate the numerical simulations.414

4.1.5 Numerical exploration of the 1D model415

We simulated the 1D model using either the local signal defined in (7) or the directional signal in (8).416

For each signal type (local or directional), we consider two scenarios (low or high signaling regime),417

1. Low signaling regime: ρ(t = 0, x) =
∫+∞

0
(
u+(t, x, r) + u−(t, x, r)

)
dr < ρT (local signal) and418

2ρ±(t = 0, x) = 2
∫+∞

0 u±(t, x, r) dr < ρT (directional signal).419

2. High signaling regime: ρ(t = 0, x) > ρT (local signal) and 2ρ±(t = 0, x) > ρT (directional signal),420

where the initial densities ρ(t = 0, x), ρ+(t = 0, x) and ρ−(t = 0, x) are constant in space, and where we421

assumed in the directional case that ρ+(t = 0, x) = ρ−(t = 0, x). Recall that ρT determines whether we are422

in a low signaling regime (i.e the refractory period is constant) or a high signaling regime (i.e modulation423

of the refractory period). It is important to note that for the 4 simulations described previously, all the424

parameters in Table 1 remain the same and only the initial density changes. We plot the kymographs of425

these simulations in Fig. 10.426

Interpretation of the results of the numerical simulations 1D model in Fig. 10. Starting427

from a perturbed initial density, one straightforward observation that can be drawn from Fig. 10 is that428

modulation the refractory period in both the local (Fig. 10a) and the directional signal (Fig. 10d) yields429

the emergence of rippling patterns compared to modulating the reversal rate (Fig. 10b,c) where ripples430

are absent. Indeed we observe in Fig. 10b,c that the perturbations soon vanish and the system goes back431

to its homogeneous equilibrium. It is also interesting to note that the rippling pattern emerges much faster432

in the directional signal than in the local one, as we observe the formation of clear counter-propagating433

waves at about 10 minutes for the directional signal versus 20 minutes with the local signal. We also434

remark a clear difference in the wave length in these two scenarios.435

4.2 Pattern formation I: linear stability analysis of the age-structured model436

As discussed, several models suggest that bacterial reversal rates are influenced by signals such as local437

or directional density5. This section performs a linear stability analysis of the model Eq. (6), covering438

four sub-models based on modulation type (T−1
REV vs. TRP ) and signal nature (local in Section 4.2.1439

vs. directional density in Section 4.2.5). The modulation of the refractory period requires some caution,440

as the signal integration goes through a Heaviside function in the model. This yields Dirac masses in441

the linearized problem, which correspond to strong impulsions in the linearized problem, acting on the442
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Figure 10: Simulations of the 1D model for both local and directional signal. (a) Local signaling sim-
ulation where the initial density is above the signaling threshold ρT (refractory period modulation).
(b) Local signaling simulation where the initial density is below the signaling threshold ρT (reversal
frequency modulation). (c) Directional signaling simulation where the initial density is above the
signaling threshold ρT (refractory period modulation). (d) Directional signaling simulation where the
initial density is below the signaling threshold ρT (reversal frequency modulation).

frequency modes at the time of the end of the refractory period. The next sections are structured with443

respect to these four sub-models.444

4.2.1 Local density signaling: linearization of the model445

In this section, we consider the signal (denoted ρ) as the local density defined in (7) and incorporate this446

signal in the model equations Eq. (6). Note here the dependence of the reversal rate T−1
REV and of the447

refractory period TRP on the signal ρ. In the following, we divide the analysis into two regimes: a low448

signaling and high signaling regime, which correspond to ρ < ρT and ρ > ρT respectively (see Fig. 9),449

that is, the modulation of the reversal rate and the modulation of the refractory period, respectively.450

Low signaling regime: ρ < ρT . This low signaling regime corresponds to a state of the bacteria451

where the activity of the Frz system is low5 (see Section 3). In this regime, as illustrated in Fig. 9, the452

refractory period is assumed to be constant i.e TRP := R∗ and the rate of reversal depends on the signal453

T−1
REV := T−1

REV (ρ). The model equations can be written as follows,454

u±
t ± vu±

x (t, x, r) + u±
r (t, x, r) = −T−1

REV (ρ)u±(t, x, r)H(r −R∗),

u±(t, x, r = 0) = T−1
REV (ρ)

∫ +∞

0
u∓(t, x, r)H(r −R∗) dr.

(15)

We search for a stationary and homogeneous solution of the Eq. (15). We take ut = ux = 0 which yields,455

ū±
r (r) = −T−1

REV (ρ̄)ū±(r)H(r −R∗), (16)
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where the new quantities ū± and ρ̄ denote the variables at the homogeneous stationary state. We solve456

Eq. (16) which gives the following solution depending only on the variable r,457

ū±(r) = ū(r) = U exp
(

− T−1
REV (ρ̄)(r −R∗)H(r −R∗)

)
, (17)

where the prefactor U can determined by the value of the homogeneous stationary density, that is,458

ρ̄ =
∫ +∞

0
(ū+(r) + ū−(r)) dr,

17= 2U (R∗ + TREV (ρ̄)) .
(18)

This gives the following expression for U ,459

U = ρ̄

2

( 1
R∗ + TREV (ρ̄)

)
. (19)

To analyze the instabilities of the system and thus the emergence of patterns, we consider fluctuations460

denoted du± around the homogeneous and stationary states ū± = ū and write,461

u±(t, x, r) = ū(r) + du±(t, x, r). (20)

We have the following expansion,462

T−1
REV (ρ) = T−1

REV (ρ̄) + ∂T−1
REV (ρ)
∂ρ

∣∣∣∣∣
ρ=ρ̄

dρ. (21)

We inject the fluctuations in Eq. (15), which yields,463

(du±)t(t, x, r) ± v(du±)x(t, x, r) + (du±)r(t, x, r) = −

T−1
REV (ρ̄)du± + ū(r) ∂T

−1
REV (ρ)
∂ρ

∣∣∣∣∣
ρ=ρ̄

dρ

H(r −R∗),

du±(t, x, r = 0) = T−1
REV (ρ̄)

∫ +∞

R∗
du∓(t, x, r) dr +

 ∂T−1
REV (ρ)
∂ρ

∣∣∣∣∣
ρ=ρ̄

dρ

UTREV (ρ̄).

(22)
As the problem is invariant by translation with respect to space, that is, it commutes with translations in464

the variable x, it is natural to decompose the solution in Fourier modes (along the family of exponential465

functions exp(iξx) which are eigenfunctions for the translations). In contrast, the problem is clearly not466

invariant by translation in the age variable r, so we need to compute the shape of the profile of fluctuations467

along r, which depends on the frequency ξ. This motivates searching for solutions in the following form468

(ansatz),469

du±(t, x, r) = exp(λt+ iξx) a±(ξ, r). (23)

Here, the complex number λ is an eigenvalue of the linearized problem, which controls the growth or470

decay of the fluctuations at frequency ξ, as time t increases. We aim at characterizing the sign of the real471

part of λ, as a function of the frequency ξ, and, of course, the parameters of the model.472

Plugging the expression Eq. (23) into Eq. (22), we obtain,473

λa±(ξ, r) ± viξa±(ξ, r) + a±
r (ξ, r) = −T−1

REV (ρ̄)
(
a±(ξ, r) + CF (ρ̄)I(ξ) exp[−T−1

REV (ρ̄)(r −R∗)]
)

H(r −R∗),

a±(ξ, r = 0) = T−1
REV (ρ̄)

∫ +∞

R∗
a∓(ξ, r) dr + CF (ρ̄)I(ξ),

(24)
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with,474

I(ξ) :=
∫ +∞

0

(
a+(ξ, r) + a−(ξ, r)

)
dr, (25)

and,475

CF (ρ̄) := UTREV (ρ̄) ∂T
−1
REV (ρ)
∂ρ

∣∣∣∣∣
ρ=ρ̄

, (26)

where I(ξ) represents the relative amplitude of the local density of the fluctuations and CF is the coupling476

term induced by the feedback on the rate of reversal.477

We can reduce the number of parameters by applying the following change of variables,478

s = r

TREV (ρ̄) , SF (ρ̄) = R∗

TREV (ρ̄) , λ̃ = TREV (ρ̄)λ, ξ̃ = vTREV (ρ̄)ξ,
∼
CF (ρ̄) = TREV (ρ̄)CF . (27)

We write Eq. (24) in terms of the new variables in (27), omitting the tilda superscript for clarity, this479

yields,480

λa±(ξ, s) ± iξa±(ξ, s) + a±
s (ξ, s) = −

(
a±(ξ, s) + CF (ρ̄)I(ξ) exp

[
−
(
s− SF (ρ̄))

])
H(s− SF (ρ̄)),

a±(ξ, s = 0) =
∫ +∞

SF (ρ̄)
a∓(ξ, s) ds+ CF (ρ̄)I(ξ).

(28)

In what follows, we do the same computations for the high signaling regime where the refractory period481

is modulated and the reversal rate is constant (see Fig. 9).482

High signaling regime: ρ > ρT . When sensing a high signal, we assume that the bacteria are able to483

modulate their refractory period depending on the intensity of the signal, TRP := TRP (ρ) and reverse at484

a constant high rate, T−1
REV := F ∗ (see Fig. 9). The computations are similar to the ones in low signaling485

regime in the first stages. In the high signaling regime, the system 6 can be written as,486

u±
t ± vu±

x (t, x, r) + u±
r (t, x, r) = −F ∗u±(t, x, r)H(r − TRP (ρ)),

u±(t, x, r = 0) = F ∗
∫ +∞

0
u∓(t, x, r)H(r − TRP (ρ)) dr.

(29)

We solve system (29) at the homogeneous steady state and obtain the same formula for the stationary487

state,488

ū±(r) = ū(r) = U exp
(

− F ∗(r − TRP (ρ̄)
)
H(r − TRP

(
ρ̄)
))
, (30)

The expression for U is the following,489

U = ρ̄

2

(
F ∗

1 + TRP (ρ̄)F ∗

)
. (31)

Similarly to the low signaling regime, we add perturbations around the homogeneous steady state using490

Fourier modes,491

u±(t, x, r) = ū(r) + du±(t, x, r), with du±(t, x, r) = exp(λt+ iξx) a±(ξ, r). (32)

The main change here compared to the previous analysis in low signaling regime is that now the signal-492

dependence is inside the Heaviside function which yields a Dirac delta in the linearized problem. Using493

the notations defined previously at the homogeneous stationary state, we have the following expansions494

around the steady state,495

TRP (ρ) = TRP (ρ̄) + ∂TRP
∂ρ

∣∣∣∣
ρ=ρ̄

dρ, H
(
r − TRP (ρ)

)
= H

(
r − TRP (ρ̄)

)
− δr=TRP (ρ̄)

∂TRP
∂ρ

∣∣∣∣
ρ=ρ̄

dρ. (33)
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We inject the perturbations Eq. (32) in Eq. (29), and using Eq. (33), the system Eq. (29) becomes,496

λa±(ξ, r) ± viξa±(ξ, r) + a±
r (ξ, r) = −F ∗a±(ξ, r)H

(
r − TRP (ρ̄)

)
− CR(ρ̄)I(ξ)δr=TRP (ρ̄),

a±(ξ, r = 0) = F ∗
∫ +∞

TRP (ρ̄)
a∓(ξ, r) dr + CR(ρ̄)I(ξ),

(34)

with,497

I(ξ) :=
∫ +∞

0

(
a+(ξ, r) + a−(ξ, r)

)
dr, (35)

and,498

CR(ρ̄) = −UF ∗ ∂TRP (ρ)
∂ρ

∣∣∣∣
ρ=ρ̄

. (36)

Finally, we do the following change of variables,499

s = F ∗r, SR(ρ̄) = F ∗TRP (ρ̄), λ̃ = λ

F ∗ , ξ̃ = v
ξ

F ∗ ,
∼
CR(ρ̄) = CR(ρ̄)

F ∗ . (37)

And Eq. (34) can be written as follows, omitting the tilda superscripts for clarity,500

λa±(ξ, s) ± iξa±(ξ, s) + a±
s (ξ, s) = −a±(ξ, s)H

(
s− SR(ρ̄)

)
− CR(ρ̄)I(ξ)δs=SR(ρ̄),

a±(ξ, s = 0) =
∫ +∞

SR(ρ̄)
a∓(ξ, s) ds+ CR(ρ̄)I(ξ).

(38)

In what follows we aim to characterize the eigenvalues λ̃ of the systems Eqs. (28) and (38).501

4.2.2 Local density signaling: characterization of the unstable modes502

In the previous section, we have reduced the analysis of the possible onset of patterns to the resolution503

of a linear eigenvalue problem. This problem depends on the parameters of the original model, and also504

the frequency ξ at which we observe the possible instabilities. Performing analytical calculations leads505

to the so-called dispersion relation which is the relation between the frequency ξ and the eigenvalue λ.506

Calculations are tractable, since the profiles a± are explicit, in terms of the non-local coupling I(ξ) which507

is simply a (complex) number when ξ is given. Computing this number in order to close the loop results508

in an implicit dispersion relation which is complicated to interpret, because it involves solving an equation509

which is transcendental due to the delays in the system, that is, the refractory period. The analytical510

computations are postponed to Section 4.2.6 for the sake of completeness, and we rather turn to a direct511

discretization of the linear problem. This yields a matrice, whose spectrum is computed numerically using512

standard libraries. The matrices are illustrated in Figs. 11 and 12.513

We discretize Eqs. (28) and (38) in the s variable where s ∈ [0, 15]. We choose a step size ∆s = 1
J

with J = 300 and we have sj = j∆s, j ∈ 1, . . . J . For a±
s (ξ, s) we use a upwind finite difference scheme

and we have,
a±
s (ξ, s) ≈ a±(ξ, sj) − a±(ξ, sj − 1)

∆s , j = 1, . . . J.

Note that the last age group j = J can only lose particles by reversing and not by aging. It is treated
similarly to Eq. (11) (see last term of the diagonal in F± in Fig. 11). The discretization of all the integrals
in the systems is classical. We show for example the discretization of I(ξ) which writes,

I(ξ) =
∫ +∞

0

(
a+(ξ, s) + a−(ξ, s)

)
ds ≈ ∆s

J∑
j=1

(
a+(ξ, sj) + a−(ξ, sj)

)
.
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F± =



j = 1 j = jR j = J

j = 1 α±
C C C

δ α± 0 0

0

0 0 δ α± 0 0

j = jR ϵ ϵ δϵ β± ϵ ϵ

β± ϵ

j = J ϵ ϵ δϵ γ±



FA =



j = 1 j = jR j = J

j = 1 CF CF 1 + CF 1 + CF

0 0

0 0

j = jR ϵ ϵ

j = J ϵ ϵ



Figure 11: Matrices for low signaling when the signal is the local density of bacteria. We use the
following notations for the sake of conciseness: δ = 1

∆s , α± = − (±iξ + δ), α±
C = α± + CF , ϵ[j] =

−CF exp−(j∆s−SF ) ∆s, β±[j] = α± − 1 + ϵ[j], δϵ[j] = δ + ϵ[j] and γ± = ∓iξ − 1 + ϵ[J ]. The index jR
corresponds to jR∆s = SF (ρ̄). The size of each matrix is J × J .

Finally, we detail the discretization of Eq. (28) for j = 1 to show how the boundary flux condition514

a±(ξ, s = 0) is used in the scheme and placed in the matrices. First, we discretize the boundary flux515

condition as follows,516

a±(ξ, s = 0) ≈ a±(ξ, s0) = ∆s
n∑

j=jR
a∓(ξ, sj) + CF∆s

J∑
j=1

(
a+(ξ, sj) + a−(ξ, sj)

)
. (39)

It is important to note that the value of jR is not predetermined. Numerically, we vary this value to cover517

the entire possible age range. Then, for j = 1, the numerical scheme of Eqs. (28) and (38) reads,518

λa±(ξ, s1) = ∓iξa±(ξ, s1) − a±(ξ, s1) − a±(ξ, s0)
∆s =

(
∓iξ − 1

∆s

)
a±(ξ, s1) +

n∑
j=jR

a∓(ξ, sj)

+ CF

n∑
j=1

(
a+(ξ, sj) + a−(ξ, sj)

)
,

(40)

where we used (39) in the last equality. We note the presence of the sums on the right hand side of (40)519

in the first line (at j = 1) in the matrices in Fig. 11. The boundary flux condition in Eq. (38) is treated520

in the same way as detailed above.521

Then Eqs. (28) and (38) can be respectively approximated by the following linear systems involving522

sparse matrices,523

F a = λa with F =
(

F+ FA

FA F−

)
, (41)

524

R a = λa with R =
(

R+ RA

RA R−

)
. (42)

where a = (a+
1 , · · · , a+

J , a
−
1 , · · · , a−

J ) are the eigenvectors and λ the associated eigenvalues, and the matrices525

F±,R±,FA and RA are each of size J × J . We represent these matrices in Figs. 11 and 12.526

To obtain the eigenvalues λ of (41), for each value of SF (ρ̄) and CF (ρ̄) ranging in the intervals defined
above, we sample uniformly the variable ξ in the interval [0, 6] with a step of 0.05. We compute the
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R± =



j = 1 j = jR j = J

j = 1 α±
C CR CR

δ α± 0 0

0

0 0 δ α± 0 0

j = jR −CR −CR δC ζ± −CR −CR

0 0 δ β± 0 0

β± 0

j = J 0 0 δ γ±



RA =



j = 1 j = jR j = J

j = 1 CR CR 1 + CR 1 + CR

0 0

0 0

j = jR −CR −CR

0 0

j = J 0 0



Figure 12: Matrices for high signaling when the signal is the local density of bacteria. We use the following
notations for the sake of conciseness: δ = 1

∆s , α± = ∓iξ−δ, α±
C = α± +CR(ρ̄), β± = α± −1, γ± = ∓iξ−1,

δC = δ − CR(ρ̄) and ζ± = β± − CR(ρ̄). The index jR corresponds to jR∆s = SR(ρ̄). The size of each
matrix is J × J .

corresponding eigenvalue and look at the real part. Finally, we select the maximum of the set of real
parts obtained. This can be formulated as the following,

Λ(SF , CF ) = max
ξ

{Re (λ(SF , CF , ξ))}.

The plot of Λ(SF , CF ) is in Fig. 13b. The same computation is done for (42) for each SR(ρ̄), CR(ρ̄). We527

use the NumPy library in Python to evaluate numerically the eigenvalues.528

4.2.3 Local density signaling: relationship between S and C529

Strikingly, it can be shown that the two linear problems (low and high signaling) are equivalent, being530

given the parameters S and C, see Section 4.2.6. As a consequence, they admit the same eigenvalues.531

The only difference resides in the relationship between S and C, which is model dependent.532

On the one hand, in the low signaling regime, see Eq. (9) and (27), we have,533

SF (ρ) = R∗T−1
REV (ρ) = R∗F ∗

ρT
ρ . (43)

On the other hand, by (27) and (26), then (19), we have,534

CF (ρ) = U(TREV (ρ))2∂T
−1
REV (ρ)
∂ρ

= −ρ

2

( 1
R∗ + TREV (ρ)

)
∂TREV (ρ)

∂ρ
. (44)

We deduce that,535

CF (ρ) = −1
2

(
∂ log(R∗ + TREV (ρ))

∂ log ρ

)
, (45)

and alternatively, that,536

CF (ρ) = 1
2

(
1

1 +R∗T−1
REV (ρ)

)
= 1

2

( 1
1 + SF (ρ)

)
. (46)

The last relationship is plotted in Fig. 13a as a dotted curve over the heatmap showing the amplitude of537

the maximal real part of the eigenvalue Λ.538
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On the one hand, in the high signaling regime, see (9) and (37), we have,539

SR(ρ) = F ∗TRP (ρ) = F ∗R∗ρT
ρ

. (47)

On the other hand, by (37) and (36), then (31), we have,540

CR(ρ) = −U ∂TRP (ρ)
∂ρ

. (48)

We deduce that, as in the low signaling regime, we have,541

CR(ρ) = −1
2

(
∂ log(TRP (ρ) + 1/F ∗)

∂ log ρ

)
(49)

and alternatively, that,542

CR(ρ) = 1
2

(
F ∗TRP (ρ)

1 + F ∗TRP (ρ)

)
= 1

2

(
SR(ρ)

1 + SR(ρ)

)
. (50)

The last relationship is plotted in Fig. 13a as a dashed curve over the heatmap showing the amplitude of543

the maximal real part of the eigenvalue Λ.544

4.2.4 Local density signaling: interpretation of the results545

In the previous section, we have shown that the linear stability analysis of the two mechanisms of modu-546

lation share similar features. In fact, it relies on computing the same underlying eigenvalues, depending547

on two reduced parameters:548

• The ratio between the two characteristic times, namely the ratio between the duration of the refractory549

period, and the mean time before next reversal beyond the refractory period,550

S = TRP
TREV

. (51)

• The (negative) elasticity of the modulation (in the economic sense), that is,551

C = −1
2
∂ log(TRP + TREV )

∂ log ρ . (52)

Note that, in order to obtain (52), we assumed that the frequency of reversal and the refractory period552

were modulated separately.553

The main discrepancy between the two mechanisms of modulation is the relationship between C and S554

which depends on the mechanism. This is illustrated in Fig. 13a where each relationship is superimposed555

on the (colored) heatmap corresponding to the maximal real part of the eigenvalue. We found that556

counter-propagating waves are possible when, either S, or C, is large (or both). The role of the coupling557

intensity C is clear. The role of S in the onset of instability stresses the importance of the RP which must558

be large enough as compared to the reversal time scale in order to create patterns. We noticed that, in low559

signal conditions, when the reversal rate is modulated and the refractory period is constant, S increases560

and C decreases when signal increases and thus S and C have a negative relationship. In contrast in high561

signal conditions, when the reversal rate is constant and the refractory period is modulated, both S and C562

decrease and thus, the relationship becomes positive. All together the analysis reveals that modulation of563

the RP in the high signaling regime is an essential ingredient of pattern formation When aligned with the564

potentiality of instability in the parameter space (S,C), this gives a clear advantage to the modulation of565

the RP (dashed line) compared to the modulation of the reversal rate (dotted line), in terms of pattern566

formation as it offers a broader access to unstable modes, see also Fig. 13b.567

As discussed previously, the next step of analysis would consist in characterizing the eigenvalue which568

contributes to the largest growth in frequency mode, driving the emergence of instability. We leave it for569

further work. Note that numerical simulations clearly show the onset of rippling in case of instability, see570

Section 4.1.4, and main text.571
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Figure 13: Linearisation results for the local density case. (a) Map the real part of the eigenvalues for
different values of the coupling intensity C and the signal S = TRP /TREV . The dotted curve represents
the constraints in the low signaling regime (i.e. ρ̄ < ρT ), and the dashed line represents the constraints
in the high signaling regime (i.e. ρ̄ > ρT ). (b) Plots of the real part of the eigenvalues as a function of
S = TRP /TREV . The dotted curves represent the positive real part of the eigenvalues.

4.2.5 Directional density signaling: linearization of the model and characterization of the572

unstable modes573

In what follows, we change the nature of the signal to which cells respond. In the previous section574

Section 4.2.1, we assumed that cells are sensitive to the local density, i.e. the number of neighbors. In the575

subsequent analysis, we assume that cells are sensitive to the local directional density, i.e., cells respond576

to the number of neighbors heading in their opposite direction. The signal can then be written as,577

ρ±(t, x) :=
∫ +∞

0
u±(t, x, r) dr, (53)

where ρ+(t, x) (resp. ρ−(t, x)) is the total number of right-moving (resp. left-moving) cells u+ (resp. u−)578

at time t and position x.579

Using the same notations as in Section 4.2.1, the model Eq. (6) with the signal Eq. (53) reads,580

u±
t ± vu±

x (t, x, r) + u±
r (t, x, r) = −T−1

REV (ρ∓)u±(t, x, r)H(r − TRP (ρ∓)),

u±(t, x, r = 0) = T−1
REV (ρ±)

∫ ∞

0
u∓(t, x, r)H(r − TRP (ρ±)) dr.

(54)

In this model Eq. (54), left- (resp. right-) moving cells are sensitive to the density of right- (resp. left-)581

moving cells. The signal-dependence appears in both the reversal rate and the refractory period. The582

analysis is divided into two regimes: the low and the high signaling regime (see Fig. 9), similar to the583

analysis in Section 4.2.1.584

As before, we compute the dynamics of fluctuations around the (same) homogeneous steady state,585

ū±(r) = ū(r) = U exp
(

− T−1
REV (ρ̄)(r −R∗))H(r −R∗)

)
, (55)

where the homogeneous (half-)density is,586

ρ̄ =
∫ +∞

0
ū(r) dr,

= U (R∗ + TREV (ρ̄)) .
(56)

Note the slight abuse of notation: since in the directional density model, the feedback goes through ρ+,587

resp. ρ−, we denote ρ̄ half of the homogeneous density instead of the full density, as compared with (18).588
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Low signaling regime : ρ < ρT . As before, we compute the linearization of the system around the589

homogeneous steady-state. When computing in Eq. (54) the fluctuations under the form of Fourier modes590

(see Eq. (23)), we find, using the notations Eq. (26),591

λa±(ξ, r) ± viξa±(ξ, r) + a±
r (ξ, r) = −T−1

REV (ρ̄)
(
a±(ξ, r) + CF (ρ̄)I∓(ξ) exp(−T−1

REV (ρ̄)(r −R∗))
)

H(r −R∗),

a±(ξ, r = 0) = T−1
REV (ρ̄)

∫ +∞

R∗
a∓(ξ, r) dr + CF (ρ̄)I±(ξ),

(57)
where,592

I±(ξ) :=
∫ +∞

0
a±(ξ, r) dr. (58)

Using the same change of variables as in Eq. (27), the system Eq. (57) becomes,593

λa±(ξ, s) ± iξa±(ξ, s) + a±
s (ξ, s) = −

(
a±(ξ, s) + CF (ρ̄)I∓(ξ) exp −(s− SF (ρ̄)))

)
H(s− SF (ρ̄)),

a±(ξ, s = 0) =
∫ +∞

SF (ρ̄)
a∓(ξ, s) ds+ CF (ρ̄)I±(ξ).

(59)

High signaling regime : ρ > ρT . Using the notations Eq. (36) and the change of variables Eq. (37),594

we obtain the following system for the fluctuations in high signaling regime,595

λa±(ξ, s) ± iξa±(ξ, s) + a±
s (ξ, s) = −a±(ξ, s)H(s− SR(ρ̄)) − CR(ρ̄)I∓(ξ)δs=SR(ρ̄),

a±(ξ, s = 0) =
∫ +∞

SR(ρ̄)
a∓(ξ, s) ds+ CR(ρ̄)I±(ξ),

(60)

where I± is given by Eq. (58).596

We proceed as in previous sections, that is, we make the same discretization as in in Section 4.2.2 to597

get a matrix version of Eq. (59) (low signaling), respectively Eq. (60) (high signaling), as in Eqs. (41)598

and (42). The respective matrices are represented in Figs. 14 and 15.599

Next, we establish the relationship between the two reduced parameters S and C. Formulas are the600

same as in Section 4.2.3, except for a factor 2 which is due to the fact that only half of the homogeneous601

density is included in the feedback (compare (56) with (18)). Consequently, we still have the same602

expression for the ratio between the two time scales,603

S = TRP
TREV

, (61)

but the coupling is twice that for the local density signaling,604

C = −∂ log(TRP + TREV )
∂ log ρ . (62)

The conclusions of the linear stability analysis are the same as in Section 4.2.4. As can be seen in605

Fig. 16a,b. When compared to the modulation of the reversal rate (dotted line), the modulation of the606

refractory period (dashed line) offers a broader access to unstable modes. In addition, we found that,607

for a given mechanism of modulation (either reversal rate or refractory period), directional density favors608

instability when compared to local density signaling.609
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F± =



j = 1 j = jR j = J

j = 1 α±
C CF CF

δ α± 0 0

0

α±

j = jR β±

β± 0

j = J 0 0 δ γ±



FA =



j = 1 j = jR j = J

j = 1 0 0 1 1

0 0

0 0

j = jR ϵ ϵ

j = J ϵ ϵ



Figure 14: Matrices for low signaling when the signal is the directional density of bacteria. We use
the following notations for the sake of conciseness: δ = 1

∆s , α± = ∓iξ − δ, α±
C = α± + CF (ρ̄), ϵ =

−CF (ρ̄) exp−(j∆s−SF (ρ̄)) ∆s, β± = α± − 1 and γ± = ∓iξ − 1. The index jR corresponds to sjR = SF (ρ̄).
The size of each matrix is J × J .

4.2.6 Equivalence of the underlying heatmaps, and the expression of the dispersion relation610

In previous sections, we compared the outcomes of the instability analysis when the modulation acts on611

the refractory period versus the rate of reversal. This comparison is greatly facilitated by the fact that612

the two calculations rely on solving the same underlying eigenvalue problem. In this section we establish613

this claim rigorously. Moreover, we provide more mathematical details about the dispersion relation λ(ξ)614

(the eigenvalue as a function of the frequency). In fact, we prove that both sets of eigenvalues are the615

same by proving that they solve the same dispersion relation equation3.616

To make the proof more concise, we express the eigenproblems in the same framework,617

λa±(ξ, s) ± iξa±(ξ, s) + a±
s (ξ, s) = −a±(ξ, s)H(s− S) − CI◦/∓(ξ)V(s),

a±(ξ, 0) =
∫ ∞

S
a∓(ξ, s) ds+ CI◦/±(ξ).

(63)

Here, the compact notation I◦/∓ stands for, either I◦(ξ) = I(ξ) =
∫+∞

0
(
a+(ξ, s) + a−(ξ, s)

)
ds, as in (35)618

(local density signaling), or I−(ξ) =
∫∞

0 a−(ξ, s) ds, resp. I+(ξ) =
∫∞

0 a+(ξ, s) ds, as in (58) (directional619

density).620

There are two reduced parameters: the refractory period S, and the coupling intensity C. The function621

V is mechanism-dependent: it is either a decreasing exponential for s > S, V(s) = exp(−(s−S))H(s−S)622

(modulation of the reversal rate), or a Dirac mass located at s = S, V(s) = δ(s− S) (modulation of the623

refractory period). It is important to notice that both cases share the following two properties,624

(i) V(s) = 0 for s < S,625

(ii)
∫∞

0 V(s) ds = 1.626

We shall establish the equivalence of (28) and (38), respectively (59) and (60), based on these two627

properties only. To do so, we define two auxiliary quantities: A±(ξ) = a±(ξ, S) (the density at the end of628

the refractory period), and A±(ξ) =
∫∞
S a±(ξ, s) ds (the total density beyond the refractory period).629

3This proof was suggested to us by Thomas Lepoutre.
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R± =



j = 1 j = jR j = n

j = 1 α±
C CR CR

δ α± 0 0

0

α±

j = jR β±

β± 0

j = n 0 0 δ γ±



RA =



j = 1 j = jR j = n

j = 1 0 0 1 1

0 0

0 0

j = jR −CR −CR

0 0

j = n 0 0



Figure 15: Matrices for high signaling when the signal is the directional density of bacteria. We use the
following notations for the sake of conciseness: δ = 1

∆s , α± = ∓iξ − δ, α±
C = α± + CR(ρ̄), β± = α± − 1

and γ± = ∓iξ − 1. The index jR corresponds to sjR = SR(ρ̄). The size of each matrix is n× n.

Figure 16: Linearisation results for the local directional density case. (a) Map the real part of the
eigenvalues for different values of the coupling intensity C and the signal S = TRP /TREV . The dotted
curve represents the constraints in the low signaling regime (i.e. ρ̄ < ρT ), and the dashed line represents
the constraints in the high signaling regime (i.e. ρ̄ > ρT ). (b) Plots of the real part of the eigenvalues as
a function of S = TRP /TREV . The dotted curves represent the positive real part of the eigenvalues.

By direct integration of the first equation of (63), using the first property (i), we find,630

A±(ξ) = a±(ξ, 0) exp(−α±S), (64)

where the exponent is defined as α± = λ± iξ.631

By integrating the first equation of (63) over the interval (S,+∞), using the second property (ii), we632

find,633

α±A±(ξ) −A±(ξ) = −A±(ξ) − CI◦/∓(ξ) . (65)

From the second equation of (63) together with (64), we find,634

(α± + 1)A±(ξ) + CI◦/∓(ξ) = exp(−α±S)
(
A∓(ξ) + CI◦/±(ξ)

)
. (66)
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Last, we compute I as follows, distinguishing between I◦ and I±. On the one hand, we have,635

I±(ξ) =
∫ S

0
a±(ξ, s) ds+

∫ ∞

S
a±(ξ, s) ds,

=
∫ S

0
a±(ξ, 0) exp(−α±s) ds+ A±(ξ),

=
(
A∓(ξ) + CI±(ξ)

)(1 − exp(−α±S)
α±

)
+ A±(ξ).

On the other hand, we have,636

I◦(ξ) =
∫ S

0
(a−(ξ, s) + a+(ξ, s)) ds+

∫ ∞

S
(a−(ξ, s) + a+(ξ, s)) ds,

=
(
A+(ξ) + CI◦(ξ)

)(1 − exp(−α−S)
α−

)
+ A−(ξ),

+
(
A−(ξ) + CI◦(ξ)

)(1 − exp(−α+S)
α+

)
+ A+(ξ).

Since the relations between A± and I◦/± are linear, the dispersion relations can be expressed as the637

cancellation of suitable determinants. On the one hand (directional density feedback), we have,638 

(α+ + 1)A+(ξ) − e−α+SA−(ξ) − Ce−α+SI+(ξ) + CI−(ξ) = 0,
−e−α−SA+(ξ) + (α− + 1)A−(ξ) + CI+(ξ) − Ce−α−SI−(ξ) = 0,

A+(ξ) +
(

1 − e−α+S

α+

)
A−(ξ) − I+(ξ) + C

(
1 − e−α+S

α+

)
I+(ξ) = 0,(

1 − e−α−S

α−

)
A+(ξ) + A−(ξ) + C

(
1 − e−α−S

α−

)
I−(ξ) − I−(ξ) = 0,

which can be recapitulated in the following dispersion relation (directional density feedback),639 ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α+ + 1 −e−α+S −Ce−α+S C

−e−α−S α− + 1 C −Ce−α−S

1
(

1 − e−α+S

α+

)
C

(
1 − e−α+S

α+

)
− 1 0(

1 − e−α−S

α−

)
1 0 C

(
1 − e−α−S

α−

)
− 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0. (67)

On the other hand (local density feedback), we have,640 
(α+ + 1)A+(ξ) − e−α+SA−(ξ) + C

(
1 − e−α+S

)
I◦(ξ) = 0,

−e−α−SA+(ξ) + (α− + 1)A−(ξ) + C
(
1 − e−α−S

)
I◦(ξ) = 0,(

1 − e−α−S

α− + 1
)

A+(ξ) +
(

1 − e−α+S

α+ + 1
)

A−(ξ) + C

(
1 − e−α+S

α+ + 1 − e−α−S

α−

)
I◦(ξ) − I◦(ξ) = 0,

which can be recapitulated in the following dispersion relation (local density feedback),641 ∣∣∣∣∣∣∣∣∣∣∣

α+ + 1 −e−α+S C
(
1 − e−α+S

)
−e−α−S α− + 1 C

(
1 − e−α−S

)
1 − e−α−S

α− + 1 1 − e−α+S

α+ + 1 C

(
1 − e−α+S

α+ + 1 − e−α−S

α−

)
− 1

∣∣∣∣∣∣∣∣∣∣∣
= 0. (68)
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We conclude that the two dispersion relations are transcendantal equations, for solving the (complex)642

eigenvalue λ as a function of the frequency ξ (being given the two reduced parameters (S,C)). Notwith-643

standing the complicated algebraic expression, it is remarkable that it does not depend on the shape644

of the function V(r), beyond the two above-mentioned properties (i)–(ii). Therefore, the difference of645

instability between the modulation of the rate of reversal and the modulation of the refractory period can646

only be due to the relationship between C and S, which is mechanism-dependent, see Section 4.2.4.647

4.3 The phase-structured model (oscillation between two reversals)648

4.3.1 Description of the original model (modulation of the phase velocity)649

The following description is inspired from several works12,16,18,19. Again, we distinguish between the650

density of right-moving bacteria (denoted u+) and left-moving bacteria (denoted u−). Each bacteria is651

endowed with an internal clock variable denoted ϕ ∈ [0, 2π] (with the standard identification 0 ≡ 2π).652

Right-moving bacteria are associated with ϕ ∈ [0, π), whereas left-moving bacteria are associated with653

ϕ ∈ [π, 2π). Reversions occur when the phase ϕ reaches either ϕ = π, or ϕ = 2π ≡ 0. The phase variable654

ϕ progresses in the reversion cycle with speed denoted ω. The speed can be modulated depending on a655

signal denoted ρ±, as in previous sections4. There is an interval [0,ΦR) (resp. [π, π + ΦR)), over which656

the speed ω is constant equal to ω0. It means that no reversal can occur within a refractory period of657

duration ΦR/ω0 (see Fig. 17). The signal is assumed to be the directional density, that is, bacteria are658

sensitive to the presence of other cells moving in the opposite direction. The model reads,659

u±
t (t, x, ϕ) ± vu±

x (t, x, ϕ) +
(
ω(ρ∓, ϕ)u±(t, x, ϕ)

)
ϕ = 0,

ω(ρ, ϕ) = ω0 + ω1(ρ)H(ϕ; ΦR),
(69)

where, by analogy with previous sections, we define H the "Heaviside" function which vanishes on [0,ΦR)∪660

[π, π+ ΦR). We also denote by ω1 the modulation of the phase velocity when the bacteria densities are in

Figure 17: Schematic representation of the velocity phase mechanism. The velocity phase ω is constant
and equal to ω0 in [0,ΦR) ∪ [π, π + ΦR) and variable, equal to ω0 + ω1, in [ΦR, π) ∪ [π + ΦR, 2π). The
figure is adapted from12.

661

their signal-sensitive phase, outside of the refractory period, i.e ϕ ∈ [ΦR, π) ∪ [π+ ΦR, 2π). As previously,662

the signal of directional density ρ± is given by the local density of bacteria moving in each direction,663

respectively,664

ρ+(t, x) :=
∫ π

0
u+(t, x, ϕ) dϕ, (70)

4We restrict here to the directional density signal, as in the original work12, but the local density signal may also be
considered.
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and,665

ρ−(t, x) :=
∫ 2π

π
u−(t, x, ϕ) dϕ. (71)

A more detailed view of system (69), with a formulation for each subdomain [0,ΦR), [ΦR, π), [π, π +666

ΦR), [π + ΦR, 2π), reads as follows,667

u+
t (t, x, ϕ) =

{
−vu+

x (t, x, ϕ) − ω0u
+
ϕ (t, x, ϕ), if ϕ < ΦR,

−vu+
x (t, x, ϕ) − (ω0 + ω1(ρ))u+

ϕ (t, x, ϕ), if ϕ > ΦR.
(72)

668

u−
t (t, x, ϕ) =

{
vu−

x (t, x, ϕ) − ω0u
−
ϕ (t, x, ϕ), if ϕ < π + ΦR,

vu−
x (t, x, ϕ) − (ω0 + ω1(ρ))u−

ϕ (t, x, ϕ), if ϕ > π + ΦR.
(73)

At the interface between each subdomain, i.e in ϕ = 0,ΦR, π, π+ ∆ϕR, the solution is discontinuous. The669

appropriate transmission conditions are provided by the continuity of the flux at each of these points.670

This yields the following set of 4 conditions :671

ω0u
+(t, x, ϕ = 0) = ω(ρ+, ϕ = 2π)u−(t, x, ϕ = 2π),

ω(ρ−, ϕ = Φ+
R)u+(t, x, ϕ = Φ+

R) = ω0u
+(t, x, ϕ = Φ−

R),
ω0u

−(t, x, ϕ = π) = ω(ρ−, ϕ = π−)u+(t, x, ϕ = π),
ω(ρ+, ϕ = (π + ΦR)+)u−(t, x, ϕ = (π + ΦR)+) = ω0u

−(t, x, ϕ = (π + ΦR)−). (74)

4.3.2 Description of the new model (modulation of the refractory period)672

The adaptation of the above formalism to the new biological hypothesis is straightforward:673

u±
t (t, x, ϕ) ± vu±

x (t, x, ϕ) +
(
ω(ρ∓, ϕ)u±(t, x, ϕ)

)
ϕ = 0,

ω(ρ, ϕ) = ω0 + ω1H(ϕ; ΦR(ρ)),
(75)

where ω1 is constant, and H is the same "Heaviside" function as above. The flux is required to be674

continuous at each interface, just as previously. Nevertheless, the dependency upon the signal in the675

Heaviside function inside the derivative needs to be handled with caution. We are going to handle this in676

section 4.4.3677

4.4 Pattern formation II: linear stability analysis of the phase-structured model678

4.4.1 Linearization of the model (modulation of the phase velocity)679

Similarly to the previous stability analyses, we first search for the homogeneous steady state, i.e u±
t =680

u±
x = 0 which yields, using the same notations as previously,681 (

ω(ρ̄∓, ϕ)ū±(ϕ)
)
ϕ = 0. (76)

Then we obtain,682

ω(ρ̄∓, ϕ)ū±(ϕ) = U±,

with U± a constant and,683

ρ̄+ =
∫ π

0
ū+(ϕ)dϕ and ρ̄− =

∫ 2π

π
ū−(ϕ)dϕ. (77)

We impose ρ̄+ = ρ̄− = ρ̄.684

Using Eq. (77), we get,685

U+ = U− = U = ρ̄ ω0 (ω0 + ω̄1)
ω̄1ΦR + πω0

, (78)
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where ω̄1 = ω1(ρ̄). This yields,686

ū+(ϕ) = ū−(ϕ) = U

ω(ρ̄, ϕ) = ρ̄ω0 (ω0 + ω̄1)
ω̄1ΦR + πω0

1
ω(ρ̄, ϕ) =


either ρ̄ (ω0 + ω̄1)

ω̄1ΦR + πω0
,

or ρ̄ω0
ω̄1ΦR + πω0

.

(79)

We introduce the following fluctuations,687

u±(t, x, ϕ) = ū(ϕ) + du±(t, x, ϕ), (80)

and we have the following expansion,688

ω(ρ, ϕ) = ω(ρ̄, ϕ) + ∂ρω(ρ̄, ϕ)dρ.

We inject these fluctuations in Eq. (69) and using Eq. (76) and only keeping the first order terms, we get,689

(du±)t(t, x, ϕ) ± v(du±)x(t, x, ϕ) =
{

−ω0(du±)ϕ(t, x, ϕ), if ϕ < ΦR,

−(ω0 + ω̄1)(du±)ϕ(t, x, ϕ), if ϕ > ΦR.
(81)

It is complemented with the following interface conditions. For the sake of conciseness, only the interface690

ϕ = 0, 2π in (74) is shown as the others are similar,691

ω0
(
ū+ du+

)
(ϕ = 0) =

(
ω(ρ̄, ϕ) + ∂ρω(ρ̄, ϕ)dρ+

) (
ū+ du−) (ϕ = 2π), (82)

where we have ∂ρω(ρ̄, ϕ) = ∂ρω1(ρ̄)H(ϕ; ΦR). Keeping the first order terms, it remains,692

ω0du
+(ϕ = 0) = (ω0 + ω̄1)du−(ϕ = 2π) + ū(ϕ = 2π)∂ρω1(ρ̄)dρ+, (83)

We consider fluctuations under the form of Fourier modes with respect to space, i.e,693

du±(t, x, ϕ) = exp(λt+ iξx)a±(ξ, ϕ). (84)

We divide (81) by ω0, and denote λ̃ = λ
ω0

and ξ̃ = vξ
ω0

. Then, dropping the tilda superscript for clarity694

and using (84), system (81) becomes,695

λa±(ξ, ϕ) ± iξa±(ξ, ϕ) =
{

−a±
ϕ (ξ, ϕ), if ϕ < ΦR,

−(1 + S)a±
ϕ (ξ, ϕ), if ϕ > ΦR,

(85)

where we define the dimensionless variable S as,696

S := ω̄1
ω0
.

Using the expression of ū, the transmission condition becomes,697

a+(ξ, ϕ = 0) = (1 + S)a−(ξ, ϕ = 2π) + CI+(ξ), I+(ξ) =
∫ π

0
a+(ξ, ϕ) dϕ, (86)

where the coupling constant is given by,698

C = ∂ρω1(ρ̄)
ω0

ρ̄ω0
ω̄1ΦR + πω0

, (87)

=
(

S

SΦR + π

)
∂ logω1
∂ log ρ (ρ̄), (88)

or, alternatively, C = 1
ΦR

∂ log (ω1(ρ)ΦR + πω0)
∂ log ρ (ρ̄). (89)
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We define C̃ = ΦRC = ∂ log (ω1(ρ)ΦR + πω0)
∂ log ρ (ρ̄). Dropping the tilda superscript again, we write the full699

set of linearized transmission conditions in terms of this new parameter, it yields,700

a+(ξ, ϕ = 0) = (1 + S)a−(ξ, ϕ = 2π) + C

ΦR
I+(ξ),

(1 + S)a+(ξ, ϕ = Φ+
R) + C

ΦR
I−(ξ) = a+(ξ, ϕ = Φ−

R),

a−(ξ, ϕ = π) = (1 + S)a+(ξ, ϕ = π) + C

ΦR
I−(ξ),

(1 + S)a−(ξ, ϕ = (π + ΦR)+) + C

ΦR
I+(ξ) = a−(ξ, ϕ = (π + ΦR)−). (90)

4.4.2 Characterization of the unstable modes (modulation of the phase velocity)701

As above, the dispersion relation depends on two reduced parameters S (the ratio between two time702

scales) and C (the coupling parameter), plus the refractory window ΦR. Indeed, the velocity v can be703

easily set to unity by changing the frequency variable.704

As previously, we discretize the problem (85), using the appropriate transmission conditions (90). We705

fix a step size ∆ϕ = 2π
2J and we have ϕj = j∆ϕ, j ∈ 0, . . . 2J − 1. We define jR such that the interface ΦR706

falls in between (jR − 1)∆ϕ and jR∆ϕ. For a±
ϕ (ξ, ϕ) we use an upwind finite difference scheme,707

at ϕ = ϕj : a+
ϕ (ξ, ϕj) ≈ a+(ξ, ϕj) − a+(ξ, ϕj−1)

∆ϕ , j = 0, . . . J − 1. (91)

Then at a given frequency ξ, and denoting A(j) = a(ξ, ϕj) we have the following approximation for (85) ,708

λA+(j) = −iξA+(j) −


A+(j) −A+(j − 1)

∆ϕ , if j < jR,

(1 + S)A
+(j) −A+(j − 1)

∆ϕ , if j > jR.
(92)

At j = jR, we call upon the transmission condition as follows:709

λA+(jR) = −iξA+(jR) − (1 + S)A
+(jR) − Ã+(jR − 1)

∆ϕ , (93)

= −iξA+(jR) − (1 + S)
A+(jR) −

(
A+(jR − 1) − CI−

1 + S

)
∆ϕ , (94)

= −iξA+(jR) − (1 + S)A
+(jR)
∆ϕ + A+(jR − 1) − CI−

∆ϕ . (95)

For discretizing the integral term, we use a simple method, I− = ∑j=J−1
j=0 A−(j)∆ϕ.710

The transmission condition at j = 0 is handled similarly. Also, the case of A−, for j ≥ J , is handled711

symmetrically.712

Then we can recast (92)-(90) in the following form:713

GA = λA with G =
(

G+ GA

GA G−

)
, (96)

where A = (A+(0), · · · , A+(J − 1), A−(0), · · · , A−(J − 1)) is the eigenvector and λ the associated eigen-714

value, and the matrices G± and GA are each of size J × J and are represented in Fig. 18. The plots of715

the eigenvalues are in Fig. 20a.716
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4.4.3 Modulation of the refractory period717

We now turn on the modulation of the refractory period, which is more technical. The homogeneous718

steady states are the same. Before we proceed with the linearization of (75), we perform an easy change719

of variable which enables handling this singular problem. Provided that the density fluctuations dρ±720

remain small for a while, it can be assumed that the variation in ΦR are restricted to a neighborhood of721

the refractory period Φ̄R at equilibrium, Φ̄R = ΦR(ρ̄). Thus, we can choose a locally linear relationship722

in the phase variable change,723

ψ = Ψ(ϕ,ΦR(ρ)) := ΦR(ρ̄) + ϕ− ΦR(ρ) in the neighborhood of the range of values of ΦR(ρ), (97)

The advantage of such a change is that the moving interface ϕ = ΦR(ρ) is changed into the stationary724

interface ψ = ΦR(ρ̄) = Φ̄R. Moreover, we can put whatever expression beyond the range of fluctuations of725

ΦR(ρ) in order to let unchanged the boundaries ϕ = 0 and ϕ = π, thereby simplifying the computations.726

We denote by ũ the density variable in terms of the new phase variable ũ(t, x, ψ), it verifies the following727

equation,728

ũ±
t (t, x, ψ) ± vũ±

x (t, x, ψ) + (∂tΨ ± v∂xΨ)(ũ(t, x, ψ))ψ + ∂Ψ
∂ϕ

(ω̃ũ±(t, x, ψ))ψ = 0, (98)

with ω̃ = ω0 + ω1H(ψ, Φ̄R). With the change of variables in (97) we have ∂Ψ
∂ϕ

= 1 in the domain of729

interest. As before, we consider the following fluctuations,730

ũ±(t, x, ψ) = ū(ψ) + dũ±(t, x, ψ), (99)
ρ±(t, x) = ρ̄+ dρ±(t, x), (100)

Ψ(ϕ,ΦR(ρ))) = Φ̄R + ϕ− ΦR(ρ̄) − ∂ρΦR(ρ̄)dρ = ϕ− ∂ρΦR(ρ̄)dρ. (101)

We linearize (98) using the expressions (99)-(101) and obtain,731

(dũ)±
t (t, x, ψ) ± v(dũ)±

x (t, x, ψ) + (∂t(dΨ) ± v∂x(dΨ)) (ū(ψ))ψ +
(
ω̃dũ±(t, x, ψ)

)
ψ = 0,

which yields,732

(dũ)±
t (t, x, ψ) ± v(dũ)±

x (t, x, ψ) − ∂ρΦR(ρ̄)(∂t(dρ∓) ± v∂x(dρ∓))(ū(ψ))ψ +
(
ω̃dũ±(t, x, ψ)

)
ψ = 0, (102)

where we kept only the first order terms in(102). We seek fluctuations in their decomposition in spatial733

Fourier modes Eq. (84), as previously and inject them in Eq. (102). This yields,734

λa±(ξ, ψ) ± viξa±(ξ, ψ) − ∂ρΦR(ρ̄)(λ± viξ)I∓(ξ)(ū(ψ))ψ +
(
ω̃a±(ξ, ψ)

)
ψ = 0, (103)

where I+(ξ) =
∫ π

0 a
+(ξ, ψ) dψ, resp. I−(ξ) =

∫ 2π
π a−(ξ, ψ) dψ. It is important to notice that ū is piecewise735

continuous, with a discontinuity across ψ = Φ̄R (79). Therefore, (ū(ψ))ψ is a Dirac mass located at the736

interface ψ = Φ̄R,737

(ū(ψ))ψ = U

( 1
ω̃(ψ)

)
ψ

, (104)

= U

( 1
ω0 + ω1

− 1
ω0

)
δψ=ΦR

, (105)

= −ω1U

ω0(ω0 + ω1)δψ=Φ̄R
, (106)

= −ω1ρ̄

ω1ΦR + πω0
δψ=Φ̄R

, (107)

= −Sρ̄
SΦ̄R + π

δψ=Φ̄R
, (108)
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where S = ω1/ω0. Using these computations, (103) becomes,738

λ
(
a±(ξ, ψ) − CI∓(ξ)Φ̄Rδψ=Φ̄R

)
= ∓viξ

(
a±(ξ, ψ) − CI∓(ξ)Φ̄Rδψ=ΦR

)
−
(
ω̃a±(ξ, ψ)

)
ψ , (109)

where we denote,739

C = − 1
Φ̄R

∂ρΦR(ρ̄) Sρ̄

SΦ̄R + π
, (110)

= −
(

S

SΦ̄R + π

)
∂ log ΦR

∂ log ρ (ρ̄), (111)

or, alternatively, C = − 1
Φ̄R

∂ log (ω1ΦR(ρ) + πω0)
∂ log ρ (ρ̄). (112)

We divide (109) by ω0, and denote λ̃ = λ
ω0

, ξ̃ = vξ
ω0

and C̃ = CΦ̄R. Then, dropping the tilda superscript740

for clarity, system (109) can be written in the form of a generalized eigenvalue problem as follows,741

λ
(
Id − CΣ∓δψ=Φ̄R

)
a =

(
∓iξ

(
Id − CΣ∓δψ=Φ̄R

)
− Dψ

((
1 + SHΦ̄R

)
•
))

a, (113)

with a =
(
a+,a−) and Σ∓ the operator that sums up the lines corresponding to the opposite species,742

and Dψ the differentiation operator, and HΦ̄R
the same Heaviside function H(ψ; Φ̄R).743

Again, the dispersion relation (dominant eigenvalue as a function of ξ) depends upon the same two744

reduced parameters S,C as in the modulation of the phase velocity, plus the window of the refractory745

period at equilibrium Φ̄R.746

The discretization of (113) with appropriate transmission conditions can be recast into the following747

system,748

λBA = LA, with L =
(

L+ L+
A

L−
A L−

)
, and B =

(
IJ BA

BA IJ

)
, (114)

where A = (A+(0), · · · , A+(J − 1), A−(0), · · · , A−(J − 1)) is the eigenvector and λ the associated eigen-749

value, IJ is the identity matrix of size J × J , and the matrices L±, L±
A and BA are each of size J × J and750

are represented in Fig. 19. The plots of the eigenvalues are in Fig. 20b.751

4.4.4 Relationship between S and C752

As above, the relation between the two reduced parameters C and S is constrained by the modeling753

assumptions. We explore few particular cases in this section.754

Modulation of the phase velocity. We explore two cases in the low-signalling regime:755

• a linear case, ω1(ρ) = ω∗ ρ

ρT
,756

• a sigmoidal case ω1(ρ) = ω∗ ρq

ρq + ρqT
, for some exponent q > 0. This corresponds to the original model757

introduced in12.758

In the linear case, we have straightforwardly (89),759

C =
(

S

SΦR + π

)
∂ logω1
∂ log ρ (ρ̄) =

(
S

SΦR + π

)
,

which yields,760

C̃ = ΦRC =
(

SΦR

SΦR + π

)
. (115)
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In the sigmoidal case, we find,761

C =
(

S

SΦR + π

)
q

(
1 − ρq

ρq + ρqT

)
, (116)

=
(

S

SΦR + π

)
q

(
1 − ω1

ω∗

)
, (117)

=
(

S

SΦR + π

)
q

(
1 − S

ω∗/ω0

)
. (118)

Note that the latter expression is constrained by S ≤ ω∗/ω0, such that C is always non-negative.762

Modulation of the refractory period. We explore only one case in the high-signaling regime:763

• an inverse linear case, ΦR(ρ) = Φ∗ρT
ρ

.764

In this case, we immediately get,765

C = −
(

S

SΦ̄R + π

)
∂ log ΦR(ρ)
∂ log ρ (ρ̄) = S

SΦ̄R + π
,

which yields,766

C̃ = Φ̄RC = SΦ̄R

SΦ̄R + π
. (119)

In Fig. 20a, we show the plot of the eigenvalues for the linear case, keeping in mind that the parameter767

denoted C in (113) is given by (119) as we have dropped the tilda superscript for clarity.768

4.4.5 Interpretation of the results769

In Fig. 20, we present the results of our phase-structured model. Panel a shows a heatmap of the eigen-770

values when the phase velocity is modulated, while Panel b shows the eigenvalues when the refractory771

period is modulated. These heatmaps were generated by varying the same parameters in both models:772

the parameter S and the refractory period ΦR. This approach allows us to explore potential instabilities773

and make comparisons between the two models. Interestingly, the parameter C in both models has the774

same expression with respect to S as outlined in (115) and (119).775

776

The first notable observation is that modulating the refractory period results in eigenvalues that are777

up to ten times higher than those obtained by modulating the phase velocity. Additionally, the instabil-778

ity region is broader when the refractory period is modulated. Specifically, when the phase velocity is779

modulated (Panel a), instabilities are limited to specific values of the pair (ΦR, S). For example, small780

values of ΦR require high values of S to induce instabilities. This indicates that rapid modulation of the781

phase velocity (ω̄1 ≫ ω0) is necessary when the refractory period is brief.782

783

This aligns with the observation in Igoshin et al.12 that very small refractory periods (alone) are784

insufficient for pattern synchronization. Our results demonstrate that under such conditions, high phase785

velocity modulation is required, as indicated by the high values of S in the instability region. Conversely,786

high values of ΦR do not lead to pattern emergence, regardless of S. This suggests that an extended787

refractory period significantly reduces the sensitive period during which the signal is interpreted, which788

prevents sufficient synchronization for pattern formation. In Panel b, a large range of (ΦR, S) values789

quickly leads to instabilities, with fewer restrictions on the parameter values.790

791
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v (µm min−1) 8
ΦR 0.2π
ω0 0.2π
ω∗ 0.6π
q (sigmoid steepness in phase velocity modula-
tion)

4

q (sigmoid steepness in RP modulation) 2
∆ϕ (phase step size) 0.01

Table 2: Parameters of the 1D simulations in Fig. 21 (a), (b) as given in Igoshin et al.12. The parameters
pertaining to the numerical scheme (space step size, discretization points) are the same as in Table 1.

When comparing the two heatmaps, it is evident that modulating the refractory period is more ef-792

fective for pattern emergence than modulating the phase velocity. Panel c quantifies this difference by793

showing a heatmap of the relative difference in eigenvalues between the two models for the same (ΦR, S)794

pairs. The heatmap reveals that refractory period modulation is generally more effective, with relative795

differences in eigenvalues ranging from 0.1 to 1 for most (ΦR, S) values. However, for very small ΦR796

values, modulating the phase velocity can be more effective for pattern emergence if the phase velocity is797

sufficiently high.798

799

We note that the comparison between the two modulation types was made using a linear modulation800

for both the phase velocity and the refractory period, see Section 4.4.4. The same conclusion can be drawn801

when assuming a sigmoidal phase-velocity modulation, as considered in12, see Section 4.4.4. Indeed, we802

simulated the model of Igoshin et al.12 using the sigmoidal phase-velocity function, and plotted the803

obtained kymograph in Fig. 21 Panel a (see caption for the expression of the sigmoid). In Panel b, we804

illustrate the case where the refractory period is modulated while keeping the phase velocity constant805

(see caption in Fig. 21). The kymographs clearly show that modulating the refractory period leads to the806

faster emergence of the rippling pattern.807

Remark 1. We note that if we redefine the parameter S to resemble the age-structured model, specifically
as the ratio:

S = ΦR/ω0
π/ω1

,

which indicates the ratio of the time spent in the refractory period to the time spent in the sensitive period808

(though, to be precise, the time spent in the sensitive period is exactly (π−ΦR)/ω1; however, for simplicity,809

we consider it as π/ω1).810

With this definition, we obtain the following common expression for C(S) in the phase-structured811

model for both modulation types:812

C(S) = S

1 + S
.

We note here the ressemblance of this expression with the one obtained in the age-structured model, see813

Eq. (50). By considering the two reduced parameters S = ΦR/ω0
π/ω1

and ΦR in the phase-structured model814

with the two modulation types, we could better align the age-structured and phase-structured models using815

mathematically comparable parameters.816
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G± =



j = 1 j = jR j = J

j = 1 α±
C C/ΦR C/ΦR

δ0 α± 0 0

0

α±

j = jR δ0 β±

j = jR + 1 δ1

0

j = J 0 0 δ1 β±



GA =



j = 1 j = jR j = J

j = 1 0 0 δ1

0 0

0 0

j = jR −C/ΦR −C/ΦR

0 0

j = J 0 0



Figure 18: Matrices of the stability analysis of the 1D model of Igoshin et al.12 when modulating the phase
velocity. We use the following notations for the sake of clarity: δ0 = 1

∆ϕ , δ1 = (1 + S)δ0, α± = ∓iξ − δ0,
α±
C = α± + C/ΦR and β± = ∓iξ − δ1. The size of each matrix is J × J and the index jR corresponds to
ϕjR = ΦR.
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L± =



j = 1 j = jR j = J

j = 1 α± 0 0

δ0

0

α±

j = jR δ0 β±

j = jR + 1 δ1

0

j = J 0 0 δ1 β±



L±
A =



j = 1 j = jR j = J

j = 1 0 0 δ1

0 0

0 0

j = jR ±Cξ ±Cξ

0 0

j = J 0 0



BA =



j = 1 j = jR j = J

j = 1 0 0

0 0

j = jR −C −C

0 0

j = J 0 0



Figure 19: Matrices of the stability analysis of the 1D model of Igoshin et al.12 when the refractory
period is modulated. We use the following notations for the sake of clarity: δ0 = 1

∆ϕ , δ1 = (1 + S)δ0,
α± = ∓iξ − δ0, β± = ∓iξ − δ1, and Cξ = iξC. The size of each matrix is J × J and the index jR
corresponds to ϕjR = Φ̄R.
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Figure 20: Maps of the eigenvalues for the phase-structured model. (a) Heat map of the eigenvalues when
the phase-velocity is modulated for different values of ΦR and S̄ = ω̄1/ω0. Here, ω̄1 is linear. (b) Heat map
of the eigenvalues when the refractory period is modulated for different values of Φ̄R and S = ω1/ω0. (c)
Relative difference between the eigenvalues of (a) and (b): ΛRP −ΛV EL

ΛRP +ΛV EL
, where ΛRP , respectively ΛV EL is

the eigenvalue computed in the stability analysis of the model where the phase velocity in (a), respectively
the RP in (b), is modulated. White bins correspond to no pattern formation in both modulation types.
For the phase-structured model, the majority of the parameters lead to faster pattern emergence in favor
of the modulation of the RP (positive red bins).

Figure 21: Simulations of the 1D phase-structured model for the two modulation types. Panel a: Modu-
lation of the phase-velocity using a sigmoidal function ω1(ρ) = ω∗ ρq

ρq + ρqT
, and ΦR = 0.2π as in Igoshin

et al.12. Panel b: Modulation of the refractory period using a sigmoidal function: ΦR(ρ) = π
ρqT

ρqT + ρq

and setting ω1 = 0.6π (as given in Igoshin et al.12. See Table 2 for details on the parameters used in the
simulations.
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4.5 Summary of the results of the linear stability analysis for all models817

Model
Signal-dependent

parameter for
pattern formation

Frequency/phase velocity
modulation

Refractory period
modulation

Age RP duration
Average reversal time in SP

• Longer refractory periods fa-
cilitate emergence of rippling

• Local signal: no patterns ob-
served with reversal frequency
modulation

• Directional signal: very small
range of signal-dependent pa-
rameter for which a pattern
could be observed

• Patterns emerge for al-
most any value of the
signal-dependent parameter
in both the local and direc-
tional signal

• Patterns emerge faster with
a directional signal than a
local signal

Phase
RP ,

Phase velocity in SP
Phase velocity in RP

• Patterns emerge for sigmoid &
linear modulation

• No patterns observed for long
RP duration

• Small RP duration requires
high phase velocity modulation

• Patterns emerge for almost
all values of the signal-
dependent parameters

• Patterns emerge faster by 20
fold than in phase velocity
modulation

• RP modulation is almost
always more effective than
phase velocity modulation
for pattern

Table 3: Summary of the results of the linear stability analysis for all models. Notation "RP" stands for
refractory period and "SP" for sensitive period.

5 Frustration definition and related figures818

5.1 Frustration analysis in biological data (swarming and rippling movies of bacteria)819

To quantify frustration in swarming and rippling movies of M. xanthus, the body axis of bacterium
i is segmented into a sequence of 11 equally-spaced 2D points along its body axis

(
pi0, ...,p

i
10
)
, with

pi0 = (xi0, yi0) positioned at the head of the bacterium and pi10 = (xi10, y
i
10) at its tail, see Section 1. For

each dataset, we tracked the positions of each bacterium and obtained a mean speed of v0 ∼ 4 µm min−1,
which corresponds to ranges measured in literature.
Frustration is defined as deviations in the cell’s trajectory from its body axis. It is computed as the
deviation of a bacterium’s movement from its "free" velocity denoted vit. This velocity is adopted by the
bacterium in the absence of obstacles. When the bacterium encounters an obstacle, it deviates from its
free self-propelled velocity and adopts the observed/actual velocity denoted vir. To measure frustration,
we first define the head direction as the vector pointing from the head toward its adjacent node along the
body, Xi

head = pi0(t) − pi1(t), for each bacterium i at time t. Then the free velocity of each bacterium i is
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given by,

vit(t) = v0
Xi
head

∥Xi
head∥

.

The observed velocity vir is defined as the head displacement between consecutive time frames t− ∆t and
t as,

vir(t) = pi1(t) − pi1(t− ∆t)
∆t .

This velocity represents the deviation of the head when cells encounter an obstacle (such as other bacteria)820

forcing them to change their moving direction. The instantaneous frustration score denoted f i(t) is821

calculated at each time t using the following formula,822

f i(t) = 1 − vit(t) · vir(t)
max(∥vit(t)∥2, ∥vir(t)∥2) , (120)

where · denotes the scalar product. In main Figures 3b and 3c, instantaneous frustrations (120) are823

computed for each bacterium at the represented movie frame, and each segmented bacterium is colored824

according to its frustration score. To avoid measuring noise in the trajectories, we average the frustration825

score in (120) denoted f icum(t) by summing instantaneous frustration scores (120) from the past 9 time826

frames (i.e equivalent to 18 s) prior to t. This yields,827

f icum(t) = 1
9∆t

t∑
k=t−9∆t

(
1 − vit(k) · vir(k)

max(∥vit(k)∥2, ∥vkr (k)∥2)

)
. (121)

We then tested whether the accumulated frustration at a reversal event exhibited higher scores compared
to other time points along the bacterium’s trajectory. To do so, we denote by f icum(tr) the accumulated
frustration score of bacterium i at the time tr of its r-th reversal event. We then consider the distribution
of accumulated frustrations computed over all time points of the bacterium’s trajectory. This distribution
is denoted as,

Si = {f icum(t) | t ∈ trajectory of bacterium i},
where f icum(t) is the accumulated frustration score obtained from (121) at time t. The resulting distribu-
tions of accumulated frustrations for the rippling and swarming data sets are shown in main Figure 3d.
Then, we divide Si into quartile intervals Qik with k = 1, . . . , 4, defined as

Qi1 = [m, q1], Qi2 =]q1, q2], Qi3 =]q2, q3], Qi4 =]q3,M ],
where m = min Si, q1 the value which sets the lowest 25 % of values in Si, q2 the median of Si, q3 the
value setting the highest 25 % of values in Si and M = max Si. We then determine in which quartile Qik
each reversal event falls, based on its accumulated frustration value f icum(tr) (Supplementary figure S4).
To obtain main Figure 3e, we repeat this analysis for all trajectories i across the rippling and swarming
data sets, and compute the overall fraction of reversals belonging to each quartile of their corresponding
frustration distribution. Let R be the total number of reversal events across all trajectories, and RQk

the
number of reversals whose accumulated frustration falls within quartile Qk. The overall proportion PQk

of reversals associated with each quartile is then defined as

PQk
= RQk

R
.

The values of PQk
are represented as bar plots for each k ∈ {1, . . . , 4} in main Figure 3e.828

5.2 Frustration analysis in numerical simulations829

To analyze the frustration scores in the numerical simulations (swarming and rippling simulations), we830

used the same method as the one described previously for the biological data. That is, having vt(t) and831

vr(t) and the accumulated frustrations at each time step of the simulation as computed in Section 6.2,832

we locate for each reversal the quartile it belongs to. This yields the main Figures 5d and 6d.833
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5.3 Frustration in crowd dynamics - link with Lagrange multipliers834

In this section we exhibit the link between the frustration index defined for M. xanthus and the notion of835

frustration introduced in crowd dynamics.836

Brief introduction to optimization problems under constraints in crowd dynamics. In crowd837

dynamics, each agent i is given a spontaneous (or individual) velocity Ui such that each agent is a self-838

propelled particle20. As agents move in a way to avoid overlap, especially in congested areas, the individual839

velocities are often deviated as a result of a pressure network "felt" by each agent from its neighbors. As840

a result, agents change their velocity and adopt an actual velocity, denoted here ui which can be different841

from their individual initially given velocity. The actual velocity belongs to a set of feasible velocities842

which guarantee the non-overlapping constraint, and it yields a set of feasible configurations (in terms of843

non-overlapping agent positions). The main challenge in simulating crowd dynamics is to compute the844

actual velocity. In mathematical terms, this problem can be formulated as follows. Consider N agents845

resembling disks (for simplicity) of the same radius R and where the center of the ith disk is denoted qi846

with q = (q1, . . . , qN ). As agents move while avoiding overlap, the positions q belong to the following set847

of feasible configurations,848

Q = {q, such that, Di,j(q) ≥ 0 ∀i, j}, (122)
where Di,j(q) = |qi − qj | − 2R is the signed distance between disks i and j. Each agent is characterized849

by a spontaneous velocity and the vector of spontaneous velocities is given by U = (U1, . . . ,UN ) and the850

vector of actual velocities is given by u = (u1, . . . ,uN ) and expected to belong to the following set of851

feasible velocities,852

C = {v, such that, ∀i, j,Di,j(q) = 0 =⇒ ∇Di,j(q) · v ≥ 0},

which translates the fact that as soon as the distance between two agents vanishes, the distance between853

them must increase. The dynamics evolve following a simple equation which reads,854

dq

dt = PCU = u, (123)

where PCU is the (Euclidean) projection of U on the set C. The actual velocity is simply defined as the855

velocity u ∈ C that is the closest to U in the least square sense. The numerical scheme for such a problem856

can be written as follows. Let [0, T ] denote the time interval and h be the time step such that tn = nh.857

Then the configurations (positions) given by Eq. (123) can be written as,858

qn+1 = qn + hun,

with un = PCUn. Numerically, the latter can be solved using a minimization problem formulation such859

that,860

u = argmin
v∈Ch

|v − U |2,

where Ch is the first-order discretization of the set of feasible velocities given by,861

Ch = {v, such that, ∀i, j, Di,j(qn) + h∇Di,j(qn) · v ≥ 0},

with B(v) := −h∇Di,j(qn) · v. We can write the associated Lagrangian as,862

L(v,µ) = 1
2 |v − U |2 −

∑
1≤i,j≤N

µi,j (Di,j + h∇Di,j · v) ,

where µi,j ≥ 0 are the Lagrange multipliers. Hence, the optimality conditions for this problem yield the863

following system,864

u − U = −µB,

Bu −D ≤ 0, µ ≥ 0,
µ · (Bu −D) = 0.

(124)
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Frustration in crowd dynamics. By multiplying (dot product) the first equation in (124) by the865

spontaneous velocity U , and finally diving by |U |2, we obtain,866

1
|U |2

µBU = 1 − u · U

|U |2
. (125)

The right-hand side of (125) is commonly known as the frustration index (also called mean frustration867

or instantaneous frustration in the literature21,22). It is expressed in terms of the sum of the Lagrange868

multipliers (left-hand side in (125)). When defined for each agent i the frustration index which we now869

denote fi can be written as the following,870

fi = 1 − ui · Ui

|Ui|2
, (126)

where fi is the instantaneous frustration of each agent i. We note that fi is a dimensionless quantity871

which is equal to 0 whenever agent i achieves its desired spontaneous velocity Ui, and to 1 whenever the872

adopted velocity ui is either equal to 0 (the agent stopped) or orthogonal to Ui. Finally, fi is equal to 2873

if ui = −Ui, as is the case for agents with the ability to instantly reverse their movement direction.874

5.3.1 Contrasting approaches: crowd dynamics vs. M. xanthus875

First, one can appreciate the similarities between the right-hand side in (126) and the frustration definition876

in (120) where we denoted vit = Ui and vir = ui. Since the norms of vit and vir can be different, we divide877

by the maximum of the two in (120).878

The fundamental difference between these two paradigms lies in the nature of the approach to879

study these systems. In crowd dynamics, the primary goal is to develop mathematical models to simulate880

particle systems, and to predict the behavior of agents within a crowd and in complex environments (e.g881

presence of obstacles). This involves a theoretical framework in which we estimate individual velocities882

adopted by each agent and in which frustrations are based on interactions and constraints within the883

system. In this framework, it is difficult to compute individual frustrations and to obtain actual velocities884

for each agent and independently of one another. In fact, each agent is subjected to a long range network885

of constraints that heavily depends on its surrounding agents as well as the nonlocal spatial configuration.886

In this case, all the actual velocities must be solved at once.887

In contrast, in our study of M. xanthus, we opt for an empirical approach. We directly observe888

the movement of individual bacteria through high-resolution imaging. This direct observation allows889

us to measure actual velocities for each bacterium, which provides us with empirical real-time data.890

The main goal here is to understand the underlying mechanism of the observed behavior of M. xanthus891

bacteria.892

5.4 Sanity check of the frustration analysis in numerical simulations and in experi-893

mental data894

To evaluate how segmentation and tracking might affect the compuation of the frustration index in our895

experimental data, we used simulated swarming and rippling data as a control. For each pattern, we896

compared three types of synthetic data : a) the raw simulation data ("initial in Figs. 22 and 23), b) the897

same data after applying our tracking algorithm ("tracked" in Figs. 22 and 23), and c) the tracked data898

with an added Gaussian noise to mimic segmentation errors ("tracked with noise" in Figs. 22 and 23). We899

then measured the time between reversals (TBR), see Fig. 22, and the correlation between frustration900

and reversals (Fig. 23). For the TBR, the distributions were essentially unchanged by tracking or by901

adding a small noise to cell positions. For the frustration distributions, tracking alone produced a small902

rightward shift, which we attribute to the lower temporal resolution used during analysis (2 s instead903

of 0.3 s time step in the simulations). Adding noise further shifted the distributions to higher values,904
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as expected from the definition of frustration: perturbing bacterial positions directly alters real velocity905

estimates, increasing the chance that the real velocity deviates from the target velocity and thus raising906

the measured frustration. Importantly, the correlation between high frustration and reversals was well907

preserved after tracking and also with a realistic level of noise (0.02 µm), however it disappeared completely908

under unrealistically high noise (0.2 µm). This indicates that the quality of our experimental segmentation909

must be sufficient, since otherwise no signal would be detected in real data. As expected, a small amount910

of noise slightly decreases the correlation compared to the raw simulations, and this is exactly what we911

observe experimentally in Supplementary fig. S4. Altogether, these analyses confirm that segmentation912

and tracking may slightly shift the frustration distributions, but do not prevent us from robustly capturing913

the key correlation between frustration and reversal events. These results demonstrate that segmentation914

noise in our experiments is small enough to robustly capture the link between frustration and reversals.915

Figure 22: TBR distributions obtained from raw simulation data (left), tracked data (middle), and tracked
data with added Gaussian noise (right). The TBR distributions remain essentially unchanged by tracking
or by adding a small amount of noise, both for swarming and rippling simulations.
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Figure 23: Correlation between high frustration and reversal events assessed by quartile binning. Grey
bars show the initial simulated trajectories, purple bars tracked trajectories without added noise, and
green bars tracked trajectories with positional noise. With realistic tracking noise (0.02 µm, upper panels),
reversal events remain strongly enriched in the highest frustration quartile. In the rippling simulation
(left), reversal fractions from the lowest to the highest quartile are 2.7 %, 4.2 %, 16.9 %, and 76.2 % (grey),
1.4 %, 3.7 %, 16.5 %, and 78.3 % (purple), and 7.9 %, 14.0 %, 23.2 %, and 54.9 % (green). In the swarming
simulation (right), the corresponding values are 2.1 %, 6.8 %, 31.7 %, and 59.4 % (grey), 7.8 %, 11.5 %,
22.1 %, and 58.6 % (purple), and 13.0 %, 18.6 %, 25.3 %, and 43.2 % (green). For strong positional noise
(0.2 µm, lower panels, green bars), this enrichment is lost and reversal events are approximately uniformly
distributed across quartiles (31.1 %, 23.3 %, 22.0 %, 23.6 % in rippling; 28.6 %, 24.0 %, 22.8 %, 24.8 % in
swarming).

6 Modeling of the 2D simulations916

Some of this work was done in a proceeding during the CEMRACS summer school with H. Bloch, V.917

Calvez, B. Gaudeul, L. Gouarin, A. Lefebvre-Lepot, T. Mignot, M. Romanos and J.B. Saulnier. More918

details can be found in23.919

6.1 Modeling of the bacteria920

Construction of bacteria shape. Inspired by24,25, we approximate the rod-like shaped bacterium by921

a chain of disks moving on a 2D plane. These disks, which make up a cell, are in permanent contact922

with each other, with a fixed distance from each other, which allows for a small overlap between any two923

consecutive disks of the same bacterium (as seen in Fig. 24b). The centers of these disks are referred to924

as nodes. Let ND represent the number of disks in a bacterium, and D denote their diameter. Given that925

the width of M. xanthus remains relatively consistent across all bacteria in the experiment, we assume926

uniform disk diameter for simplicity.927

Motion dynamics. Let us consider M bacteria. For i ∈ [[1,M ]] and j ∈ [[1, ND]], denoting the j − th928

disk in bacterium i. We define pi,j as the position of the node (center) of the j-th disk of bacterium i.929

For i′ ∈ [[1,M ]] and j′ ∈ [[1, ND]], we denote di
′,j′

i,j =|| pi,j − pi′,j′ || as the distance between node j of930

bacterium i and node j′ of bacterium i′. The positions pi,j , i ∈ [[1,M ]], j ∈ [[1, ND]] are the solutions of931
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the following ordinary differential equation,932

d

dt
pi,j = vbasei,j +

∑
(i′,j′) such that di′,j′

i,j ≤rc

vc
i′,j′

i,j + vei,j , (127)

where rc is the cut-off radius, vbasei,j represents the natural motion of a bacterium. It is the velocity a933

bacterium “wants” to have, without taking the presence of other bacteria into account. To define vbasei,j ,934

we first introduce two unit vectors,935

e−
i,j = pi,j−1 − pi,j

|| pi,j−1 − pi,j ||
,

e+
i,j = pi,j+1 − pi,j

|| pi,j+1 − pi,j ||
,

e+
i,j = −e−

i,j+1.

(128)

In our model, we aim for a constant speed of all bacteria, set to v. We assume that only the head (i.e., the936

first disk in the chain) contributes to the bacterium’s motion, leading to vni,1 = NDve−
i,2, and vni,j = 0937

for j ∈ [[2, ND]]. This model closely aligns with the S-type motility observed in M. xanthus. For the sake938

of simplicity, we do not incorporate elements modeling the A-type motility in our model. The velocity939

denoted by vc
i′,j′

i,j is a contact velocity-correcting term such that the following conditions are verified:940

• Condition A. The distance between two consecutive disks di,j+1
i,j remains equal to ε ∈ [[D/2, D]].941

• Condition B. Two bacteria should not overlap, meaning di
′,j′

i,j ≥ D for non-consecutive disks.942

Hooke’s law for maintaining distance between disks of the same bacterium (Condition A).943

To ensure the condition di,j+1
i,j = ε, we use Hooke’s law of springs which we detail in what follows. To944

ensure a constant distance between consecutive disks, we use a velocity-correcting term that acts as945

repulsion when the nodes are too close, and attraction when they are too far apart. To achieve this,946

we model the contact force as a spring with high stiffness between each consecutive pair of nodes in a947

bacterium. This yields the following velocity-correcting term:948

vc
i,j+1
i,j = ks(di,j+1

i,j + ε)e+
i,j and vc

i,j−1
i,j = ks(di,j−1

i,j + ε)e−
i,j ,

where ks is the stiffness constant of the springs.949

Contact dynamics for maintaining distance between bacteria (Condition B). To ensure the950

condition di
′,j′

i,j ≥ D, we apply a repulsive velocity-correcting term between each disk j and another disk951

close enough j′. The same correction to the velocity is applied whether the two disks belong to the same952

bacterium or not, as long as they are not consecutive in a single bacterium (j′ /∈ [[j − 1, j + 1]] if the two953

(a) Perfect rod-shaped configuration.

ε

D

geometric approximation

(b) Approximative rod-shaped configuration.

Figure 24: Modeled bacteria as a succession of spheres. Each sphere has a diameter Dand each center are
distant of ε.
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disks belong to the same bacterium). This repulsive term is quadratic to avoid too strong repulsion in954

case of a small overlap while preventing large overlaps. We set:955

vc
i′,j′

i,j = −kr
(
min

(
di

′,j′

i,j , 0
))2

ei
′,j′

i,j ,

where kr is the repulsion coefficient of the repulsive velocity-correcting term and ei
′,j′

i,j is the normalized956

vector pointing from the position pi,j to the position pi′,j′ , ei
′,j′

i,j = pi′,j′ −pi,j

||pi′,j′ −pi,j || . The choice of a squared957

distance allows for C1 regularity in the formulation of the velocity-correcting terms, while the mini-958

mum ensures that the correction acts only for overlapping objects. We recall that the repulsive correction959

between a disk and both itself and its adjacent neighbors coming from the same chain of disks are set to 0.960

961

In what follows, we detail the velocity denoted vei,j which represents the external velocity-correcting962

term imposed by the external medium where bacteria are moving. These velocities will differ in the963

swarming and in the rippling simulation. When modeling swarming, these external forces (or velocities)964

represent the correction term due to the presence of extracellular polymeric substances (EPS) which965

enforces a change in the bacteria movement. In the rippling, this external velocity models the global966

horizontal alignment to which the bacteria are subjected. In the next paragraph we describe the external967

velocity in the case of swarming simulations.968

Swarming: slime trail following mechanism. M. xanthus bacteria utilize type IV pili machinery969

located on their leading pole for propulsion. These pili can elongate, anchor to EPS, or other bacteria,970

and retract to drive the cell’s forward movement26. Experiments with mutants lacking this machinery971

exhibit reduced group size and coordinated motion27,28. In this paragraph, we elaborate on our modeling972

of the type IV pili mechanism. In this case, the external velocity induced by the EPS on the medium can973

be written as,974

vei,j = ve
EPS
i,j .

To define the velocity ve
EPS
i,j , which models how cells react to the presence of EPS around them, we first975

establish the region accessible to the pili then we exhibit how we model the alignment of the bacteria976

with the EPS.977

Pili search area. We postulate that M. xanthus can elongate its pili exclusively in the forward978

direction. More precisely, bacterium i possesses a view angle of 2αi (αi ∈ [0, π2 ]) in front of it and a979

horizon Hi > 2D. Recalling that e−
i,2 indicates the direction of the head (refer to Eq. (128)), the area of980

the plane perceived by the bacterium can be expressed as,981

Si =
{

x ∈ R2 | ∃l ∈ (0, Hi], θ ∈ [−αi, αi],x = pi,1 + lQ(θ)e−
i,2

}
, (129)

Bacterium i

Bacterium i′

pi,j−1
×

pi,j
×

pi′,j′

×

di
′,j′

i,j

Figure 25: Notations for contacts.
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where Q(θ) =
(

cos(θ) sin(θ)
− sin(θ) cos(θ)

)
is the rotation matrix of angle θ.982

Swarming: alignment with EPS (defining ve
EPS
i,j ). We now describe the a slime trail following983

approach25 (EPS alignment). In this model, every bacterium deposits a certain amount of EPS as it moves,984

and this EPS dissipates at a rate λ. To avoid feedback loops, EPS is exclusively deposited by the tail node985

of the bacterium. The pili search area is divided into five equally-sized sections, within which the EPS986

concentration is calculated. The velocity correcting term exerted by the EPS models a nematic alignment987

with the section displaying the highest concentration, provided it surpasses a certain threshold. This988

threshold, denoted cmin is set to 1 % of the maximum EPS value, denoted as EPSmax. If the threshold is989

not met, the velocity correcting term ve
EPS
i,j is set to zero. Additionally, if the EPS concentration exceeds990

0.8 × EPSmax in multiple sections, the section closest to the bacterium’s head direction is selected, with991

random selection in case of equal distances. To implement this, we write below a pseudo-algorithm992

(discrete version of the continuous model we presented above) in Section 6.1.1.993

Rippling: global alignment. In this paragraph, we exhibit our modeling of the global alignment994

induced by the prey matrix, that only occur in the rippling simulations. In this case, the external velocity995

induced by the global alignment by the medium can be written as,996

vei,j = ve
Global
i,j .

Bacteria are forced to deviate their head trajectory in order to align with the vector parallel to the upper997

(or lower) boundary of the numerical domain (taken as a square). To implement this, we write below a998

pseudo-algorithm (discrete version of the continuous model we presented above) in Section 6.1.2.999

6.1.1 Implementation of EPS alignment: discrete computation of ve
EPS
i,j swarming).1000

We now exhibit the details of the implementation of the slime trail following in the Python code. For the1001

positions of the nodes we used a grid-less approach. Keeping this principle to deal with EPS deposits is1002

overly costly since it would require to keep in memory the history of all bacteria. Therefore, we introduce1003

a Cartesian grid Γ = ∆x/Z2. This grid can then either be truncated or stored sparsely. For any point1004

x ∈ Γ we denote by c(x) the amount of EPS present at this point.1005

At each time step, and for each bacterium, a constant quantity a is added to c(xi), where xi ∈ Γ is1006

the grid point closest to pi,N the last node or tail of the bacterium.1007

The slime trail impacts the trajectory of a bacterium i when it is present in sufficient quantity cmin1008

at a grid point in the cell’s field of view Si, where Si is given by Eq. (129). In this case, we let xEPS,i =1009

arg maxx∈Si∩Γ c(x) be the grid point with the highest value in Si, eEPS,i = xEPS,i−pi,1
||xEPS,i−pi,1|| the unit vector1010

pointing to this point, and e−
i,2

⊥ be a unit vector orthogonal to e−
i,2. Using these notations a correction is1011

applied on the head node:1012

ve
EPS
i,1 = γ(eEPS,i · e−

i,2
⊥) e−

i,2
⊥
,

where γ > 0 models the strength of the alignment. This velocity tends to change the direction of the1013

head toward the highest concentration of EPS (nematic alignment) with speed γ without changing the1014

value of the speed of the bacterium.1015

6.1.2 Implementation of global alignment: discrete computation of ve
Global
i,j rippling).1016

We now exhibit the details of the implementation of the global alignment in the Python code in the rippling1017

simulations. Similarly to Section 6.1.1, for the positions of the nodes we used a grid-less approach. We1018

define a vector for global alignment denoted eGlobal,i with which bacteria align. We choose this vector as1019

parallel to the upper boundary of the numerical domain. We define the numerical domain of length L as1020
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the square [a, b]2, with a = (0, 0) and b = (L, 0). Then we have eGlobal,i = a⃗b

L
. At each time step, and for1021

each bacterium, a correction is applied on the head node:1022

ve
Global
i,1 = γ′(eGlobal,i · e−

i,2
⊥) e−

i,2
⊥
,

where γ′ > 0 models the strength of the global alignment.1023

6.2 Reversal mechanism1024

Contrarily to the 1D model, the 2D model is able to include the frustration as a reversal signal. The1025

reversal mechanism encompasses a refractory period TRP and a rate of reversal T−1
REV which we detail1026

below. We observed in our analysis of swarming and rippling movies that cell reversals are correlated1027

with high accumulated frustrations. Therefore, in our simulations, we endow cells with the ability to1028

reverse upon a frustration signal that accumulates over a period d equivalent to 20 seconds (real time),1029

see Section 5. We also include a memory mechanism over the time period d, that is, cells "forget" the1030

sensed frustration at a given rate λ, such that past frustrations have less weight on the final cumulative1031

frustration than more recent ones.1032

We define the velocity target vt
n
i,1 := vnn

i,1
ND

(using the notations defined in Section 6) which is the velocity1033

that the bacterium has when no obstacle is present, and the real velocity vr
n
i,1 :=

pni,1 − pn−1
i,1

∆t representing1034

the velocity that the bacterium adopts and which can deviate from the target velocity due to steric contact1035

and slime trail attraction (with ∆t the time step). The superscript n refers to the time index. At each1036

time step and for each bacterium i the cumulative frustration is given by,1037

fcum
n
i = 1

2∑n
j=n−d exp

(
− j−n

β

) n∑
j=n−d

1 −
vt
j
i,1 · vr

j
i,1

max
(
∥vt

j
i,1∥2, ∥vr

j
i,1∥2

)
 exp

(
−j − n

β

) , (130)

where d represents the time memory under which the cells remember past frustrations and β is the rate1038

at which bacteria forget the past frustration. The probability for a the cell i to reverse is,1039

pni = 1 − exp
(
T−1
REV (fcum

n
i )H

(
r − TRP (fcum

n
i )
))
, (131)

where the functions T−1
REV and TRP are smooth version of the ones used in the 1D model,1040

T−1
REV (fcum) = F ∗

1 + exp
(

− αF (fcum − fT )
) , TRP (fcum) = R∗ + Rmin −R∗

1 + exp
(

− αR(fcum − fT )
) , (132)

where sT represents the signal threshold to pass from low level of signaling to high level of signaling (cf.1041

Section 4.2), and the parameters αF and αR represent the power of smoothing of the function T−1
REV and1042

TRP respectively. Both functions are represented in Fig. 26. Table 4 displays the parameters used for the1043

Python simulations.1044

Effect of model parameters on TBR distribution: related to main Figs 1e-f, 5c, 6c. We aimed1045

to understand how variations in key model parameters influence the Time Between Reversals (TBR)1046

distribution in our 2D rippling and swarming simulations. We focused on two parameters: the initial1047

number of bacteria (in rippling simulayions) and the EPS alignment strength (in swarming simulations).1048

The Fig. 27 reveals how simulated TBR distributions can be shifted by changing model parameters. We1049

observe that increasing the number of cells decreases the mean TBR during rippling, and decreasing1050

the EPS strength increases the mean TBR during swarming. We note that our aim was not to fit each1051

distribution precisely using our model, but to have a qualitative comparison between experiments and1052

simulations, that is, to reproduce unimodal distributions for swarming and bimodal distributions for1053

rippling.1054
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Figure 26: Shape of the TRP (fcum) (solid curve) and T−1
REV (fcum) (dashdots curve) functions used for the

2D simulations.

Parameter Value
Number of disks per bacterium (ND) 10

Diameter of the disks (D) 0.7 µm
Velocity of the bacteria (v) 4 µm min−1

Distance between consecutive disks (ε) 0.5 µm
Hooke’s spring constant (ks) 50 min−1

Repulsion coefficient (kr) 450 µm−1 min−1

Angle view (2α) π

Horizon search (H) 5 µm
Rippling alignment strength (γ′) 11 µm min−1

EPS alignment strength (γ) 11 µm min−1

EPS deposition rate (a) 2 min−1

Maximal EPS grid value (EPSmax) 10
Minimal detectable EPS concentration (cmin) 0.1

Maximal refractory period (R∗) 5 min
Minimal refractory period (Rmin) 20 s

Maximal reversal rate (F ∗) 3 min−1

Frustration threshold (fT ) 0.08
Exponent of the memory integration kernel (β) 2 min−1

Frustration memory (d) 20 s
Steepness of the reversal rate function (αF ) 75

Steepness of the refractory period function (αR) 100

Table 4: Numerical parameters used in the 2D simulations.
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Figure 27: Effect of the initial number of bacteria and the EPS strength on rippling and swarming
simulation respectively.

6.3 Supplementary figures related to the 2D simulations1055

Swarming simulations in 2D of WT and mutant (non-reversing) strains: related to main Fig.1056

7. The FrzE mutant is highly defective in reversals but it still lays the ECM trails and aligns globally1057

at the edge of the prey colony area see fig. S2b in the main text). It is therefore a mutant that only lacks1058

the critical reversal ingredient, as a result it does not ripple and lacks persistent streams in the swarming1059

area, favoring large moving groups (see fig. S2b in main text). The FrzE mutant still moves in ECM trail1060

and aligns as cells penetrate the prey colony (see fig. S2 b-c in the main text), showing that its ability1061

to interact with the extracellular matrix is intact. To test whether our model is able to reproduce such1062

behaviour, we performed 2D swarming simulations of this mutant by only disabling its reversal mechanism1063

in our model and compared it to WT swarming simulations in a single strain context (see Fig. 28) . In the1064

simulations, we observe that WT cells are able to form a mesh-like swarming pattern through frequent1065

reversals, which enables them to form ECM trails which are followed by other bacteria. In contrast, the1066

frzE mutant cells fail to form consolidated stream-like structures during swarming, and instead form large1067

moving (aligned) groups. In these aggregates, group effects hinder the ability of individual cells to fully1068

align with ECM trails, explaining why mutant swarms appear disorganized compared to WT. This result1069

is consistent with experimental observations.1070
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Figure 28: Simulations of WT and frzE mutant cells. (left) WT cells form a mesh-like swarming
pattern through frequent reversals, which enables them to align efficiently with ECM trails. (right) The
FrzE mutant, defective in reversals, fails to generate the mesh-like organization and instead forms large
moving groups.
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Supplementary Figures1138

Figure S1: A frzZ and frzE mutants do not ripple. Colonies of WT, frzE, and frzZ mutants were
spotted next to a prey colony and allowed to propagate on agar for 72 h, as described in Seef et al.29.
Note that while all three strains are able to invade and kill the prey colony, rippling and fruiting body
formation are only observed with the WT strain.
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Figure S2: Cell reversals are not required for persistent alignment in the prey colony. (a)
Predatory assay showing the invasion of an E. coli prey colony (red) by a frzE mutant (green) at 0 h and
72 h. (b) Zoom of the initial prey colony area indicated by dotted lines in (a) at 72 h, showing that the
frzE mutant becomes highly aligned within this area while remaining in swarms outside, as observed for
the WT strain. (c) Quantification of frzE mutant cell alignment levels inside and outside the prey colony.
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Figure S3: Correlation of reversal events with local and directional density in rippling and
swarming fields. For each signal type, the distribution was divided into four quartiles: low (< 25 %),
intermediate-low (25 % to 50 %), intermediate-high (50 % to 75 %), and high (> 75 %) intensity. Bars
indicate the fraction of reversals occurring within each quartile, for either the local density (number of
neighbours) or the directional density (number of opposite-moving neighbours). (a) In rippling, reversals
show no correlation with local density (grey bars), but a weak correlation with directional density (black
bars). Mean ± SD reversal fractions for local density are 24.7 ± 1.3 %, 25.1 ± 0.4 %, 26.2 ± 0.7 %, and
24.0±0.4 % from the first to the fourth quartile, respectively; corresponding values for directional density
are 21.1±1.5 %, 20.8±1.4 %, 22.2±0.5 %, and 36.0±2.1 %. (b) In swarming, neither local nor directional
density correlates with reversals. Mean ± SD reversal fractions for local density are 39.6 ± 2.8 %, 23.6 ±
0.3 %, 20.2 ± 1.0 %, and 16.6 ± 1.5 %; corresponding values for directional density are 25.9 ± 4.4 %, 19.9 ±
1.8 %, 22.4 ± 0.8 %, and 31.8 ± 5.8 %.
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Figure S4: Determining the correlation between frustration and reversals. Shown is the distri-
bution of frustration levels for a single cell trajectory color-coded in quartiles used for the graph shown
in Fig. 3e. The level of frustration at which the reversal event occurred for that cell (represented by a red
star) is measured, and the quartile in which this event appears is extracted.
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Figure S5: Frustration distributions in swarming and rippling simulations. Frustration values
were computed, in triplicate rippling and swarming simulations, every 0.3 s (time step of the simulations)
and averaged over 18 s (equivalent to 9 frames of 2 second in the experimental movies) to obtain a smooth
signal, as computed in the experimental movies in Fig. 3d.

58



Figure S6: Correlations between reversals and candidate signals in experiments and simu-
lations. (a, b) Experimental data: correlation of reversals with directional density and frustration in
rippling (a) and swarming (b). Frustration correlates with reversals in both cases, whereas directional den-
sity correlates only in rippling. In rippling, mean ± SD reversal fractions are 21.1 ± 1.5 %, 20.8 ± 1.4 %,
22.2 ± 0.5 %, and 36.0 ± 2.1 % for directional density and 9.2 ± 1.9 %, 15.5 ± 1.3 %, 24.7 ± 0.8 %, and
50.5 ± 2.5 % for frustration from the first to the fourth quartile, respectively. In swarming, the corre-
sponding values are 25.9 ± 4.4 %, 19.9 ± 1.8 %, 22.4 ± 0.8 %, and 31.8 ± 5.8 % for directional density and
11.4±1.3 %, 18.1±0.8 %, 26.9±1.2 %, and 43.6±2.1 % for frustration. (c, d) Simulation with frustration
as the reversal signal: frustration correlates with reversals in both rippling and swarming (as expected),
while directional density shows correlation only in rippling, consistent with experiments. Mean reversal
fractions for rippling simulations are 16.4 %, 18.8 %, 27.8 %, and 37.0 % for directional density and 2.6 %,
4.2 %, 17.1 %, and 76.2 % for frustration from the first to the fourth quartile, respectively. Corresponding
values for swarming simulations are 25.7 %, 20.7 %, 23.3 %, and 30.3 % for directional density and 2.1 %,
7.6 %, 32.1 %, and 58.2 % for frustration. Standard deviations are negligible and omitted. (e, f) Simu-
lation with directional density as the reversal signal: both directional density and frustration correlate
with reversals in rippling and swarming, which does not match the experimental results. Mean reversal
fractions for rippling simulations are 11.4 %, 14.7 %, 29.0 %, and 44.9 % for directional density and 4.4 %,
15.9 %, 35.8 %, and 43.9 % for frustration. Corresponding values for swarming simulations are 10.9 %,
5.7 %, 24.6 %, and 58.8 % for directional density and 8.0 %, 20.4 %, 32.4 %, and 39.2 % for frustration.
Standard deviations are negligible and omitted.
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Figure S7: TBR distributions for rippling (upper) and swarming (lower) in the 2D simulations
with directional density (left) and frustration (right) signal. We observe that only when using
the frustration-based signal the TBR distribution reproduces the unimodal TBR in swarming observed
in experimental data.

Figure S8: Mean residence times of reversing (WT) and non-reversing (N-R) cells in rippling
and swarming simulations. The residence times were computed similarly to main Fig. 7c. N-R
cells that penetrate the rippling field simply move passively and linearly through it without reversing,
resulting in nearly identical residence times across trajectories, while their residence time distribution in
the swarming domain resembles that of WT cells.
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Figure S9: Spatial distribution of WT and frzE mutant cells in prey colonies. Shown is a
predatory assay of a mixed population of WT cells (red) and frzE mutant cells (green) (initial ratio 1:10),
observed at 24 h and 72 h. At 72 h, additional zoom-in panels highlight a specific region of each image.
The dashed rectangles indicate the areas from which the magnified views were extracted. WT cells remain
predominantly confined within the rippling field, whereas frzE mutant cells are more evenly distributed
between the rippling and swarming subdomains. Although frzE mutants are initially present in tenfold
excess, their relative abundance decreases over time following the formation of rippling patterns by WT
cells.
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Supplementary Table1139

Strain Construction Genotype Source
TM108 M. xanthus DZ2 WT Laboratory collection
EC393 E. coli MG1655 WT Laboratory collection
TM617 M. xanthus DZ2 pSWU19 pPilA+IMss+mCherry WT Laboratory collection
TM848 M. xanthus DZ2 ∆FrzE pSWU19-OMss-sfGFP ∆FrzE pSWU19-OMss-sfGFP Laboratory collection
DM31 M. xanthus DZ2 pDM14 fus transcri MXAN3068 MXAN3068-sfGFP Laboratory collection
EC511 E.coli MG1655 pGG2-rpsm-mcherry MG1655-mCherry Laboratory collection
JH13F8 M. xanthus DZ2 pEYFP-sgmX SgmX-YFP Julien Herrou, unpublished

Table S1: DZ2 strains correspond to the David Zusman collection and TM strains correspond to the
laboratory collection. The construction column describes the strategy used to obtain the strains where
the original strain number is mentioned with the modifications added. The genotype column shows the
genetic context of the strains. The source column indicates the reference for previously published strains.
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Supplementary Movies1140

Movie S1:1141

Predation assay of M. xanthus (green) with E. coli (red) as prey. M. xanthus propagates over the surface1142

in all directions, invading and killing the prey to absorb nutrients. Rippling waves emerge in areas of1143

sufficient initial prey concentration, while the swarming pattern is present outside of these areas.1144

1145

Movie S2:1146

Rippling field at 100× magnification objective. The cells form waves that collide periodically. During1147

wave collisions, most of the cells reverse.1148

1149

Movie S3:1150

1D simulation of rippling. The density ρ+ moves to the right, while the density ρ− moves to the left. The1151

density waves collide periodically and effectively reproduce the rippling phenomenon.1152

1153

Movie S4:1154

2D simulation of rippling. The blue cells move to the right, whereas the red cells move to the left. The1155

cells stay oriented in the horizontal direction (alignment with the prey matrix) and form, after ∼ 20 min,1156

rippling waves.1157

1158

Movie S5:1159

2D simulation of swarming. Cells are colored based on their orientation. The cells produce EPS and follow1160

EPS trails generated by other bacteria or by themselves. The pattern formed is a mesh-like structure1161

resembling experimental swarming fields.1162

1163

Movie S6:1164

2D simulation of the rippling-swarming transition. Initially, cells on the left (blue) stay oriented in the1165

horizontal direction, whereas cells on the right (yellow) follow EPS trails. During the first 60 min of the1166

simulation, cells in the rippling field (on the left) are colored blue, while those in the swarming field (on1167

the right) are colored yellow. This initial coloring distinguishes the two subpopulations as their respective1168

patterns form. After 60 min—once both the rippling and swarming patterns have stabilized—the colors1169

are fixed. This enables tracking of population exchanges across the rippling–swarming interface for the1170

remainder of the simulation. Both patterns remain stable throughout the entire simulation (250 min).1171

1172

Movie S7:1173

2D simulation of the rippling-swarming transition with the addition of non-reversing cells. There are1174

twice as many bacteria on the left than on the right, with 10 % non-reversing bacteria proportional to1175

the number of bacteria in each field. The reversing bacteria are colored in yellow and produce a stable1176

rippling-swarming transition. Non-reversing bacteria are colored in blue.1177

1178

Movie S8:1179

Example of a frustrated bacterium in a group. The green vector represents its target velocity vt, and the1180

red vector represents the real velocity vr. The yellow bacterium enters a group and becomes congested1181

by the other cells (the red vector is small, indicating the cell is frustrated). The cell then reverses and is1182

able to move again (the red vector becomes larger, indicating the cell is no longer frustrated).1183
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